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MULTIPLE TRANSITION POINTS FOR THE CONTACT
PROCESS ON THE BINARY TREE!

By THomMAs M. LIGGETT

University of California, Los Angeles

The contact process on Z? is known to have only two fundamental
types of behavior: survival and extinction. Recently Pemantle discovered
that the phase structure for the contact process on a tree can be more
complex. There are three possible types of behavior: strong survival, weak
survival and extinction. He proved that all three occur on homogeneous
trees in which each vertex has d + 1 neighbors, provided that d > 3, but
he left open the case d = 2. Since d = 1 corresponds to Z!, in which weak
survival does not occur, d = 2 is the boundary case. In this paper, we
complete this picture, by showing that weak survival does occur on the
binary tree for appropriate parameter values. In doing so, we extend and
develop techniques for obtaining upper and lower bounds for the critical
values associated with strong and weak survival of the contact process on
more general graphs.

1. Introduction. Let 7% be the homogeneous (connected) tree in which
each vertex has d + 1 neighbors, and let A, be the finite contact process on
T<. This is the continuous-time Markov chain on the space of finite subsets of
T< which has the following transitions:

A > A\ {x} forx e Aatratel,
A —>AU{x} forx & Aatrate \M#{y €A:ly —x| = 1}.

Here |y — x| denotes the distance between x and y in T'¢. Several papers
have been written in the past few years which study the behavior of the
contact process on a tree. They are listed in the reference section.

We will say that A, survives strongly if

P@W(x € A, for arbitrarily large ¢) > 0,
and that it survives if
PY(A, # DV ¢) > 0.

(Using the self-duality of the contact process [see Liggett (1985), Chapter 6],
it is easy to check that survival is equivalent to survival of the infinite
process starting from all sites occupied.) We will say that A, dies out if it
does not survive, and that it survives weakly if it survives, but does not
survive strongly. Then it is natural to define critical values A; < A, by the
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requirement that A, survives strongly for A > \,, survives weakly for A, <
A < A, and dies out for A < A;. (Warning: our definition of A; is the same as
Pemantle’s, but our A, is his A,.)

Pemantle proved that weak survival can occur by obtaining upper bounds
on A; and lower bounds on A, which are good enough to show that A, < A, if
d > 3. Below we list his bounds for 2 < d < 5. For comparison purposes, we
also include the best bounds for d =1 (in which case A; = A,); see
Grillenberger and Ziezold (1988) for the lower bound, and Liggett (1995) for
the upper bound.

. A <1942, ), > 1539,

., A, <0667, \,> 0561,
. A, <0391, A, > 0425,

. A <0279, A, > 0.354,
d=5 A <0218, A, > 0.309.

In this paper, we will prove the following result, which settles the remaining
case (for homogeneous trees).

(1.1)

QU QX

Il
AW N

THEOREM 1.2. Suppose that d = 2. Then

(a) Ay > 0.609;
(b) A, < 0.605.

Therefore, Ay < Ag.

REMARK ADDED IN REVISION. Following the submission of this paper, and
largely motivated by it, Stacey (1996) found a very elegant proof that A; < A,
for the contact process on 7,, d > 2 (and on some inhomogeneous trees),
which does not rely on finding bounds on the critical values.

We conclude the Introduction by making some remarks about the proof of
Theorem 1.2. It is useful to begin by proving the easy bounds A, > 0.35 and
A, < 1. For the first of these, order T, so that each vertex x has one ancestor
and two descendants. (These are the three neighbors of x.) Then one can in a
natural way assign a “generation number” y(x) € Z to each x € T, so that
the ancestor of x has generation number y(x) — 1, and its two descendants
have generation number y(x) + 1. Define a function on the finite subsets of
A by
(1.3) f(A) = Y p@,

x€A
where p is a positive parameter to be determined. Then

d
h(A) = E'f(A,)

t=0

=3 [)\ Y p?¥) — pY(®

x€A| |y-xl=1,y&A

IA

[M2p+p7") = 1] f(A).
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Choosing p=1/V2, A = 1/(2V/2) gives h(A) < 0. This implies that f(A,) is
a positive supermartingale, which must converge a.s. It follows that A, does
not survive strongly, since, if it did, f(A,) would have to change by significant
amounts at arbitrarily large times. We conclude that A, > 1/(2/2) as de-
sired.

This was essentially Pemantle’s starting point as well. He then improved
on this bound by modifying the definition of f to get the bound quoted in
(1.1). What is not clear from his work is how one should “mechanize” this
procedure to obtain improved lower bounds. We show how to do this in
Section 2. The idea is to express [ as the “Fourier transform” of a function g
(which turns out to be greater than or equal to 0) which is 0 except for sets of
small diameter. We then show how to choose the nonzero values of g(B) in
order to make f(A,) be a positive supermartingale. It turns out that the right
choice is obtained by forcing A(B) to be 0 for those B’s for which g(B) # 0.
This analysis is done in the context of a general graph. The computations on
T, which lead to part (a) of Theorem 1.2 are carried out in Section 3.

In order to prove A, < 1, let f and & be defined by

f(A) = v{n: n(x) = 1 for some x € A},

(14) d A
h(A) ZEE f(A,) K

with v taken to be the simplest probability measure possible—the product
measure with v{n(x) = 1} = & for each x. Now we wish to choose & (depend-
ing on A) so that f is subharmonic (i.e., 2 is nonnegative). This implies
survival, since otherwise f(A,) — f(J) = 0.

The form of f in (1.4) is motivated by the proof that the critical value of the
contact process on Z' is at most 2. [See Liggett (1985), Chapter 6.] In that
case, v is taken to be a renewal measure. On Z!, it turns out that for no A is
there an ¢ > 0 which makes A > 0, and it is for that reason that renewal
measures were used instead of product measures in that context. On T\,
however, one can compute A as

R(A) = (1 —&)* Te[AM1 - &)N(A) — |A]],
where
N(A) =#(x,y):lx —yl=1, x €A,y &A.

It is easy to check that for a connected set A, IN(A)| = |A| + 2, and therefore
that IN(A)| = |A| + 2 for all A. Hence h(A) > 0 for all A provided that
M1 — &) = 1. It follows that the process survives for all A > 1, and hence
A; < 1. In Section 4, we will first carry out this argument with v = the
distribution of a two-state Markov chain (with 7, viewed as “time”). This
gives A; < 0.637. To prove part (b) of Theorem 1.2, it is then necessary to use
the distribution of a Markov-type chain with a “memory” of length 2. The
proof that A is nonnegative becomes increasingly difficult with increasing
memory length.
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When applied to the tree T}, the above simple arguments yield

1
2Vd d-1’
which imply that A, < A, for d > 6, as was shown by Pemantle. An interest-
ing consequence is that A, and A, are of different orders of magnitude as
d — o,

One somewhat unusual feature of the proofs in Section 4 is what we will
refer to as the “pyramid scheme” argument. Most readers are probably
familiar with pyramid schemes which promise every player a profit. In the
simplest version of the game, each player gets $1 from each of two friends.
After paying a dollar to his predecessor, he makes a net profit of $1. This
scheme works well provided there are an infinite number of players who are
willing and able to play. The way in which this idea arises in Section 4 is the
following. The hard part of the argument there is to show that A(A) > 0 for
all finite A C T,. This is not too hard to prove for connected A. For discon-
nected A, one might try to write

(15) A(A) = Thy(4)

Ay > —= and A\, <

over all connected components B of A, where hz(A) is the contribution to
h(A) due to B, and then try to prove hz(A) = 0 for each B. Unfortunately,
this last inequality is not in general true, so one must rely on some cancella-
tion in (1.5). To organize this cancellation (see Figure 1—here and in other
figures, vertices in A are shown as solid disks; vertices not in A are shown as

points), let {z4, 2z,,..., 2,,} be the points not in B with a neighbor in B, and
suppose that one could prove an inequality of the form
(1.6) hg(A) = ao(z;) — BY o(2))

J#i

for any i, where o(z;) is some measure of how much of A lies away from B
in the z; direction, and « and B are positive constants. [In particular,
o(z;) = 0 if there is no part of A in that direction.] The bound (1.6) would not
appear to be useful, since there are many more negative terms than positive
ones. However, suppose we now focus on a component C of A€, and take
{wy,w,,...,w,} to be the points in C with a neighbor in A (listed with
multiplicity). Suppose that the o’s satisfy

(L.7) Bo(w;) < a ) o(w;)
J#F1

for any i (and the same « and B), which again seems to be overly crude,
since we are replacing one o by the sum of many o’s. However, if one orders
the tree as we did in the argument following the statement of Theorem 1.2,
and chooses the distinguished i in both (1.6) and (1.7) to be the site with the
smallest generation number, then one can use (1.5)—(1.7) to show that
h(A) > 0. This involves a change in the order of summation, but there are
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Fic. 1.

only finitely many nonzero summands, so no technical problems arise. Such is
the magic of the tree.

