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Consider the directed process (i, S;); . o Where the second component
is simple random walk on Z (S, = 0). Define a transformed path measure
by weighting each n-step path with a factor exp[ AL, _ ; . n(@; + h)sign(S;)].
Here, (w;);., is an i.i.d. sequence of random variables taking values +1
with probability 1/2 (acting as a random medium), while A € [0, «) and
h €[0,1) are parameters. The weight factor has a tendency to pull the
path towards the horizontal, because it favors the combinations S; > 0,
w;j = +1land S; <0, w; = —1. The transformed path measure describes a
heteropolymer, consisting of hydrophylic and hydrophobic monomers, near
an oil-water interface.

We study the free energy of this model as n — « and show that there
is a critical curve A — h (1) where a phase transition occurs between
localized and delocalized behavior (in the vertical direction). We derive
several properties of this curve, in particular, its behavior for A |0. To
obtain this behavior, we prove that as A, h | 0 the free energy scales to its
Brownian motion analogue.

0. Introduction and main results. In this paper we solve a problem
that was posed by Garel, Huse, Leibler and Orland (1989) and studied by
Sinai (1993). It involves a two-dimensional directed random polymer interact-
ing with two solvents separated by an interface. Depending on the interac-
tion, the polymer either stays near the interface (localization) or wanders
away from it (delocalization). The main problem is to determine the phase
transition curve.

0.1. A random walk model. To define the model we need two ingredients;

1. S =(S));. o: a simple random walk on Z starting at the origin, where P, E
denote its probability law and expectation.

2. o = (w);.: an i.i.d. sequence of random variables taking values +1 with
probability 1 /2, where P, F denote its probability law and expectation.
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Fix A €[0,«) and h €[0,1). Given w, define a transformed probability law
AN @ on n-step paths by setting

n

Qe 1 n
(0.1) #((Si)?zo) = Wexp[/\__z (o + h)Ai}1
where
sign(s;), if S; # 0,
(0.2) i {sign(Si_l), ifS; =0

and Z}" ¢ is the normalizing constant or partition sum. [In (0.2) we could
put A; = 0 if S; = 0. This would be a site rather than a bond model.]

We view QX M@ as modelling the following situation. Think of (i, S, as
a directed polymer on Z2, consisting of n monomers represented by the bonds
in the path. The lower half plane is “water,” the upper half plane is “oil.” The
monomers are of two different types, occurring in a random order indexed by
. Namely, w; = —1 means that monomer i “prefers water,” w; = +1 means
that it “prefers oil.” Since A; = —1 when monomer i lies in the water and
A; = +1 when it lies in the oil, we see that the weight factor in (0.1)
“encourages matches and discourages mismatches.” For h = 0 both types of
monomers interact equally strongly with the water and with the oil, being
attracted by one and repelled by the other. However, for h € (0,1) the
monomers preferring oil have a stronger interaction with both the solvents
than the monomers preferring water. The parameter A is the overall interac-
tion strength and plays the role of inverse temperature.

REMARK. In (0.1) we could put the h-dependence in the probability law of
w, for instance, by picking P(w; = +1) = (1 + h)/2 and writing AX; w;A; in
the exponent. This would describe a polymer where the two types of monomers
occur with different densities but interact equally strongly with the solvents.
Alternatively we could make a mix of the two types of h-dependence (or even
allow for more general w-sequences with exponential moments). For the
proofs in this paper it is a slight advantage that h enters into the exponent.
Nevertheless, all results carry over with only minor changes in the proofs.

The way in which the polymer behaves near the interface is the result of a
competition between energy and entropy. The energy is minimal (i.e., the
weight is maximal) when all the monomers are placed in their preferred
solvent, but this strategy has low entropy. On the other hand, the entropy is
maximal when the polymer makes large excursions away from the interface,
but this strategy typically has high energy (i.e., the weight is small). What do
we expect will happen under Q)" as n — «?

1. A = 0. The vertical motion of the polymer is free simple random walk.
Since this is a null recurrent process, the polymer will not stay near the
interface; that is, we have delocalization.
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2. A > 0, h = 0. The polymer will want to stay close to the interface, so that
it can place as many monomers as possible in their preferred solvent and
produce low energy. Indeed, wandering away from the interface would
result in a misplacing of about half the monomers. The polymer can reduce
this fraction by crossing the interface at a positive frequency. This lowers
the entropy, but only by a small amount if the crossing frequency is small.
The estimates in Sinai (1993) show that for this strategy the gain exceeds
the loss; that is, we have localization.

3. A >0, h11. Now wandering away is again the winning strategy, simply
because the monomers preferring water barely interact with either the
water or the oil. By moving away in the upward direction the polymer can
match all the monomers that prefer oil, thereby producing almost the
minimal energy and almost the maximal entropy; that is, we have delocal-
ization.

The above intuitive picture seems to suggest that there is a critical curve
in the (A, h)-plane separating the localized from the delocalized phase. It is
the goal of the present paper to prove the existence of this critical curve and
to derive some of its properties.

In order to give a precise definition of the two phases, we need the
following preliminary result (proved in Section 1).

THEOREM 1. For every A € [0,%) and h € [0, 1),
1
(0.3) lim —log Z)}'™® = ¢(A, h)

n-o N

exists P-a.s. and is nonrandom.

The function ¢ is the specific free energy of the polymer. It is immediate from
(0.1) and (0.3) that ¢(A, h) is continuous, nondecreasing and convex in both
variables. [Note that our model makes perfect sense for A, h € R. Obviously,
in this larger parameter space, ¢(A, h) is everywhere finite, is symmetric and
convex in both variables and hence is also continuous and unimodal in both
variables.] Moreover, it is easy to show that

(0.4) #(A, h) > Ah.
Indeed, since P(A; = +1for 1 <i <n)~ C/n'2(n — ), it follows that
n
zyhe = E(exp[/\ Y (o + h)Ai})
i=1
(0.5)

%

i=1

exp[)\_i (w; + h) + O(log n)}

exp[Ahn + o(n)], P-as,

where in the last step we use the strong law of large numbers for w. Thus we
see that the lower bound in (0.4) corresponds to the strategy where the
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polymer wanders away in the upward direction. This leads us to the following
definition.

DerFiNniTION 1. We say that the polymer is:

(a) localized if ¢(A, h) > Ah,
(b) delocalized if ¢(A, h) = Ah.

In case (a) the polymer is able to beat on an exponential scale the trivial
strategy of moving upward. It is intuitively clear that this is only possible by
crossing the interface at a positive frequency, which means that the path
measure localizes near the interface in a strong sense. In case (b), on the
other hand, the polymer is not able to beat the trivial strategy on an
exponential scale. In principle it could still do better on a smaller scale, but
we do not expect this [at least not in the interior of the region described by
(b)]. We shall not derive any properties of the path measure, but just stick to
the above definition. (See Section 0.4 for a further discussion.)

Our first main theorem reads as follows.

THEOREM 2. For every A € (0, ) there exists h (1) € (0,1) such that the
polymer is:
localized if 0 < h <hy(A),

0.6 . .

(06) delocalized if h = h (A).

Moreover,

(0.7) A = h(A) is continuous and nondecreasing on [0, ),

lim, ... h(A) = 1, lim, |, h(A) = 0.

The proof of Theorem 2 is given in Section 2. It will also provide upper and
lower bounds on h (), namely:

1
(i) limsup th()\) <1,
ALO

(0.8) (ii) Iir)\nlionf;hc()\) >0,
(iii) lim A(1 = hy(1)) € Elog 2, glog 2}.

0.2. A Brownian motion model. As A |0, the reward to stay close to the
interface gets smaller and so the excursions of the polymer away from the
interface will get longer. Therefore, intuitively we may expect to see a scaling
behavior where both S and » can be approximated by Brownian motions. To
make this more precise, we first define and describe the continuous analogue
of the discrete model. As we shall see in Section 0.3, the scaling happens in a
way that leads to a Brownian motion model. This model retains the full
complexity of the random walk model, except that the Brownian scaling
property gives rise to a simpler form of the phase separation curve.



