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STRONG LAWS FOR LOCAL QUANTILE PROCESSES

BY PAUL DEHEUVELS

L.S.T.A., Universite Paris VI´
We show that increments of size h from the uniform quantile andn

Ž .uniform empirical processes in the neighborhood of a fixed point t � 0, 10
may have different rates of almost sure convergence to 0 in the range
where h � 0 and nh �log n � �. In particular, when h � n�� withn n n
0 � �� 1, we obtain that these rates are identical for 1�2 � �� 1, and
distinct for 0 � �� 1�2. This phenomenon is shown to be a consequence
of functional laws of the iterated logarithm for local quantile processes,
which we describe in a more general setting. As a consequence of these
results, we prove that, for any � � 0, the best possible uniform almost
sure rate of approximation of the uniform quantile process by a normed

Ž �1 �4Ž .�� .Kiefer process is not better than O n log n .

Ž .1. Introduction and statement of main results. Denote by � s �n
�1 � 4n � U � s: 1 � i � n for ��� s � � the empirical distribution function,i

Ž . � Ž . 4 Ž . Ž .and by � t � inf s � 0: � s � t for 0 � t � 1, � t � 0 for t � 0, � t �n n n n
Ž .� 1 for t � 1, the empirical quantile function based upon the first n � 1n

� �observations from an i.i.d. sequence U , U , . . . of uniform 0, 1 random1 2
variables, Here, �A denotes the cardinality of A. We are concerned with the

Ž . 1�2Ž Ž . .local behavior of the uniform quantile process � t � n � t � t and ofn n
Ž . 1�2Ž Ž . .the uniform empirical process � t � n � t � t for ��� t � �, in an n

� .neighorhood of t � 0, 1 . For a � 0 and ��� s, t � �, introduce the incre-0
ment functions

� a, t ; s � � t 	 as � � t and � a, t ; s � � t 	 as � � t .Ž . Ž . Ž . Ž . Ž . Ž .n n n n n n

Because of the central role they play in nonparametric statistics, local
oscillations of � and � have been very much investigated in the literaturen n
� Ž . Ž .refer to Csorgo and Revesz 1981 , Shorack and Wellner 1986 , Csorgo and¨ ˝ ´ ´ ¨ ˝

Ž .� Ž .Horvath 1993 . These are conveniently described through � h , t; 	 and´ n n
Ž . � 4� h , t; 	 , where h : n � 1 is a bounded sequence of positive constantsn n n

Ž . Ž .satisfying conditions among H.1�H.6 below. Set log u � log u � log u 
 e1 	
Ž .and log u � log log u for p � 2.p 	 p�1

Ž . Ž . Ž .H.1 i h �0, ii nh �;n n
Ž .H.2 nh �log n � �;n 2
Ž . Ž .H.3 nh �log 1�h � �;n 	 n
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Ž . Ž Ž .. � �H.4 log 1�h �log n � c � 0,� ;n 2'Ž . Ž Ž ..H.5 nh �log 1� h n � �;n 	 n'Ž . Ž Ž Ž ... � �H.6 log 1� h n �log n � d � ��,� .n 2

Introduce the sequences of constants, depending upon h and n � 1,n
1�2a � 2h log n ,Ž .n n 2

1�2'b � 2h log 1� h n 	 log n ,� 4Ž .Ž .ž /n n 	 n 2
1.1Ž .

1�2�1�2c � h 	 n log n ,Ž .n n 2

1�2
d � 2h log 1�h 	 log n .� 4Ž .Ž .n n 	 n 2

Ž .The following results are now well known. First, Kiefer 1972a , Mason
Ž . Ž . Ž .1988 , Einmahl and Mason 1988 and Deheuvels and Mason 1990b showed

Ž . Ž .that, under H.1 and H.2 ,

lim sup �a�1� h , 0; 1Ž .� 4n n n
n��

� lim sup sup � a�1� h , 0; s � 1 a.s.,Ž .n n n½ 5
n�� 0�s�1

1.2Ž .

and
lim sup �a�1� h , 0; 1Ž .� 4n n n

n��

� lim sup sup � a�1� h , 0; s � 1 a.s.Ž .n n n½ 5
n�� 0�s�1

1.3Ž .

Ž . Ž . Ž .Second, Mason 1984 , Stute 1982 , Mason, Shorack and Wellner 1983 ,
Ž . Ž .Deheuvels and Mason 1992 and Deheuvels 1992 , showed that, under

Ž . Ž .H.1 � H.4 ,

lim sup sup � d�1� h ; t ; 1Ž .n n n½ 5
n�� 0�t�1�hn

� lim sup sup sup � d�1� h , t ; s � 1 a.s.,Ž .n n n½ 5
n�� 0�t�1�h 0�s�1n

1.4Ž .

and

lim sup sup � d�1� h ; t ; 1Ž .n n n½ 5
n�� 0�t�1�hn

� lim sup sup sup � d�1� h , t ; s � 1 a.s.Ž .n n n½ 5
n�� 0�t�1�h 0�s�1n

1.5Ž .

� Ž .�A simple argument see, e.g., Deheuvels and Mason 1994a extends the LIL
Ž .in 1.3 to the following description of the increments of size h of � . Undern n

Ž . Ž . � .H.1 and H.2 , for each specified t � 0, 1 ,0

lim sup �a�1� h , t ; 1Ž .� 4n n n 0
n��

� lim sup sup � a�1� h , t ; s � 1 a.s.Ž .n n n 0½ 5
n�� 0�s�1

1.6Ž .
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Ž .The aim of this paper is to obtain the versions of 1.6 holding when � isn
Ž . Ž . Ž . Ž .replaced by � . In view of 1.2 , 1.3 and 1.4 , 1.5 , one could expect thisn

replacement to be possible without any further change in the statement of
the results. In Theorem 1.1 below, we establish the unexpected fact that such
is not the case when t � 0.0

Ž . Ž . Ž . Ž .THEOREM 1.1. Under H.1 , and H.5 , H.6 , for any specified t � 0, 1 ,0
we have

lim sup �b�1� h , t ; 1Ž .� 4n n n 0
n��

� lim sup sup � b�1� h , t ; s � 1 a.s.Ž .n n n 0½ 5
n�� 0�s�1

1.7Ž .

Ž . Ž .REMARK 1.1. i The definitions 1.1 of a and b , allow us to distinguishn n
� 4the following three ranges of interest for h : n � 1 depending upon then

relative magnitude of b relatively to a . Below, we give the correspondingn n
Ž .versions of 1.7 in Theorem 1.1.

Ž . Ž . � �a The large increment case is that H.6 holds with d � ��, 0 . It
'Ž . Ž . Ž Ž Ž ...implies H.2 � H.5 . Moreover, it entails that log 1� h n �log n � 0	 n 2

and, for each 
� 0, ultimately as n � �,
�
�1�21.8 h � n log n .Ž . Ž .n

Ž .If we assume in addition that H.1 is satisfied, we have

lim sup �a�1� h , t ; 1Ž .� 4n n n 0
n��

� lim sup sup � a�1� h , t ; s � 1 a.s.Ž .n n n 0½ 5
n�� 0�s�1

1.9Ž .

Ž . Ž . Ž .b The intermediate increment case is that H.6 holds with d � 0,� , or
equivalently, when

Ž .�d	o 1�1�21.10 h � n log n ,Ž . Ž .n

Ž . Ž . Ž .as n � �. It implies H.2 � H.5 . Under the additional assumption H.1 , we
have

lim sup �a�1� h , t ; 1Ž .� 4n n n 0
n��

1�2�1� lim sup sup � a � h , t ; s � d 	 1 a.s.Ž . Ž .n n n 0½ 5
n�� 0�s�1

1.11Ž .

Ž . Ž .c The small increment case is that H.6 holds with d � �, or equiva-
lently, when, for each 
 � 0, we have ultimately as n � �

�
�1�21.12 h � n log n .Ž . Ž .n



P. DEHEUVELS2010

Ž .Under this assumption, H.5 becomes equivalent to

1.13 nh �log n � �,Ž . n

Ž . Ž . Ž . Ž . Ž .so that H.5 and H.6 jointly imply H.2 � H.4 . If, in addition, H.1 holds,
then

lim sup �a�1� h , t ; 1Ž .� 4n n n 0
n��

� lim sup sup � a�1� h , t ; s � � a.s.Ž .n n n 0½ 5
n�� 0�s�1

1.14Ž .

Ž . Ž . Ž . Ž . Ž . Ž . Ž .ii In each of cases a � c above, H.5 and H.6 jointly imply H.2 � H.4
Ž .and 1.13 .

Ž . Ž . Ž . Ž . Ž . Ž .iii In view of 1.6 , 1.9 , 1.11 and 1.14 , for t � 0, 1 , the almost sure0
Ž . Ž .asymptotic rates of � h , t ; 1 and � h , t ; 1 coincide for large incrementsn n 0 n n 0

but differ from each other for small increments. For intermediate increments,
rates are identical, but limiting constants are different.

