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We study reflected solutions of one-dimensional backward stochastic
differential equations. The “reflection” keeps the solution above a given
stochastic process. We prove uniqueness and existence both by a fixed point
argument and by approximation via penalization. We show that when the
coefficient has a special form, then the solution of our problem is the value
function of a mixed optimal stopping—optimal stochastic control problem.
We finally show that, when put in a Markovian framework, the solution of
our reflected BSDE provides a probabilistic formula for the unique viscosity
solution of an obstacle problem for a parabolic partial differential equation.

1. Introduction. Backward stochastic differential equations, BSDE's in
short, were first introduced by Pardoux and Peng [17]. It has been since widely
recognized that they provide a useful framework for formulating many prob-
lems in mathematical finance; see in particular [9] and [13]. They also appear
to be useful for problems in stochastic control and differential games (see [13]
and [14]), for constructing I'-martingales on manifolds with prescribed lim-
its (see [5]) and providing probabilistic formulas for solutions of systems of
guasi-linear partial differential equations (see [18]).

In this paper, we study the case where the solution is forced to stay above
a given stochastic process, called the obstacle. An increasing process is intro-
duced which pushes the solution upwards, so that it may remain above the
obstacle. The problem is formulated in detail in Section 2. We show that the
solution can be associated with a classical deterministic Skorohod problem.
From this, it is easy to derive that the increasing process of the reflected BSDE
can be expressed as an infimum. Furthermore, we state that the solution of
the BSDE corresponds to the value of an optimal stopping time problem.

In Section 3, we state some estimates of the solutions from which we derive
some integrability properties of the solution. We also give some a priori esti-
mates on the spread of the solutions of two RBSDE's. In Section 4, we prove a
comparison theorem, similar to that in [13] and [19], for nonreflected BSDE's.
Then, we give some properties of the increasing process associated with the
RBSDE.
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In Sections 5 and 6, existence is established via two different approximation
schemes. The first one studied in Section 5 is a Picard-type iterative procedure.
The definition of the sequence requires at each step the solution of an optimal
stopping time problem, which is solved with the help of the notion of the
Snell envelope. The second approximation is constructed by penalization of
the constraint in Section 6. In Section 7, we restrict ourselves to concave
coefficients, in which case the solution of the RBSDE is shown to be the value
function of a mixed optimal stopping—optimal stochastic control problem.

Finally, in Section 8, we show that, provided the problem is formulated
within a Markovian framework, the solution of the reflected BSDE provides
a probabilistic representation for the unique viscosity solution of an obstacle
problem for a nonlinear parabolic partial differential equation.

We note that obstacle problems for linear partial derivative equations ap-
pear as Hamilton—Jacobi—-Bellman equations for optimal stopping problems;
see, for example, [3]. This interpretation is generalized here to nonlinear
PDE's.

It has been noticed in [18] that solutions of BSDE's are naturally connected
with viscosity solutions of possibly degenerate parabolic PDE’s. The notion of
viscosity solution, invented by M. Crandall and P. L. Lions, is a powerful tool
for studying PDE's without smoothness requirement on the solution. We refer
the reader to the survey paper of Crandall, Ishii and Lions [4], from which we
have borrowed several notions and results. We have also used some techniques
from Barles [1] and Barles and Burdeau [2] for proving the uniqueness result
in Section 8.

Let us mention that the main result of this paper has already been applied
to a financial problem in [12].

2. Reflected BSDE, Skorohod problem and stopping time problem.
Let {B;, 0 <t < T} be a d-dimensional standard Brownian motion defined
on a probability space (Q, 7, P). Let {%;, 0 < ¢ < T} be the natural filtration
of {B,}, where %, contains all P-null sets of 7 and let & be the o-algebra of
predictable subsets of Q) x [0, T'].

Let us introduce some notation.

L2 = {¢ is an Fp-measurable random variable s.t. E(|€?) < +o00},

T
H? = {{got, 0 <t < T} is a predictable process s.t. Ef lg, |2 dt < —i—oo},
0

S = [{got, 0 <t < T} is a predictable process s.t. E(OsupT|got|2) < +oo}.
<t<

We are given three objects: the first is a terminal value ¢ s.t.

(i) £€el2
The second is a “coefficient” f, which is a map

fiOx[0,T] xR xR? - R,
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such that
(") V(y,Z) € R x Rda f(a Y, Z) EHZa
(iii) for some K >0andall y, y € R, 2,2 € R?, as.

|f(t’ y92) - f(t’ y/’ Z/)| = K(|y - y/l + |2_ Z/l)

and the third is an “obstacle” {S,, 0 < ¢t < T}, which is a continuous progres-
sively measurable real-valued process satisfying

(iv) E( sup (Sj)2> < 0.
0<t<T
We shall always assume that S < ¢ a.s.

In the last section, in order to get a probabilistic representation for an ob-
stacle problem for PDE’s, we shall assume that ¢, f and S are given functions
of a diffusion process {X,, 0 <t < T}.

Let us now introduce our reflected BSDE. The solution of our RBSDE is
a triple {(Y,, Z,, K,), 0 < ¢t < T} of %, progressively measurable processes
taking values in R, R? and R, respectively, and satisfying:

T

(v) Z € H?, in particular E/ |Z,|? dt < oc;
0

V) Yer? and Kpel?

T T
(vi) Yt=§+/ f(s,YS,Zs)ds+KT—Kt—f (Z,,dB,), 0<t<T;
t t

(vii) Y, > S,, O0<t=<T,
T

(viii) {K,} is continuous and increasing, K, = 0 and / (Y,—S,)dK,=0.
0

Actually, a general solution of our RBSDE should satisfy assumptions (vi)
to (viii). But we will, above all, consider solutions which satisfy integrability
assumptions, that is, (v) and (V).

We will see later in Section 3 that (V') follows from (v) and furthermore (see
Remark 3.2) that, without loss of generality, condition (iv) can be replaced by
E(Sup0<t<T S%) < 0.

Note that from (vi) and (viii) it follows that {Y,} is continuous. Intuitively,
d K,/dt represents the amount of “push upwards” that we add to —(dY,/d¢t),
so that the constraint (vii) is satisfied. Condition (viii) says that the push is
minimal, in the sense that we push only when the constraint is saturated, that
is, when Y, = S,. Notice that in a deterministic framework, this corresponds
to the Skorohod problem. Consequently, we will be able to apply some well
known properties of the Skorohod problem. Recall the Skorohod lemma (see,
e.g., [11] and [20], page 229).

LEMMA 2.1. Let x be a real-valued continuous function on [0, oo[ such that
xg > 0. There exists a unique pair (y, k) of functions on [0, oco[ such that
(8) y = x+k, (b) y is positive and (c) {%,} is continuous and increasing, ky = 0



SOLUTIONS OF BACKWARD SDE'S 705

and [;° y;dk, = 0. The pair (y, k) is said to be the solution of the Skorohod
problem. The function % is moreover given by

k; =supx,

s<t

Now, our problem involves a Skorohod problem and consequently, the in-
creasing process can be written as a supremum. More precisely, we give the
following proposition.

ProprosITION 2.2. Let {(Y,, Z,, K,), 0 <t < T} be a solution of the above
RBSDE satisfying conditions (vi) to (viii). Then for each ¢ € [0, T],

T T
(1) KT_Kt = sup (§+/ f(S, Ys7Zs)ds_f (Zs’ st)_Su> .

t<u<T

Proor. Notice that (Y_;(w) — Sp_y(w), Kp_i(0) — Kp(w), 0<t<T)is
the solution of a Skorohod problem. Applying the Skorohod lemma with

x, = (g + /T: f(s,Y, Z,)ds — /T:(zs, dB,) - ST_t>(w),

ky = (Kp — Kp_))(w) and y, = (Yp_, — Sp_;)(w), we derive the desired
result. O

It is not at all clear from (1) that {K,} will be .%,-adapted. The adaptedness
of (Y, K) will come from the adjustment of the process Z. In other words, Z
is the process which has the effect of making (Y, K) adapted.

In the following proposition, we show that the square-integrable solution Y,
of the RBSDE corresponds to the value of an optimal stopping time problem.