2. Extinction results for general graphs. In this section, we prove
some results for the contact process A, on a general graph G which will be
used in Section 3 to prove part (a) of Theorem 1.8. It should be clear how the
process on G is defined—deaths occur at each site in G at rate 1, and births
occur at a rate which is A times the number of occupied neighbors. Take g to
be any function defined for finite subsets of G such that g(&) = 0, and
g(B) #+ 0 for only finitely many B’s containing x for each x € G. (The
function g need not be nonnegative at this point, but in our applications, it
always turns out to be.) Put

(2.1) f(4) = ¥ (-1)""'g(B),

BCA

which is a type of “Fourier” representation for f. There is a probabilistic
interpretation of this. We will be using f as a sort of approximation to a
harmonic function for A,. If f is of the form

f(A) = PA(x € A, for some t)
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for some x, for example, which is harmonic for A away from x, then the
corresponding g can be described as follows. Recall that the contact process is
additive, so that copies AY of it can be constructed on the same probability
space so that A} = {u} and A, = U, 4 A¥ is a version of the contact process
starting at A. Then

f(A) =P(3uecA, x €A} for some t)
and the corresponding
g(A)=P(Vue€A, x €A} for some ¢).
Define the function A as in (1.4):

d
(2.2) h(A) =S EAf(4)|

Writing f in terms of g using (2.1), one easily computes

h(A) = ZA[f(A\{x}) - f(A)]
+ A )y [F(AU{x}) - F(A)]
(2.3) XA, yeA,lx—yl=1
= Y (-1 Blg(B)+1 ¥ ¥ (-1"g(BU{x)).
BcA |x—y|=1 BCA

xEA,yeEA

We wish to develop conditions under which one can conclude that 2(A) < 0
for all A [i.e., that f(A,) is a supermartingale]. Looking at (2.3), we see that
one difficulty in determining the sign of A(A) is the fact that some terms are
multiplied by A, and some are not. The first proposition rectifies this situation
and introduces the key condition which makes it possible to determine the
values of g(B) to be used later: 4 should be 0 whenever g is not. Let S be a
collection of finite subsets of G.

PROPOSITION 2.4. Suppose that

BcA,AeS = BeS,

2.5
(25) h(A)=0 VAeS and g(A)=0 VA&S.
Then
h(A) = A Z (_1)‘3‘[g(B)1{xEB,Bu(y}\{x}eS)
BCcA,|x—yl=1
(26) yEAC\B,BUy(y)eES

+g(B U {x})l{xeA}]
for A & S.
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Proor. For A € S, h(A) = 0 by assumption, so that (2.3) becomes
27 X (-D"Blg(B)+A ¥ X (-1D"g(BUfa})=0.

BcA |x—y|=1 BCA
xEA, yEA

We wish to solve these equations for the g’s without a factor of A in terms of
those with this factor. To do so, fix a C € S, multiply (2.7) by (—1)/4l and sum
for A c C, which we can do since all such A are in S. In the computation, we
will use the following orthogonality property: for any B C A,

(2.8) Y (-1)¢= {(—1)A|’ if A =B,

C:BcCcA 0, otherwise,

which is a consequence of the binomial theorem:

n

Y (Z)(—nk =0, n=>1.

k=0

The result of summing (2.7) with the appropriate factors is

0= Y (-1)"""IBlg(B)

BcAccC
2.9
(29 FAY (-)PgBU(x) T (-n7
BcC,|x—yl=1 A:BcAcC
xEA, yeEA
Using (2.8), we see that
Y (-n*= Y (-pH
AZ;;ZCACX Bu{y}cAcC\{x}
x ,yE

_ [ (-1)'Bo i B U (y) = C\ {x),
0, otherwise
for fixed B c C and x, y € G. Therefore, (2.9) becomes

(220) 0=IClg(C) +r ¥ [g(Cu{x}) —g(CuU{x}\{»})]

lx—yl=1
for C € S. To check that the factors involving A are correct, for example, note
that there is no contribution to either (2.9) or (2.10) unless y € C, and in that
case, if B U {y} = C\ {«}, then either B = C\ {x} or B = C\ {x, y}, depend-
ing on whether or not y € B. These two cases give rise to the terms g(C U {x})
and g(C U {x}\ {y}) in (2.10), respectively. Now take A & S and use (2.10) in
(2.3) to get

Ay =-2 ¥ (-1)"® ¥ [g(BU{x}))—g(BU{x}\{y)]

BcA,BeS \x7y|:1

+r X X (-1)Pg(BU{x}).
lx—yl=1 BCA
xEA, yeEA
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In the first sum above, we can add the constraint y € A, since otherwise the
summand is 0. In the second sum, we can add the constraint B € S, since
otherwise the summand is 0 by (2.5). Therefore,
A =2 ¥ (-1D"[eg(BU{x}\{»})
BCcA,BeS
(211) lx—yl=1,y€A
—g(B U {x})1,(x)].
There is a lot of cancellation which is hidden in (2.11), and which we must
remove. First, note that by writing the sum according to whether or not B
contains x and then making the change of variables C = B or C = B U {x},
respectively,
)y (—1)'"'g(B U {x})

BCA,BeS
lx—yl=1; x,y€A

IC|
= Z (-1) g(C)[l(CES} - 1{C\(x)ES}]
xeCcA
lx—yl=1, y€A

=0,
since either C € S, in which case C\ {x} € S by (2.5), or C & S, in which
case g(C) = 0, again by (2.5). To handle the terms in (2.11) which involve
g(B U {x}\ {y}), make the changes of variables

C=B, C=Bufx}, C=B\{y} or C=BuU{x}\{y},
depending on which of x and y is in B (or both or neither). The result is that

h(A) =A > (_1)‘C‘g(c)[_l(CcA,Cu(y}eS)+1[CCA,CES}

lx—yl=1,y€A
xeC,yeC

+lc\mea,copnmes ~ Levme 4, cnses)]

ICl
=A Z (_1) g(c)[l(CcA,CU(y)szS) - 1(C\(x)CA,Cu{y}\{x}e£S}]
[x—yl=1,y€A
xeC,y&C

|Cl
=A )y (-1 g(C)[I{CCA,Cu{y}\(x)es,Cu{y}eES)
lx—yl=1,y€A

xeC,yeC
- 1{C\{x)c A, x& A, CU{y\{x}¢& S)] :
In checking the second two equalities, repeated use of (2.5) is made. For
example, C U {y} € S implies C € S by (2.5), and hence
l(CcA,CeS} - 1(CCA,CU(y)€S) = 1{CCA,C€S,Cu(y)eES}'

Since g(C) =0 for C € S by (2.5), the constraint C € S can be omitted in
going from the first line to the second. To go from the second line to the third,
write

1(CCA,CU(y}€ES) = l(CCA,CU(y}eES,Cu(y}\(x}ES) + 1{CCA,CU{y)GES,CU(y}\{x)GES)'
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Since C U {y}\ {x} & S implies C U {y} & S by (2.5),
1(CCA,Cu(y)eE S, CU{y\{x}& S} — 1{CCA,CU{y)\(x}$ S)+

Then note that if x € A, C C A is equivalent to C\ {x} C A, while if x € A
(and x € C), then C is automatically not a subset of A.

Finally, make the change of variables B = C in the positive terms of the
final expression for A(A) above, and B = C \ {x} in the negative terms, to get
(2.6). O

Next we will impose some additional conditions on S and g.

COROLLARY 2.12. Suppose that (2.5) and the following conditions hold:

(2.13) S contains all singletons and all nearest-neighbor pairs,
(2.14) {x,y} €S Vx,yeB = BeS

and

(2.15) Y (-1)"g(Bu{x) <0,

BcC,Bu{y}eS
whenever x, y,C satisfy x,y € C, |x — y| = 1.
Then
(2.16) h(A) <0 VA.

Proor. Since h(A) = 0 for A € S, we may assume A & S. Use expression
(2.6) for R(A) given in Proposition 2.4. Fix x, y and A satisfying |x —y| =1
and y € A. If x € A, the terms in (2.6) which must be considered correspond
to B’s which satisfy

x € BcA\{y}, B U {y}\{«x} €8, BuU{y} &8S.

By (2.14), thereis a z € B U {y} so that {x, z} ¢ S. By (2.13), z # y,s0 z € B,
and hence {x, z} € B. Therefore, B ¢ S and g(B) = 0 by (2.5). Hence there is
no contribution to (2.6) if x € A. The sum of terms in (2.6) corresponding to
x & A is nonpositive by (2.15). (Let C = A\ {y}.) O

We now put these results together in the following form.

THEOREM 2.17. Assume that (2.5) and (2.13)—(2.15) all hold, that f(A) > 0
for all A and that g(A) # 0 for |A| = 1. Then A, does not survive strongly.

Proor. By Corollary 2.12, f(A,) is a nonnegative supermartingale, and
hence converges with probability 1. Each time a transition occurs at site x,
the value of this supermartingale changes by
(2.18) + X ()"

xeBCA,U{x}

Therefore, the expression in (2.18) tends to 0 a.s. for every x € G. If A,
survives strongly, then, with positive probability, there will be infinitely
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many times at which x € A, and A, N B = {x} for every B € S containing x.
Since g({x}) #+ 0, we reach a contradiction. O

3. On T,, there is no strong survival for A < 0.609. We will verify
that the assumptions of Theorem 2.17 are satisfied in this case for an
appropriate choice of S. Take g(B) = 0 if diam(B) > 2. Define the generation
number y(x) as we did following the statement of Theorem 1.2 in the
Introduction. We will choose g to have the following form:

(3.1) g({x}) =p",
Clpy(x), lf|x_y|:177(x)<7(y)’
(32)  g((%,9) = (C,p™ @, il —yl =2, 7(x) < ¥(y),
Cyp"™@ 1, iflc —yl =2, y(x) = v(y),

g({x,y,2})
Cop"@*1, iflx—yl=ly—zl =1, y(x) <y(y) <v(z),
(3.3) ]G, ifle—yl =l -2l = 1, v(x) <y(y) = v(2),

Cop?™ %1 iflx —yl = |x — 2|
=ly -zl =2,v(x) <v(y) = v(2),

(34) g({x,y,z,w}) =C;p"™ iflx —wl=ly-—wl=1lz—-wl=1.