REMARK 1.2. Theorem 1.1 allows us to give the following answer to Open
Ž .Question 2, page 495 in Shorack and Wellner 1986 . Define a Kiefer process

� Ž . 4 � Ž .�K n, t : n � 1, t � 0 Kiefer 1972b by
n

K n , t � W t � tW 1 ,Ž . Ž . Ž .Ž .Ý i i
i�1

� Ž . 4where W t : t � 0 , n � 1, 2, . . . , are i.i.d. standard Wiener processes.n
Ž . � 4Komlos, Major and Tusnady 1975a, b, 1976 showed that U : n � 1 and´ ´ n

� Ž . 4 Ž .K n, t : n � 1, t � 0 may be defined on a probability space � , AA , � , in1 1 1
such a way that, with probability 1,

2�1�2 �1�21.15 sup � t � n K n , t � O n log n as n � �.Ž . Ž . Ž . Ž .Ž .n
0�t�1

Ž .A version of 1.15 for � is obtained via the uniform Bahadur�Kiefern
� Ž . Ž .representation see, e.g., Bahadur 1966 , Kiefer 1967, 1970 , and Deheuvels

Ž .�and Mason 1990a

�1�2 �1�41�4lim sup n log n log n sup � t 	 � tŽ . Ž . Ž . Ž .½ 52 n n
1.16Ž . n�� 0�t�1

� 2�1�4 a.s.

Ž . Ž . Ž . Ž .By combining 1.15 and 1.16 with the observation that K � n, t � K n, t is
a Kiefer process, we obtain the following result due to Csorgo and Revesz¨ ˝ ´ ´
Ž . Ž .1975 . On � , AA , � , we have1 1 1

�1�2sup � t � n K � n , tŽ . Ž .n
0�t�11.17Ž .

1�2 1�4�1�4� O n log n log n as n � �.Ž . Ž .Ž .2
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Ž .It is natural to investigate the optimality of 1.17 by the following question.
Ž . � Ž . 4Does there exist a probability space � , AA , � carrying � t : 0 � t � 12 2 2 n

Ž .and a Kiefer process K 
 n, t , with
���1�2 �1�41.18 sup � t � n K 
 n , t � O n log n as n � �,Ž . Ž . Ž . Ž .Ž .n

0�t�1

Ž . Žfor some � � 0? Csorgo and Revesz 1975, 1981 see their Remark 4.5.1, page¨ ˝ ´ ´
. Ž .147 conjectured that the rate in 1.17 is ‘‘probably far from being the best.’’

The following corollary of Theorem 1.1 disproves in part this conjecture by
Ž .showing that 1.18 is impossible.

� Ž . 4COROLLARY 1.1. For any Kiefer process K 
 n, t : n � 1, 0 � t � 1 de-
� Ž . 4fined on the same probability space as � t : 0 � t � 1 , we have, withn

probability 1 for each � � 0,

�1�4 �1�21.19 lim sup n log n sup � t � n K 
 n , t � �.Ž . Ž . Ž . Ž .n½ 5
n�� 0�t�1

Ž .PROOF. Let � and K 
 n, t be defined on the same probability space. Fixn
Ž . �1�2Ž .�dany � � 0 and select a t � 0, 1 . Put d � ��2, h � n log n and0 n

1�4Ž .d �2Ž .�1�2� � n log n log n . Setn 2

� h , t ; s � n�1�2 K n , t 	 h s � K n , t ,Ž . Ž . Ž .Ž .n n n

�� h , t ; s � n�1�2 K 
 n , t 	 h s � K 
 n , t ,Ž . Ž . Ž .Ž .n n n

Ž . Ž .for s � 0 and 0 � t � 1. It follows from 1.6 , 1.15 and our choice of h thatn

lim sup � � h , t ; 1 � lim sup � � h , t ; 1Ž . Ž .n n n 0 n n n 0
n�� n��

� 1�2� lim sup � � h , t ; 1 � 2 a.s.Ž .n n n 0
n��

1.20Ž .

Ž .On the other hand, it follows from 1.11 that
1�21.21 lim sup � � h , t ; 1 � 2 d 	 1 a.s.Ž . Ž . Ž .Ž .n n n 0

n��

Ž . Ž .An easy argument based upon 1.20 and 1.21 and the inequalities
� �� h , t ; 1 � � h , t ; 1 � � h , t ; 1 � � h , t ; 1Ž . Ž . Ž . Ž .n n 0 n n 0 n n 0 n n 0

�1�2� 2 sup � t � n K 
 n , t ,Ž . Ž .n
0�t�1

shows that, almost surely

1�21�1�2 1�2lim sup � sup � t � n K 
 n , t � 2 d 	 1 � 2 � 0,Ž . Ž . Ž .Ž .Ž .n n 2½ 5
n�� 0�t�1

Ž .which, since d � ��2, readily implies 1.19 . �

Ž .REMARK 1.3. i The above given proof of Corollary 1.1 becomes invalid for
Ž .� � 0, since then d � ��2 � 0 and the constants in the RHS of 1.20 and

Ž .1.21 are identical.
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Ž . Ž . Ž . � �ii By 1.17 and 1.19 , there exists a constant � � 0, 1�2 such that the
Ž .best possible uniform almost sure rate of approximation of � t by a normedn

Ž �1�4Ž .�	� . Ž �1�4Ž .��� .Kiefer process is o n log n and � n log n for each � � 0.
The value of � will be investigated elsewhere.

In the remainder of our paper, we will prove Theorem 1.1 and related
results, shedding light on the unexpected mechanism which allows, at times,

Ž .the strong limiting behavior of the local quantile process � h , t ; 	 to differn n 0
Ž .from that of the local empirical process � h , t ; 	 . By anticipating then n 0

exposition of these arguments, we may give a heuristical explanation of the
origin of this phenomenon, limiting ourselves, for the sake of simplicity, to

� Ž . � Ž .�h � 1�n with � � 0, 1 . We will establish in the sequel see 2.29 that then
Ž .limiting behavior of �� h , t ; 	 coincides essentially with that ofn n 0

Ž Ž . .�� h , � t ; 	 . This will allow us to show that the latter sequence behavesn n n 0
Ž . � Ž . �in the same way as or differently from �� h , t ; 	 , according as � t � tn n 0 n 0 0

is of smaller or higher order of magnitude than h . Since, for 0 � t � 1,n 0
� Ž . � Ž �1�2Ž .1�2 .� t � t � 0 at an optimal almost sure rate of O n log n , it willn 0 0 2

Ž . Ž .follow that � h , t ; 	 and � h , t ; 	 have different almost sure rates ofn n 0 n n 0
convergence to 0 when 0 � � � 1�2. On the other hand, when either t � 0,0

� Ž . �t � 1 or 1�2 � �� 1, � t � t is negligible with respect to h , and the0 n 0 0 n
Ž . Ž .almost sure rates of �� h , t ; 	 and �� h , t ; 	 are identical.n n 0 n n 0

2. Proofs—outer bounds.

2.1. A more general framework. The results in Section 1 will be shown to
� �1 Ž . �follow from a description of the limiting behavior of b � h , t; 	 : t � t �n n n 0

�4 � �1Ž Ž .4 Ž .c , t 	 c and c � t � t , with b and c given by 1.1 . The� 	n 0 n n n	 0 0 n n
Žfollowing notation will be needed. Let u � u � u 	 1 respectively u �� 	 � 	 
 �


 � . Ž .u � u � 1 denote the lower respectively upper integer part of u. For each
Ž � � . � ���� a � b � �, we denote by B a, b , UU the set B a, b of all bounded

� �functions f on a, b , endowed with the uniform topology UU, generated by
� � � � b � Ž . � � � � �f � f � sup f s . For any � � 0, f � B a, b and A � B a, b ,a s�� a, b �
A � �, we set

� � �� �NN f � �� B a, b : �� f � � and A � NN � ,� 4Ž . Ž .�� �
��A

b 2 1�2˙� � � Ž . 4 � �f � f s ds if f is absolutely continuous on a, bH H
a ˙with Lebesgue derivative f � df�ds

Ž .and f 0 � 0,

� �f � � otherwise.H

� � � � � 4 � Ž .� � �We set SS � f � B a, b : f � 1 Strassen 1964 , and, for any �� B a, bH
� �and A � B a, b ,

inf J � if A � �,Ž .2 �� A� �2.1 J � � � and J A �Ž . Ž . Ž .H ½ �, otherwise.
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� � � �In the sequel, we only consider the cases where either a, b � �1, 1 or
� � � �a, b � 0, 1 . Therefore, whenever a and b are unambiguously defined, we

� � � � Ž . �will use the same notation 	 , f , SS , J 	 , NN and A , independently ofH �

Ž .these constants. Throughout, I s � s denotes the identity function.
� Ž .�The following fact gives an extended description with respect to 1.6 of

the local behavior of � .n

Ž . Ž . Ž .FACT 1. Under H.1 and H.2 , for any t � 0, 1 , the sequence of func-0
� �1 Ž . 4tions a � h , t ; 	 : n � 1 is almost surely relatively compact inn n n 0

Ž � � .B �1, 1 , UU , with limit set equal to SS .