ProposITION 2.3. Let {(Y,, Z;, K;),0 < ¢ < T} be a solution of the above
RBSDE satisfying conditions (v) to (viii). Then for each ¢ € [0, T7],

(2) Yt = esssup E|:/t f(S, Ys9 Zs) ds + Svl{v<T} + gl{u—T}|‘9’;i|

ved;
where .7 is the set of all stopping times dominated by T', and

I,={veT; t<v=<T}

PrOOF. Let v € 7. From (v) and (V'), we may take the conditional expec-
tation in (vi) written between times ¢ and v, hence

Y, = E[ft £(s,Y,, Z)ds+Y,+ K, — KA%}

= EI:/t f(S, Ys’ Zs)ds + Svl{v<T} + 51{U_T}|9‘tj|
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We now choose an optimal element of .7, in order to get the reversed inequality.
Let
D,=inf{t<u=<T;Y,=8,}
with the convention that D, =T if Y, > S,, ¢t < u < T. Now the condition
fOT(Yt —8,)d K, =0 and the continuity of K imply that
Kp —K,=0.
It follows that
D,
Y, = E|:/t f(s,Y,, Zy)ds+ Sp,Lip,m + gl{DtT}|Z:|

Hence, the result follows.

REMARK 2.4. Note that in the particular case where f =0, Sy =¢>0, it

follows from the previous propositions that
Yo=E[{+ Kr]

= B[ ¢ +sup(S, + My~ M, ~ )"

Hence, since
Sp=¢,
Yo = SUP,cs, EIS,] = E[sup,(S, + My — M),

where M, = fg(ZS, dB,). The last identity has already been established in [6]
for a quite general filtration (not necessarily Brownian) and process S (not
even quasi-left-continuous).

3. Some a priori estimates. We will now give some estimates of Y in
order to derive some integrability properties of Y, when Z is supposed to be
square-integrable. In other words, we want to prove that condition (v) implies
condition (V).

First, we show that Y, is smaller than a square-integrable process solution
of a forward SDE which depends on the process Z and has initial condition Y.
Second, we show that Y, is greater than a square-integrable process solution
of a backward SDE which depends on the processes Y and Z.

PROPOSITION 3.1.  (a) Let {(Y,, Z;, K;), 0 <t < T} be the solution of the
above RBSDE satisfying assumptions (vi) to (viii). Let us consider {Y,, 0 < ¢ <
T}, the (square-integrable) solution of the forward SDE

— t _ t
Y,=Yo- fo f(s, Yy, Z,)ds + fo (Z,, dB,).

Then
Y, <Y, 0<t<Tas.
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If assumption (v) (Z € H?) is satisfied (and using the assumption that .7 is
trivial), then Y € .2 and consequently, Y+ € ./2.

(b) Let {(Y,, Z,,K,), 0 < t < T} be the solution of the above RBSDE
satisfying assumptions (vi) to (viii) and assumption (v).

Let B, be the bounded process defined by

_ f(t’ Yt’ Zt)_ f(t’ O’ Zt)

3) B, v if Y, # 0 and B, = 0 otherwise.
t
Let (Y,, Z,) be the (square-integrable) solution of the classical backward SDE:
(4) —-dY,=(B,Y,+f(t,0,Z,))dt - (Z,, dB,); Yr=¢
Then

Y, >Y,, O0<t<T as.

Proor. Notice that {Y,, 0 <¢ < T} is solution of the forward SDE given
by

t t
Y, = Yo_fo f(s,Y,, Z,)ds — Kt~|—fO(Zs,st).

The result follows by applying the comparison theorem for ordinary differen-
tial equations. More precisely, we have

_ t __
Y,-Y, = fo a(Y,~Y,)ds+ K,

where a, = (f(s, Y, Z,) — f(s, Y, Z,))Y, - Y, if Y, # Y, and 0 otherwise.
From that and from the fact that f is Lipschitz with respect to y, and hence
« is bounded, it follows that Y, — Y, > 0. B

Note that when Z is square-integrable, the square-integrability of Y, fol-
lows from the fact that Y is deterministic and hence square-integrable.

It remains to show the second estimate. The method will consist in lin-
earizing the equation with respect to Z, and exploiting some techniques used
in [13] for establishing the comparison theorem. First, notice that (Y,, Z,)
satisfies

_dYt = (Bth + f(t» 0, Zt)) dt + th - (Zta dBt),

where B, is the process defined by (3). Notice that, since f is Lipschitz with
respect to y, the process B is bounded. y
Define R, = exp{fé B.ds}, and introduce the discounted processes: Y, =

RY,; Z,=RZ;K,= [ R,dK,.
Applying Itd’s formula to R,Y,, we easily prove that

- T . . T _
6  ¥,=Rpt+ [ R.f(s,0,2,)ds+ Ry —R,— [ (Z,, dB,).
t t
Consequently,

- T T .
®) Y,z Reé+ [ B.f(s.0.2,)ds~ [ (Z,. dB,).



708 EL KAROUI, KAPOUDJIAN, PARDOUX, PENG AND QUENEZ

That is, Y, is greater than a square-integrable process. Hence, using the esti-
mate (a), it follows that Y, is square-integrable. Thus, by taking conditional
expectation in inequality (6), we prove that Yt is greater than the square-
integrable process R,Y ,, where Y, is solution of BSDE (4). Estimate (b) follows
easily.

REMARK 3.2. Furthermore, we have that if {(Y,, Z,, K,), 0 <t < T} is
the solution of the above RBSDE satisfying assumptions (vi) to (viii) and the
integrability assumption (v), then, Y, > Y% 0 <t < T, where (Y°, Z°) corre-
sponds to the solution of the BSDE without constraint,

T T
7) Yo=¢+ [ f(s, Y%, 20 ds— [ (29,dB,).
t t

So, we can replace S, by S, v Y?; consequently, we may assume without loss
of generality that E(supy.,.r S?) < oo, that is, that S € ./2.

Furthermore, we have shown that if the process Z is square-integrable, then
Y and K are also square-integrable. More precisely, we state the corollary.

COROLLARY 3.3. Let {(Y,, Z,, K,), 0 <t < T} be a solution of the above
RBSDE satisfying assumptions (vi) to (viii) and the integrability assumption
(v) on Z. Then condition (V') is satisfied; that is,

(a) E[os?pT Y2+ KZT] < oo, thatis, Y e H?,  Kpel2,

t
(B) {/ (Y, Z,,dB,); 0<t< T} is a uniformly integrable martingale.
0

PROOF. Let us prove the second claim

T 1/2 T 1/2
E|([ v2z2dt) | <E| sup |V,|( [ 12,Fde
0 0<t<T 0

1 2 1 T 2
< EE(oSthJfTYt) + EE/O |Z,|° dt
and (B) follows from the Davis—Burkholder-Gundy inequality for the first
moment of the supremum of a martingale.

REMARK 3.4. Recall that the square-integrability of Y, in Proposition 3.1
was established by using the fact that the o-algebra .%; is trivial, which implies
that Y, is deterministic and hence square-integrable.

Another proof of Corollary 3.3 can be given which does not use the fact that
Y, is deterministic. We have just showed that (Y,, Z,, K,) is a solution of
equation (5); more precisely, (Y,, Z,, K,) is a solution of the reflected BSDE
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associated with the coefficient R,f(¢, 0, Z,), the terminal condition R;¢ and
the obstacle S, = R,S,. Then, applying Proposition 2.2, we have

5 T T ~
K, = sup <RT§—|—/ R.f(s,0, Zs)ds—/ (Zs,st)—Su)
O<u<T u u
and hence

+ sup S;.
O<u<T

5 T T
Ky <Ryl + [ Ri|f(s.0.2))|ds + sup |[ (Z,,dB,)

O<u<T

Using the Burkolder—Davis—Gundy inequality, it is easy to prove that E[KZT] <
+00. Furthermore, by equation (5), we conclude that E[sup,_,.p Y?] < +oo. O

We now give a more precise a priori estimate on the norm of the solution.