1338 E. BOLTHAUSEN AND F. DEN HOLLANDER

The two ingredients of the continuous model are two standard Brownian
motions on R, denoted by:

(1) B=(Bt)t20’
(2) Bz(ﬁt)tZO’
both starting at the origin. We write P E, respectively, P,E, to denote their

probability law and expectation. Similarly as in (0.1) and (0.2), the trans-
formed probability law Q"™ # on paths of length t, given B, is defined by

A h, B 1
t t
(0.9) T((Bs)oﬁg) = Wexp[/\foﬁs(dﬁs +hds)|.
Here,
_ [sign(By), if Bg# 0,
(0.10) A, = {o, B =0

the first integral is an It0 integral, and the parameters A, h are both in [0, ).
The analogue of Theorem 1 (proved in Section 3) reads as follows.

THEOREM 3. For every A, h € [0, ),

1 ~ ~
(0.11) lim ?Iog ZMNEB = p(A, h)

tox

exists P-a.s. and is nonrandom.

The function $ has the same qualitative properties as ¢ in (0.3), including
the lower bound in (0.4). Therefore we can maintain the same distinction
between phases as in Definition 1.

The Brownian scaling property tells us that

(0.12) (B, Bs)s=0 =0 (8Bs 22, 8Bs,22),., foralla>0,

where =, means equality in distribution. This implies that, for fixed A, h
and as a random variable in S,

~

(0.13) Z P =, Zanghf forall t>0and a> 0.
Hence

~ 1.
(0.14) ¢(A, h) = ?oﬁ(a)\, ah) forall a > 0.

It immediately follows from (0.14) that $ has the following scaling form:

) H(A, KX) = S(K)A? for K € [0, »), with K —» S(K) con-

0.15 . . o
( tinuous, nondecreasing and convex, satisfying S(K) > K.

The analogue of Theorem 2 (proved in Section 3) now reads as follows.
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THEOREM 4. There exists K, € (0, 1] such that
S(K) =K ifK=>K,,
S(K)>K if0<K <K,

By (0.15), Theorem 4 implies that ¢(A, h) = Ah for h > K A and (A, h) > Ah
for h < K A; that is, the phase separation curve is the straight line A — K_A.

Although the picture here looks fairly simple, the complexity of the model
is hidden in the constant K, which seems to be a very ungainly and complex
object. We have rough bounds on K, but nothing like a sequence of bounds
that could be expected to converge to K..

(0.16)

0.3. Weak interaction limit. We are now ready to formulate our main
results concerning the weak interaction limit of the random walk model and
its relation to the Brownian motion model.

THEOREM 5. For every A, h € [0, ),
(0.17) I|m—¢>(a/\ ah) = $(A, h).

Although (0.17) is intuitively plausible, the estimates needed for its proof are
quite delicate. The reason is that our paths carry exponential weight factors,
which are very sensitive to fluctuations. One should keep in mind that, at
least in the localized region, the path exhibits a behavior that has an
exponentially small probability under the free path measure. It is therefore
clear that the result cannot be proved by a routine application of invariance
principles.

We shall not prove Theorem 5 separately, as it is a consequence of the
more powerful but more technical Theorem 6 below. A proof of Theorem 5
would be simpler (and more transparent) than that of Theorem 6 given in
Section 4. However, the unfortunate fact is that Theorem 5 alone does not
lead to a determination of the tangent at A = 0 of the phase separation curve
in the discrete model. In fact, it only yields

(0.18) Ilrl\nilnfE (A) =

Indeed, pick K < K_. Then, by (0.15)—(0.17),
(0.19) I|m—¢(a aK) = ¢(1, K) > K.
alo a
This implies ¢(a, aK) > Ka? and hence h(a) > aK for small enough a,

which proves (0.18) after letting a |0 followed by K 1 K_. It is clear that a
statement like (0.17) does not yield

(0.20) sup — h (A) <
)\LO
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simply because ¢(1, K) = K for K > K. does not imply that ¢(a, aK) = a’K
for small enough a.
In order to remedy this situation, we introduce the ‘excess’ free energies

$(A, h) = ¢(A, h) — Ah,
#(A, h) = ¢(A, h) — Ah,

so that the delocalized region is characterized by = 0, respectively, ¢ = 0.
Our main result for the weak interaction limit is the following.

(0.21)

THEOREM 6. Fix A > 0. Leth > 0, " = 0 and p > 0 satisfy (1 + p)h’' < h.
Then

ég{;(a)\, ah) < (1 + p)d(A,N),
(0.22)

- 1
w(Ah) < (1+p)z¥(ar ah)

for small enough a.

Theorem 6 and the continuity of ¢ and ¢ obviously imply Theorem 5.
Theorem 6 is also sufficiently strong to give us the following corollary.

COROLLARY 1.

(0.23) lim ihc()\) = K,.
AL0 A

To get (0.20) from the first line in (0.22), pick W =K_, p>0 and A =1,
h=(@1+2p)K,. Since ¥(1, K, =0, it follows that ¢(a,a(l + 2p)K,) =0
and hence h(a) < a(1 + 2p)K, for small enough a. Now let a |0 and p |0.

The idea behind Theorem 6 is that by slightly varying h we can dominate
the errors that arise in the approximation of the random walk by the
Brownian motion.

REMARK. Theorem 6 can be shown to carry over to the version of the
model where the h-dependence sits in the probability law of w. For the
Brownian motion model there is no distinction between the two versions.
Apparently, the weak interaction limit is largely independent of the details of
the model. This is essentially a stability result. Stability is crucial for our
understanding of the localization problem, and typically hard to prove for
path measures with exponential weight factors.

0.4. Open problems. Our distinction between the localized and the delo-
calized phase, as given in Definition 1, is in terms of the specific free energy
rather than the path measure itself. We would like to show that in the
localized phase “(S;), .., truly localizes,” in the sense that it stays close to
the horizontal, while in the delocalized phase it does not. For instance,
consider the following two questions.
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1. For fixed i, does Q)" “(S; € -) converge to a nondegenerate limit law as
n — o?

2. Is there a d = d(A, h) > 0 such that lim,,_,, Q>"“(f1 <i <n: S, =0}/n
e[d—e,d+ ¢]) =1forall > 0?

No doubt the answer is “yes” in the localized phase and “no” in the delocal-
ized phase, but this remains to be proven. Other interesting questions are:
How does the free energy behave close to the critical curve? How large are the
excursions of the path away from the horizontal?

Sinai (1993) proved that if A > 0, h = 0, then the path localizes in the
following sense: there exist numbers A > 0, §(A) > 0 and random variables
ny(w), ko(w) such that

sup  QUOU(IS,] > k) < e POk
(0.24) log¥n<i<n-—log”n
for k > ko(w), n > ny(w), P-as.

We expect that Sinai’s arguments can be extended to cover the whole
localized region.

One could hope to make some progress on problems (1) and (2) above by
looking at the times when the path intersects the interface. In the localized
region these times admit a Gibbsian description (in the limit as n — ).
However, this leads to a Gibbs measure with a random long-range potential
having both signs, which is a notoriously difficult object. Nevertheless, we
expect that a limiting measure exists and that it has exponentially decaying
correlations.

Even the delocalized region is not trivial. It seems intuitively clear that, at
least in the interior of this region [i.e., for h > h_(A)], the path just behaves as
simple random walk conditioned to stay positive, which is well known to have
Brownian scaling with the so-called Brownian meander as limiting measure
[see Bolthausen (1976)]. However, it appears to be difficult to exclude the
possibility of rare returns to the interface.

Grosberg, lzrailev and Nechaev (1994) obtain localization for the case
where o is periodic instead of random.

Albeverio and Zhou (1996) prove that if A >0, h =0, then log Z}%*
satisfies a LLN and a CLT (as a random variable in o). However, there is
no description of the mean and the variance. They further show that
Q)% “P(dw)-a.s. both

max {j—i:S;=8;=0,S,#0fori<k<j},
0<i<j<n

max |S;]
O<i<n

(0.25)

are of order log n as n — oo, which is typical for a localized path.

Grosberg, Izrailev and Nechaev (1994) and Sinai and Spohn (1996) study
an annealed version of the model in which Z}"“ is averaged w.r.t. P. The
free energy and the critical curve can in this case be computed exactly.
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However, the quenched version described in the present paper is qualita-
tively very different and considerably more complex.