This result is a particular case of Theorem 1.1 of Deheuvels and Mason
Ž . Ž .1994a , which extends Corollary 2 of Mason 1988 , the latter being written

� �in the setting of B 0, 1 .
� 4 Ž � � .Recall that f : n � 1 is relatively compact in B a, b , UU with limit setn

equal to SS if and only if:

Ž . � Ž .1. for each � � 0, there exists an n � � � such that f � SS for all n � n � .n
� �2. for each � � 0 and f � SS , we have infinitely often f � f � � .n

Ž � � .Since SS is a compact subset of B a, b , UU , an easy argument shows that,
whenever the conditions above hold, for each UU-continuous functional �:

� � � 4B a,b � � � � , bounded on SS ,

2.2 lim sup� f � sup� f .Ž . Ž . Ž .n
n�� f�SS

Ž . Ž . Ž . Ž . Ž .By applying 2.2 to � f � �f 1 and � f � sup � f s , we readily0 � s�1
Ž . Ž .infer 1.3 and 1.6 from Fact 1. The same argument shows that Theorem 1.1

follows from Theorem 2.1 below.

Ž . Ž . Ž . Ž .THEOREM 2.1. Under H.1 and H.5 , H.6 , for any t � 0, 1 , the se-0
� �1 Ž . 4quence of functions b � h , t ; 	 : n � 1 is almost surely compact inn n n 0

Ž � � .B �1, 1 , UU , with limit set equal to SS .

The proof of Theorem 2.1 is postponed until the next sections.

Ž .REMARK 2.1. i Our arguments would allow us to show that Theorems
� Ž . Ž .� Ž .1.1 and 2.1 remain valid as well as 1.2 � 1.6 when H.1 is replaced by

H.1 � i h � 0, ii lim lim sup max h �h � 1.Ž . Ž . Ž . ½ 5n p qž /��1 n���p , q��nn��

Ž .However, to prove our theorems under H.1 � would necessitate rewriting in
this setting the proofs of a series of technical facts borrowed from the
literature. Since this would greatly increase the length of our paper, we will

Ž .limit ourselves to the present framework by only considering H.1 .
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Ž . Ž .ii Under the assumptions of Theorem 2.1, the equality in 2.2 holds with
Ž � � .probability 1 for each continuous functional � on B �1, 1 , UU , with f �n

�1 Ž .b � h , t ; 	 . The examples of such applications, corresponding to the vari-n n n 0
ous possible choices of interest for �, are left to the reader.

2.2. Local Bahadur�Kiefer type approximations. We inherit the notation
Ž .of the previous sections and assume throughout that t � 0, 1 is fixed.0

�Below, we establish local Bahadur�Kiefer type representations Bahadur
Ž . Ž . Ž .�1966 , Kiefer 1967, 1970 , Deheuvels and Mason 1990a , stated in Lemmas
2.3 and 2.4, which relate the local fluctuations of � to that of � . Thisn n
approach will allow us to derive in Lemma 2.2 the outer bound halves of
Theorem 1.1. First, we give more notation and facts.

For each n � 1, denote by 0 � U � 			 � U � 1 the order statistics of1, n n, n
Ž .U , . . . , U , which are a.s. distinct and in 0, 1 . Set U � 0 and U � 11 n 0, n n	1, n

for n � 0. We have, a.s. for n � 1,

� t � U and t � � � t � n�1 nt � t 	 n�1Ž . Ž . 
 �Ž .n 
 nt � , n n n2.3Ž .
for 0 � t � 1.

FACT 2. We have, with probability 1, for any n � 1, a � 0, 0 � t � 1 and
0 � t 	 as � 1,

�1�22.4 � a, t ; s 	 � � t 	 as � � � t � 2n .� 4Ž . Ž . Ž . Ž .Ž . Ž .n n n n n

Ž . � Ž .The proof follows readily from 2.3 and the triangle inequality see 1.6 in
Ž .�Shorack 1982 .

FACT 3. We have, with probability 1,

�1�2 11�2 � �lim sup n log n � � IŽ . 02 n
n��

�1�2 11�2 �1�2� �� lim sup n log n � � I � 2 .Ž . 02 n
n��

2.5Ž .

Ž . � �1 � �1For one proof, see Chung 1949 . Notice that � � I � � � I a.s.0 0n n
ŽIntroduce the function see, e.g., pages 439, 440 in Shorack and Wellner

Ž .�1986 ,

h x � x log x � x 	 1 for x � 0, h x � 1 for x � 0,Ž . Ž .
2.6Ž .

h x � � for x � 0.Ž .
	 � Ž . 4Set further � � inf x � 1: h x � 1�C for C � 0, andC

1�2	 	 	2.7 R � C�2 � � 1 for C � 0, R � 1 for C � �.Ž . Ž . Ž .C C C

Ž . � 4 � 4FACT 4. Let t � 0, 1 be fixed, and let A : n � 1 and C : n � 1 be two0 n n
sequences of constants satisfying the following set of assumptions for some
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Ž � � �C � 0,� and D � 0,� :

i A � 0, C � 0, A �0, C �0, nA �, nC �;Ž . n n n n n n

ii nA � log C �A 	 log n � C ;� 4Ž . Ž .2.8Ž . n 	 n n 2

iii log C �A �log n � D.Ž . Ž .Ž .	 n n 2

Then, with probability 1,

�1�2
lim sup sup 2 A log C �A 	 log n� 4Ž .Ž .n 	 n n 2½

n�� � �t� t �C , t 	C0 n 0 n

2.9Ž .
1 	� �
 � A , t ; 	 � R .Ž . �1n n C5

Ž . Ž .In view of Remark 1 of Hong 1992 , 2.9 reduces to the conclusion of his
� .Theorem 1.2 when D � 0,� , and to the conclusion of his Theorem 1.4 when

D � �.
In the sequel, we will repeatedly make use of Fact 4 with different choices

� 4 � 4of the auxiliary sequences A : n � 1 and C : n � 1 whose definitions willn n
be specified in each application.

The following lemma gives, as a starting point to the proofs of our
theorems, crude upper bounds.

Ž .LEMMA 2.1. Under H.1 , we have, with probability 1 for all large n,
1�21 �1�2� �2.10 � t 	 h I � t � h 	 4�5 n log n � c ,Ž . Ž . Ž . Ž .�1n 0 n 0 n 2 n

1�21 �1�2� �2.11 � t 	 h I � t � h 	 4�5 n log n � c .Ž . Ž . Ž . Ž .�1n 0 n 0 n 2 n

Ž .Ž .PROOF. By H.1 i , 0 � t � h � t 	 h � 1 for all large n, whence, by0 n 0 n
the triangle inequality,

� � � � � �� t 	 h s � t � � t 	 h s � t 	 h s 	 h sŽ . Ž . Ž .n 0 n 0 n 0 n 0 n n

� �1 � �� � � I 	 h for s � 1.0n n

2.12Ž .

Ž . Ž . Ž . �1�2 Ž .2.10 follows from 2.5 , 2.12 and 2 � 4�5. The proof of 2.11 is similar
and omitted. �

The next lemma establishes the upper bound halves of Theorem 1.1.

Ž . Ž . Ž .LEMMA 2.2. Assume that H.1 and H.5 , H.6 hold. Then,
�1 � �12.13 lim sup b � h , t ; 	 � 1 a.s.Ž . Ž . �1n n n 0

n��

Ž .PROOF. Recalling the definitions 1.1 of b and c , set, for any � � 0,n n
1�2�1�2A � � 1 	 � h , c � h 	 n log nŽ . Ž . Ž .n n n n 2

1�2
L � � 1 	 � 2 A � log c �A � 	 log n ,� 4Ž . Ž . Ž . Ž .Ž .Ž .n n 	 n n 2

2.14Ž .

L � L 0 .Ž .n n
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� Ž . � Ž .Since sup log 1 	 u � log u � �, we infer from 2.14 , that, for anyu� � 	 	
� � 0, as n � �,

1�2'L � � 1 	 � 2h log 1� h n 	 O log n 	 log nŽ . Ž . Ž .� 4Ž .Ž .ž /n n 	 n 3 2

1�2'� 1 	 � 2h log 1� h n 	 1 	 o 1 log nŽ . Ž .Ž .� 4Ž .Ž .ž /n 	 n 2
2.15Ž .