Using (2.3), it is not hard to write down explicitly the equations giving
h(A) = 0 for diam(A) < 2. They are given below, in the order in which the
sets appear in (3.1)—(3.4), and are labeled in a manner consistent with the
indexes on the constant C,-C,.

(835.0) 0= —p+2xp%2+ A —CA2p+ 1),
0=(p+1)(—p+A—Ap+2rp?)

(3.5.1) —Cy(A + Xp + 2Xp® — 2p)

+(Cy = Cy)Ap(2p + 1) + (C5 — C3) Ap,

(35.2) 0=(p>+1)(—p+2xp>+ 1) —C A1+ 3p+2p>+2p°)

o +2C, p? + 2C, \p?,

(8353) 0= —p+ A+ 2xp% —2C, N1+ p) + Cy + Cy2,
0=p3—p2—p+2A

(3.5.4) +(C, —Cy —C, + p)p(2Ap2 + Ap+ A — 2p) + C(2p — ))

—Cyp® + (Co — C7)Ap* + (C5 — C3) Ap(1 + p),
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0= —p—2p% + A+ 4Arp® + Cy(4p — X — 41p?)

3.5.5
( ) +2(Cy = Cy)Ap(2p + 1) +2C5p = 3C5p + (Cs — Cy) Ap,

0= (1 + 2p2)()\ + 2Ap% — p)
(3.5.6) —Ci M1+ 2p)(1+ 2p+ 2p?)
+(4C, + 2C5 — 3C4) p* + 3(2C, + C5 — C;) Ap?,

0=—p2—p—2p%+ A+ Ap? + 4Ap*
+C(1+2p)(2p— A+ Ap — 2Ap?)
(3.5.7) +Cy p(4p — A — 41p?)
+C3p(2p — A) + Cyp(A + 4Ap* — 6p)
—C5p(3p — A) — 3Cgp* + 4C; p%.

Before considering (3.5.0)—(3.5.7) in full generality, let us see what happens
if we choose S to be a subcollection of the sets of diameter less than or equal
to 2. The computations below were carried out with the help of Mathematica.
In each case, we use the given equations to eliminate the C,’s (which appear
in the equations linearly), leaving a polynomial equation in A and p:

(3-6) P(A,p) = 0.

One then finds that there are solutions p € (0, 1) to (3.6) for small A, but not
for larger A. The largest A € (0, 1) for which there is a solution is identified by
the fact that for the largest A the corresponding p is a double root of (3.6);
that is, it satisfies

d
P(A,p) =0 and &—P()\,p) = 0.
p

The p can be eliminated from these two equations, leaving a polynomial
equation for A.
Here are the natural choices which satisfy (2.5), (2.13) and (2.14):

(a) S ={A: diam(A) < 1}. This corresponds to solving (3.5.0) and (3.5.1)
for p and C, with C, = C5; = C, = C; = C; = C,; = 0. Eliminating C, leads to

0=AA+2)—(2+2A+3\%)p+ 2A(A + 2)p2.

For A € (0, 1), this has real roots if and only if A < 0.561722... (a root of
At —20A% — 1612 + 8A + 4). At this value of A, one gets p=1/v2 and
C, = 0.307007... . Thus we will be able to conclude from Theorem 2.17 that
Ay > 0.561722. .., which is Pemantle’s result.

(b) Solve (3.5.0), (3.5.1), (3.5.3) and (3.5.5) for p, C;, C5 and C;. There is a
solution to these equations up to A = 0.571514..., a root of

A8 — 877 —62A% — 15415 — 180A* — 7613 + 3722 + 421 + 9.
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At this value of A, the solution is given by
1
p= ﬁ >
(c) Solve (3.5.0), (3.5.1), (3.5.2) and (3.5.4) for p, C;, C, and C,. There is a
solution to these equations up to A = 0.595237..., a root of

16A% + 12817 — 28815 — 1760A°5 — 2679A* — 1272% + 56812 + 672 + 144.
At this value of A, the solution is given by
1
P = E )
(d) Finally, solve the full system (3.5.0)-(3.5.7) for p and C,~C,. There is a
solution to these equations up to A = 0.609152..., a root of

1296 A + 146881 + 5689612 + 127041 — 664087210
— 282185817 — 63659331% — 910752617 — 8302491 1% — 4062131\°

+ 245628 * + 185760013 + 12636001% + 388800\ + 46656.
At this value of A, the solution is given by

C, = 0.315941..., C; = 0.125955.. ., C5; = 0.095553... .

C,=0.336366..., C,=0.166312..., C,=0.126624....

1
p= E, C, =0.347606..., C,=0.173973..., C; =0.144034...,
C,=0.133999..., C, = 0.111157. ..,
C; = 0.0511674..., C, =0.42387....

It now remains to check the assumptions of Theorem 2.17. Assumptions
(2.5), (2.13) and (2.14) are satisfied by construction. It remains for us to check
that f is nonnegative and that g satisfies (2.15). For the nonnegativity of f,
note that since all of the C,’s are nonnegative, the only negative terms in (2.1)
correspond to B’s which have cardinality 2 or 4. If B c A, |B| = 4, con-
tributes a term —C,p", then B has a unique subset of cardinality 3 which
contributes a term +Cjg p”. Since C,; < Cg, the overall contribution of these
sets is nonnegative. In a similar way, we must associate parts of the contribu-
tions of singletons in A with the contributions of the doubletons which
contain them. Associate the following amounts of the term corresponding to
B = {x} to the terms corresponding to B = {x, y}:

C, pr®-1 iflx —yl=1,v(y) <v(x),
Cy p? ™1 if lx —yl =2, y(y) <v(x),
Cyp?™71/2  iflx —yl =2, y(y) = y(x).
This is possible if
C;
(3.7) Cr+Cyt o <p.

Note that (3.7) holds in all four cases (a)-(d). Thus we conclude that f > 0 in
all four cases.
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To check that g satisfies (2.15), take |x —y| = 1, and let w,,w, be the
neighbors of x other than y, let u,, u, be the neighbors of w, other than «x
and let ug, u, be the neighbors of w, other than x. (See Figure 2.) Choose the
labels so that y(w;) > y(x) and y(u,) > y(w,). (See Figure 2.) Then the
following are the sets B which can occur in the sum in (2.15) in the first three
cases (i.e, BU{x} €S, Bu{y} ¢ S):

(a) B c {w;, w,};
(b)) B c{uy,wy) if y(x) < y(y); B c{wy,w,) if y(x)> y(y);

() B c{uy,uy,us,wi} ify(x) <v(y);
B c{uy,uy,us,uyy ify(x) > y(y).

In case (a), all terms in (2.15) are less than or equal to 0. In case (b), the only
possible positive terms are of the form C; p", and they always appear with a
term of the form —C, p”. In case (c), the only possible positive terms are of
the form C, p”, and they always appear with a term of the form —C, p". Thus
all contributions are nonpositive.

We now consider case (d) in more detail. Use the same labels as before, but
without requiring the convention involving the y’s. Any set B which occurs in
(2.15) must be a subset of {u;, u,, uj, u,, w;, wy}. It must contain one of the
u;’s, since otherwise adding y would not make the diameter greater than 2; it
cannot contain one of {u,, u,} and also one of {u,, u,}, since otherwise its
diameter would be greater than 2. Also, w, € B implies ug, u,,w, € B and
wy € B implies u,, uy,w, & B for the same reason. Therefore, the following

Fic. 2.
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is a complete list of the B’s which can occur in (2.15):

{ul}’{uz}’{uS}’{u4}’{u1’u2}’{u37u4}’
{ug, wid, {ug,wi}, {ug, ug, wi}, {ug, wy}, {uy, wo}, {us, uy, wy}.

We can consider separately the contributions to the sum in (2.15) from those
B’s involving {u,, u,, w,} and {u,, u,, w,}, since there is no B which involves
some of each. (We omitted the convention involving the y’s in order to be able
to treat these two cases symmetrically.)