ProposITION 3.5. Let {(Y,, Z,, K,), 0 <t < T} be a solution of the above
RBSDE. Then there exists a constant C such that

T T
E<sup Y§+f |Zt|2dt+K2T> < CE<§2+/ f?(t,0,0)dt + sup (Sj)2>.
0 0

0<t<T 0<t<T

PROOF. Applying Itd's formula to the process Y, and the function y — y?
yields

T T
Vit [ 1ZPds=¢+2[ Y.f(s,Y,, 2,)ds
t t
T T
+2f stKs—Z/ Y.(Z,, dB,)
t t
T
=§2+2/ Y. f(s,Y,, Z,)ds
t

T T
+2/ S,dK, —2/ Y.(Z,, dB,),
t t

where we have used the identity fOT(Yt - S,)dK,=0.
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Using Corollary 2.2 and the Lipschitz property of f, we have that, with
c=1+2K +2K?,

T
E<Y§+/ |Zs|2ds)
t
T T
:E[§z+2/ st(s,ys,zs)derz/ sdes}
t t
T
§E[§2+2/ Y,f(s,0,0)ds
t
T T
+2K/ (|YS|2+|YS||ZS|)ds+2f sdes}
t t

2 T 2d TS d T 2d 1 T 2 d
<E ,0,0 2 sdK, Y = Y/ .
<E[¢+ [ f0.07ds 2 S,dK o Yids+ [ 122]ds]
Gronwall's lemma applied to Y gives:
T T
(8) E(Y?) < CE[g2 +/ f(s,0,0)*ds + 2/ SSsz].
t t
It follows that
T T T
9) E/ 12| ds < C’E[§2+/ f(s,0, 0)2d3+2/ sdes].
0 0 0
We now give an estimate of E[K%]. From the equation
T T
Kp=Yo—¢- [ f(tY,Z)dt+ [ (Z,dB),
0 0
and estimates (8) and (9), we show the following inequalities:

T T
E[KZT]SCE[§2+/ f(s,0,07ds+2 [ sdeS]
0 0

T
< CE[§2 +[0 f(s,0,0)? ds:| + 202E[ sup (sj)z] + JE[K7%].
0<s<T

Consequently,
T
E[KZ%] < CE[§2+ f2(s,0,0)ds+ sup (S;)Z]
0 0<s<T
It follows easily that for each ¢ € [0, T'],
T T
E<Y§+/ |Zt|2dt+K2T> < CE<§2+/ f?(¢,0,0)dt + sup (S;)Z).
0 0 0<t<T

The result then follows easily from Burkholder’s inequality. O

We can now estimate the variation in the solution induced by a variation
in the data.
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PROPOSITION 3.6. Let (¢, f,S) and (&, f’, S") be two triplets satisfying the
above assumptions, in particular (i), (ii), (iii) and (iv).

Suppose (Y, Z, K) is a solution of the RBSDE (¢, f,S) and (Y', Z’, K') is
a solution of the RBSDE (¢, f/, S’). Define

Aé=¢-¢, Af =f—f, AS=S8-9;
AY =Y -Y/, AZ =7 -7, AK=K-K'.

Then there exists a constant ¢ such that

T
E(sup |AY,5|2+/0 |AZt|2dt+|AKT|2)

0<¢<T
T
< CE(|A§|2 +/ |Af(ta Yta Zt)|2 dt)
0

+c[E( sup |ASt|2)]1/2‘I’1T/2,

0<t<T
where
T T
quzE[§2+f f2(¢,0,0)dt+ sup (Sj)2+§/2+/ f%(t,0,0)dt+ sup (S’ﬁ)z]
0 0<t<T 0 0<t<T

PrROOF. The computations are similar to those in the previous proof, so we
shall only sketch the argument. Since ftT(AYS —AS;)d(AK;) <0,

T T
E|AY,? + E/ IAZ,?ds < E|A¢]? + 2/ Af(s,Y,, Z)AY . ds
t t
T
+2B [ [f(s, Y, Z,) = F/(s, Y}, Z)AY  ds
t

T
+ 2E/ AS, d(AK,).
t
Arguments already used in the previous proof lead to

T T
BQY,P+1E [ AZ,Fds < cE[msF [ IAF(s. Y 2P
t t

T

+ [ 1AY P ds+ ( sup |ASt|)(KT+K’T)].
t 0<t<T

It remains to use Gronwall's lemma, Proposition 2.3 and the Burkholder—

Davis—Gundy inequality. O

We deduce immediately the following uniqueness result from the Proposi-
tion36with¢ =¢, f'=fand S'=S.

COROLLARY 3.7. Under the assumptions (i), (ii), (iii) and (iv), there exists
at most one progressively measurable triple {(Y,, Z,, K,), 0 < ¢t < T}, which
satisfies (v), (vi), (vii) and (viii).
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REMARK 3.8. Instead of saying that a triple {(Y,, Z,, K,); 0 < ¢t < T} of
R x R? x R, -valued progressively measurable processes is a solution of our
RBSDE, we could say that a pair {(Y,, Z,); 0 < t < T} of R x R%valued
progressively measurable processes satisfying (v) and (vii) is a solution of our
RBSDE, meaning that, if {K,, 0 < ¢ < T} is defined by (vi), then the pair
(Y, K) also satisfies (viii).

In that sense, it follows from Corollary 3.7 that there exists at most one
pair {(Y,, Z,); 0 <t < T} of progressively measurable processes which solves
the RBSDE.

4. Comparison theorem and properties of the increasing process.
We next prove a comparison theorem, similar to that of [19] and [13] for non-
reflected BSDE's.

THEOREM 4.1. Let (¢, f,S) and (¢, f', S’) be two sets of data, each one
satisfying all the assumptions (i), (ii), (iii) and (iv) [with the exception that the
Lipschitz condition (iii) could be satisfied by either f or f’ only], and suppose
in addition the following:

(i) ¢<¢ as,
(i) f(t,y,2) < f'(t,y,2)dP x dt a.e.,V (y, z) € R x R?,
@ii) S, <8,,0<¢t<T, as.

Let (Y, Z, K) be a solution of the RBSDE with data (¢, f, S) and (Y, Z’, K')
a solution of the RBSDE with data (¢, f’, S’). Then

Y, <Y, O0<t<T as.

PROOF. Applying Itd's formula to (Y, —Y,)*|?, and taking the expectation
(see Corollary 3.3), we have:

T
E((Y =~ Y)'P+E [ Ly yylZ, - Z,Pds
T
<2E [ (Y, =Y \)'If(s, Y, Z,) — (s, Y}, Z0)]ds

t

T
+ ZE/ (Y, - Y))"(dK, — dK)).

t

Sinceon{Y,>Y,}, Y, > S, >S,, we have

S

T T
[ (Y- Y)"(dK,-dK) =~ [ (Y- Y))" dK,
t t

<0.



SOLUTIONS OF BACKWARD SDE'S 713
Assume now that the Lipschitz condition in the statement applies to f. Then

T
EI(Y, = Y)' P+ E [ Ly .vy|Z — 2P ds
T
<2 [ (Y, = Y f(s, Yo Z2) — (5, Y}, Z))] ds
t
T
<2KE [ (Y, = Y)'(Y, - Y| +|2, - Z])ds
t

T — T
< E/ Ly ovylZs— Z’s|2 ds+ KE/ (Y, — Y/s)+|2 ds.

t s :

Hence
— T
E((Y,-Y)'P=KE [ (Y,~Y)"[ds,
t

and from Gronwall's lemma, (Y, -Y,)*=0,0<¢<T. O

We note that our notion of RBSDE has much similarity with the classical
notion of reflected (forward) SDE. However, we shall give a proposition and
proof exhibiting the main difference between the two notions: at least in case
of a regular obstacle, the increasing process is absolutely continuous.

PROPOSITION 4.2. Assume the conditions (i)—(iv) on the data, and moreover
that {S,} is a semimartingale of the form

t t
S, = SO+/O Usds+/o(Vs,st),

where {U,} and {V,} are, respectively, R and R%-valued .% progressively mea-
surable processes satisfying

T
[ ui+1vPdt <o as.

Let (Y, Z, K) be a solution of the RBSDE. Then

(20) Z,=V, dPxdtae ontheset{Y,=S,}
and
(11) 0<dK, < 1{Yt=St}[f(t, S, V) +U,] dt.

Proor. It follows from (vi) and the assumption that
d(Y,~S)=~(f(t.Y. Z;)+U,)dt —dK,+(Z; - V,.dB,).

If we denote by {L,, 0 < ¢ < T} the local time at O of the continuous semi-
martingale {Y, — S,}, it follows from the It6—Tanaka formula that

d(Yt - St)+ = _1{Yt>St}(f(t’ Yt7 Zt) + Ut)dt
+ 1{Yt>st}(Zt - Vt? dBt) + %st
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But(Y,—S,)" =Y,—S,, from (vii). Hence the two above differentials coincide,
and so do the martingale and bounded variation parts. Consequently,

lyy,sp(Z,-V,,dB,) =0,
from which the first statement follows, and

AR, +5dL, = ~Liy—s)(f(t, Y, Z,) + Uy)dt

(12)

= _1{Yt:St}(f(t’ Sta Vt) + Ut)dt
Hence
(13) dK,+3dL, =1ry,_s,(f(t,S,,V,)+U,)"dt.

The second result follows from the fact that {K,} is increasing. Note that we
have proved that the local time at O of {Y, — S,} is absolutely continuous.