1. Proof of Theorem 1. The proof consists of two parts. In Lemma 1 we
prove that the claim holds when the random walk is constrained to return to
the origin at time 2n. In Lemma 2 we show how to remove this constraint.

Fix A and h. Define

2n

exp[/\_z (w; + h)Ai}l{S2n = O}),

i=1

(1.1) Ze* =E

where we recall the notation introduced in Section 0.1.
LemMMA 1. The limit lim,_ (1/2n)log Z3:* exists and is constant P-a.s.

Proor. We need the following three properties.
I Zg* > ze*ZI e for all 0 < m < n, with T the left-shift (Tw), =

2n—-2m
Wit 1
Il. n - (1/2n)E(log Z5*) is bounded from above.
. P(Mw € ) = Plw € ).

Property 1 follows from (1.1) by inserting an extra indicator 1{S,,, = 0} and
using the Markov property of S at time 2m. Property Il holds because

E(log Z3;*) < log E( Z5,*

2n
(cosh A)*" exp[/\h YA,

i=1

(1.2) =log E

1{S,, = 0})

< 2n(logcosh A + Ah).

Property Il is trivial. Thus, o — (log Z5,*),. , is a superadditive process. It
therefore follows from the superadditive ergodic theorem [Kingman (1973),
Theorem 1] that lim,,_, (1/2n)log Z3;* converges P-a.s. and in mean, and is
measurable w.r.t. the tail o-field of w. Since the latter is trivial, the limit is
constant P-a.s. O

Our original partition sum was

2n

exp[/\_Z (w; + h)A,

(1.3) ze, =E

which is (1.1) but without the indicator. Thus, in order to prove Theorem 1 we
must show that this indicator is harmless as n — «. Since [log(Z5,/Z5, ., )| <
A1 + h), it will suffice to consider n even.

LEMMA 2. There exists C > 0 such that Z3»* < Z5, < CnZy,* for all n
and w.
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Proor. The lower bound is obvious. The upper bound is proved as follows.
By conditioning on the last hitting time of O prior to time 2n, we may write

n 2n
Z5, = Z5F + ) Z5i* 5 E|exp| A h (w; + h)A,

k=1 i=2n-2k+1

XL AL YU AL San-2k = 0)
(1.4) . ,
=Z5F + ) Zyi*, —E exp[)\ > (o + h)Ai}

Ke1 by i=2n—2k+1

X1{ By «U By }[S2n-2k = 0)-

Here we abbreviate the events

Al ={S;>0for2n -2k +1<i<2n},

By x={Sij>0for2n -2k +1<i<2n,S,, =0}
and similarly for A, B, |, and their probabilities

a = P(An kISzn_2k =0) = P(A; «IS;n-2k = 0),
by, = P(B:,k|52n—2k = O) = P(Bn_,k|82n—2k = 0)

(both independent of n). The reason for the second equality in (1.4) is that
A;j=+1forall2n -2k +1<i<2nontheevents A;,, B, and A; = —1

forall2n — 2k + 1 <i <2nontheevents A, ,, B, (o is fixed).

Next, there exist C,,C, > 0 such that a, < C,/k*? and b, > C,/k*'? for
all k > 1. Moreover, without the factor a, /b, the last sum in (1.4) is precisely
Zy:*. Hence

(1.5)

(1.6)

(1.7) zg, <

C,
1+ —/—n|Zy*. |
C,

Lemmas 1 and 2 complete the proof of Theorem 1.

2. Proof of Theorem 2. The proof proceeds in a sequence of five steps,
organized as Sections 2.1 and 2.2. Define [recall (0.21)]

(2.1) Y(A, h) =¢(A h) — ah.
Let
(2.2) D= {(A,h): ¢(A, h) =0}

be the region of delocalization (see Definition 1).
2.1. Existence, continuity and monotonicity of h ().

Ster 1. If (A, h) €D, then (A + §,h + &) € D for all §, £ > 0 satisfying
>80 —-h)/A
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ProoF. Since AL (w; + h) = Ahn + o(n) P-a.s., we have the following
equivalence [recall that > 0 by (0.4)]:

y(A,h)y=0
(2.3) o1 (
< lim —log E|exp

n-« N

A i (w; + h)(A; - 1)}) <0, P-as.

i=1
Thus, to prove the claim we must show that if the r.h.s. of (2.3) holds for
(A, h), then it also holds for (A + 8, h + &). To see this, write

u+a)i(@+h+8xm—1)

i=1
n
(2.4) =AY (o +h)(A - 1)
i=1
n
+ ). [8(w; + h) + ex + 8e|(A; — 1).
i=1
Since A; <1 and w; > —1, the last sum is less than or equal to 0 when

8(—1+h)+erx>0. 0O

For A € [0, «) define
(2.5) h.(A) = inf{h € [0,1]: (A, h) € D}.
By continuity of ¢, we have (A, h (1)) € D. It therefore follows from Step 1

that (A, h) € D for all h > h.(A), so that the localized and the delocalized
phase are separated by a single critical curve: A — h ().

Step 2. (i) A — h (1) is continuous and nondecreasing on [0, «).
(ii) A = M1 — h (1)) is continuous and nondecreasing on [0, ).

Proor. (i) We know that (A, h) > 0 is convex in A with boundary value
(0, h) = 0. Therefore, if (A, h) & D then also (A + 8, h) & D for all §> 0.
Hence A — h()) is nondecreasing. Step 1 shows that its slope at the point A
is bounded from above by (1 — h(A))/A. Since this is finite for A > 0, we get
continuity on (0, «). Continuity at A = 0 follows from Step 3(i).

(ii) This is easily deduced from Step 1. O

2.2. Bounds on h ().

Step 3. h (M) < (1/2)) log cosh(2 A). Consequently:

(i) limsup,, o(1/MDh (M) < 1,
(i) liminf,_ . M1 — h (X)) > 5 log 2.

Proor. The claim will follow once we prove that (A, h) € D for all h >
(1/2A) log cosh(2 A). This will be done by checking the property in the r.h.s. of
(2.3).
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Estimate (A, h) from above as follows:

Y(A, h) = lim %[E log E(exp[/\ Xn: (w; + h)(A; — 1)}))
n—e i=1
(2.6) < Iimigf%log E [E(exp[/\.i (w; + h)(A; — 1)”)

n— o«

1 n 1 1
liminf —log E{ [[1, - 5| ze 2™ + —e 211
n i=1 ! 2 2

The first equality is a direct consequence of the superadditivity (see Section
1). The r.h.s. is less than or equal to 0 as soon as the term between square
brackets is less than or equal to 1. O

Step 4. liminf, ,(1/M)h(A) > 0.

Proor. The idea is to find a strategy of the polymer for which the
contribution to the free energy exceeds Ah (see Definition 1). The computa-
tions below are easy but a bit lengthy, due to a necessary fine-tuning of
constants. The proof comes in three parts.

(i) As was shown in Section 1,
1
(2.7) ¢(A, h) = lim ;[E(Iog Z)
n— o

with Z2 our partition sum [see (1.3)]. We begin by rewriting Z? in terms of
the excursions of S away from the origin. To that end, define

M =0, 41 = inf{i > n;: S; = 0}, i=0,

2.8

(28) 7, = max{j > 0: n; < n}

and

(2.9) &(x) = logcosh x.
Let

(2.10) Hn(S,w)=§§)\ Y (wi+h))+§(A Y (o +h)|

j=1 ie(nj—lvnj] iE(TITnyn]

Then, using the up—down symmetry of S for each excursion, we can write

(2.11) Zp = E(exp[ H,.(S, w)]).
(ii) The length of a typical free excursion has distribution f given by
(2.12) Yz'f(1)y =1-v1-2z?%,
1

which is the generating function for the probability of first return to the
origin of simple random walk. In order to bound (2.11) from below, we shall
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be looking for a strategy of the path in which the excursions have distribution

(2.13) (1) =1%yf(|)(\/1—y2)', I> 1.

This corresponds to a random walk with drift y towards the origin (i.e.,
S;.1 — S; = +1 with probability 2(1 + y[—sign(S;)]) for i > 0). Here 0 <
v < 1 is a parameter we shall optimize over.

The following lemma is an intermezzo. Abbreviate o, = ¥, ., w;.