So, we need to consider only the following B’s:

{udd s {ua), {ug, wo} s {ug, wi}, {ug, wit, {ug, us, wil
Each of these contributions to (2.15) has a factor of p”*?, which we ignore
below. What remains is the following:
2

Coliusecy ~ Crluyupwcoy + Ca 2 Ly c 0, yiun# vxy
i=1

2 2
+ C5 Z 1{ui,w1€C,7(uf):v(x)) o C2 Z 1{%6077(%‘)# v(x)}
i-1 i-1
2
—C3 X Lo, yaun= vy
i=1

All that is relevant about C is its intersection with {u;, u,,w;}, so we can
assume that C C {uy, u,, w;}. If |C| < 1, all the contributions to (2.15) are of
the form —C, or —C,. If C = {uy, u,}, one gets C; — C, — C; or Cy — 2C,. If
C ={u;,w,}, one gets C, — C,, C, — C,, C; — C, or C; — C5. The only other
case is C = {u,, u,y, w;}. Then one gets C;, — C, + C, — C, + C; — C5 or Cg —
C, +2C, — 2C,. In all these cases, the contribution is nonpositive.
Therefore, (2.15) is satisfied in all these cases, and the proof is complete.
Applying this argument in each of the four cases gives the successive bounds

A, > 0.561722..., A, > 0.571514 ...,
A, > 0.595237... and A, > 0.609152... .

REMARK. The observant reader will have noticed that in each of the four
cases handled above, the optimal p turns out to be 1/ V2. This is presumably
not an accident. The author is currently investigating the implications of this
observation for contact processes (and other growth models) on trees [see
Liggett (1997)].

4. On T,, there is survival for A > 0.605. In this section, we will
develop a technique for showing that contact processes on trees survive for
appropriate values of A. This technique can be viewed as an adaptation to
trees of the Holley—Liggett (1978) approach. In order to simplify matters, we
will restrict our attention to T, which, in view of Pemantle’s results, is the
tree of greatest interest in this context. The idea is now to find nontrivial
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semiharmonic functions f for A,. Unlike the f’s used in the previous section,
these will be homogeneous on the tree. Earlier work suggests two forms
which one might expect good choices of f to take:

(a) f is of the form (2.1), where g(B) = 0 except for small sets B. This is
the form which Pemantle used. If g(B) = 0 for all sets except singletons [i.e.,
f(A) = |A]], one gets the bound A; < 1. Pemantle took g(B) = 0 for all sets
except singletons and nearest-neighbor pairs to get A; < 2.

(b) f is of the form

(4.1) f(A)=1-v{n:n(x) =0V x €A},

where v is an appropriately chosen homogeneous probability measure on
{0, 1}72. Support for this choice comes from two (related) directions. First, this
is the one (with v a renewal measure) used by Holley and Liggett [see Liggett
(1985)] to prove that A, < 2 for the contact process on Z'. Second, duality
implies that there is a nontrivial subharmonic (in fact, harmonic) function of
the form (4.1) (with v the upper invariant measure of the infinite system) if
A > A;. So, one can imagine that choosing f of the form (4.1) for an appropri-
ately chosen substitute for the upper invariant measure might yield a sub-
harmonic f.

In the Introduction, we used f of the form (4.1), with v taken as a product
measure of density £, and found that the corresponding 4 is nonnegative for
M1 — &) > 1. Note that we could divide f (and hence ~) by £ and let ¢ - 0 in
that computation, and conclude that survival occurs for A = 1 as well. Effec-
tively, this would mean that f(A) = |A|, and we would be back to case (a)
above. The main point of this observation is not so much to prove survival for
A =1 (as opposed to A > 1), but to suggest a simplification which will be
important in the sequel when we consider more complex » in order to get
better bounds on A;.

Next, we formalize these ideas a bit. In order to do so, we need some
notation. For y # x, let S,(x) be the component of T}, \ {x} which contains y.
(See Figure 3.) We will consider only measures v which have the following
two properties:

(a) Renewal property: Conditional on n(x) = 1, the collections of random
variables {n(z), z € S, (x)}, {n(2), z €8, (%)} and {n(z), z €S, (x)} are
independent, where y,, y,, y5 are the three neighbors of x.

(b) Dependence of range n: If A, B c T, are separated in the sense that
x €A, y €B implies |x —y| > n, then the collections {n(x), x € A} and
{n(x), x € B} are conditionally independent, given {n(x), x &€ A U B}.

For a fixed n, the idea is to take a natural family of homogeneous
measures y, which have the renewal and dependence of range n properties
and which tend to the point mass on n = 0 as ¢ = 0. Then we will let

.. 1-w5{n="00n A}
M= s -
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Sy(x)
X
Fic. 3.
so that A(A) will be (the limiting value of)
A ) v{n=0on Aln(y) =1}
(42) x€A, yEA, |lx—yl=1
— X v{n=00n A\{x}n(x) = 1}.
x€A

[See the first line of (2.3).] In each case we consider, it will be clear how to
compute the conditional probabilities which arise, even though v itself is the
point mass on n = 0. For small values of n, we will show that A(A) > 0 for
all finite A C T, for a particular value A and a particular choice of condi-
tional probabilities. In each case, the conditional probabilities will satisfy
v{n=0on Aln(x) =1} >C > 0, X EA,
independently of A so that
C<f(AU{x})—f(A)<1 forx¢&A, CIAl < f(A) < |A].

Once we prove that hA(A) > 0 for all finite A C T,, it will follow that A,
survives, at least for a slightly larger value of A than the one for which we
will have proved these inequalities.

There are at least two ways of arriving at this conclusion. The first goes
back to first principles, while the second uses a recent result of Morrow,
Schinazi and Zhang (1994). Here is the general fact that we will use for the

first approach [which is a more formal version of an argument used by
Pemantle (1992)].

Fact. Suppose X, is a pure jump process on a countable set with transi-
tion rates q(x, y), x #y, and set q(x) =X, . q(x, y). Suppose f satisfies
the following properties for some ¢ > 0, M < oc:

@ X,qx, YY) — ()] = ef(x) V x;

(i) |f(y) — f(x)| < M whenever q(x, y) > 0;
(i1) q(x) < Mf(x) V x.
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Let 7 be the hitting time of the set {x: f(x) < ¢} for some large fixed c. Then
P*(7 < ©) < 1 provided that f(x) is sufficiently large.

ProoF. To prove this fact, note that, by (1),

[ 1 1
T O f(x)} =0
provided that
[f(z)  f(¥)
(%) y’gxq(x,y)q(x,z)-f(y) + ) —2} < 2eq(x).

Rewriting the left-hand side of (*) and using (ii) and the Schwarz inequality,
we get the following bound for it:

q(x,¥)q(x, 2) N e N
B e B T Ilsau [Z () l
) q(x,y)
<4M q(x)ygx—fz(y) .

Using (ii1), we see that (=) is satisfied when f is sufficiently large. Therefore,
[/(X)]"! is a supermartingale when f is sufficiently large. Applying the
stopping time theorem, it follows that P*(7 < ) < 1 provided that f(x) is
sufficiently large. O

To apply this to the contact process on the tree, we use the f defined above
(4.2). Once we have proved the inequalities following (4.2) for a given A, it
follows that (i), (ii) and (iii) hold for any strictly larger value of A, and hence
|A,| survives. The alternative argument for survival uses (i) only, but also
uses the fact proved by Morrow, Schinazi and Zhang (1994) that, at A,
E'YA,| is bounded in ¢. Since (i) above implies that E'}A,| grows exponen-
tially rapidly, it follows that any A for which (i) holds is an upper bound for
A

We now turn to the analysis of the various cases. We have already
considered the easy case n = 0 in the Introduction. The measures with
dependence of range 0 are just the product measures, so that, if », = product
measure with density &,

1-(1-e)"
f(A) = lim ————— = |A]
&£

e—>0

and
h(A) = A(JA| + 2(# components of A)) — |A],

which is nonnegative for all A provided that A > 1.

The case n = 1 is somewhat harder. The measures with dependence of
range 1 have the property that {n(x)}, for x in a subset of T, which is
isomorphic to the integers, is a stationary two-state Markov chain. One can
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then construct the n(x) for other x’s by using the same Markov mechanism.
More explicitly, fix a parameter ¢ € (0,1), and let », have the conditional
probabilities

v{n(y) =0In(x) =0} =1-¢, y{n(y) =0In(x) =1} =q

for [x — y| = 1, and then let £ — 0 as explained earlier. The resulting condi-
tional distributions can be described in the following way if ¢ > 0.5 (which
will be true in the case of interest): given n(x) = 1, the set {y: n(y) = 1} is a
finite connected set containing x, and any such set B occurs with probability
(1 — @)'BI"1g!BI*2 In this case, it is not hard to check that f is of the form
(2.1) with g(B)=(1 —¢)" !, B+ J, where m is the cardinality of the
smallest connected set containing B. Note that g(B) does not have the
property that it is 0 except for small sets.

Fix a finite set A C T,, and let B be a component of A. In order to show
h > 0, we need to compute the contributions to (4.2) attributable to B (.e.,
the terms corresponding to x € B). For x € B, y € B, |[x —y| = 1, let

8(y)=1-v{n=00n ANS,(x)|n(y) =1}

This is a measure of how much A there is in S (x). As explained in the
Introduction, we will not be able to show that the contributions for each B
are nonnegative, but rather will have to rely on tradeoffs between the
contributions from different components. In order to keep track of these
tradeoffs, we will use the pyramid scheme described in the Introduction: the
contributions from each B will be bounded below by a sum of constant
multiples of the 8(y)’s, where the constant is positive for one y and negative
for the others.