REMARK 4.3. This property can be generalized easily to an obstacle S,
which is a more general semimartingale.

t t
S, =So+f0 Usds+At+/0(Vs,st),

where A is a continuous process of integrable variation such that the mea-
sure dA, is singular with respect to d¢ and which admits as a decomposition
A, = A] — A7, where A and A; are increasing processes. Also, {U,} and
{V,} are, respectively, R and R%-valued F, progressively measurable processes
satisfying:

T
/0 (\U,|dt + |V, > dt)+ Ah+ A7 <o as.
The first equality (10) is still satisfied and the second estimate (11) or, more
precisely, equation (12) is replaced by
dK,+3dL, = —1y,_g,(f(t,S;, V,)dt + U,dt + dA,)
=Liy,=s)([F (2, S;, V) + U, dt +dAy).

It follows that there exists a predictable process («;, 0 < ¢ < T) such that
O0<ea,<1land

dK, = atl{Yt=St}([f(t7 S, V) + U, dt +dA;).

REMARK 4.4. The local time L, at 0 of Y, — S, is not always identically
equal to zero. That is, the process «, is not always equal to 1 as is shown by
a counterexample given by Jacka [15].

Let {B,, ¢t > 0} be a Brownian motion on the filtered space (£, (%), P) with
7, = o(B,, s < t). Letl? be the local time at b of B. Define S, = |B,—a|—|B,+al|
for some fixed a > O.
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Notice that by Tanaka's formula, the semimartingale (S,, ¢ > 0) admits
the following Doob—Meyer decomposition:

t t
S, = Sy + A, +/O sgn(B, — a)dB, —/O sgn(B, +a)dB,,

where the finite variation process A, is given by A, = 1§ — [;¢.

In this example, the coefficient f is taken to be equal to 0 and the terminal
condition ¢ is equal to S;. From Proposition 2.3, the process (Y,, 0 <t <T)
associated with the RBSDE corresponding to those parameters is the Snell
envelope of S;; that is,

Y, =-esssup E[S,/%]
ved;

with the decomposition
—dYt = atl{yt:St} dlt_a — (Zt’ th), YT = ST'

Notice that the function x — |x — a| — |x + a| is bounded above by 2a and
achieves its maximum at any x < a.

If B, > —a, let us introduce D} = inf{s > ¢/B, < —a} A T. Recall that
D, =inf{s>1t/Y,=S,} AT is the optimal time stopping for Y ;. Let us show
that D; = D,. It is sufficient to show that {B, < —a} ={Y, = S,}. First, it is
clear that {B, < —a} € {Y, = S,}. Let us show the inverse inclusion: suppose
that B, > —a, then, Y, — S, > E[l},. — I — (7 — ;%) | 7]

Now, it is clear that I} — [;* = 0. Furthermore, E[l},. — [f] > 0 since
there is a positive probability that [* will increase on [¢, D;]. It follows that
Y, - S, > 0. Consequently, {B;, < —a} = {Y, = S,;} and hence D} = D,. We
have

T
Yo = E[l‘} — i+ [ adyysy dl;“}
0
a r —a
= E[ZT - /O (1—a)lyy,—s,dl; }
Since Y, = E[laa], we have
T
E[l1% —1%.] = E[[O (1—a)ly s, dl;“}

Now, E[I7 — l“é] > 0 and hence, the process «, is not identically equal to 1.
Jacka [15] has computed «, explicitly:

a, = 2¢(2a/(T — t)¥?) -1,

where ¢ is the standard normal distribution function.
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5. Existence of a solution of the RBSDE by Picard iteration. One
approach to the solution of (forward) reflected SDE's is to use the solution of
the Skorohod problem for constructing a Picard-type iterative approximation
to the reflected equation, see, for example, [11]. We shall use the same ap-
proach here for our RBSDE. Note that in the forward case the solution of the
Skorohod problem is given explicitly. Here, the Skorohod problem is replaced
by a more complicated problem which involves optimal stopping and which
we shall call the backward reflection problem, BRP in short. It is as follows.
Suppose that f does not depend on (y, z); that is, it is a given % progressively
measurable process satisfying

T
(i) E/ F(t)? dt < oo.
0
A solution to the BRP is a triple (Y, Z, K) which satisfies (v), (vii), (viii) and
T T
iy Y, = g+/ f(s)ds+Kp - K, _f (Z,,dB,), O0<t<T.
t t
Assuming w.l.o.g. that K, = 0, we deduce that
t t
Yt+/ f(s)ds = Yo—Kt+/ (Z,,dB,), O0<t<T.
0 0

Hence {Y, + fot f(s)ds, 0 <t < T} is a supermartingale, which from (vii)

dominates the process {S, + fot f(s)ds, 0 <t <T}.
We now establish the following proposition.

PRrROPOSITION 5.1.  Under the assumptions (i), (ii) and (iv), the BRP (v), (vi’),
(vii) and (viii), has a unique solution {(Y,, Z,, K,); 0 <t < T}.

ProOF. Uniqueness follows from Corollary 3.7. We now prove existence.
From Proposition 2.3, let us introduce the process {Y,; 0 < ¢ < T} defined by

Y, = esssup E[/ f(s)ds+S,1m + gl{va}LZ}, O0<t<T.
t

veT,

The process Y, + fg f(s)ds is the value function of an optimal stopping time
problem with payoff:

t
H, = [ f(s)ds+Sdym + Loy,

By the theory of Snell envelopes (cf. [10] and [16]), it is also the smallest con-
tinuous supermartingale which dominates H,. The continuity of {Y,} follows
from that of {H,} on the interval [0, T"), and the assumption that the jump of
H at time T is positive.

We have moreover that

T
Y.l < B|lel+ [ 1f0lde+ s IS,
0 0

<t<T




SOLUTIONS OF BACKWARD SDE'S 717

Hence, by Burkholder’s inequality,

T
E( sup Yf) < cE<§2+/O f2(¢t)dt + sup Sf).

0<t<T 0<t<T
Denote by D, the stopping time
D,=inf{t<u<T; Y, <S,}nT.
Then D, is optimal, in the sense that
D,
(14) Yt:E|:/ f(s)ds+SDt1{Dt<T}+§1{DtT}|‘9‘;:|’ Ofth
t
Let us now introduce the Doob—Meyer decomposition of the continuous su-
permartingale Y, + fé f(s)ds. There exists an adapted increasing continuous
process {K,} and a continuous uniformly integrable martingale {M,} such
that
t
Y, =M, -/ f(s)ds - K,
0

K,=0and K, = Kp, . Indeed, by condition (vi), we have that
D,
Y, = E[/ f(s)ds+Sp,Lp,ry+ éLip—ry+ Kp, — Kt|9?} 0<t=<T.
t
It then follows from (14) that E[Kp — K,|%] = 0 and hence K = K,, or

equivalently fOT(Yt -8S,)dK,=0.
It remains to prove some integrability results. Since

{Yt—irfotf(s)ds, osth}

is a square-integrable supermartingale which dominates the square-integrable
martingale

{E(/OTf(s)dHéI«Z); 0<t< T},

it follows from Theorem VI11.8 in Delacherie and Meyer [8] that K is square-
integrable. Hence the martingale

M, = BM115) = B(¢+ [ £(s)ds— Krl)

is also square-integrable. Finally, since % is a Brownian filtration, M, =
[ Z,dB,, where E [ |Z,[?dt < c.

Actually, we can show directly that EfOT |Z,|? dt < oo, which is equivalent
to E(K%) < oco. Indeed, let v < T be a stopping time such that E(K?) < oo.
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We have
v
E(K?) =2E [ (K,- K,)dK,
0

=2E [ B(K,- K,|7)dK,
0

- 2Ef” E(Yt —y, - / £(s) ds|.9;> dK,
0 t

< ZE[(Zosup Y| +/OT|f(s)|ds>KU}

<t<T
1/2

< Z[E(Z sup |Y,| +/OT|f(s)|ds)2] [EK2]V2.

0<t<T

Taking the limit as v 1 T', the result follows. O
We can now establish the following theorem.

THEOREM 5.2. Under the above assumptions, in particular (i), (ii), (iii) and
(iv), the RBSDE with (v), (vi), (vii), (viii) has a unique solution (Y, Z, K).

Proor. Denote by .7 the space of progressively measurable {(Y,, Z,); 0 <
t < T} with values in R x R? which satisfy (v) and (vii).

We define a mapping ® from ./ into itself as follows. Given (U, V) € ®, let
(Y, Z)=®(U, V) be the unique element of . which is such that, if we define
the process

t t
K,=Y,-Y, _f f(s,U,, Vs)ds+/ (Z,,dB,), 0<t<T,
0 0
then the triple (Y, Z, K) solves the BRP associated with f(s) = f(s, U,, V,).
In other words, the pair (Y, Z) is the unique solution of the same BRP, in the
sense of Remark 3.8.
Let (U’, V') be another element of .7, and define (Y’, Z') = ®(U’, V'),
uv=U-U, V=V-V, Y=Y-Y, Z=Z2-Z.