� 1 	 o 1 1 	 � b .Ž . Ž .Ž . n

Ž . Ž .Recall from Remark 1.1 that H.5 , H.6 , entail that nh �log n � �. Thus,n 2
Ž .by 2.15 ,

n�1�2L �Ž .n

hn
2.16Ž . 1�2'log 1� h n log nŽ .Ž .	 n 21�2� 1 	 � 2 	 1 	 o 1 � 0.Ž . Ž .Ž .½ 5nh nhn n

Ž .Ž . Ž .Likewise, we infer from H.1 ii and 2.15 that, for any � � 0,

L �Ž .n 1�2 '� 1 	 � 2 nh log 1� h nŽ . Ž .Ž .½ Žn 	 n�1�2n2.17Ž .
1�2

	 1 	 o 1 log n � �.Ž .Ž . 5.2

We now select an arbitrary � � 0, and set, in view of an application of Fact 4,
Ž . Ž . Ž . Ž .� � � , A � A � and C � c . By 2.15 , 2.16 and 2.17 , we have, for alln n n n

� �large n and uniformly over s � �1, 1 ,

� �1�2 �h s 	 n L � � 1 	 � h � A andŽ . Ž .n n n n
2.18Ž .

� L � 	 n�1�2 � �L ��2 .Ž . Ž .n n

� �Consider next, for each s � �1, 1 , the events

E	 � , s � � t 	 h s � � t � h s � n�1�2L � ,Ž . Ž . Ž . Ž .� 4n n 0 n n 0 n n
2.19Ž .

E� � , s � � t 	 h s � � t � h s � n�1�2L � .Ž . Ž . Ž . Ž .� 4n n 0 n n 0 n n

Ž . Ž . Ž . �1Recall from 2.3 that � u � U for 0 � u � 1 and � U � n r
 �n nu , n n r , n
Ž .with probability 1 for 0 � r � n. Set p � nt and q s � n t 	 h s .
 � Ž .n 0 n 0 n

Ž . Ž .We infer from 2.15 and H.1 that, whenever n is so large that 0 � t �0
�1�2 Ž . �1�2 Ž . � �c � n L � � t 	 c 	 n L � � 1, for all s � �1, 1 ,n n 0 n n

E	 � , s � U � U 	 h s 	 n�1�2L �Ž . Ž .� 4n q Ž s. , n p , n n nn n

� � U � � UŽ . Ž .½ n q Ž s. , n n p , nn n

2.20 � � U 	 h s 	 n�1�2L � � � UŽ . Ž . Ž . 5Ž .n p , n n n n p , nn n
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� � � t 	 h s 	 n�1�2L � � � � tŽ . Ž . Ž .� Ž .Ž .n n 0 n n n n 0

�1� n n t 	 h s � ntŽ . 
 � 4Ž .0 n 0

� � � t 	 h s 	 n�1�2L � � � � tŽ . Ž . Ž .� Ž .Ž .n n 0 n n n n 0

� �L � 	 n�1�2 .Ž . 4n

Ž . Ž . � �Since our choice of C � c implies, via 2.12 , that � t � t � C , t 	 Cn n n 0 0 n 0 n
Ž . Ž .with probability 1 for all large n, 2.20 , when combined with 2.18 and

Ž .2.19 , implies that

	� E � , s i.o.Ž .� n
� �s� �1, 1

1� �� � sup � A , t ; 	 � L ��2 i.o. .Ž . Ž .�1n n n
� �t� t �C , t 	C0 n 0 n

2.21Ž .

�Ž .Making use of a similar argument for E � , s , we obtain likewise thatn

�� E � , s i.o.Ž .� n
� �s� �1, 1

1� �� � sup � A , t ; 	 � L ��2 i.o. .Ž . Ž .�1n n n
� �t� t �C , t 	C0 n 0 n

2.22Ž .

Ž . Ž . Ž . Ž .Since, by H.1 , H.5 and H.6 , A and C fulfill 2.8 , with C � � andn n
Ž .D � d 
 0, we may apply Fact 4 in the present setting, to show, via 2.7 ,

Ž . Ž . Ž .2.9 , 2.14 and 2.15 , that

� �1lim sup sup � A , t ; 	 �L ��2Ž . Ž .�1n n n½ 5
n�� � �t� t �C , t 	C2.23Ž . 0 n 0 n

�1�2� 1 	 ��2 � 1 a.s.Ž .
Ž . Ž . Ž . Ž .In view of 2.19 and 2.21 , 2.22 we readily infer from 2.23 that

� �12.24 lim sup � A , t ; 	 �L � � 1 a.s.Ž . Ž . Ž .� 4�1n n 0 n
n��

Ž . Ž . Ž Ž ..Ž .Recalling from 2.15 that L � � 1 	 o 1 1 	 � b as n � �, we concluden n
Ž . Ž .2.13 by choosing � � 0 arbitrarily small in 2.24 . �

The main result of this section is stated in the next lemma.

Ž . Ž . Ž .LEMMA 2.3. Under H.1 and H.5 , H.6 , we have

�1 � �12.25 lim b � h , t ; 	 	 � h , � t ; 	 � 0 a.s.Ž . Ž . Ž .Ž . �1n n n 0 n n n 0
n��

Ž . Ž . Ž .PROOF. Fix an arbitrary � � 0, and assume that H.1 and H.5 , H.6
Ž . Ž . Ž . Ž .hold. By combining 2.13 with 2.14 , 2.15 and 2.16 , we see that, with
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probability 1 for all large n,

� �1 �1�2 � �1
� t 	 h I � � t � h I � n � h , t ; 	Ž . Ž . Ž .�1 �1n 0 n n 0 n n n 0

� 1 	 � n�1�2 bŽ . n2.26Ž .
� 1 	 o 1 n�1�2L � � �h .Ž . Ž .Ž . n n

Ž . Ž . Ž .Also, we recall from 1.1 , 2.10 and 2.11 that, with probability 1 for all
large n,

� �1 �1max � t 	 h I � t , � t 	 h I � tŽ . Ž .� 4�1 �1n 0 n 0 n 0 n 0
2.27Ž .

1�2�1�2� c � h 	 n log n .Ž .n n 2

Ž .We next apply Fact 4 with A � �h , C � c , which obviously fulfill 2.8 ,n n n n
Ž � Ž .C � � and D � d 
 0. It is readily checked that 2 A log C �A 	n 	 n n

4.1�2 Ž Ž .. 1�2 Ž . Ž . Ž .log n � 1 	 o 1 � b . Thus, in view of 2.4 , we infer from 2.7 , 2.9 ,2 n
Ž . Ž .2.26 and 2.27 , that, with probability 1 for all large n,

� �1� h , t ; 	 	 � h , � t ; 	Ž . Ž .Ž . �1n n 0 n n n 0

�1�2 � �1� 2n 	 � � t 	 h I � � � t � � h , � t ; IŽ . Ž . Ž .Ž . Ž . Ž . �1n n 0 n n n 0 n n n 0

�1�2 � �1� 2n 	 � � t 	 h I � � � t 	 h IŽ . Ž .Ž . Ž . �1n n 0 n n n 0 n
2.28Ž .

�1�2 � �1 �1�2 1�2� 2n 	 sup � �h , t ; 	 � 2n � 2� b .Ž . �1n n n
� �t� t �c , t 	c0 n 0 n

Ž . Ž . �1�2 Ž . Ž . Ž .By 2.14 and 2.17 , n � o L � o b , whence the RHS of 2.28 is a.s.n n
ultimately less than or equal to 4� 1�2 b . Since we may choose � � 0 arbitrar-n

Ž .ily small, 2.25 is straightforward. �

The next lemma characterizes in part the range where the a.s. asymptotic
Ž . Ž .rates of � h , t ; 	 and � h , t ; 	 are identical. A different argument willn n 0 n n 0

Ž .be needed when H.6 holds with d � 0.

Ž . Ž . � .LEMMA 2.4. Assume that H.1 and H.6 hold with d � ��, 0 , Then, we
have

�1 � �1lim a � h , t ; 	 	 � h , t ; 	Ž . Ž . �1n n n 0 n n 0
n��

�1 � �1� lim b � h , t ; 	 	 � h , t ; 	 � 0 a.s.Ž . Ž . �1n n n 0 n n 0
n��

2.29Ž .

Ž . Ž . Ž .PROOF. H.6 holds with d � ��, 0 respectively d � � iff h �n
�1�2Ž .�d	oŽ1. � �1�2Ž .
n log n respectively h � n log n ultimately as n � � forn

�each 
� 0 . Thus, in either of these two cases, we have
1�2'b � 2h log 1� h n 	 log n� 4Ž .Ž .ž /n n 	 n 22.30Ž .