First, consider a singleton component B = {x}, and let x;, x5, x5 be the
three neighbors of x. (See Figure 4.) Abbreviate 6(x;) = §,. Then the contri-
butions to (4.2) attributable to B are

e

A

i

v{n=0on Aln(x,) = 1) = v{n = 0on A\(x}|n(x) = 1}
1

[

>

Q
.MW

N
[
-

v{n=00n ANS, (x)[n(x,;) =1}
(4.3)

=

v{n=00n ANS, (x)n(x) =1}

~
Il
-

3

[1-§] - n[l_(l_Q)5i]'

i=1

e

=/\q

1

Il
-

Note that this is not nonnegative if the 6’s are close to 1. We want to bound
this below by an expression of the form c¢(8; — 8, — 8;). To do so, note that,
when expanded, (4.3) is an expression in which each §, occurs to at most the
first power. Therefore, in order to show the needed inequality for 0 < §, < 1
for each i, it is sufficient to check it at each corner of the unit cube [0, 1]3. The
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Fic. 4.

eight inequalities which must be satisfied reduce easily to the following four:
3ag=>1, q(2A—-1)=¢, A>gq, q’<ec

Combining the second and fourth gives q? < 2A — 1. Thus the best choice is
obtained by setting

(4.4) 3\g =1 and 2A=1+q?,

which we do from now on. Mathematica gives the solution as A = 0.6369...
and ¢ = 0.5233... . Then ¢ = q(2A — 1) = ¢2. It follows that (4.3) is bounded
below by

(4.5) q3(51 — 8y — §3).

This is the bound we needed. (The other two which are needed to use the
pyramid scheme follow by symmetry.)

Next, consider the case |B| > 1. We need to classify the points in B
according to the number of neighbors which are in B. Let 2 > 0 be the
number of points x in B such that all three neighbors of x are in B, and let
[ > 0 be the number of points with exactly two neighbors in B. Since B is
connected, there are k£ + 2 points with exactly one neighbor in B. This is
easily proved by induction on |B|. Let y;, y,,..., y; be the points & B with a
neighbor in B whose other two neighbors are in B, and let
Xy, X5, %9, X5, ..., %19, X5 5 be the points not in B with a neighbor in B
which has only one neighbor in B. (The points x; and x} have a common
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neighbor in B.) Then the contributions to (4.2) which are attributable to B
are

l k+2
Ag 3 [1-8(y)] +Aq X [2—8(x;) — 8(af)] — kg’
=1 i=1
l
(4.6) @ L [1- (1= q)8(x)]

k+2
—a D [1- (- @)a(x)][1 - (1 - a)a()].

Algebraic manipulations give the following equivalent form for (4.6):

k+2 l
2¢° - ¢q Zlﬁ(yl)—q 21[5(96)+5(x*)]+q(/\ q) ;1[1—5(%)]
(47 + qu[(Z/\ —1-¢q*)[1 - 8(x;)8(xF)]
i=1

+(g2+1—-Aa—q)[8(x;) + 8(xf) — 28(x;)8(xF)]].
Using (4.4), it follows that the contributions to (4.2) which are attributable to
B are greater than or equal to

k+2

2¢° — q Zﬁ(yl)—q Z[ﬁ(x)+3(x*)]

Combining this with (4.5), we see that, for any component B of A, the
contributions to (4.2) which are attributable to B are greater than or equal to

(4.8) ¢*|8(z) — X 8(z)
1<j<m
Ji
for any 1 <i < m, where {z,,..., 2,,} is the set of all points not in B with a

neighbor in B.

So far, we have concentrated on a given component of A. Now, we will
focus on a given component C of its complement, A°. (See Figure 5.) Let
(x1, ¥1),(xg, ¥9),...,(x,,,¥,,) be all the pairs for which |x —y| =1, x € A,
y € C. Note that the y,’s need not be distinct, but that the x,’s are. Our
earlier definition of 8(y) depended on which component of A it was viewed as
being a neighbor of (in case it was a neighbor of more than one component).
When we use 8(y;) below, the relevant component is the one to which the
corresponding x; belongs. Using the translation invariance of the conditional
probabilities and the fact that, conditional on {n(x) = 1}, the set of sites y



CONTACT PROCESS ON THE BINARY TREE 1695

x4
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with n(y) = 1 is connected, we can write, for any 1 <i < m,
8(y;) = v{n: n(x;) = 1forsomel <j<m,j+#iln(y) = 1}
< X V{W n(x;) = 1ln(y;) = 1}

l<j<m
i
= ) V{nf n(x;) = 1n(y;) = 1} < X 8(y;)-
1<j<m l1<j<m
j#i J#i
Rewrite this as
(4.9) Y 8(y) —8(y) =0.
1<j<m
F

It now remains to combine (4.8) and (4.9) to show that (4.2) is nonnegative
for any A. To do so, order T, so that each point has one ancestor and two
descendants. Let By, ..., B,, be the components of A, and let z, ,..., 2; , be
the points in A¢ with a neighbor in B,. There is exactly one of these which is
the ancestor of its neighbor in B;. Call it z; ,. By (4.8),

m l;
h(A) Zq3'¥1 8(z;0) — 'gla(zi,j) .

Rearranging this as a sum over components of A° and using (4.9) (with the i
which appears there being the one with smallest generation number), we see
that h(A) > 0.

Thus we have proved that A, < 0.637. This is a significant improvement on
Pemantle’s bound of £, but it is still not good enough to combine with the
results of Section 3 to conclude that A; < A,. Since this is the main point of
this paper, we must go on to the next step.
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From now on, we take n = 2. We will pass immediately to describing the
limiting conditional probabilities of a family of measures with the renewal
property and dependence of range 2. There are three parameters, q,, q;, 95,
satisfying

(4.10) 0<gqgy=<gqy, g, <1, 29, <95 *+ qp-

If x € Ty and x4, x,, x5 are its three neighbors, let
v{n:m(x) = ln(x;) =1} = 1 - g,
v{n:n(x) =0, n(xy) = n(xy) = Ln(x,) = 1} = g, — 2q, + qo,
v{n:n(x) =0, n(xy) = 1, n(x3) = 0ln(xy) = 1} = q; — qo,
v{n:m(x) = n(x,) = n(x;) = 0ln(xy) = 1} = qo.

Using the renewal and dependence of range 2 properties, all other relevant
conditional probabilities can be generated easily. Given n(x) = 1, as one
constructs n(y) successively, if one encounters two consecutive 0’s, then all
sites beyond them are assigned the value 0 automatically. Note that no longer
is it the case that {y: n(y) = 1} is connected. We wish to choose ¢, ¢;, ¢, and
A so that (4.2) is nonnegative for all finite A.

Fix a finite A € T,. For a component Bof Aand x € B,y € B, [x —y| =1,
define

55(3) = 1~ {n=0on A0 S,(x)n(y) = 1),
op(¥) =1—v{n=00n ANS,(x)n(x)=1}.

We will often omit the subscript B from this notation when it is clear which
component is relevant.

Before we work on a lower bound for (4.2), we will prove two inequalities.
The first will allow us to replace o’s by &’s, and the second is the analog of
(4.9). Here is the first of these inequalities: if

(4.11) 2(q,—q3)2q,-q3 =0,
then
(4.12) (1=q1)d(y) <o(y) <d(y).

[The right-hand inequality is an analog of the monotonicity statements used
on Z! to show that the last three sums of (1.2) are nonnegative.] We will first
prove the right-hand inequality by coupling, and we will then use it to prove
the left-hand inequality. For the right-hand inequality, it suffices to construct
{({(2), {5(2)): z € S (%)} in such a way that {{,(2): z € S (x)} is distributed
according to »(:[n(x) = 1), {{,(2): z € S (x)} is distributed according to
v(In(y) =1 and {,(2) < {4(2) for all z € S (x) with probability 1. Start
with ¢(x) = £,(y) = 1, and then let ¢,(y) =1 with probability 1 — g,. If
{,(y) = 1, then the renewal property permits the construction of the rest of
the variables so that {(z) = {,(z) for all z<€ S (x). Let y;,y, be the
neighbors of y other than x. If ,(y) = 0, construct {{,(y;); i, j = 1,2} so that
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the required inequalities and (conditional) distributions are satisfied. This
requires that the distribution of (£,(y;), {2(y,)) be stochastically larger than
the conditional distribution of ({;(y,), {;(y,)) given ¢;(y) = 0. This means
that the following must be satisfied:
KRl ik LN [
qs qs

These inequalities follow from (4.11). For each j, if {,(y,) = 1, then use the
renewal property to construct the variables corresponding to points z “be-
yond” y; so that {,(z) = {,(z), while if {,(y,) = 0, it follows that {,(z) =0
automatically for all such z.

To prove the left-hand inequality in (4.12) (which is the one we will use
later), proceed as follows. Use the renewal property to write

(1- QZ)Z =

(4.13) 1-8(y)=[1-0a(y)][1 - 0o(y)]
and

1-o(y) =1 —qy)[1=8(y)] +ao+ (a1 —q0)[1 = 8(y1)]Lac(¥1)
(4.14) +(q, — %)[1 - 6(3’2)]1,40(3’2)

+(q2 — 2q; + qo)[1 = 8(y1)]1ac(¥1)[1 = 8(y2)]1ae(2)-
In (4.13) and (4.14), 8(y,;) and o(y,) are defined as before, but relative to the
set A’ = A U {y} and its component B’ which contains y. Use the right-hand
side of (4.12) applied to y; to replace 8(y,) in (4.14) by o (y,), and replace the
indicators by 1. This gives

1-0(y) <(1—q)[1=8(»)] +q0+ (a1~ q0)[2— o(y1) — a(y5)]
+(qy — 2q, + qo)[l - 0'(3’1)][1 - O'(y2)]'

Then replace 2 — o(y,) — o(y,) by 2 — 8(y), and replace [1 — o(y]1 —
o(y,)] by 1 — 8(y), which can be done by (4.13). The resulting inequality is
the left-hand side of (4.12).