It follows from arguments similar to those in the proofs of Propositions 3.5
and 3.6 that for any 8 > 0,

—2 T —2 —
M B(Y,)+E [ eM[BY, +IZ,"]ds
t
T o, __
=2E [ #Y,[f(s,U,, V)~ f(s, UL, V)] ds
t

T . T . —
<4K?E [ PV ds+1E [ o#[U; +[V,F]ds,
t t
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so that if we choose 8 = 4K? + 1, we deduce
T —2 - T _2 __
E/O ePY, +|Z,2]dt < %E/O P [T, + V7] dt.
Hence the mapping @ is a strict contraction on . equipped with the norm
T 1/2
7. 20l = (B[] 02 +122yar)

and it has a unique fixed point, which is the unique solution of the RBSDE
(in the sense of Remark 3.8).

6. Existence of a solution of the RBSDE: approximation via penal-
ization. In this section, we will give another proof of Theorem 5.2, based
on approximation via penalization. The result of this section will be useful in
Section 8. In the following, ¢ will denote a constant whose value can vary from
line to line.

For each n € N, let {(Y}, Z}); 0 <t < T} denote the unique pair of .%
progressively measurable processes with values in R x R? satisfying

T 2
E Zedt
/0 |Z}] <0
and
T T T
(1) Yi=é+ [ f(s, Y8 ZNds+n [ (Yi-S) ds— [ (Z2,dB,),
t t t
where ¢ and f satisfy the assumptions stated in Section 2. We define
t
Kg:n/(Yg—ss)—ds, 0<t<T.
0
It follows from the theory of (unconstrained) BSDE's that for each =,

E(Os;fTwmz) < 0.

We now establish a priori estimates, uniform in n, on the sequence
(Y™, Z% K™).
T
E|Yg|2+E[ \Z"2 ds
t
T T
=E|§|2+2E/ f(s,Yg,zg)Ygds+2E/ Y"dK"
t t
T T
< E|¢2+2E [ (f(5,0,0)+ K|V + K|Z:|)|Y?|ds+2E [ S,dK!
t t
T 1 T
n|2 - n|2
§c<1+E/t Y| ds>~|—3E/t \Z"2 ds

n EE[ sup (sj)z] +aE[(KL— K1),

o 0<t<T
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but
T T
Ky —Ki=Yi—¢— [ f(s,Y0,20)ds+ [ (22,dB,),
t t
Hence
T
BUKY - K1) = o BOYIP) + B+ 1+ [ (V2P +123P)ds).
t
Choosing « = (1/3c), we have
2 2 1 T 2 T 2
ZE(|Y? )+§Eft 1Z7| dsfc(l—i—Eft bl ds).
It then follows from Gronwall’s lemma that

T
sup E(JY") + E/ \Z'2dt+ E[(K3)?] <c, neNl.
0<t<T 0

Using again equation (15) and the Burkholder—Davis—Gundy inequality, we
deduce that

T
(16) E( sup |Y;‘|2+/ |Z?|2dt+(K’})2> <ec¢, neNl
0<¢<T 0

Note that if we define

fn(t’ y,Z)Zf(t, Y, Z)+n(y_St)7>

fn(t7 Y 2) = fn+1(t’ Y Z)’
and it follows from the comparison Theorem 4.1 (in fact its version for nonre-
flected BSDE's, from [19] or [13], is sufficient for our purpose) that Y} < Y;‘*l,
0<t=<T,as. Hence

YItY, O<t<T as.

and from (16) and Fatou’s lemma,

E( sup Yf) <ec.

0<t<T

It then follows by dominated convergence that

T
17) E/ (Y,—Y"?dt >0 asn— o.
0
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Now it follows from 1t6's formula that
T
E(Y; -YIP)+E [ |22 - 227 ds
t
T
=2E [ [f(Y2,Z2)~ f(Y2, ZD)(Y: — YP)ds
t
T
+2E [ (Y2-YP)d(K?: - K?)
t
T
<2KE [ (|Y2-YPP+[YE—Y?|x|Z: - ZE))ds
t
T T
+ 2E/ (Y" - S,)"dKP + 2E/ (Y?—S,)" dK"
t t
from which one deduces the existence of a constant ¢ such that
T T T
E/ 1Z" — ZP|Pds < CE/ yn - Y5|2ds+4E/ (Y" - S,)"dKP
t t t
(18) ,
+ 4E/ (Y? - S,)" dK"
t
Let us admit for a moment the following lemma.

LEMMA 6.1.

E( sup (Y — st)—|2) 0 asn— .
0<t<T
We can now conclude. Indeed, (16) and Lemma 6.1 imply that
T T
E/ (Y?—St)*dKf’+E/ (YP - S,)"dK" >0 asn, p— o,
0 t
hence from (17) and (18):
T
E/ (Y" —YP2+ |27 — ZPP)dt > 0 asn, p— 0.
0
Moreover,
T
Y7 - YR+ [ 122 - ZPPds
t
T
= 2/ [F(YS, Z3) - F(YE, ZDIYS —Y)ds
t

T
+2 [ (Yi-YP)d(K: - K?)
t

T
—2[ (Y} -¥D)(Z; - ZD)dB,,
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and

T
sup [v7 - YP <2 [ If(Y]. 20) — F(YE. ZD)] < |V} — YP|ds

0<t<T
T T
+ 2/ (Y" —8,)" dKP + 2/ (YP - S,)" dK"
0 0

+ 2 sup
0<t<T

and from the Burkholder—Davis—Gundy inequality,

>

T
[ (vi-vyryz: - zp)ds,

t

T
E( sup Y7 - YP?) <cE [ (Yi-YI2+|2) - ZPP)ds
0<t<T 0

T T
+2E/ (Y - S,)" dK§’+2E/ (YP - 8,) dK?}
0 0
T
+%E( sup |Y:‘—Yf|2>+cE/ |Z7 — ZP | ds.
0<t<T 0

Hence E(sup, |Y? —Y?|?) — 0, as n and p — oo, and consequently from (15),

(19) E(OsupT|Kg - Kf|2) 50 asn,p— oo
<t<

Consequently there exists a pair (Z, K) of progressively measurable processes
with values in R? x R such that

T
E / |Z, — Z"?dt + sup |K,— K"]?) — 0,
0 0<t<T

as n — oo, and (v) and (vi) are satisfied by the triple (Y, Z, K); (vii) follows
from Lemma 6.1. It remains to check (viii).

Clearly, {K,} is increasing. Moreover, we have just seen that (Y", K") tends
to (Y, K) uniformly in ¢ in probability. Then the measure d K" tends to dK
weakly in probability,

T T
[ (¥vi-8)dK; > [ (Y,-S)dK,
0 0

in probability, as n — oco. We deduce from the same argument and Lemma 6.1
that

T
/ (Y, S,)dK, > 0.
0
On the other hand,
T
/ (Y" - S,)dK" <0, neN.
0
Hence
T
/ (Y,—S,)dK,=0 as.
0

and we have proved that (Y, Z, K) solves the RBSDE. We finally turn to the
proof.
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PROOF OF LEMMA 6.1. Since Y7 > Y9, we can w.l.o.g. replace S, by S,vY?;
that is, we may assume that E(sup,_,.r S?) < oo. We first want to compare
as. Y, and S, for all ¢ € [0, T], while we do not know yet that Y is a.s.
continuous. From the comparison theorem for BSDE’s, we have that a.s. Y} >

17;‘, 0<t=<T, neN, where {(17;‘, Z;‘); 0 <t < T} is the unique solution of
the BSDE
~ T T ~ T .
Vi=g+ [ 1, zhds+n [ (S,-¥Vids— [ Z:dB,
t t t
Let v be a stopping time such that 0 < v < T. Then
~ - T T
Y = E% |:e_"(T_U)§ n / eV F(Y ZMY ds +n / e Vg ds:|.
It is easily seen that

T
e_n(T_U)§ —+ n/ e_n(s_v)ss dS — gl{U:T} + Svl{v<T}
v

a.s. and in L?(Q), and the conditional expectation converges also in L?(Q).
Moreover,

T (s=0) 1 T 5 1/2
e PETUIA(YR, Z)ds| < — Y?, Z¥Wds) |,
[ erenrernznas < ([ s znds)
hence E% [ ens=0) f(Y", Z")ds — 0 in LA(Q), as n — oo.
Consequently Y} — €1, 7y + Sy1q,.y in mean square, and Y, > S, as.
From this and the section theorem in Dellacherie and Meyer [7], page 220, it
follows that a.s.