LEmMA 3. For all A €[0,%) and h €[0,1)

$(A,h) = sup —{ZfV(I)E( (Awg i + Ahl))

O0<y<1 1
(2.14)

Tlog(1 + ) = ——tog(1 — ¥) |-

Proor. Let PY and P, denote the laws of simple random walk, respec-
tively, random walk with drift v, restricted to n-step paths. Then from (2.13),

dP; . ™ fY Eiony, (D
5o l(S)izo) = Il == m-)) "<+
(2.15) dPé’(( Ji-o) ,—1:[1 £ (= e Tionoy f(1)

<(@-y) =)
Using Jensen’s inequality, we get from (2.11) and (2.15) that

dpPy
exp[ Z(S, w) — IogdP })

Py
%9 4po

log Z? = log E}

(2.16)

2

E7(Ha(S, ) ~ E}

E;/(HH(S, w)) + EY(7, + 1)log(1 — v) — glog(l - 72).

\%

Now, 7, + 1 = min{j > 0: n; > n} is a stopping time. Moreover, a straightfor-
ward calculation yields E(n,) = (1 + y)/y. Therefore, the optional sampling
theorem gives us

Y
2.17 lim — Ey +1) = .
(217) tim CEX(r, + 1) =

In order to bound ¢(A, h) = Iimnﬁw(l/n)[E(Iog Zp), it therefore remains to
consider

E(EX(Ha(S, @))) = EX(E(HA (S, »)))

’ji[E(ﬁ(A )y (wi+h))

ie(njflvnj]

(2.18)

%
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By stationarity of the w-sequence, the summands are functions of n; — n;_,;
only. Applying the optional sampling theorem again we get

lim —E“/ Z[E( ( Y (wi+h)))
n=e 'E(”fljfpml
(2.19)
1+ EY g(Aj;l(wi+h) )

(To handle the last excursion n, ., — 7, , note that ¢ is linearly bounded and
that the excursion times have an exponential moment under P?.) Putting the
estimates together we obtain the claim. O

(iii) The proof of Step 4 can now be complete as follows. Because ¢ > 0 and
¢ is convex, we have

E(&(Awg, i + Ahl))
(2.20) > P(wg,1; = 0)E(£(Awg 1) + Ahl) | wg, ), = 0)

\%

%f(A[E(w(Oyl] | wo.1; = 0) + /\hl).

Next, note that there exists A > 0 such that Ewg || 0, = 0) = AlY/? for
all I > 1. Now pick h = @A and y = 8A in Lemma 3, insert (2.13) and (2.20),
and use that f(1) ~ [1 + (—1']1B/1*/2(1 - =), to obtain

1 B
(2.21) Ilmllnf—q,’)()\ al) > —[BI(A a, B) — BJ,
where
» d 1
(2.22) I(A, o, B) =f0 XS—)/(zexp(—Eﬂzx)f(A& + ax).

The constants «, 8 can still be optimized. Pick M > 2/BI(A,0,0) and put
B = Ma. Then, as «a |0, the r.h.s. of (2.21) converges to a number greater
than 1. Therefore we have proved that ¢(A, ad) > aA? for «, A sufficiently
small. This proves the claim in Step 4 (recall Definition 1). O

Step 5. lim,_ . A1 — h () < 2log2.

Proor. Recall Step 2(ii). The claim is proved as follows. As A — «, the
path will tend to make short excursions. Therefore we bound the partition
sum from below by requiring all excursions to have length 2:

2n

exp[/\ Y. (w; + h)A,

i=1

zZ3, > E 1{S,, =0for0 <m < n}

(2.23)

n

= (%)n [T cosh(A[ @,py_ 1 + @,y + 2h]).

m=1
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(Use the up—down symmetry of S for each excursion.) It follows that [recall

(2.9)]:
(A, h)

1
lim —E(log Z5,
N o Zn ( g 2n)

1 1
—Elogz + E[E(f(/\[wl + w, +2h]))

%

(2.24)

1I 2
-—lo
> g

1(1 1 1

+={=¢2AM1+h)) + =&(2M1 —h)) + =£(2Ah) ;.

|3+ )+ e@aa - ) + sezan)
Next, insert &(x) =x —log2 + O(e %*) (x - ). Pick h=1— M/A with
M > 0 arbitrary. Then for A — o,

_ %) > /\(1 - %) + {EM - EIogZ + %5(2'\/‘)}

(2.25) ¢(A’1 4 8

+ O(e ™).
As soon as M > £ log 2, the term between braces is greater than 0, implying
that (A,1 — M/A) & D for A sufficiently large [cf. (2.2) and (2.3)]. But then

h.(A) > 1 — M/A for A sufficiently large [cf. (2.6)], that is, A(1 — h () < M.
O

Steps 2-5 prove Theorem 2 as well as Properties (i)—(iii) in (0.8).

3. Proofs of Theorems 3 and 4. Essentially the same arguments as in
the proofs of Theorems 1 and 2 carry over to the continuous case. We only
indicate which points need modification.

3.1. Proof of Theorem 3. We cannot insert 1{ B, = 0}, since P(B, = 0) = 0
[compare with (1.1)]. However, this problem is easily handled through a
comparison argument. Recall the notation introduced in Section 0.2.

Define

(31) ZB* = inf ﬁ(exp[A[tAs(dBS + hds)}l{lBtl <1}
0

Ixl<1

By, = x).
Then:

I ZP* > ZP*ZT°F* for all 0 <u <t, with TY the left-shift (T!8), =
Bu+s - BL,L .
Il. t — (1/t)E(log Z#*) is bounded from above.
1. P(TBe-)=P(B < -)forall u=0.
Properties | and 111 are obvious. Property Il holds because

E(log ZF*) < log E(ZF*)

(3.2) < log ﬁ(ﬁ(exp[Aj;tAs(dBS + hds)})l{IBtl < 1}|B, = O)
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=Iog|§

exp[%)\zt + )\h/OtAS ds}l{lBtl <1}

e, o)
< t(3A* + Ah),

where the equality follows from the martingale property

(3.3) E(exp[[tf(s) dﬁs}) = exp[%ftfz(s) ds], f e L?([0,1)).
0 0

Thus, 8 — (log Zf'*)tzo is a superadditive process.

In order to apply the superadditive ergodic theorem, we need an additional
regularity condition that is absent in the discrete time setting, namely [see
Kingman (1973), Theorem 4] the following property.

V.
(3.4) E( sup Ilog Zf’t*l) <o forall T < e,
0<s<t<T '
where Z~£'t* is the partition sum over the time interval [s, t); that is,
~ o t
(3.5) B* = inf E(exp[/\/ A,(dB, + hdu)}l{lBtl <1}|B, = x).
' IxI<1 s
To prove Property 1V, we first note that, for all g,
(3.6) inf Z8*> inf inf P(IBl<1|B,=x)>0 forall T <.

O<s<t<T 0<s<t<T |x|<1

(Use Jensen’s inequality together with €Au = 0.) Hence it suffices to prove
(3.4) without the absolute value signs. But this we may estimate as follows:

E( sup Iogffvt*)

O0<s<t<T

(3.7) < log €(E( sup exp[)\f:Au(d,Bu + hdu)})

O0<s<t<T

X1{[B|< 1}

)

The exponent in (3.7) is bounded from above by Ah(t —s) + A [l A, dB,.
Moreover, we note that under the law P _the last integral is just Brownian
motion, since A2, = 1 almost everywhere P-a.s. Thus we obtain

(3.8) [f( sup log fﬁ't*) < AhT + Iogﬁ( sup  exp[A( B, — BS)]).

O<s<t<T 0<s<t<T

But the last integral is finite, because 2Asup,_, .| B, has an exponential
moment. This proves Property IV.
Properties I-1V guarantee that the superadditive ergodic theorem applies:

lim, ,.(1/tlog ZF* converges P-as. and in mean, and is

(3.9) ~
constant P-a.s.
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Thus we have the LLN for the quantity defined in (3.1). In order to get it for
our original partition sum, it remains to remove 1{|B,| < 1} and inf, ., from
(3.1). This will be done in two pieces.
Define
_ X),

ZP*(x) = Ig(exp[)\/oAs(d,BS + hds)}l{lBtl < 1}|B

-x.