1�2� 1 	 o 1 2h log n � 1 	 o 1 a .Ž . Ž . Ž .Ž . Ž .n 2 n
�1�2Ž .1�2 Ž . � Ž . �Fix any � � 0. Set A � n log n and C � h . By 2.5 , � t � tn n n n n 0 0

� A with probability 1 for all large n. Thus, making use of the inequalities,n
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� �for s � �1, 1 ,
� � � �� h , t ; s 	 � h , t ; s � � h , t ; s 	 � h , � t ; sŽ . Ž . Ž . Ž .Ž .n n 0 n n 0 n n 0 n n n 0

� �	 � h , � t ; s � � h , t ; s ,Ž . Ž .Ž .n n n 0 n n 0

and
� � � �� h , � t ; s � � h , t ; s � � � t 	 h s � � t 	 h sŽ . Ž . Ž . Ž .Ž . Ž .n n n 0 n n 0 n n 0 n n 0 n

� � � �1 � �1	 � � t � � t � � A , t 	 h s ; 	 	 � A , t ; 	Ž . Ž . Ž . Ž .Ž . �1 �1n n 0 n 0 n n 0 n n n 0

� �1� 2 sup � A , t ; 	 ,Ž . �1n n
� �t� t �C , t 	C0 n 0 n

Ž .we infer from 2.25 that, with probability 1 for all large n,
�1 � �1b � h , t ; 	 	 � h , t ; 	Ž . Ž . �1n n n 0 n n 0

�1 � �1� ��2 	 2b sup � A , t 	 .Ž . �1n n n ;
� �t� t �C , t 	C0 n 0 n

2.31Ž .

Ž .Since A and C fulfill 2.8 with C � � and D � �d, we apply Fact 4 in then n
following cases.

Ž . Ž . Ž . Ž Ž .. Ž .i When d � ��, 0 , log C �A � � 1 	 o 1 d log n, so that, by 2.10n n 2
Ž .and 2.30 ,

�d�21�1 � �2b sup � A , t ; 	 � O log n � 0.Ž . Ž .Ž .�1n n n
� �t� t �C , t 	C0 n 0 n

Ž . Ž . Ž . Ž . Ž .ii When d � ��, log C �A � O log n , so that by 2.10 and 2.30 , forn n
each 
� 1,

Ž .1�
 �21�1 � �2b sup � A , t ; 	 � O log n � 0.Ž . Ž .Ž .�1n n n
� �t� t �C , t 	C0 n 0 n

Ž . �1 � Ž .In both cases, we obtain via 2.31 that lim sup b � h , t ; 	 	n�� n n n 0
Ž .�1� h , t ; 	 � � a.s. Since � � 0 may be chosen as small as desired, the�1n n 0

Ž .conclusion 2.29 is straightforward. �

Ž .REMARK 2.2. i The proof of Lemma 2.4 becomes invalid if we drop the
�1�2Ž .1�2 Ž .assumption that n log n � o h . Since this condition always holds2 n

� . Ž .for d � ��, 0 , but not for d � 0, there is no hope of establishing 2.29
� .when d � ��, 0 without any additional assumption.

Ž .ii Lemma 2.4 and Fact 1 jointly imply that the conclusions of Theorems
Ž . Ž . � .1.1 and 2.1 hold under H.1 and H.6 when d � ��, 0 . This covers part of

the large increment case.

Ž .REMARK 2.3. Theorem 5 of Einmahl and Mason 1988 shows that the
Ž . Ž .conclusions of Lemmas 2.3 and 2.4 hold under H.1 , H.2 only if t � 0 or 1,0

Ž .with � t � 0.n 0

2.2. Local functional laws of the iterated logarithm�outer bounds. The
outer bound halves of Theorem 2.1, will be established via Propositions 2.1
and 2.2.
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Ž . Ž . Ž .PROPOSITION 2.1. Under H.1 and H.5 , H.6 , for every � � 0, we have
with probability 1 for all n sufficiently large,

�1 � � � � �2.32 FF � b � h , t ; 	 : t � t � c , t 	 c � SS � B �1, 1 .Ž . Ž .� 4n n n n 0 n 0 n

Given Proposition 2.1 and Lemma 2.3, a simple argument allows us to
prove the following result.

Ž . Ž . Ž .PROPOSITION 2.2. Under H.1 and H.5 , H.6 , for every � � 0, we have
with probability 1 for all n sufficiently large,

�1 � � �2.33 b � h , t ; 	 � SS � B �1, 1 .Ž . Ž .n n n 0

Ž .PROOF. It follows from 2.25 that, with probability 1, for each � � 0 and
all n sufficiently large,

� �1 �1 �1b � h , t ; 	 	 b � h , � t ; 	 � ��2.Ž . Ž .Ž . �1n n n 0 n n n n 0

Ž . Ž . � �Since 2.11 implies that � t � t � c , t 	 c with probability 1 for alln 0 0 n 0 n
Ž .large n, and 2.32 implies that, with probability 1 for all large n,

�1 Ž . ��2 � �b � h , t; 	 � SS for all t � t � c , t 	 c , the inequality above im-n n n 0 n 0 n
�1 Ž . � � �4plies that b � h , t ; 	 � �SS � �f : f � SS with probability 1 for alln n n 0

Ž . � �large n. The conclusion 2.33 follows from the observation that SS � �SS .
�

In the remainder of this section, we will prove Proposition 2.1, together
with a series of technical results of independent interest, which will be used
in the forthcoming proof of the inner bound halves of Theorem 2.1. Through-

Ž �out, we will assume, without loss of generality, that t � 0, 1�2 . Our0
� .arguments will apply to the case where t � 1�2, 1 , after being reformu-0

lated via the mapping t � 1 � t . Moreover, in Fact 5 and Lemmas 2.6�2.90 0
below we will assume throughout and unless otherwise specified that the

� �functions we consider vary in B 0, 1 . We will show later how the correspond-
� �ing results may be modified in the setting of B �1, 1 to complete the proof of

Ž . Ž .2.32 . A rough outline of our argument, inspired by the proofs of 3.2 in
Ž . Ž . Ž .Deheuvels and Mason 1992 , and 2.60 in Deheuvels 1992 , is as follows.

We will show in the forthcoming Lemma 2.7 that the increments � of �n n
behave essentially in the same way as the increments LL of a Poissonn

� Ž . Ž .�process � see 2.37 , 2.38 , then conclude via blocking arguments and then
Borel�Cantelli lemma. The following Lemmas 2.5 and 2.6 evaluate appropri-
ate large deviation probabilities for LL . We will make use of strong approxi-n
mations which will allow us to infer these evaluations from similar bounds

Ž .for Wiener processes, which are stated in Fact 5 below. Let J be as in 2.1 .
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� Ž . 4FACT 5. Let W t : t � 0 be a standard Wiener process and, for any
Ž . Ž .�1�2 Ž . � � Ž�� 0, set W s � 2� W s for s � 0, 1 . Then, for each closed resp.��4

. Ž . Ž � � .open subset F resp. G of B 0, 1 , UU ,

lim sup��1 log � W � F � �J F andŽ .Ž .��4
���

lim inf��1 log � W � G � �J G .Ž .Ž .��4
���

2.34Ž .

Ž . � Ž .This result is due to Schilder 1966 see, e.g., Deuschel and Stroock 1989
�page 12 .

� � � �Denote by A the complement in B 0, 1 of A � B 0, 1 . The next lemma is
�Ž .given in view of an application of 2.34 to the special case where F � SS and

Ž .G � NN f .�

Ž . � �LEMMA 2.5. For each � � 0, 1 and f � SS � B 0, 1 such that 0 � � �
� �f � 1, we haveH

2�i J SS � 1 	 � ;Ž . Ž .Ž .
2.35Ž . 2 22� � � �ii J NN f � f � � � f 1 � � .Ž . Ž . Ž .Ž .Ž . H H�

� � � � � � � �PROOF. Let � � B 0, 1 . The inequality � � � is trivial when � � �H H
� �and holds likewise when � � �, since the Schwarz inequality entails thatH

1�2s 1 2˙ ˙� � � �2.36 � � sup � s ds � � s ds � � .Ž . Ž . Ž .H H H½ 5
0 00�s�1

� � � �1 �For each g � SS , 1 � C � g � �. If C � �, then �� C g � SS and g �H
� Ž . �� � C � 1. Therefore, by setting � � g � � in 2.36 , we see that � � g �H
� � � � � Ž .� � g � � � C � 1, which implies that C � g � 1 	 � . Since, by 2.1 ,H H

2�Ž . � � Ž .Ž .�J SS � inf g , we conclude 2.35 i . Next, our assumptions imply thatHg � SS

� � � � Ž .� � Ž . � �0 � f � 1, and hence, that � f � f � 1 � � f � 1 � � f for allH H
� ��10 � � � 1. Therefore, by choosing � � 1 � � � f with 0 � � � � � , we obtainH