Next, we will prove the analog of (4.9). As in the discussion of that
inequality, let C be a component of A°. Let (xq, y;), (x5, ¥5),...,(x,,, ¥,,) be
an enumeration of all the pairs (x, y) for which [x —y| =1, x €A, y € C.
Then let B; be the component of A which contains x;. It is with respect
to B; that &(y;) is defined. Fix a 1 <i <m. Then, since S (x;,) =
Uicjcm, j+ L-ij(yj) (Figure 5 may be helpful here),

8(y;)) =vin:n(x)=1forsomexcAn | ij(yj)|n(yi) =1

l<j<m
J#i
< ) V{’Y}I n(x) = 1for some x € A N ij(yj)|n(yi) = 1}.
1<j<m
J#i

To bound the summand, note that [conditional on n(y,;) = 1] if there is a 1 in
AN ij(yj), then either n(x;) = 1, or n(yy;) = 1, n(x;) = 0, and there is a 1 at



1698 T. M. LIGGETT

one of the neighbors of x; other than y;. Therefore, for j # i,
v{n: n(x) = 1for some x €A N ij(yj)|n(yi) = 1>

< v{nin(x) = Un(y;) =1} + (g2 = @o) v{n: n(y;) = Un(y;) = 1},
Next, use the inequalities

v{n:m(x;) = Un(y;) =1} = v{n: n(y;) = Un(y) = 1}(1 — g,)
and

8(y;) = v{n:m(x;) = Un(y;) = 1} = v{n: n(x,) = Ln(y;) = 1}.
Combining these relations, we can conclude that

(4.15) (1-g9)8(y;) <(1-qy) X 8(y;)-

ls.j =m
J#l
This is the analog of (4.9). (Note that it reduces to it if ¢, = ¢; = ¢5.)

We need to lower-bound the contributions to (4.2) attributable to a compo-
nent B of A. We will assume that (4.11) holds, so that we may use (4.12).
(This will be checked later.) Suppose B = {u}, and u,, u,, u; are the three
neighbors of u. Using the renewal property and (4.12), the contributions to
(4.2) attributable to this B are

3
/\.g v{n=0o0n Aln(u;) =1} — v{n=00n A\{u}|n(uw) = 1}

3
AY (1= 8(u)]|g0+ (g1 —q0) X [1 - 8(w))]

i=1 i

+(gqy, — 295 + qo) 1:[ [1 - 5(uj)]

3
(4.16) l:[[l—(r(u )]

> 3Agy — M3qy — 2q1)[8(uy) + 8(uy) + 8(us)]
+ A(qo — 4q; + 3¢5)[8(uy)8(u,)
+8(uy)8(us) + 8(uy)d(us)]
—3Mqs — 2q; +qo)0(uy)d(uy)o(us)

3
- ljl [1-(1-q1)6(u)].
We wish to bound this expression below by

(4.17) (1 —qo)8(uy) —c(1—qy)[8(uy) + 8(us)],

where ¢ is a nonnegative constant to be determined later. The factors which
appear in (4.17) and in similar expressions below are used because of the way
they appear in (4.15), since we will take advantage of cancellation in the
same way we did for n = 1 (using the pyramid scheme argument). In each
case, all the neighbors of B except one make a negative contribution with a
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factor ¢(1 — gq,), while the distinguished neighbor makes a positive contribu-
tion with a factor ¢(1 — ¢,). By the symmetry of (4.16) in the u,’s, it does not
matter which neighbor is taken to play the distinguished role.

To check bound (4.17), note that both sides [i.e., the right-hand sides of
(4.16) and (4.17)] are linear in each of the §’s and that 0 < 8(u,;) < 1 — g for
each i. So, it is enough that the inequality holds when (6(u,), 6(u,), 8(u3)) is
any corner of the cube [0,1 — g2 ]?. This verification will be discussed after we
choose particular values of the parameters A, q,, g4, qo, C.

Suppose next that B = {u,v} with |u — v| = 1, and suppose that uq, u,
and v,, v, are the neighbors of u and v, respectively, which are not in B. (See
Figure 6.) The contributions from this B to (4.2) are

2
v{n=00n Aln(u;) =1} + A ) v{n=00n Aln(v;) = 1}
i=1

.>'
NS

~
I
-

—v{n = 0on A\{u}|n(u) = 1)
—v{n=00n A\{v}|n(v) =1}
= A1 = 8(u)][go + (a1 = q0)[1 = 8(uy)]]
+A[1 - 5(”2)][‘10 + (g1 = qo)[1 — 8(uy)] ]
+A[1 = 8(vy)][g0 + (g1 — g0)[1 — 8(vy)]]
+A[1 - 5(”2)][‘10 + (g1 — q0)[1 — 8(vy)] ]
_[QO + (g1 = q0)[1 = 8(v1)] + (g1 — qo)[1 — 8(vy)]
+(qz — 2q; + qo)[1 — 8(vy)][1 - 8(”2)]]
X[1 = o (u)][1 - o(u,)]
(418)  —[qo + (@1 = o) [1 = 8(w)] + (41 = @) [1 = 8(u2)]
+(qz = 2¢, + qo)[1 = 8(uy)][1 = 8(uy)]]
X[1 = o(v)][1 - o(vy)]
> 4Aq; — M2q, — q0)[3(uy) + 8(uy) + 8(vy) + 8(v,)]
+2A(q1 — qo)[8(u1)8(uy) + 8(vy)8(vy)]
_[(I2 —(qy — CI1)[5(U1) + 5(U2)]
2
+(qs — 2¢, + qo)ﬁ(vl)ﬁ(vg)] il—_[ [1 -(1- Q1)5(ui)]

—[qs = (a5 — 1) [8(uy) + 8(uy)]

+(qs — 201 + q0) (1) 8(u5)] lljl [1—-(1~q)s(v)].

Jury

The renewal property is used in the first equality, and (4.12) is used in the
inequality. Arguing as before, we want to bound the right-hand side of this
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expression below by
(419)  e(1 —qq)8(uy) —c(1—gy)[8(uy) + 8(vy) + 8(vy)]
for any (8(uy), 8(u,), 8(vy), 8(vy)) in [0,1 — g2l*

To decide how to choose the parameters

90>91>92> /\,C

so that the lower bounds (4.17) and (4.19) hold, note that (4.16) and (4.18)
involve the §’s in a reasonably symmetric way, while (4.17) and (4.19) are
generally larger if §(u,) is large than if the other §’s are. This suggests that
we require that the lower bounds (4.17) and (4.19) hold with equality for all
choices of 8(u;) whenever 8(u,) = 6(u3) = 0 in the case of (4.17) and when-
ever 8(u,) = 8(v;) = 8(vy) = 0 in the case of (4.19). This requirement leads
(after some simplification) to the following equations, which we assume to
hold from now on:

(4.20) 3Aq, =1, 2Aq; = qs, NGy = ¢195, c(1-4qy) =gy —q;

Later we will discuss the verification that bounds (4.17) and (4.19) hold in the
full relevant cube of § values.

Next, take B = {u,, u,,v}, where |u; — vl =lu, —vl =1, u; # u,. Let
u;, u] be the neighbors of u; other than v, and let v’ be the neighbor of v
other than u,, u,. Its contributions to (4.2) are

Av{n =0on Aln(v') = 1}

+A

i

—v{n=00n A\{v}In(v) =1} - '721 v{n=0on A\{u;}|n(u;) = 1}

gl

[v{n=00n Aln(u}) = 1} + v{n =0o0n Aln(u}) = 1}]
1

= /\qo[l — S(U’)] + /\-:Z1 [[1 — 6(u'i)][q0 +(q; — qo)[l — S(u’l’)]]

(4.21) +[1=8(w)][q0 + (g1 — q0)[1 — 8(u))]]]
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—[1 =0 ()] T1[q + (g1 — qo)[1 — 8(u})]

i=1
+(q1 = qo)[1 = 8(uj)]
+(gs — 2¢; + qo)[1 = 8(u)][[1 - 8(u))]]

[q0 + (a1 = qo)[1 = 3()][1 = 8(u)][1 = 8(u))]

MM

1

i

2
> Aqo[1 = 8(v)] + A Y [29, — (29, — qo)[8(w)) + 8(uf)]

+2(q, — qo) () 8(uj)]

2
_[1 -(1- Q1)5(U,)]l_1:—[1[‘h - (g2 — ql)[ﬁ(u’i) + 5(”2)]
+(gqs — 2q; + qo) 8(u;) 8(uj)]

2
—[g1 = (g1 = q0)8(v")] X [1— (1 —q1)8(u))]
i=1
X[1 = (1—qy)8(uj)].
To get the inequality, use the left-hand side of (4.12) to replace the o’s by §’s,

and then expand the parts that originally had only §’s. We need to bound the
right-hand side of (4.21) below by

(4.22) (1 —q)d(uy) — (1 — g 8(uy) + 8(uy) + 8(uy) + 8(v)]
and by
(4.23) c(1 —qy)8(v") — (1 — g 8(u)) + 8(uy) + d(uy) + 8(ufy)l,

depending on which type of boundary point plays the distingulshed role.
Again, this is verified by checking each corner of the cube [0,1 — ¢Z]° after
choosing values for the parameters at the end of this section.