In (3.9) we have the LLN for Zf* = inf, 1 ZB*(x). The key estimates are
now

(3.10)
ZE(x) = g(exp[AftAs(dBS + hds)} B
0

(i) Zp* < ZP*(0) <C(B)ZP* forall tand B,
(3.11) _ ~ B
(i) ZP*(0) < z£(0) < Ctzf-*(0) forall tand .

The lower bounds are trivial. The upper bound in (ii) is obtained from an
almost literal transcription of the proof of Lemma 2. The upper bound in (i)
follows from a coupling argument. Indeed, since two Brownian motions
starting at O, respectively, x, hit each other after a finite time a.s., we have
sup‘xldlzﬁ *(0)/Z£*(x)| < C(B) with C(B) < o, P-as.

The conclusion of (3.11) is that our original partition sum Zﬁ = tB(O) has
the same (P-a.s. constant) growth rate as ZB *in (3.2).

3.2. Proof of Theorem 4. All we have to do is show that K, € (0, 1] [since
the rest follows from (0.15)]. As this inclusion follows from (0.8) and (0.23),
strictly speaking there is no need to give a proof here. Still, we indicate a
direct proof of the lower bound for K, because it is instructive.

Fix A, h. In Section 3.1 we saw that

(3.12) &(A, h) = lim E[”E‘(log ZP).

tow t
We begin by expressing our partition sum in terms of the excursions of B
away from the origin. Let N={s > 0: B, =0}. Then [0,)\ N= U ;l; is a
countable union of disjoint open intervals having full measure [Revuz and
Yor (1991), Chapter XII]. Let

(3.13) Jo={ir,c[o,v)} u {0},

where we reserve the index O for the interval between t and the last hitting
time of the origin prior to time t. Then, using the up—down symmetry of B for
each excursion, we can write

(3.14) Zp =

E exp[jeZth()\B,j + Ah| |j|)}).
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Here, B, denotes the increment of B over the set I, and ¢ was defined in
(2.9). The representation in (3.14) is the continuous analogue of (2.10) and
(2.11).

Fix y > 0. Let P”, E? denote the probability law and expectation of Brown-
ian motion with drift v towards the origin. Then it follows from the
Cameron—Martin formula [Chung and Williams (1990), Theorem 9.10], re-
spectively, the Tanaka formula [Revuz and Yor (1991), Theorem V1.1.2], that

dp”

ﬁ(( Bs)Ossst)

t

(3.15) = exp[ft{—y sign( B,)} dB, — : {— v sign(B,))” ds
0 270

1
= exp[y(Lt - |Bt|) - E'yzt],

where L, is the local time at the origin in the time interval [0, t). Next,
according to Tanaka’s formula under P?, we have 3EY(L,) = 3y + E?(B,1{B,
> 0} = 2y + O(1). Therefore, substituting (3.15) into (3.14) and using
Jensen’s inequality, we obtain

~ 1 ) 1.~
(3.16) ¢(A,h) = —572 + ||qupr[E(EV(jEZJ §(AB,j + Ah||j|))).
t
It remains to compute the r.h.s. of (3.16). This is essentially parallel to
(2.18)—(2.22). In order to be able to properly count excursions, one first has to
cut away the excursions that have length smaller than ¢ and then let ¢ | 0.
We leave this to the reader.

4. Proof of Theorem 6. Recall the notation introduced in Sections 0.1
and 0.2. Define for the random walk model,

& = 1(Ai=—1}!

Lt]
log E(exp[—Z/\ Y &(wp + h)
i=1

1
(4.1) (A h) = <E

(A, h) = lim g (A, h)
to>
and for the Brownian motion model,
&= 1u--n

(4.2) zf/t()\, h) = %E(Iog ﬁ(exp[—Z)\j;tgs(dBS + hds)])),

F(A, h) = lim g (A, h).
t—> x>
By the law of large numbers for w, respectively, g,
é(A, h) =¢(A, h) + Ah,

(A, h) = §(A, h) + Ah.
It suffices to consider the case A = 1.

(4.3)
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4.1. Outline of the proof of Theorem 6. Theorem 6 is proved by a series of
approximation steps. Our approximations will depend on two auxiliary pa-
rameters ¢ and 6, where 0 < ¢ < 8. Later on, we shall let t - «, a0, ¢ |0,
8 10 (in this order). There will be no danger in assuming that t/a?, t/e,
g/a?, 8/« are all integers, which we shall do in order to avoid a plethora of
brackets.

Below we shall make a number of quite similar comparisons. In order to
write these in a compact form, we introduce the following notation.

DeriniTioN 2. Let f,, ;(a, h) and g, ,(a, h) be real-valued functions.
We write f<g if for any 0 < h' <h, p> 0 satisfying (1 + p)hV < h the
following is true: there exists 3, such that for 0 < § < §, there exists £,(8)
such that for 0 < & < g, there exists a,(&, §) such that

(4.4) lim sup [ fi..5(a,h) —(1+p) gt(l+p)2,€(l+p)2,5(1+p)2(a(1+p)’ h/)] <0
. | el
forO <a<a,.

Here 8,, 3, 8, may depend on h, h', p. We write f=g if f<g and g <.

Note that < is a transitive relation and therefore = is an equivalence
relation.
The function for which we shall make such comparisons will be of the form

(4.5) f. . s(a, h) = %[E(Iog E(exp[—2aH, , ,(a, h)])),

where the Hamiltonian H, , ;(a, h) is a random variable defined on the
product space of the random walk and the random medium (having as
probability measure the product of P and P). Similar functions will be
considered for the Brownian motion and medium.

Now suppose that we want to prove f<f’, where f/  ;(a, h) has the
Hamiltonian H{ , ;(a, h). We can do this in the following way:

1. Split H into two parts

(4.6) H=H®+HW,
2. Apply Holder, Jensen and Fubini to get, for p > 0,

fi . s(a, h) < m[E(IOg E(exp[—2a(1 + p)H(')]))

(4.7)

+ mlog E([E(exp[—Za(l + p*l)H(ll)])).
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3. The crucial point will be, for given (1 + p)h’ < h, to choose the splitting in
such a way that

(4-8) HO = Ht(,lg,s(av h,) = Ht’(1+p)2,8(1+p)2,8(l+p)2(a(l + P)' hl)

and that H'"" = H{'D;(a, h, h') satisfies

) 1
(4.9) limsup o9 E(E(exp[—2a(1 + p Y)H{'V;(a, h,M)])) <0
to>x

with §, £, a chosen appropriately (in the sense of Definition 2).

Clearly, (4.6)-(4.9) imply f < f'.

Before we proceed, let us agree on some conventions about constants: A,
B, C are generic positive constants, not necessarily the same at different
occurrences. They may depend on h, i, p, but not on the running parameters
t, a, ¢, 6.

Return to (4.1-4.3). Let

1
P, h) = — 2 h
(4.10) b e (@) a2 ¥, 22(a, ah),

‘Ilt,a,ﬁ(a’ h) = ¢,(1, h)
(which in fact do not depend on §, &, respectively, 8, e, a). What we finally
want to prove is ¥ = ¥, since by Definition 2 this implies Theorem 6. In
order to achieve this, we shall introduce three intermediate quantities
F! . s(a h) (i =1,2,3) and prove that
(4.12) VeFl=F2=F =T

The proof of (4.11) comes in four steps, organized as Sections 4.2—-4.5. In order
not to overburden notations, we shall often not explicitly express dependen-
cieson a, &, 8.

One of the crucial aspects of the proof is that the statement of Theorem 6
does not allow for error factors of the form exp(x(a, £, §)t) with «(a, ¢, §)
tending to zero as a, ¢, 8 | 0. The reader should keep this in mind.

4.2. Coarse graining of the RW. We start by defining F*. Divide time into
intervals of length &/a?:
(4.12) I, =((j —1)e/a?, je/a?], j=1.
Put o, = 0 and
(413) o =inf{j> o, , +(8/e):S;=0forsomeiecl}, k=>1.