Ž . � � � � � � Ž .that g � � f � NN f and g � f � � � � f 1 � � � . This readily impliesH H H�

Ž .Ž .2.35 ii by letting � ��� . �

Ž . 2Given a unit-rate homogeneous Poisson process � 	 on � , we set for
� �n � 0 and t � 0, 1

� �2.37 � t �� 0, t 
 0, n ,Ž . Ž . Ž ŽŽ .n

� Ž . 4 Ž . Ž Ž ..so that � t : t � 0 is a right-continuous Poisson process with � � t � ntn n
� Ž . 4 � Ž . 4 Žfor t � 0 and n � 0. We denote by � t : t � 0 � � t : t � 0 a right-1

.continuous standard Poisson process, and set, for n � 1, a � 0 and ��� s,
t � �,

2.38 LL a, t ; s � n�1�2 � t 	 sa �� t � nsa .Ž . Ž . Ž . Ž .Ž .n n n
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Ž . Ž . Ž .LEMMA 2.6. Assume that H.1 and H.5 , H.6 hold. Then, for any
Ž . � � Ž .� � 0, 1 and f � SS with 0 � � � f � 1, there exists an � � � � � 0 suchH

that, for all large n,
��

c 1 	 c �hŽ .n n n�1 �1 	 � b LL h , t ; 	 � SS �Ž .Ž .n n n 0 1	�ž /h log n2.39 Ž .Ž . n

Ž .� 1	�� log n ,Ž .
� � 2 Ž .1� f 1��Hc 1 	 c �hŽ .n n n�11 	 � b LL h , t ; 	 � NN f �Ž . Ž .Ž . 2n n n 0 � � � Ž .ž / f 1��Hhn log nŽ .

2.40Ž .
�

1 	 c �hŽ .n n� .1��log nŽ .

Ž . Ž . Ž . Ž � � .PROOF. Assume that H.1 and H.5 , H.6 hold. Fix � � 0, f andH
Ž .f � SS . By Fact 4 in Deheuvels and Mason 1994b and Komlos, Major and´

Ž .Tusnady 1975a, b, 1976 , we may construct jointly a standard Poisson´
� Ž . 4 � Ž . 4process � t : t � 0 , and a standard Wiener process W t : t � 0 , such that,

for universal constants CC � 0, CC � 0, CC � 0,1 2 3

� �� sup � x � x � W x � CC log T 	 z � CC exp �CC zŽ . Ž . Ž .1 2 3ž /2.41Ž . 0�x�T

for T � 0, ��� z � �.

Ž . Ž . Ž . Ž .Given 2.41 and recalling 1.1 and 2.37 , 2.38 , we make use of the triangle
inequality to write

� b�1 LL h , t ; 	 � SS �Ž .Ž .n n n 0

� � b�1 n�1�2 � nh 	 � nh 	 � SS �Ž .Ž .Ž .n n n

� �1 1�2� � � nh 	 � nh 	 � W nh 	 � ��2 n bŽ . Ž . Ž .Ž .0n n n n2.42Ž .

	 � b�1 n�1�2W nh 	 � SS ��2Ž .Ž .n n

� P 	 P .1, n 2, n

Ž .Ž .It follows from H.1 ii that, for all large n,

1�2 1�21�2'2.43 2 � 1 	 c �h � 2 	 1� h n log n � 2n log n .Ž . Ž . Ž .Ž .Ž .n n n 2 2

Ž . 1�2 Ž . Ž .Set z � z � ��2 n b � CC log nh and T � nh in 2.41 . We have, forn n 1 n n
all large n,

z � ��4 n1�2 bŽ .n n

1�2 �'� ��4 2nh log 1� h n 	 log n � zŽ . � 4Ž .Ž .ž /n 	 n 2 n2.44Ž .
� 3�CC log n.Ž .3
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Ž . Ž . Ž . Ž . Ž �It follows from 2.41 , 2.42 , 2.43 and 2.44 that, for each specified �� 0, 3
and all large n,

P � CC exp �CC z � CC exp �CC z� � CC �n3Ž . Ž .1, n 2 3 n 2 3 n 2

� �2� 1� 2 e � log n 1 	 c �h .Ž . Ž . Ž .Ž . Ž .n n

2.45Ž .

��2 ��2 � �We next observe that the complement SS of SS in B 0, 1 is closed in
1 52Ž � � . Ž .Ž . ŽŽ . . Ž .B 0, 1 , UU . By 2.35 i , � � 1 	 ��2 � 1 � 0, fulfills 1 � 1 	4 16

��2 ��2Ž . Ž .Ž .2� � 1 	 4� � J SS . Therefore, by setting F � SS in 2.34 i , we easily
Ž . Ž . Ž .infer from 2.14 , 2.15 and 2.30 that, for all large n,

��2 �1 2
�1 2P � � W � SS � exp � 1 	 2� h b �2Ž .Ž .ž /2, n �h b �24 n nn n

� exp � 1 	 � h�1L2 �2Ž .Ž .n n
2.46Ž .

�1�� 1	�� c �h 
 e � log nŽ . Ž .Ž .n n

2 1	� 1	�� 1 	 1�e � log n 1 	 c �h .Ž . Ž . Ž .Ž .n n

Ž . Ž .Here, we have used the inequalities 1 	 � � 2 and 1 	 u � 1 	 1�e � u 
 e
Ž . Ž . Ž .for u � c �h � 1. By combining 2.42 with 2.46 and 2.45 taken withn n

Ž .�� 1 	 � , we obtain readily that the LHS of 2.39 is ultimately less than
�Ž .2 Ž Ž 2 ..4Ž .�� Ž .�1��1 	 1�e 	 1� 2 e 1 	 c �h log n . This last inequality entailsn n

Ž . Ž .that 2.39 holds ultimately as n � � for each � � 0, � .
Ž .By a similar argument as that used in 2.42 , we may write

� b�1 LL h , t ; 	 � NN fŽ . Ž .Ž .n n n 0 �

� � b�1 n�1�2 � nh 	 � nh 	 � NN fŽ . Ž .Ž .Ž .n n n �

� � b�1 n�1�2W nh 	 � NN fŽ . Ž .Ž .n n ��22.47Ž .

� �1 1�2� � � nh 	 � nh 	 � W nh 	 � ��2 n bŽ . Ž . Ž .Ž .0n n n n

� P � P .3, n 1, n

� � Ž .Ž . Ž Ž ..Since f � 1, by 2.35 ii , J NN f � 1 � 4� � � 1 � 2� � � 1 for � � �H ��2
1 32Ž Ž . . Ž . Ž . Ž Ž� � .1 � 1 � ��2 � 0, . NN f being open in B 0, 1 , UU , by setting��24 16

Ž . Ž .G � NN f in 2.34 , we see that, for all large n,��2

� � 2 �1 2
�1 2P � � W � NN f � exp � 1 � 2� � f h b �2Ž . Ž .Ž . Ž .H3, n �h b �24 ��2 n nn n

� � 2 �1 2� exp � 1 � � � f h L �2Ž .Ž .H n n
2.48Ž .

Ž . � � 2� 1�� � f H� c �h 
 e log nŽ . Ž . .Ž .n n

Ž . � � 21�� � f H2� 1�e � log n 1 	 c �h .Ž . Ž .Ž .Ž . n n

Ž . Ž . Ž . Ž .Here, we have used 2.14 , 2.15 , 2.30 and the inequality e 1 	 u � u 
 e
Ž . Ž . Ž .for u � c �h � 1. By combining 2.47 and 2.48 with 2.45 taken withn n

Ž . � � 2 Ž .�� 1 � � � f , we obtain that the LHS of 2.40 is ultimately greater thanH
Ž Ž 2 ..Ž .1� Ž1�� �. � f � 2H Ž .�Ž1 �� �. � f � 2Hor equal to 1� 2 e 1 	 c �h log n . This, in turn, im-n n
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Ž .plies that the first inequality in 2.40 holds ultimately in n � � for each
Ž . Ž .� � 0, � 
 � � . The second inequality in 2.40 is always satisfied when
� � � �� � 0, 1 , 0 � f � 1 and n � 3. �H

� 4 � �LEMMA 2.7. Fix � � 1 and N � 1. For any t , . . . , t � 0, t 	 c �1 m 0 n
3� � Ž � � .0, � h , B , . . . , B , Borel subsets of B 0, 1 , UU , setn 1 m4

m

2.49 E � � h , t ; 	 � B ,Ž . � 4Ž .�1 n n j j
j�1

and
m

2.50 E � LL h , t ; 	 � B .Ž . � 4Ž .�2 n n j j
j�1

Then, there exists an absolute constant CC such that, for all large n,4

2.51 � E � CC � E .Ž . Ž . Ž .1 4 2

PROOF. This is an extended version of Lemmas 2.1 and 3.1 of Deheuvels
Ž . Ž . Ž . �and Mason 1992 , who showed that � E � 2� E for n � 5, when 0, t 	1 2 0