Our final special case is B = {uy, uy, ug, v}, where |u; — v| = 1 for each i
(u; distinct). Let «, u be the neighbors of u; other than v. (See Figure 7.)
Then the contributions to (4.2) corresponding to this B are greater than or
equal to

Moa

[2(]1 (29, — qO)[S(uIi) + 5(”3)]
1

+2(q; — q0) 8(u})8(u))]
3
(4.24) - Illa —q1)[8(u;) + 8(u))]
9y — 2q; + q0)8(u})8(u))]

3

~4q Z [1-Q =q)8@u)][1 -1 -q)s(u)].
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Fic. 7.

Arguing as in the previous cases, we need to have this bounded below by

(1 = qo)5(uh)

(4.25)
—c(1—q)[8(uh) + 8(uy) + 8(uy) + 8(us) + d(us)].

Now, suppose the component B of A is not one of the four cases we have
considered so far; that is, |B| > 5 or |B| =4 and B has diameter 3. For
x € B, |x —y| =1, say that y is of type 3if y & B, y is of type 2 if y € B but
neither of the two neighbors (call them y’, y”) of y other than x isin B, y is
of type 1 if y € B and exactly one of the two neighbors (call it y') of y other
than x is not in B and y is of type 0 if y € B and both of the two neighbors
of y other than x is in B. (See Figure 8.) Let B, ; ; ; be the set of x € B with
i neighbors of type 0, j neighbors of type 1, £ neighbors of type 2 and [

y'
X y X y i

Type 3 Type 2 ”
X y X y :

Type 1 | Type 0

Fic. 8.
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neighbors of type 3. The subscripts must satisfy i + j + & + [ = 3. Also, note
that B ;. , =@ for k + 1 = 3, since

B o3+ = IBl=1,
Byoi1:*7d = |Bl=2,
By o1 #*J = |B|l =3,
By o30#< = |B|l=4and B has diameter 2.

In the expressions below, the neighbors y,, y,, ¥; of x are numbered in such
a way that the type number of y, is nondecreasing in i. The contributions to
(4.2) attributable to B are then

3
hg(A) = Aq, Z [1 - 5(3’3)] - Z l_IIY(yi)

*€ U yjrr=2Bijr1 xEB =

(4.26) + A Y [2(11 —(2¢; — o) [8(y2) + 8(3)]

X€U, jik=1Bi j 1 2
+2(q1 = q0) 8(¥2)8(5)],

where

y(y) =1—-o(y) ifyisoftype3,
Y(y) = a5 — (g2 —q)[8(y) +8(y)] + (g2 — 2q; + q0)8(¥")8(y")
if y is of type 2,
Y(¥) =q1 — (91 — q,)8(y") if yisoftype 1,
v(y) =q, if y isof type 0.

In finding a lower bound for (4.26), the most awkward term to deal with is
the product of the y’s. Note that the other parts of (4.26) are at most
quadratic in the &6’s, while the product of the y’s can have products of more
than two 8’s. To rectify this situation, we will obtain and use quadratic upper
bounds for the products of y’s. The particular bound depends on which of the
B; ; ;. contains the x in question. In each case, the o’s are first replaced by
8’s using (4.12). Then the following inequality is used: suppose that 0 < ¢; <
a; < 1. Then

f[ (1-t)<1- f [H(1 - ai)}ti.

i=1]J=

The proof of this inequality is not hard, and is left to the reader. In any case,
we will use it only for m < 3, in which cases it is a simple verification. In
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applying this inequality below, we will take

41 — 4>
91

13

if y is of type 1,

, if y is of type 2,
92

1-gq,, if y is of type 3.

We also arrange the factors in order of increasing type number. In cases
involving y’s of type 2, one needs to note that

0<(qy—q)[8 + 8] — (g2 —2q; +90)8,8; <q5 — qy,

whenever 0 < 8§,, 8, < 1, in order to check 0 < ¢; < a; < 1. The upper bound
for I1?_,y(y;) which one obtains is
X €B;3400° 95
X€By 10,0 95la — (a1 — 20)8(¥3)],
x €By g1t qg[‘]z_(%_%)[a(y/s) + 8(s ]
+(q2 = 2q1 +90) 8(¥5) 8(y3)],
X €By 01 45[1—(1-q1)8(y3)],
X E€B15000 047 — 9091(q1 — 20)3(¥2) — 45(q1 — 90) 8(¥5),
X E€Bi 110 909192 ~ 9092(q1 — q0) (¥5)
—45(q: — q1)[8(y5) + 8(y5)]
+q5(q2 — 2q1 + 40) 8(¥35) 8(3),
X € By o200 9095 — 9092(q2 — 41)[8( ) + 8(y3)]
—q5(qs — %)[5(3”3) +0(y5 ]
+4092(q2 — 29, + q0) 8(¥5) 8( 3
+q3(qs — 2q, + q0) 8(y3) 8(¥5),
X €By 1010 0d1 — 90(q1 — 20)8(¥2) — a5(1 = q1)8(ys),
XxE€ By 11 9092 — 90(qs — ql)[é(y,2) + B(ylé)]
—qg(l —q1)8(s)
(4.27) +q0(q2 = 291 + q0) 8(¥5)8(%),
x €B; " qo_qo(l_ql)[‘s(yz) + 5(3’3)]
+20(1 = 41)*8(2)3(¥3).
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x€Bys000 a7 —q1(q1 — q0)8(¥1) — @190(q1 — 90) 8(¥%)
—q5(gq1 = 90)8(¥5),

X €Byy 10t 9192 — 0192(q1 — 90) 3(¥1) — 90q2(q1 — 90) 3( %)
—q3(qs — a1)[3(y5) + 8(¥5)]
+45(gs — 241 + ) 8(3) 8(3),

x€Byso01t 97— q1(q — 20)8(¥1) — qo(q1 — Qo) 8( %)
—qg(l —q1)8(ys),

X €By 10 9195 — 95(q1 — 90)8(¥1)
—q0q2(q2 — q1)[8(¥3) + 8(y)]
—q5(qs — q1)[3(y5) + 8(¥5)]
+9092(q2 — 291 + q0) 8(y3) 8(y3)
+45(qs — 29, + 40) 8(y3)8(¥3),

x€By 111 192 — 92(q1 — 90)8(51) — a5(1 = q1)8(y3)
—qo(qz — q1)[8(y2) + 8(y5)]
+q0(q2 — 291 + q) 8(55) (%),

X €Bj 1020 q1— (g1 —q0)8(¥1) —qo(1 —q1)[8(y2) + 8(ys)]
+0(1 = 41)*8(35) 8(5)-

Now we replace the products of y’s in (4.26) by the expressions in (4.27).
Then the sums are rearranged, so that each summand containing a § is
included in the sum corresponding to the (unique) x which is a nearest
neighbor of the argument of the 6. (Note that the x to which the summand is
attached before this rearrangement can be a second nearest neighbor of the
argument of the 8.) For example, suppose we consider x € B, ;, , ;, and let
Y1,Y9, Y3 be its neighbors, with y,; & B. Since x € B, , ;, we know that, for
eachm =1,2, y,, €B, ;, (, where j > 1. Looking at all the possible cases in
(4.27), we see that the multiple of §(y;) which each y,, contributes is one of
the following:

95(q1 — 40), 47(q1 — 40)> 95(q1 — 90)» 909:(q1 — Qo)
QOQZ(% - %)a Q1Q2(Q1 - QO)-

Taking the worst case, we see that the contributions from y, and y, are
bounded below by 2¢2(q; — q,). The other contribution comes from x itself,
and is qZ2(1 — g;). This argument is used in each of the sums in (4.28) below.
Since we are aiming at a lower bound of the form (4.25), we will add
appropriate multiples of the §’s corresponding to the points {z;,, 1 <i < m}in
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B¢ which have a neighbor in B. The result is

hy(A) +e(1 - ay) ¥ 3(2)

i=1
> - ) |Bi,j,k,0|QéQ{qg
i+j+k=3
(4.28) + ) P [2/\(11 - qbqiq} + bi,j,k,2[8(y2) + 8(ys)]

i+j+k=1 xEBi,j’k’Q
_Ci,j,k,28(yz)5(y3)]
+ X Y [Aqo —gbaias — bi;518(23)],

i+j+k=2x€B; ;;

where
by0.01=2Aq —¢(1—qy) —q5(1+q, —2q),
b1,1,0,1 =Agy —c(1—qy) — ‘Io(fh - qg),
bo,2,01 = Aqo — (1 = q3) — 20oq; + 45 + G341,
b1,0,1,1 =Agy —c(1—qy) +q¢+ qg’ - qg — 4y,
bo,1,1,1 = Ao —¢(1 = q3) + qo + 4391 — 41 — dot
and

bio.02=—M2q; —qo) +c(1—qy) +qo(1 —qy) +q5(qs — q1),

1,002 = —2Mq1 —qo) + qo(1 — a) + 95(q; — 29, + qq),
bo,1,02 = ~M2q; —qo) + (1 —q3) +qo(1 +g, —2q,),
Cot,02 = ~2Ma1 — o) +qo(1 — a1)” + qo(gz — 24, + qo)-
We need to find a good lower bound for the right-hand side of (4.28). When

we choose particular values for the parameters, we will find that &, ;, , > 0
and c; ; , ; = 0 for all choices of the subscripts which appear above, and