Y,>S,, 0<t<T.

Hence (Y}?—S,)” 1 0,0 <t < T, a.s., and from Dini’s theorem the convergence
is uniform in ¢. The result finally follows by dominated convergence, since
(Y7 =8)" =(S,-Y)' <IS,/+|Y{|. O

7. Reflected backward stochastic differential equation and optimal
stopping time-control problems. It is clear from Proposition 5.1 that in
the case where £ is a given stochastic process, the solution {Y,; 0 <¢ < T’} of
the RBSDE (which we called BRP in that particular case) is the value function
of an optimal stopping time problem. We shall now see how this fact can be
generalized, first to the case where f(¢, v, z) is a linear function of (y, 2),
and second to the case where f is a concave (or convex) function of (y, z). In
the latter case, {Y,, 0 < ¢ < T} will be the value function of a mixture of
an optimal stopping time problem and a “classical” optimal stochastic control
problem. We shall interpret those results in the “Markovian case.” Note that in
that case we shall make explicit the corresponding Hamilton—-Jacobi—Bellman
equation in the next section. We start with a proposition.
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PROPOSITION 7.1. Suppose that [ is affine in y, z; that is, it takes the form

f(ts Y Z) = 6t+Bty+ (7)&?2)’

where {&;, B;, v,; 0 <t < T} are progressively measurable processes with val-

ues in R x R x RY, such that EfOT 82dt < oo, |Byl+ v/ <Cas.,0<¢t<T.Let
{I';; 0 <t < T} denote the R-valued solution of the linear SDE

dl'y =T,[B,dt + (v, dB,)],
FO - 1
Then the unique solution {Y,, Z,, K,; 0 <t < T} of the BSDE with coefficient
f satisfies, foreach 0 <t < T,

Fth — eSS Sup E|:Fvgl{U=T} —+ FvSvl{v<T} —+ / FSSS d8|g;i|
t

ves,
Proor. It follows from It6’s formula that
T T T
Ytrt = gFT + / 1—‘Isss ds + / I‘Is sz - / 1_‘s(Zs + Ysys5 st)
t t t

Let (Y,,Z,,K},) = (Y I, T(Z, + Ytyt),fotl“s dK,), 0 < ¢t < T. This triplet
solves the BRP with final condition £I'p and coefficient {I',8,, 0 < ¢ < T},
without condition (v).

Also we only have that

E[(ng)H + /0 T(Btl“t)z‘sdt} <0

for each £ > 0, and not for £ = 0; the argument leading to (2) in Proposition 2.3
is still valid here. Hence

v
Y,I', = esssup E[FTgl{va} + 1,8, 1oy + f | I ds|3“t:|
ved; t

from which the result follows. O
We now suppose that for each fixed (w, t), f(¢, y, 2) is a concave function

of (y,2) e Rx R¢. We define the conjugate function F(t, B, v) as follows. For
each (w, ¢, B,y) € A x [0, T] x R x RY,

F(w’ Z, Ba 7) = Sup[f(wa t,y, Z) - By - ('Y, Z)]»

(7,2)
Df(0)={(B,7) e RxR% F(w,t,B,v) < oo}
It follows from well-known results (see, e.g., [13]) that

f(t.y,2)= inf {F(¢,B,v)+By+(v,2)},
(B,7)eD;

the infimum is achieved, and the set D7 is a.s. bounded.
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Let us now denote by .o the set of bounded progressively measurable R xR?-
valued processes {(B;, v;); 0 <t < T} which are such that

T
E/ F(¢, By, v,)? dt < 0.
0

To each (B, y) € o7 we associate the unique solution {(Y?7, Z%7 K%7); 0 <
t < T} of the RBSDE with the affine coefficient £ (¢, y, z) = F(¢, B, v,) +
B:y + {(v;, z). We shall denote {(Y,, Z,, K,); 0 < ¢ < T} the unique solution of
the RBSDE with coefficient f(t, y, z). It follows from a section theorem in [7],
page 220, that there exists (B8*, y*) € &7 such that

F(6,Y,, Z)=F(t B v)+ B Y, + (v, Z,)dt xdP a.e.
Hence
(Y, Z, K,)="",z>7 KF°7, 0<t<T as.

We can now deduce an interpretation of Y*” and Y, = Y?"” as value func-
tions of optimization problems.

THEOREM 7.2. For each (B, v) € &7,

Y%7 = esssup E[®(¢, v, B, ¥)|F],

ved;
where
(1,0, B.7) = TS ery + Edguony] + | TETF(s. oo v ds
and foreach0 <t < T, {Ff’sy; t < s < T} is the unique solution of the linear
SDE
drt, s — Ft,s(Bs ds + (73’ st))? Ft,t =1
Moreover,

Y,=ess inf Y&
(B,v)eet

=ess inf esssup E[®(t, v, B,
LA pE[®(t, v, B,v)

ved;

a
=esssupess inf E[®(t, v, B, v)|%]-
veT, (B, )/
In other words, Y, is the value function of a minimax control problem, and the
triple (B*, v*, D,), where D, =inf{t <s <T; Y, = S,} is optimal.

ProOOF. The first part of the statement follows from Proposition 7.1. More-
over, from the comparison Theorem 4.1,

Y,<YP"  v(B,y) e
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On the other hand,

*

Y, =Y}
> inf YP7,
(B, v)ees

and consequently
Y,=-ess inf esssup E[®(t, v, B, v)|%],
(B, v)e/

Ve,

and the fact that D, is optimal follows from an argument given in the proof of
Proposition 5.1. We finally prove that essinf and ess sup can be interchanged.
We certainly have

Y,=ess inf esssup E[®(t, v, B, v)|.Z
¢ R p E[P( B, V)]

ved;

> esssupess inf  E[®(¢, v, B, y)|F].
,Y)eA

veT,

On the other hand,
Y,=ess inf E[®(, D7, B, v)|%]

(B, v)ed
<esssupess inf E[®D(t, v, B, v)|%],
ved; (B, v)ess

where DP Y =inf{t<s<T; Y¥"=8,}. O

We finally note that one has a similar representation of Y, in case
f is a convex function of (y,z), with essinf . esssup,[-] replaced by
esssup g, ) €SS sup,[-].

8. Relation between a RBSDE and an obstacle problem for a nonlin-
ear parabolic PDE. In this section, we will show that the reflected BSDE
studied in the previous sections allows us to give a probabilistic representa-
tion of solutions of some obstacle problems for PDE’s. For that purpose, we
will put the RBSDE in a Markovian framework.

Let b: [0, T] x R - R? and o = [0, T] x R — R%*? be continuous map-
pings, which are Lipschitz with respect to their second variable, uniformly
with respect to ¢ € [0, T']. For each (¢, x) € [0, T] x R?, let {X%%; t <s < T}
be the unique R%-valued solution of the SDE:

X% = x +/ b(r, Xt %) dr +/ o(r, Xt*)dB,.
t t
We suppose now that the data (¢, f, S) of the RBSDE take the following form:
¢ = g(X7"),

f(s,y,2)=f(s, X", 5, 2),
Ss = h(S, X?x)7
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where g, f and h are as follows. First, g € C(Rd) and has at most polynomial
growth at infinity. Second,

10, T] xR? x R x RY - R
is jointly continuous and for some K > 0, p € N, satisfies
(20) |£(t,%,0,0)] < K(1+ |x]?),
(21) If(t,x,y,2) = f(t,x, ¥, 2) < K(ly = ¥'| + |z = Z|),
for t € [0, T], x, 2z, 2 € R?, y, ¥ € R. Finally,

h:[0,T] xR - R

is jointly continuous in ¢ and x and satisfies
(22) h(t,x) < K(1+ |x|P), te[0,T], xR

We assume moreover that A(T, x) < g(x), x € R%.

For each ¢ > 0, we denote by {7}, ¢ < s < T} the natural filtration of the
Brownian motion {B, — B,, t < s < T'}, argumented by the P-null sets of 7.