That is, o, 0,,... number the intervals in which the walk returns to the
origin leaving gaps of at least (/&) — 1 in the numbering. Define
(4.14) I = ( U |j) N, t/a?, k=1,

o1 <j< oy

and put m, > = max{k: I, # @} = min{k: o > t/&}.
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For 1 <k <mg, .., we set s, = 1 if the random walk is negative just prior
to its first zero in |I,, and s, = 0 otherwise. For k =m, ., on the other

hand, we set s, = 1 if the random walk is negative at t/a® and s, =0
otherwise. Let

(4.15) Z(w) =) o

iel,

We can now define our first intermediate quantity:
1
FL, s(a h) = T[E(Iog E(exp[—2aH{!, ;(a, h)])),
(4.16) My a2
He, s(a,h)y = ) Sk{zk(w) + ah||k|}'
k=1
Step 1. ¥ =FL

Proor. The proof comes in six parts.
(i) We have [recall (4.1) and (4.10)]:

¥, o(a,h) = <E(log E(exp| ~2aH, , ,(a,)])).

(417) t/a2 My a2
H..s(a,h)= ) &(o;+ah) = )} Y &(o; + ah).
i=1 k=1 iei,

Remark that, by a trivial rescaling of the parameters [see (4.12)—(4.14)], we
have

(4.18) H, . s(a,kh) = H 2, 25(ka, h) foranyx >0,
and the same for H*. Furthermore, for any h,, h, > 0,
H . s(a hy) — H, ;(a hy)

4.19 Mi/a2 Mt/ a2
( ) =a(h,—h,) 2 Y &+ Y X (ah, + o) (& — sy).
k=1 jer, k=1 jel,

In order to prove ¥ < F!, we split H=H® + H!'Y with
(4.20) Ht(,lg,s = Htl,s,é(a’ (1+ P)h/) = Htl(1+p)2,a(1+p)2,5(1+p)2(a(1 +p), h,)’

and take the r.h.s. of (4.19) with h; = h, h, = (1 + p)h" as H'"Y. On the other
hand, in order to prove F* < ¥, we split H! = H'" + H'!"" with

(421) Htl,(l‘),ﬁ = Ht,8,5(a’ (1 + p)hl) = Ht(1+p)2,8(1+p)2,8(1+p)2(a(1 + p)’ h,)’

and take minus the r.h.s. of (4.19) with h, = (1 + p)h', h, = h as H'"". we
shall prove that if we choose a, £, § small enough (in this order because of
Definition 2), then also the requirement in (4.9) is met:

H 1 -1 I
(4.22) I|r:1 sup —log E(E(exp[—2a(1 + p~Y)H{'V;(a h,h)])) <0,

and the same with H'"" instead of H"". This will prove the claim in Step 1.
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(ii) To prove (4.22), we first carry out the expectation over w:
E(exp[—2a(1 + p 1) H{'D;(a, h, h)])

= exp[—Zaz(l +p ) (h—=(1+p)h) i )y §i]

k=1 iel,

X exp|—2a’(1+p )1+ p)H tZ Y (& - Sk)}
(4.23) k=1 iel,

X exp iaz Y. logcosh{2a(1 + p~*)( & — sk)}]

| k=1 iei
My, 52 My /42
<exp|Aa? Y. Y 1§ —sd—Ba?) Y &
k=1 ief, k=1 iei,

for some constants A, B > 0 (which depend on h, i, p but not on t, a, &, 5).
The crucial point is that the second summand in the exponent is able to Kill
the first summand for arbitrary A, B > 0, provided the parameters a, ¢,
are chosen appropriately. Thus, to complete the proof of ¥ < F!, it remains to
show that

1 mt/az mt/az
(4.24) limsup Tlog Elexp| Aa? Y. Y & —sd—Ba?2 ), Y fiw <0.
toow k=1 ie|_k k=1 iel_k

This is a problem about simple random walk and its zeroes. The only
difference between H'" and H''"" is that the second summand on the r.h.s.
comes with a minus and h;, h, interchanged. However, this obviously leads
to the same type of estimate as (4.23). Therefore (4.24) proves Step 1
completely.

(iii) To prove (4.24), we introduce the standard return times of the random
walk:

T,=0, T,=inf{i>T,_,;:S,=0}, I>1,

(4.25) = min{l: T, > t/a?)

i) a2
and the excursion times
(426) 7,=T,-T,_,, 1<I<ly, 2, i = (t/a2) — T,MH.

We further define n, = 1 if the sign of the Ith excursion is negative, and
1, = 0 otherwise. Then, obviously, we can write the second summand in the
r.h.s. of (4.24) as

Mg, a2 It/a2

(4.27) Z Z & = Z I

k=1 iel, =1
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Next we estimate the first summand v Y, [ € — sl in terms of the same
quantities. Put t, = 0, and let t, be the first zero of the random walk in the
interval I, (1 <k<mg ) andt, .= t/a% On the time interval (t,_,, t,]
the random walk makes a number of excursions, and s, just depends on the
sign of the last one; that is, s, =1 if and only if this is negative. By
construction, only this last excursion can have length greater than or equal to
(8/e)e/a?) = 8/a% [see (4.12) and (4.13)]. It follows that if i is not in an
excursion of length less than §/a? and i does not belong to one of the
intervals 1, , then

(4.28) & =s, forthe k withi e I,.

From these considerations we obtain (recall that |1, | = g/a%)

My, a2 li /a2 B e
(429) Z Z|§I—Sk|< Z’T| { |<—2}+mt/a2—2.
k=1 icl, -1 a a

Combining (4.27) and (4.29) we see that, in order to prove (4.24), it now
suffices to show that

limsup — Iog E

tox

It/a 6
exp| Aa? Y 7,1 { <¥}

I=1

(4.30) |
t/a
+Asm 2 — Ba? ) 'r,n,D <0
=1

for appropriate a, ¢, 8.

(iv) As the m,'s are independent of the 7,’'s (0 or 1 with probability 1,/2
each), we can integrate out the former and replace —Ba?Y,rn, in the r.h.s. of
(4.30) by X,log(3 + exp(—Ba’7))). We next claim that

It/az
1 1 1 2
(4.31) Ae(m, e —1) + 3 El log(3 + zexp(—Ba’r))) <0
for0 < & < gy(8).

To see why, pick any of the intervals (t,_,,t,] (1 <k < mt/az) If any of the
excursions on (t,_,, t, ] has length greater than or equal to §/a?, then for the
| indexing this excursion we have

(4.32) log(3 + 3exp(—Ba’r))) < log(3 + zexp(—Bs))
and hence
(4.33) Ac + ;log(5 + zexp(—Ba’r)) <0 for0 < &< £,(9).

Therefore

(k)
(434) Ac+ 3 Zlog( + zexp(—Ba’r)) <0 for0 < &< £(5),
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where ) means summing over all the excursions on (t,_,, t,]. On the other
hand, if all excursions on (t,_,, t,] have length less than §/a?, then for all
the | indexing these excursions we have

(4.35) log(; + zexp(—Ba’r)) < —zBa’r, for0 <5< 4,
and so

K K
Az + 3 ) log(; + zexp(—Ba’r))) < Ae — 3Ba’} 7,
(4.36) . :

< Ae— :Ba%(t, —t,._,).

By construction, however, t, —t,_, > [(§/¢) — 1l(g/a%) = (6 — &)/a® for 1
< k <m,, 2 and so the r.h.s. of (4.36) is less than or equal to 0 for 0 < & <
£,(8). Combining (4.34) with (4.36) and summing on k, we get (4.31). Thus, in
order to prove (4.30), it now remains to show that

1

lim sup " log E

tox
(4.37)

exp

li)a2 S
Aa? Y T|1{7'| < ?}

1=1

1 |[/az

+3 El Iog(E + %exp(—BaZT,))]) <0.

(v) Observe next that

It/a2 5 1 It/az
Aa? ) Tll{Tl < —2} + =) log
I=1 a 2 1=1

1
5t Eexp( —Ba’r, ))

(438) 2"/32 ’ ’ 5 1 I[/azl 1 1 21
<Aa® ) 71{1 < 213 Y log >t Eexp(—Bar,)
1=1 =1
1
+ Adé + —log 2,
2
where 7{ = 7, (1 <1 <, ,2) but Tl = Vywe = Ve [compare with (4.26)].