2
21 -q8)b; jao—(1—93)¢cijro=<0

for i = 1 or j = 1. Thus we may replace all the 8’s on the right-hand side of

(4.28) by 1 — gZ. The result is

hp(A) +c(1-qy) X 8(2;)
i=1
>~ Y Bk olg6a{as
i+j+k=3
(4.29) t 'Zk 1|Bi,j,k,2|[2)\(h - qbqiqs + 2bi,j,k,2(1 - qg)
1+j+kr=

_Ci,j,k,z(l - qg)z]

+ ) |Bi,j,k,1|[/\% - qbqiql — bi,j,k,l(l - qg)].

itjt+k=2
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In order to continue bounding (4.29) from below, we need to find some
relations among the cardinalities which appear in it. First, note that every
x € By 9, has a unique neighbor in U,,;,;_3B; 1, and each point in
B, ; 1. occurs as the neighbor of & points in B, , , 5. Hence

(4.30) |B1,o,0,2| = Z kIBi»JlkvoL

i+j+k=3
A similar counting argument gives
(4.31) 1Bo,1,0,21 = |B1,0,1,11 + |Bg,1,1,1l-
For the next identity, let
W={(u,v):|u—v|=1,ue U B; 11,V E U Bi,j,k,O}'
i+j+k=2 i+j+k=3

Then one can compute |W| in two different ways (summing first on z and
then on v, and vice versa), yielding

(4.32) Z ilBi7j,k,1| = Z j|Bi,j,k,0|'

itjtk=2 i+j+k=3

It is easy to check that because B is connected, the number of points in B
with exactly one neighbor in B is two more than the number of points in B
with all three neighbors in B. This gives

(4.33) Bi,o,0,2l + 1By 102l = X IBi ol +2.
itj+h=3

Finally, using (4.30) and (4.31) in (4.33) yields
IB1,0,2,0l + 1Bo,1,2,0l + |1Byo,1,11 + 1Bg, 1,11l
= B3,0,0,0l + [Bg,1,0,0l T 1By 20,0l + [Bo 30,0l + 2.
Add 0 to the right-hand side of (4.29) in the form
+ a[r.h.s. of (4.32) — Lh.s. of (4.32)]
+ b[r.h.s. of (4.34) — Lh.s. of (4.34)]
+ d[r.h.s. of (4.30) — Lh.s. of (4.30)]
+ e[r.h.s. of (4.31) — Lh.s. of (4.31)],

(4.34)

(4.35)

where a, b, d,e are constants to be determined. We wish to choose the
unknown parameters so that the coefficients of all of the cardinalities IBL-’ ik /|
in the resulting expression are nonnegative. Once done, we will have

(4.36) hy(A) + c(1 —qz)f 5(z;) = 2b.

[The 2b on the right-hand side comes from the 2 on the right-hand of (4.34).]
This will imply the desired bound

(4.37) hp(A) =c(1—q¢)d(z;) —c(1—qy) 23(%‘):

J*i
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provided that
(4.38) 20 >¢(1-93)(2 - g0~ qs)-

[Recall that 0 < 8§(z,) < 1 — ¢2.] Once this has been done, the bounds (4.15),
(4.17), (4.19), (4.22), (4.23), (4.25) and (4.37) combine as in the case n = 1 by
using the pyramid scheme argument to imply that A(A) > 0.
Some trial and error using Mathematica suggests that we choose
A, 90,491,435, @, b, ¢, d, e so that the coefficients of |B; o ol, [Bs 0,011, I1B1,0,0,2ls
|By,1,1,11 and |B ; ¢ 5| are 0. This gives the following equations:
0=0- qg’
0=2Aq0—q5 — b2,0,0,1(1 - qg) - 2a,
2
0=2Ag; —qo+2b;002(1—95) —¢c10,02(1 —a5) —d,
0=2Aq)—q195 — by 1,1:(1 —q5) —b+e,

0=2Aq, — q; + 2bg 1.0.2(1 — a2) — co1.0(1 — q2) e

Solving these equations simultaneously with (4.20) gives

A=0.60485..., q, = 0.41507..., q, = 0.45556.. .,
(4.39) ¢, =0.55109..., a =0.01042..., b=0.07151...,
c=0.16332..., d =0.10481..., e =0.09356... .

With these values of the parameters, it is straightforward, though some-
what tedious, to check that the coefficients of the other |B,; ; , ;| are nonnega-
tive, and that all the inequalities we have assumed in this argument actually
hold. We give a few examples:

1. Equation (4.11) is satisfied since 2(q, — q3) = 0.3037..., q, — q35 =
0.2477... .

2. Bound (4.17) holds, since the right-hand side of (4.16) minus (4.17) can be
written as

0.1688...[5(uy) + 8(u3)]
—0.1475.. . [6(uy)8(uy) + 8(uq)d(ug) + 8(uy)d(us)]
+0.0614... 5(u,)5(uy)8(us).

It is obvious that this is nonnegative when any one of the &6’s is 0. The
value of this expression is 0.0111... when 6&(u;) = 6(uy) = 8(uy) =
1— g2 =0.8277..., and therefore it is nonnegative in the entire cube
[0,1 — g5)°.
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3. Bound (4.19) holds, since the right-hand side of (4.18) minus (4.19) can be
written as

0.1688...[8(uy) + 8(vy) + 8(vy)]
—0.1694...[8(uy)8(uy) + 8(v1)8(vy)]
—0.1040... [ 8(uy) + 8(uy)|[8(vy) + 8(vy)]
+0.0582...[8(uy)8(uy)d(vy) + 8(uq)d(uy)d(vy)

+8(uy)8(v1)8(vy) + 8(uy)8(vy)8(vy)]

—0.0326...6(uy)6(uy)d(vy)6(vy).
Again, it is easy to check that this is nonnegative whenever two or more of
the &8’s are 0. Up to symmetries, that leaves three corners of the cube
[0,1 — gZ1* to check explicitly, and the above expression is nonnegative at
those three corners. Bounds (4.22), (4.23) and (4.25) are similar, except
that there are more corners to check. Using Mathematica, this is not
difficult.

4. Here are the values of the b, ; , ;, and ¢; ;, , which are needed in passing

from (4.28) to (4.29), rounded to four decimals:
b3.0.0,1 = 0.0700, by1.0.1=0.0602, by.2.0,1 = 0.0503,
by0,1,1=0.0365, by1.1.1=0.0266, b, ,,,=0.0157,
10,02 = 0.0835, by.1,0,2 = 0.0389, Co.1.0,2 = 0.0969.

Also, with these values, one finds that
2
2(1 - qg)bl,0,0,Z - (1 - qg) 01’0’0’2 = _0.0312,

2(1—q2)bo1.05— (1= q2)’ ¢y 1.0 = —0.0019....

5. Here are the coefficients of |B, ; , ;| on the right-hand side of (4.29) + (4.35),
rounded to four decimal places:
(3,0,0,0) 0.0000, (2,1,0,0) 0.0034,
(2,0,1,0) 0.0099,  (2,0,0,1) 0.0000,
(1,2,0,0) 0.0062,  (1,1,1,0) 0.0110,
(1,0,2,0) 0.0121, (1,1,0,1) 0.0018,
(1,0,1,1) 0.0038,  (1,0,0,2) 0.0000,
(0,3,0,0) 0.0082,  (0,2,1,0) 0.0113,
(0,2,0,1) 0.0019, (0,1,2,0) 0.0102,
(0,1,1,1) 0.0000,  (0,1,0,2) 0.0000.

Inequality (4.38) is also easy to check. Thus we have proved that A; < 0.605
as required.

We conclude this section with a remark. Using part of the above argument
(it corresponds to the case in which all &’s are 0), it is not hard to show that
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90,41, ds, A can be chosen so that A(A) > 0 for all connected sets A if A lies
above the one obtained by solving

3Ag, = 1, 2\q, = q,,
(4.40) 2(q2 — q1) = qo(gs + 43),
2(Aqy +q3) = qo(q5 +q7) + 2(q, + q095)-

This condition is also necessary, as can be seen by considering the four
connected sets: A; = {x}, A, = {x,y} with |[x —y| =1, A; = {y: |x —y| < N}
for a fixed x and large N, and A,, which is obtained from A; by adding one
neighbor to each boundary point of A,. The solution of (4.40) is given by

g, = 0.4485.. ., g, =0.4795..., g, = 0.5654 ..., A=0.589....

Thus we lose about 0.015 in our bound by having to prove h(A) > 0 for
disconnected sets also. It is certainly possible that one could improve our
proof to get A, < 0.5895..., but there is little reason to do so.
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