It follows from the results of the above sections that for each (¢, x), there
exists a unique triple (Y**, Z%*, K**) of {7} progressively measurable pro-
cesses, which solves the following RBSDE:

T
(i) E/ (Y5512 + 12552 ds < oo;
t
T
(i) Y4r = g(X5%) +/ f(r, Xt*, YE® Z8%)dr + K55 — Kb*

T
(23) _/ (ijx’ dBr)> t <s= T7
(iii) Y%* > h(s, XL"), t<s=<T,
(iv) {K%*} is increasing and continuous, and
T
[ (Yer—h(s, X4*) dKE* =0,
t
We now consider the related obstacle problem for a parabolic PDE. Roughly

speaking, a solution of the obstacle problem is a function u: [0, T] x R — R
which satisfies:

min(u(t, x) — h(¢, x),

(24) - i—;‘(t, x)— Lu(t, x) — f(t, x, u(¢, x), (Vuo)(t, x))) =0,
(t,x) € (0, T) x RY,
u(T, x) = g(x), x € RY,
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where

2 d

1 ¢ d
L,=Z *(t, x)); i——— b;(t,
t 2 i’él(a-a- ( x))l’Jﬁxi(%Cj + lgl l( x)ﬁ

d
xi'

More precisely, we shall consider solutions of (24) in the viscosity sense. It
will be convenient for the sequel to define the notion of viscosity solution in
the language of sub- and super-jets; see [4]. Below, S(d) will denote the set of
d x d symmetric nonnegative matrices.

DEFINITION 8.1. Let u € C((0,T) x R?) and (¢, x) € (0, T) x R%. We de-
note by 22 *u(t, x) [the “parabolic superjet” of u at (¢, x)] the set of triples
(p, g, X) € R x R x S(d) which are such that

u(s,y) <u(t,x)+ p(s—t)+(q, y — x)
+ 31X (y—x),y—x)+o(]s —t| + |y — x%).

Similarly, we denote by 2%~ u(t, x) [the “parabolic subjet” of u at (¢, x)] the
set of triples (p, ¢, X) € R x R? x S(d) which are such that

u(s, y) > u(t, x) + p(s—t)+(q, y — x)

+3(X(y = %), y —x) +o(ls — t| + |y — x[?).

EXAMPLE 8.2. Suppose that ¢ € C2((0,T) x RY). If u — ¢ has a local
maximum at (¢, x), then

J
<&—‘;’(t, x), Voot x), Pe(t, x)) e P> *u(t, x).

If u — ¢ has a local minimum at (¢, x), then
e 2 2, —
E(t’ x), Veo(t, x), d5e(2, x) | € 2 "u(t, x).

We can now give the definition of a viscosity solution of the parabolic ob-
stacle problem (24).

DEFINITION 8.3. (a) It can be said that © € C([0, T'] x ]Rd) is a viscosity
subsolution of (24) if u(T, x) < g(x), x € RY, and at any point (¢, x) € (0, T') x
R4, for any (p, q, X) € 2% tu(t, x),

mln(u(t7 x) - h(t7 x)> —p— %T”'(GX) - (b> q) - f(ta X, u(t7 x)> qo—(ta x))) =< 0.
In other words at any point (¢, x) where u(t, x) > h(Z, x),

—p—3Tr(aX)— (b, q) — f(¢, x, u(t, x), go(t, x)) < 0.
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(b) It can be said that u € C([0, T] x R?) is a viscosity supersolution of
(24) if u(T, x) > g(x), x € R?, and at any point (¢, x) € (0, T') x R?, for any
(p,q, X) € 2%~ u(t, x),

min(u(t, x) — h(t, x), —p — %Tr(aX) —(b,q) — (¢, x, u(t, x), go(t, x))) > 0.
In the other words, at each point, we have both u(t, x) > h(t, x) and
—p—3Tr(aX)— (b, q) — f(¢, x, u(t, x), qo(t, x)) = 0.
(c) u € C([0, T] x R?) is said to be a viscosity solution of (24) if it is both a
viscosity sub- and supersolution.
We now define
(25) u(t,x) 2 Y5, (t,x)e[0,T] x RY,

which is a deterministic quantity.
LEMMA 8.4. u € C([0, T] x R?).

PROOF. We define Y% * for all s € [0, T'] by choosing Y4* = Y * for 0 <
s < t. It suffices to show that whenever (¢,, x,,) — (¢, x),

(26) E(OsupT Vi = YE52) - 0,

Indeed, this will show that

(s, t,x) > Yb~
is mean-square continuous, and so is

(t,x) > YO~

But Y/ ¥ is deterministic, since it is .7 measurable.
Now (26) is a consequence of Proposition 3.6 and the following convergences
as n — oo:

E|g(X7") — g(X7 ™) -0
E( sup |h(s, X&) = h(s, Xt *)?) > 0

0<s<T
T t t t
E [ [l ni(s)f (s Xo%, YE¥, Z5)

~ 1, p(8)f (s, Xt ¥, YEF, ZE¥)Pds — 0,

which follow from the continuity assumptions, (20), (21), (22) and the polyno-
mial growth of f, g and A.

THEOREM 8.5. Defined by (25), u« is a viscosity solution of the obstacle prob-
lem (24).
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PrROOF. We are going to use the approximation of the RBSDE (23) by pe-
nalization, which was studied in Section 6. For each (¢, x) € [0, T]xR%, n € N*,
let {("Y.L*, "Z.*), ¢t <s < T} denote the solution of the BSDE

T
"YEE = g(XG) + [, XEE YRR ZE ) dr

T T
+ nf ("YEE — h(r, XtF))" _/ ("zt*, dB,), t<s<T.
It is known from [18] that
u,(t,x) = "Yh*, 0<t<T, xeR?,
is the viscosity solution of the parabolic PDE

u,
dt

(¢, )+ Lu,(t, x)+ (¢, x, u,(t, x), (Vu,o)(t, x)) =0,

0<t<T, xeR?,
u(T, x) = g(x), x € R?,

where f,(t,x,r, po(t,x)) = f(t, x,r, po(t, x)) + n(r — h(t, x))~. However,
from the results of the previous section, for each 0 < ¢ < T, x € R?,

u,(t, x) tu(t,x) asn— oo.

Since u,, and u are continuous, it follows from Dini’s theorem that the above
convergence is uniform on compacts.

We now show that « is a subsolution of (24). Let (¢, x) be a point at which
u(t, x) > h(t, x), and let (p, q, X) € 2% Tu(t, x).

From Lemma 6.1 in [4], there exists sequences

n; — 4090,
(t], xj) —> (t, x),
(pja qja Xj) € '@2’+unj(tja xj)a

such that

(pj>q;X;)— (p,q, X).
But for any j,

_pj - %TT‘((ZXJ) - (b’ QJ) - f(t_]’ xj’ unj(tj’ xj): Qjo-(tj’ x]))
From the assumption that u(¢, x) > A(¢, x) and the uniform convergence of
u,, it follows that for j large enough u,, (¢;, x;) > h(t;, x;); hence, taking the
limit as j — oo in the above inequality yields:
—p—3Tr(aX) - (b,q) — f(t, x, u(t, x), qo(t, x)) < 0,

and we have proved that u is a subsolution of (24).
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We conclude by showing that « is a supersolution of (24). Let (¢, x) be an
arbitrary point in [0, T'] x R¢, and (p,q, X) € 2% ~u(t, x). We already know
that u(t, x) > h(t, x). By the same argument as above, there exist sequences:

n; — oo,
(tj, x;) — (¢, x),
(pj,qj,X;) € 92’_%](%‘:%)7
such that
(pj»q,,X;) = (p,q, X).
But for any j,
—Dj— %T’”(GXJ') —(b,q;) = f(t)xju, (), %), qo(t,x;))
—nj(u, (t;,x;) = h(t;, x;))” = 0.
Hence
—p;—3Tr(aX;)—(b,q;)— f(t; x;, u, (¢, %), q;0(t, x)) =0,
and taking the limit as j — oo, we conclude that:
—p—3Tr(aX) — (b, q) - f(t, x, u(t, x), go(¢, x)) = 0. O
In order to establish a uniqueness result, we need to impose the following

additional assumption. For each R > 0, there exists a continuous function
mg: R, - R, such that mz(0) =0 and

(27) |f(t7 x,r, p) - f(t’ y,r, p)| = mR(|x - y|(1 + |p|))7
for all t € [0, T, ||, |y| < R, |r| < R, p € R%.
THEOREM 8.6. Under the above assumption, including condition (27), the

obstacle problem (24) has at most one viscosity solution in the class of contin-
uous functions which grow at most polynomially at infinity.