Clearly, A8 + %log2 is negligible after taking the t — o limit in (4.37). By
the optional sampling theorem, it therefore suffices to prove that

) 1 1 1
(4.39) E(exp[AaZTal{fi < ?} ' E'°g(5 " EEXF’(‘B""Zﬂ))D =

for appropriate a, 6.
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(vi) For fixed & > 0, a Riemann approximation together with the asymp-
totic formula P(7} = k) ~ C/k*? (k — « even) yields

1 5
LI[]S E{E(exp Aaz’Tll{Tl < ?}
1 1 1 5,
(4.40) + EIOQ(E + Eexp(—Ba Tl)) -1

» dx 1 1 1
=C/0 377 | &XP Ax1{x < 8} +EIOQ(E+EeXp(_BX)) -1

Clearly, the r.h.s. of (4.40) is < 0 when 0 < 8§ < §,. This proves (4.37) and
completes the proof of Step 1. O

4.3. From discrete to continuous medium. We next replace the i.i.d.
Bernoulli random variables w; by i.i.d. standard normal random variables ®;.
Therefore, we define our second intermediate quantity as [compare with
(4.16)]

F2, s(a, h) = EﬁE\(Iog E(exp[—ZaHf,&a(a, h)])),
(4.41) o
HZ, s(a,h) = X Sk{zk(a)) + ah||—k|}’
k=1

where E is expectation w.r.t. .
Step 2. Fl=F2

Proor. The proof comes in three parts.

(i) We couple the random variables »; and @;. Remark that these random
variables enter into F! and F?2 only via their partial sums over intervals of
length &/a? [recall (4.12)-(4.15)]. We can define w and @ on a common
probability space such that for any j > 1 [see Komlds, Major and Tusnady
(1975, 1976)],

(4.42) P* < c,e %k, k>1,

Z(wi_ai)

iel;

&
> {cl Iog;} + k

for some constants c,, c,,c; > 0. Here P* denotes the coupling measure
obtained by independently repeating the KMT-coupling in each ¢/a%interval
I;. It suffices to prove F, < F,. Namely, the »; and ®; enter symmetrically
into (4.42), and therefore the proof of F, < F,; will be exactly the same upon
exchange of v and .

Following our general scheme, we choose

mt/az

(4.43) Heoa(am) = L sdZi(e) +anlid)

H{? 5(a h) + H{Y,(a, h)
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with
m[/az
H) s(a,h)y = X Sk{zk( @) +a(l+p)h| |k|}
k=1
mt/az
(4.44) Ht(,lel,)é(a’ h)y= 3 s 2 (w; — @)
k=1 iel,

mt/az

+a(h = (1+p)h) ¥ slll.
k=1
With this choice, we have

(4.45) Ht(,ls),a(av h) = Ht%1+p)2,8(1+p)2,5(1+p)2(a(1 +p), ),
as required by (4.8), and so we must show that (4.9) is met:

) 1
(4.46)  limsup ?Iog E(E*(exp[—2a(1 + p ') H{'V;(a, h)])) < 0.
to>x

(ii) To prove (4.46), we next claim that for arbitrary A, B > 0,

mt/az
[E*(exp Aa ) s Y (o — ai)m
k=1 iel,
(4.47) _
<exp|Ba? ) skll_kl} for0 < a < ay(e).
k=1

To see why (4.47) is true, note that, by the independence of the coupling in
disjoint &/a’-intervals, it suffices to prove that

(4.48) [E*(exp Aa .Z (o — &‘)i)H) < exp(Ba’[1y[).
But (4.42) gives o
[E*(exp Aa Z (o = ('[),)H

< exp( Aa[cl Iog%” + ) exp(Aa([c1 Iog%} + k))

(4.49) k=1
X P* iEZI (o0 — E)i)‘ > [cl Ioga—i} + k
< exp( Aa{cl Iog%”{l +¢, ) exp(—k(c; — Aa))}.
k=1

This is clearly less than or equal to exp(Be) = exp(Ba?|1,)) when 0 < a <
ay(e).

(iii) Picking A=2(1+p1), B<2(1 + p )h — (1 + p)h) in (4.47) and
recalling (4.44), we get (4.46). This completes the proof of Step 2. O
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4.4. From discrete to continuous process. The next step consists in replac-
ing the random walk by a Brownian motion. For the random walk we have
defined in (4.13) the random times oy, ..., g, (m =m .. for short hence-
forth). For convenience we put o,, = t/&. Write

(450) a E‘, sdZ(®) + ahll [} = E‘, sa Y X (a@ + a?h)
k=1 -

k=1 oy_1<j<oyi€lj

and note that

(4.51) Y. X (a@; + a’h) =5 (Bs, — Bs,_, + h(T — c—rk,l))kzl,
o_1<j<o i€l K> 1
where o, = g0, are the scaled random times and ( 3,), ... iS @ Brownian
medium independent of the random walk.
Let Q be the distribution of

(4.52) 3 =(M;Sy,..., Sy Tpreevs Oy
which of course depends on all the parameters t, a, ¢, § (Q is a probability

distribution on a finite set). Then, in view of (4.41), (4.50) and (4.51), we may
write (with an obvious abuse of notation):

1.
F2, s(a,h) = ?[E(Iog EQ(exp[—ZaHf’g’a(a, h)])),
(4.53) L m
th,a‘,ﬁ(a’ h) = a )y Sk{Bak B .t h(oy — a-kfl)}v
k=1

where E is the expectation over 8. Remark now that 2 can be interpreted as a
functional on the space of continuous paths (f(s)), _ s, defined by f(ia?) =
asS; (0 < i < t/a?) with linear interpolation. Replacing the law of the random
walk by the law of a Brownian motion (By), _ ., we get a distribution Q of
3. Obviously, Q and Q are mutually absolutely continuous. We therefore
define our third intermediate quantity as

1
Fe, s(a, h) = ?[E(Iog Es(exp[ —2aH?, ;(a, h)]))
(4.54)
1~ 3
- T[E(Iog EQ(exp[—Zathgys(a, h)])),
where
455 ooz e 20
(4.55) = 22940

Step 3. F?2 = F3.

Proor. We again use our splitting. If (1 + p)h < h, then
(4.56) HZ, s(a,h) = H( (a, i) + H{D(a b, 1),
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where, as required by (4.8),

H{ s(a, ) =H, s(a, (1 +p)h)
= Ht3(1+p)2,g(1+p)2,5(1+p)2(a(l +p),0),
) h—(1+p)h M _ B
(4.57) H{'\)s(a,h, h) = —a Y si(T — T-1)
k=1
1 | dg
+—log—
2a ng

Observe that H{'"’;(a, h, h") does not depend on B. According to (4.9), in
order to prove F2 < F3 we have to show that

1
(4.58) Iimsup?log Eq[exp

to>x

dQ

with A=2(1+p )h -1+ p)h), B=(1 + p 1) and for 8, ¢, a appropri-
ate. This is, however, immediate from Lemma 4 below upon putting in the
lower estimate for dQ/dQ and integrating out the s, afterward. Indeed,
since s, are 0 or 1 with probability 1 /2 each, the summand can be replaced

by
(4.59) log(; + zexp(—A(T, — 7y_1))) < log(3 + zexp(—Ad)).

The proof of F3 < F2 is similar after putting in the upper estimate for

dQ/dQ. O

m do
-A) s, —0,)—B Iog—Q]) <0
k=1

LEMMA 4. There exists k = k(a, &, §) > 0 satisfying

(4.60) limlimsupk(a,e,8) =0 forall6>0
el0 alo
such that
d
(4.61) (1—K)de_-§(2) <(1+x)".

Proor. The proof comes in three parts.

(i) Let k, | be positive integers such that k + | is even. Define
(4.62) a(k,1)=P(S;#0fork<i<k+1,S.,,=0|S,=0).

Let further p,(x) = P(S, = x|S, = 0) for k + x even.

Assume that k, | are odd. (We are faced here with the usual parity
problems. The case where k, | are even is handled by slight modification. We
neglect such trivial points in the following discussion.) Then, via the reflec-
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tion principle,

q(k,1)=2 ZI: P(X)P(S;>0for0<i<I,S, =0]|S,=x)
|
(4.63) = ; P(X)[Proy(x — 1) = pi_y(x + 1)]

|
= Z pk(X)p|(X)—

Now, 0 < 2x/l < 2 (1 < x < 1), so using the Bernstein large deviation esti-
mates for pk(x) and p,(x) we get
(KA D35

(4.64) Z pk(X)pu(X)— = (1 +0(1)) Z Pk(X) pu(X)

where 0(1) refers to k, | — « jointly. But for k — o,

2 2
(4.65) Pe(Xx) = (1 + 0(1))1/ — exp(_ %)

uniformly in x € {1, ..., k®?}.