1� � �c � 0, � h . The proof is very similar, and obtained by combining then n2

following observations.
Ž . Ž � . ��First, we note that if P r � r �r! e , r � 0, 1, . . . is a Poisson distribu-�

tion, then, for integer �,

1 	 o 1Ž .
sup P r � P � � as � � �.Ž . Ž .� � '2��r�0

Ž .This, in turn, readily implies that, as � 	 �� � with �� � 	 � � c � 0,

1 1
lim sup sup P r � .Ž .�ž /½ 5 'P � 	 �� 	Ž . cr�0�	�

� Ž . 4Second, for each n � 1, the Poisson process � t : 0 � t � 1 follows, condi-n
Ž . � Ž . 4tionally on � 1 � n, the same distribution as n� t : 0 � t � 1 . It followsn n

that, if we fix 0 � d � 1 and consider two measurable events of the form

EE � � t : 0 � t � d � B and EE � n� t : 0 � t � d � B ,� 4 � 4� 4 � 4Ž . Ž .1 n 2 n

Ž . Ž . Ž . Ž .then, letting R �� d , R �� 1 �� d , � � nd and �� n 1 � d , wen n n
Ž �1�2see that there exists a constant CC depending upon d only CC � 2 d will

.do , such that, for all large n,

n � R � kŽ .
� � 4� EE � � EE R 	 R � n � � EE � R � n � kŽ . Ž .Ž . Ý2 1 1

� R 	 R � nŽ .k�0

1
� � EE sup � R � k � CC� EE .Ž . Ž . Ž .1 1

� R 	 R � nŽ . k�0

Ž .The conclusion 2.51 is readily achieved by suitable choices of B and d. �
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Ž . Ž . Ž .Recall the definitions 1.1 of b and c , and 2.14 of L . By 2.15 , undern n n
Ž . Ž . Ž .H.1 and H.5 , H.6 ,

1�2
L � 2h log c �h 	 log n� 4Ž .Ž .n n 	 n n 22.52Ž .

� 1 	 o 1 b � 0 as n � �.Ž .Ž . n

Ž �Let � � 0 and � � 0, 1 be two constants which will be given precisely later
k Ž .on. Set � � 1 	 � for k � 0, and t i, � � t 	 i�h for �MM �Ž .k n 0 n n

Ž .i � MM � 2c � �h . Since 1.1 implies that 0 � �h � h � c , we haveŽ .n n n n n n
the inequalities

� � � �t i , � � t � MM �h � 2c � �h �h � 2c , 3cŽ . Ž .n 0 n n n n n n n

for �MM � i � MM ,n n

2.53Ž .

Ž . � Ž . 4Set TT � � t i, � : �MM � i � MM , and introduce the events, for � � 0k � � �k	 1 k	1 k	1

and k � 1,
1�2 �1 �C � , � � n�� b � h , t ; 	 � SSŽ . Ž . Ž .½k k	1 � n �k	 1 k	1

2.54Ž .
�for some t � TT � and n � � , � ,Ž . Ž 5k k k	1

2.55 D � , � � b�1 � h , t ; 	 � SS � for some t � TT � .Ž . Ž . Ž .Ž .� 4k � � � kk	 1 k	1 k	1

Ž �LEMMA 2.8. For each � � 0, � � 0, 1 and �� 0, there exists a K �, such
that, for all k � K �,
2.56 � C � , � � 2� D ��2, � .Ž . Ž . Ž .Ž . Ž .k k

PROOF. This is a version of Lemma 3.4, pp. 1268�1269 in Deheuvels and
Ž .Mason 1992 , with small changes of notation. The proof is achieved by

exactly the same arguments, after checking that
2� � � h � � b � 1� log 1� h � 	 log � � 0.Ž . 'Ž . ž /½ 5ž /k	1 k � k	1 � 	 � k	1 2 k	1k	 1 k	1 k	1

Therefore, we omit details. �

Ž . Ž . Ž . Ž �LEMMA 2.9. Under H.1 and H.5 , H.6 , for every � � 0, 1 , there exists
Ž . Ž .with probability 1 an n � � � such that, for all n � n � ,

�1 � � � � �2.57 FF � b � h , t ; 	 : t � t � c , t 	 c � SS � B 0, 1 .Ž . Ž .� 4n n n n 0 n 0 n

Ž � Ž � Ž � Ž . Ž .PROOF. Fix � � 0, 1 , � � 0, 1 and � � 0, 1�2 . Recall 2.53 , 2.54 ,
Ž . Ž .Ž .2.55 , and observe that 2 MM 	 1 � 2 2c � �h 	 1 � 4�� 1 	 c �h . ItŽ .n n n n n

Ž . Ž . Ž .follows therefore from 2.39 , 2.51 , 2.56 and the Bonferroni inequalities
that there exists an � � 0 such that, for all large k,

� C � , � � 2� D ��2, �Ž . Ž .Ž . Ž .k k

� 2 2 MM 	 1 � b�1 � h , t ; 	 � SS ��2Ž . Ž .Ž .� � � � 0k k	1 k	1 k	1

� 8�� 1 	 c �h � b�1 � h , t ; 	 � SS ��2Ž . Ž . Ž .Ž .� � � � � 0k	 1 k	1 k	1 k	1 k	1
2.58Ž .

� 8CC �� 1 	 c �h � b�1 LL h , t ; 	 � SS ��2Ž . Ž . Ž .Ž .4 � � � � � 0k	 1 k	1 k	1 k	1 k	1

Ž .� 1	� �Ž1	� .� 8CC �� log � � O k ,Ž . Ž . Ž .4 k
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Ž . Ž .which is summable in k. Thus, by 2.54 , 2.58 and the Borel�Cantelli
lemma, a.s. for all large k,

1�2�1 �2.59 b � h , t ; 	 � b �b � �n SS ,Ž . Ž .Ž . Ž .n n � � n k	1k	 1 k	1

Ž . � Ž . 4uniformly over t � TT � � t i, � : �MM � i � MM and � � n � � .k � � � k k	1k	 1 k	1 k	1

Ž .�1�2 Ž .By the inequality 1 � 1 	 � � � for 0 � � � 1 and H.1 we have, for
all large k, and � � n � � ,k k	1

0 � h � h � h 1 � h �h � h 1 � � ��Ž .Ž .n � n � � n k k	1k	 1 k	1 k

� 1 	 o 1 h �� 1 	 � � �h ,Ž . Ž .Ž . n n

2.60Ž .

0 � h � h � h h �h � 1 � h � �� � 1Ž .Ž .� n n � � n k	1 kk k k	1

� 1 	 o 1 h � � 2�h ,Ž .Ž . n n

2.61Ž .

0 � c � cn � k	 1

�1�2 �1�2� h � h 	 n�log n � � �log � � � c .Ž . Ž .n � 2 k	1 2 k	1 nk	 1

2.62Ž .

Ž . Ž . Ž .By combining the definition 1.1 of b with 2.60 and 2.61 , we obtain that,n
for all large k,

1�2 1�2max max b �b � �n �1 , b �b n�� �1Ž . Ž .Ž . Ž .½ 5� n k	1 n � kk	 1 k� �n��2.63 k k	1Ž .
� 2� .

� � � � � Ž .By definition, f � SS if f � g � � for some g with g � 1. By 2.36 ,H
� � � � � � � � � � � �g � g , so that, for each � � 0, � f � g � � f � g 	 � � 1 
 g �H

� � ��	 � ��1 ��� 	 � � 1 . Thus, � f � SS , and

� � � 4 ��	 � ��1 �2.64 � SS � � f : f � SS � SS .Ž .
Ž . Ž . Ž .By combining 2.64 taken with � � 1 	 2� , with 2.59 and 2.63 , we obtain

Ž .that, a.s. for all large k, uniformly over t � TT � and � � n � � ,k k k	1

1�2�1 � Ž1	2� .�	2�2.65 b � h , t ; 	 � b �b � �n SS � SS .Ž . Ž .Ž . Ž .n n � � n k	1k	 1 k	1

Ž . Ž . Ž .By Fact 4, taken with A � �h and C � 3c , 2.53 , 2.54 and 2.64 , a.s.n n n n
for all large k,

�1 � �1lim sup max sup b � h , t ; 	 � � h , t ; 	Ž .Ž . �1n n � n n½ 5k	 1� �n��k k	1k�� Ž .t�TT �k

�1 � �1 1�2� 2 lim sup b � �h , t ; 	 � 2� .Ž . �1n n n½ 5n�� � �t� t �3c , t 	3c0 n 0 n

Ž . Ž . Ž .Thus, by 2.64 , 2.65 , we have a.s. for all large k, uniformly over t � TT �k
and � � n � � ,k k	1

2.66 b�1 � h , t ; 	 � SS �Ž1	2� .�	2�	2� 1�24 .Ž . Ž .n n n
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Ž . Ž . Ž �Next, we infer from 2.53 , 2.62 and � � 0, 1�2 , that, for all large k and
� � n � � ,k k	1

�1 �1� �t � c , t 	 c � t � 1 � � c , t 	 1 � � cŽ . Ž .0 n 0 n 0 � 0 �k	 1 k	1

� t � 2c , t 	 2c0 � 0 �k	 1 k	12.67Ž .
� t �MM , � , t MM , �Ž . Ž .� � � �k	 1 k	1 k	1 k	1

� �� t � 3c , t 	 3c � t � 3c , t 	 3c .0 � 0 � 0 n 0 nk	 1 k	1

Ž .In view of 2.52 , an application of Fact 4, taken with A � �h and C � 3c ,n n n n
shows that

�1 � �1lim sup sup sup b � h , t ; 	 � � h , t�; 	Ž . Ž . �1n n n n n½ 5
n�� � � � �t� t �c , t 	c t ��t ��h0 n 0 n n

�1 � �1 1�2� 2 lim sup sup b � �h , t ; 	 � 2� a.s.Ž . �1n n n½ 5
n�� � �t� t �3c , t 	3c0 n 0 n

2.68Ž .