PROOF. It suffices to show that if u, v € C([0, T] x R?) have at most poly-
nomial growth at infinity, satisfy u(7T, x) = v(T, x) = g(x), x € R%, and are,
respectively, a sub- and a supersolution of the obstacle problem (24), then
u < v. For some A > 0 to be chosen below, let

a(t, x) = u(t, x)eM e (x),

(¢, x) = v(t, x)eM e (x),

(¢, x) = h(t, x)eMéH(x),
g(x) = g(x)e' ¢ (),



732 EL KAROUI, KAPOUDJIAN, PARDOUX, PENG AND QUENEZ
where &(x) = (1+]|x|?)*/?, and k € N is choosen such that #z and 7 are bounded.
We note that

n(x) = € H(x)DE(x) = k(1 +|x[*)tx,

k(x) 1= €1 (x)D?é(x) = k(L + |x[*) M — k(k - 2)(1 + [x[) Px ® 2,

where D¢ denotes the gradient of &, and D?¢ the matrix of second order
partial derivatives of £&. Then @ (resp. U') is a bounded viscosity subsolution
(resp. supersolution) of the obstacle problem:

min(i(t, x) — h(t, x),
- Z_Lz(t’ x) — Lii(t, x) — f(t, 2, @(t, x), (Vao)(t, x))> =0,

4T, x) = g(x),
where

Lo = Lo+ (an, Do)+ [LTr(ak) + (b, 1) — Ae,

£t x, 4(t, x), (VEa)(t, x))
= ME (@) f (4 x, e ME(R)T(E, %),
e ME(x)(Duo)(t, x) + e M DE(x)(on)(¢, x)).

We rewrite the above problem as
~ ~ ou ~ ~ ~
min(u(t, x) — h(t, x), —(?—ltt(t, x)+ F(t, x, u(t, x), Di(t, x), D*u(t, x))> =0,

u(T, x) = g(x).
We choose A large enough so that
r— F(t,x,r,q, X)

is strictly increasing for any (¢, x, ¢, X) € [0, T]xR? x R? x S(d), which is pos-
sible since ak and (b, n) are bounded. Hence F' is “proper” in the terminology
of [4], and it also satisfies (27), since in particular an is Lipschitz.

From now on, we drop the tildes, and we make a last modification. Namely
we replace v(¢, x) by v(¢, x) + (¢/t), with ¢ > 0. Since ¢ is arbitrary, if we
prove that for the “transformed” functions, u, v satisfy u < v, we will have
proved the same inequality for the “old” functions u and v. Moreover, since F
is proper, and the old v was a supersolution, we have that

Jv
Jt

and moreover v(¢, x) + +oo as ¢ | 0, uniformly in x.

(28) + F(t, x, v(t, x), Du(t, x), D?v(t, x)) > tiz
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For any R > 0, let Bp 2 {x € R%; |x| < R}. We need only show that for any
R >0,

sup (u—v)" =< sup (z-—v),
[0, T]xBg [0, T]xdBg

since the right-hand side tends to zero as R — oc.
Let us suppose that for some R > 0, there exists (¢, xg) € [0, T'] x By such
that

(29) 8 = u(ty, xg) — v(tg, x9) > sup (u—v)" >0,
[0, T]x3Bp

and we will find a contradiction. - .
For each a > 0, let (£, £, ) be a point in the compact set [0, T'] x Br x By
where the continuous function

o
(I)a(taxa y) = u(ta .’)C)— U(ta y)_ §|x_ y|2

achieves its maximum.
Let us admit for a moment the following lemma.

LEMMA 8.7. (i) For « large enough, (£, %, y) € (0, T) x By x Bp.
(i) alx—y|>? = 0and |x—y|> - 0, as a — oo.

(iii) u(, %) > v(f, y) + 6.

Theorem 8.3 from [4] tells us that there exists

(p, X,Y) eR x .”(d) x .~(d),

such that
(P, (Z—5), X) e P "u(t, %)
(p,a(R-75),Y) e 2 v(},3),
and
30 X 0 <3 I =1
(30) <o —Y)—“(—I 1)'

Now from Lemma 8.7(iii), u(#, X) > h(¢, y)+8§, since v is a supersolution. Then
since h is uniformly continuous on compacts, for « large enough, u(f,x) >
h(%, %). Hence since u is a subsolution,

—p+ F(, x,u(t,x), «(x — ), X) <0
and from (28)
—p+F(E,5,0{,5), «F-75), V) = ¢/t
Next from Lemma 8.7(iii),

u(f, %) = v(t, 7).
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Hence, since F is proper,
—p+F(, % v, ), a(x - 5), X) <0
and consequently
e/t <F({,5,v(£,5), (- 5),Y) - F({, %, v(f, 3), a(X — 3), X).
Define G by
F(t,x,r,q,X)= —%Tr(aX) + G(¢, x, 1, Q).
We have
g/t? < Trla(f, )X — a(f, )Y]
+G(t, 3, v(t, ), a(X = 3)) = G(£, X, v(£, §), a(X - 7))
g/t? < Trla(f, )X — a(f, )Y]
+ Kol = J° + mp(|T - F|+alT -7,
where R = R v SUP(;, x)e[0, T)x B, [U(E, X)|, since G satisfies the same condition

as f in (27). However, from (30), V q, ¢’ € R?,

(Xq,9)—(Yq,q') < 3alg— 4%,
and
Trla(t, %)X — a(f, y)Y]
= Tr[o*({, %)X o(t, %) — o (£, 7)Y o (£, )]
d
= Z[(XO’(f, &\)eb O-(ﬁ &\)ei) - (YU(f7 y)ew O-(f> y)el)]
=1
< 3adK?|x — 3%
Finally, we deduce that
e/t <c(|T=FP +aX = FP)+mp(Z—F|+alx -5,
which contradicts Lemma 8.7. We proceed to the proof.

PrOOF OF LEMMA 8.7. Let us first prove (ii). We have that

ut, y) —v(£,y) < sup (2, 55 y)
Ly

< sup @,(t, x, y)
(t, x,y)

A A a <
=u(t7 x)_U(t, y)_§|x_y|2
Hence

o A A
Elx—ﬂz <u(f, %) —u(t, y),
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and consequently «|x — ¥]? is bounded, and as a — oo, |¥ — y| — 0. Since u is
uniformly continuous on [0, T'] x Bp, (ii) is established.
We now prove (iii). From (29),
s <supd,(t, x, x)
(t, %)
< sup ®,(, x,y)
(@ x,y)
=< u(fa 5‘:\) - U(i:, 5/\)

We finally prove (i). Since u(T,x) = g(x) = v(T,x) — T/e, from (ii), the
uniform continuity of u(T, ) and v(T, -) on By, and (iii), f < T.
Since u and v — (&/t) are bounded,

& o &
C- S Tx -y <D (¢ <c-°.
t 2|x y| — a(’xay)— t

Taking the sup over (¢, x, ) in the left inequality yields:

_C_%Eq)a(f’yay)fc_§:

hence
f>2C+T1e)te>0.

Moreover, from (ii), (iii) and the uniform continuity of z and v on [0, T x B,
for any 0 < & < &, there exists M such that o > M implies that u(f, x) —
v(t, %) = &, u(t,y) —v(f, y) = &. In view of (29), if & is chosen close enough
to §, these inequalities imply that x, y € By. O

In order to conclude from Theorems 8.5 and 8.6 that u(¢, x) £ Yo" is the
unique viscosity solution of the obstacle problems (24), it remains to show that
it grows at most polynomially at infinity. A careful analysis of the estimates
leading to the inequality preceding (16) shows that there exists a universal
constant ¢, independent of the data, such that for each n € N,

T
sup E|Y?|? < cE(§2+[ f2(s,0,0)ds+ sup s;*z).
0<t<T 0 0<t<T

From Fatou’s lemma, the same inequality holds for Y, = lim, Y7. Hence, with
the notation of the present section, we have in particular that

T
YO < cE(g(XtT’x)z +/t f?(s, X5*,0,0) ds+ sup A(s, Xé’x)2>-

The result now follows from (20), (22), the same assumption for g and the
standard estimate

sup E|X*? < o(T)(L+|xf?).

t<s<T
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REMARK 8.8. Suppose now that for each (¢, x), f(¢, x, y,z) is a concave
function of (y, z). We then associate the conjugate function

F:[0,T] xR? xR xRY > R

by the formula

F(ta X, :87 7) = (Sup)[f(t7 X, Y, Z) - By - (7’ Z)]
v,z

Define moreover Ff’] as in Theorem 7.2 and fort <v < T,

@, (¢, v, B,y) =T1) (v, X5y + 8( X5 ) e ]

1
+ /t TEYF(s, X0%, By, vs) ds.

It follows from Theorem 7.2 that

Yi¥ =ess inf esssup E[®,(t, v, B,y)/%]

B.MeA  veg

and (24) is the Hamilton—-Jacobi—Bellman equation of the corresponding min-
imax control problem.
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