Substitution into (4.63) yields a Riemann approximation (only the odd x's
count),

1 2 1 1 0 X2 1 1
q(k!|)=(1+0(1))5;ﬁTL dX2X€Xp(—7 E+T
(4.66)
B vk
(1+0(1)) m (kT

(ii) We fix now &, &, a (as usual with &/, £/a® integer). For integers
j=2,1<y< e/a® we obtain from (4.66) as a |0 (only half of the I's count):

el o) (45 3

je/a? s
= )y Q(g—y,l)

I=(j—De/a?+1

o

(4.67) Ty iu
O L

2, (j-Desa2+1 ™ (B/az)—y+l

=(1+ o(1))—(arctan1/ — arctan . __yl;S )

where o(1) refers to a0, uniformly in 0 < e < §/2 (for a fixed &> 0),
1<y<eg/a?and j = 2. (The uniformity in j is of crucial importance.)
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Equation (4.67) is also true for j =1, although (4.66) is obviously not
correct for fixed | and only k — «. However, some rough estimate like
q(k, D) < py,,(0) < C/ vk + | suffices to show that the small I's in (4.67) are
negligible.

(iii) By weak convergence of random walk to Brownian motion, we get
from (4.67) thatfor0 < e < §/2,0<y<eand j > 1

(lnf{u>6 B,=0} —8e((j—1)e&,je] |B;=0

(4.68) ( \/7 \/7)
arctan — arctan

(which, of course, can also be proved directly).
Now define

{(a,&,0:y,¥,1])
(469) _ P(min{i>s/a*: 5;=0} —(8/2%) €((i—1)e/a’, je/a’]|S,=0)
P(influ>38:B, =0} —8€((j—1)e, je] |By=0)

and

(4.70) «k(a,e,8)= sup sup sup|{(a,&,8;y,V,j) — 1]

l<y<e/a? 0<¥<e j21

Then (4.61) follows immediately from the definition of x, Q and (5 Combining
(4.67)—(4.70), we arrive at (4.60). O

4.5. Coarse graining of the BM. The final step must consist in getting rid
of £, & (we have already said goodbye to a). The quantity F* in (4.54) is
similar to F! in (4.16), but all defined in terms of the Brownian motion and
its zeroes in e-intervals with gaps of size 6. The point is to remove these
restrictions by letting £ [0, 6 |0 (in this order).

Step 4. F3 =1,

Proor. This is quite parallel to Step 1 and we can therefore be brief. For
the reader’s (and our own) convenience, we stick to the proof of F* < W (the
argument for ¢ < F2 being similar). The proof comes in six parts.

(i) Define the random function (¢,),_ . as follows. For 1 < k < m, put
¢, = 1 on the interval (7, _,, o] if the Brownian motion is negative just prior
to its first zero in this interval, and ¢, = 0 otherwise. On the last interval
(0,,_ 1, t] put ¢, = 1if B, <0, and ¢, = 0 otherwise. Then

(4.71) ¢y =s, forse(o,_,,q]andl <k<m,

where the s, are defined in terms of the Brownian motion.
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(ii) Our guantities no longer depend on a, so we need a slight modification
of our general scheme. Put

ﬁt?,’f:,B(l’]) = aHt?s,S(a" h)

= kglsk{( Bz, — B&k,l) + h(ay - ‘_Tk—1)}
(4.72) = kgl '/;::d)S(dIBS + hdS),
Ai(h) = [&(dp, + hds)
_ E f_ﬁk £(dB, + hds).
k=1 Ok-1
Then
1. ~ _
F2..5(h) = ZE(log Elexp[ ~2H2, ,(M])).
(4.73) L
V,(h) = ?E(Iog Ig(exp[—Z H,( h)])).

Remark next that, by Brownian rescaling,

_ 1 _
Hts,‘s,ﬁ((l + P)h) D 1+ pHt%ler)z,é‘(ler)z,5(1+p)2(h)’

(4.74) 1
H.((1 + p)h) = mHt(1+p)z(h)'
Furthermore,
m —
2. 5(hy) = Ahy) = (hy —hy) X [™ ¢, ds
(4.75) k=1 %

m —
+ Z f_k (¢s - gs)(st + thS)’
k=1"0k-1
which is completely analogous to (4.19).
(iii) It should now be clear that the argument runs parallel to Step 1, so
we have to show that [compare with (4.24)]

1 - m

(4.76) limsup ?Iog E(exp[Aftl & — ¢lds —B ) s (7 — Ek_l)” <0
tox 0 k=1

for &, 6 appropriate. The Brownian motion has at most a finite number of

excursions of length greater than or equal to § in the interval (0, t]. We

denote by J, ; the complement of these excursion intervals in (0, t]. By the

definition of ¢,, we have

t
(4.77) J1&, = ¢l ds <13, | + me.
0
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[See the derivation of the corresponding estimate for the random walk in
(4.29).] Substituting (4.77) into (4.76) and afterward integrating out the s, (0
or 1 with probability 1/2 each), we see that it suffices to prove

limsup — Iog E(exp[ Ald, 5| + Aem
to x>

(4.78)

m 1 1

+ ) Iog(— + —exp(—B(7, — Ekl)))” <0.
k=1 2 2

As g, -, =260 <k< m) we trivially have [compare with (4.31)]

Ag(m —1 +—Zlog + 2exp(—B(7, — Ty _ <0
(ar9  AM-D (& + 2oxp(~B(7i - 7ic-1)))
for 0 < & < g4(6).
Therefore it suffices to prove

1 ~
lim sup ?Iog E(exp[ Ald, sl
to>x

(4.80)

for appropriate &, 6.
(iv) The @, are in fact stopping times for the Brownian motion. They are
related to another sequence of stopping times: p, = o, = 0 and

ac=je ifp.e((j—1)e,je, k> 1,
until the smallest m such that p,, > t. By construction, it is clear that
(T 1, o] N Iy 51 < 26 for all k.

Next, remark that in (4.80) we may replace the last &,, (which is just t) by
je if p, € ((j — De, jel, provided we add % log2 in the exponent (which is
irrelevant in the t — oo limit). Therefore, we prove (4.80) in this form.

(v) Clearly, 5,_, is F, -measurable, where (F,);. , is the natural filtra-
tion of the Brownian motion. Furthermore, because p,_; < o _; < py_, + &
we have
(482) &k_&k lZinf{t>pk l+8.B=O}_ _1_8.

Therefore, given F, , the conditional distribution of o, — o,_; dominates
the conditional dlstrlbutlon of the r.h.s. of (4.82), which is independent of F,,
and just the distribution of p, — ¢. By the optimal sampling theorem it
therefore suffices to prove [compare with (4.39)]

(4.83) E(exp[Apll{ py < 8} + 3log(3 + zexp(—B( p; — g)))])

for 0 < 8§ < 8, and 0 < & < g4(8).

(vi) As p, does not depend on &, we can first let ¢ |0, and it therefore
suffices to prove

(484)  E(y/3 + Jexp(—Bp,) | < exp(—A8)  for0 <5< 5.

(4.81)
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But p, has an explicit density [compare with (4.66)]:

1 Vs
(4.85) P(p,€d+ds) =

——F—ds, s > 0.
m (6 +5s)Vs

Therefore

4.86 E\/l ! B zwdv\/l ! B 5V?
(4.86) 5 T 5exp(—Bpy) —;fom 5 T ZXP(-B&vT).

Since

1 1 1 1
(487) !SI[T(; 3{1 - \/E + Eexp(_Bb‘vz) } = ZBV2
and [ v2/(1 + v?) dv = o, it follows from Fatou that

1 1 1
(488) !O‘I[r(]) g 1- E(\/E + EeXp(_Bpl) ) = o,

This implies (4.84). O
Steps 1-4 combine to give (4.11), proving Theorem 6.
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