Ž .Ž . Ž . Ž .Since H.1 i implies that t i 	 1, � � t i, � � �h � �h for all� � � nk	 1 k	1 k	1

Ž . Ž . Ž .� � n � � , it follows from 2.66 , 2.67 and 2.68 , that, with probability 1k k	1
for all n sufficiently large,

�1 � �FF � b � h , t ; 	 : t � t � c , t 	 cŽ .� 4n n n n 0 n 0 n
2.69Ž .

� SS �Ž1	2� .�	2�	2� 1�2	2 � 1�24 .

Ž . Ž . 1�2 1�2By 2.69 , the observation that 1 	 2� � 	 2� 	 2� 	 2� � � , subject
Ž � Ž 2 � Ž 2 �to an initial choice of � � 0, 1 , � � ��4, �� 0, � �64 and � � 0, � �64 ,

Ž .yields readily 2.57 . �

Ž . Ž . Ž .PROOF OF PROPOSITION 2.1. In view of 1.1 and 2.64 , we apply 2.57 with
the formal replacements of h and c by 2h and c 	 h respectively. Wen n n n n
readily obtain that, for each � � 0, almost surely for all large n and t� �
� �t � c � h , t 	 c 	 h , there exists an f � f � SS with0 n n 0 n n n, � , t �

� 1�2 �12.70 � 2h , t�; 	 � 2 f � ��2.Ž . Ž . 0n n

Ž . Ž Ž . . Ž .Observe that � h , t; s � � 2h , t � h ; s 	 1 �2 � � 2h , t � h , 1�2n n n n n n n n
� � � �for s � �1, 1 and t � t � c , t 	 c . Thus, by setting t� � t � h , we0 n 0 n n

Ž .infer from 2.70 that

� �1� h , t ; 	 � gŽ . �1n n
2.71Ž .

� 1�2 �1� � h , t ; 	 � 2 f 		 1 �2 � f 1�2 � � ,� 4Ž . Ž . Ž .Ž . �1n n

Ž . 1�2� ŽŽ . . Ž .4 � �where the function g s � 2 f s 	 1 �2 � f 1�2 of s � �1, 1 satis-
�1�2 ˙Ž . Ž . ŽŽ . .fies g 0 � 0 and g s � 2 f s 	 1 �2 . The change of variable s � 2v � 1

2̇ 1 2 1 ˙ 2 2� � Ž . Ž . � � Ž .allows us write g � H g s ds � H f v dv � f � 1. Given 2.71 and˙H H�1 0
Ž .this last inequality, 2.32 is straightforward. �
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3. Proofs—inner bounds.

3.1. Introduction. In the present section we establish the inner bounds of
Ž .Theorem 2.1. In view of 2.25 and SS � �SS , this amounts to showing that,

for each � � 0 and f � SS , we have almost surely

� �1 �13.1 lim inf b � h , � t ; 	 � f � � .Ž . Ž .Ž . �1n n n n 0
n��

� � � � � � � � Ž � � .For each f � B �1, 1 , define f � B 0, 1 and f when f � � byH H

letting

1�2
1 2� � ˙� �� �3.2 f s � �f �s for s � 0, 1 and f � f �s ds .Ž . Ž . Ž . Ž .H H½ 5

0

Ž .We will limit ourselves to proving that 3.1 holds when f varies in the set
� � � Ž � � .�SS � B �1, 1 with closure equal to SS in B �1, 1 , UU , which is composed0

� �of all f � SS � B �1, 1 such that

� 	 �2 � � �20 � f , 0 � f , andH H

1 22 2 2� 	˙� � � � � �f � f �s ds � f 	 f � 1.Ž .H H H H
�1

3.3Ž .

We will consider successively the case of small, large and intermediate
� � Ž .increments, corresponding respectively to d � �, d � ��, 0 and d � 0,�

Ž .in H.6 . A rough outline of the arguments of our proofs in each of these cases
is as follows. Let f � SS .0

1. For small and intermediate increments, we show that, for each small
� � 0 and �� 0, there exists almost surely a sequence 1 � R � R � 			 ,1 2

� �together with a sequence t � t 	 �c , 2�c , k � 1, such that,k 0 R Rk k

� �1 Ž . �1for infinitely many indices k, we have jointly b � h ,t ; 	 � f ��1n n n k
� Ž . � �1 � Ž .��2 for all integers n � R , 1 	 � R , and b � h , t ; 	 �k k n n n k

Ž Ž . .�1 � Ž . �� h , � t ; 	 � ��2 for some integers n � R , 1 	 � R . The con-�1n n n 0 k k
Ž .clusion 3.1 follows by combining these inequalities.

� .2. For large increments with d � ��, 0 , we combine Fact 1 and Lemma
2.4. In the remaining case where d � 0, we introduce a sequence 1 � n �1
n � 			 such that, almost surely for infinitely many indices k,2
� �1 Ž . �1 � Ž . � �1�2Ž .�
b � h , t ; 	 � f � ��2 and � t � t � n log n . Here,�1n n n 0 n 0 0 k kk k k k �1 � Ž .
 � 0 is a constant chosen in such a way that b � h , t ; 	 �n n n 0k k k

Ž Ž . .� Ž .� h , � t ; 	 � ��2 for all large k. The conclusion 3.1 follows fromn n n 0k k k

these combined facts.

We start by giving a series of technical lemmas which will be useful for our
Ž .needs. Recall 2.38 .
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Ž . Ž . Ž .LEMMA 3.1. Under H.1 and H.5 , H.6 , for any � � 0 and f � SS , there0
Ž .exists an � � 0, 1 such that, for all large n,

� � 2 Ž .1� f 1��Hc 1 	 c �hŽ .n n n�11 	 � b LL h , t ; 	 � NN f �Ž . Ž .Ž . 2n n n 0 � � � Ž .ž / f 1��Hhn log nŽ .
3.4Ž .

�
1 	 c �hŽ .n n� .1��log nŽ .

�Ž . Ž . � �PROOF. Set LL h , t ; s � �LL h , t ; � s for s � 0, 1 . Observe that,n n 0 n n 0
	Ž .whenever n is so large that 0 � t � h � t 	 h � 1, then, LL h , t ; 	 �0 n 0 n n n 0

� � �Ž . � �B 0, 1 and LL h , t ; 	 � B 0, 1 are independent and identically dis-n n 0
Ž .tributed. By 2.40 , it follows that, for all large n,

cn �11 	 � b LL h , t ; 	 � NN fŽ . Ž .Ž .n n n 0 �ž /hn

cn �1 	 	� 1 	 � b LL h , t ; 	 � NN fŽ . Ž .� 4Ž n n n 0 �ž /hn

� b�1 LL � h , t ; 	 � NN f �Ž . Ž .� 4 .n n n 0 �

Ž � 	 � 2 � � � 2 .Ž .1� f 	 f 1��H H1 	 c �hŽ .n n� 2 2	 �Ž � � � � .Ž .f 	 f 1��H Hlog nŽ .
2 �� � Ž .1� f 1��H1 	 c �h 1 	 c �hŽ . Ž .n n n n� � ,2 1��� � Ž .f 1��H log nŽ .log nŽ .

Ž .which is 3.4 �

In our proofs, we will follow the conventions of Section 2.2, by assuming,
Ž �without loss of generality, that t � 0, 1�2 . The following additional nota-0

tion will be needed. Set

� � � 2 � � t � � t 1 � � � t � n�1�2� t 1 � �Ž . Ž . Ž . Ž .Ž . Ž .n 0 n 0 0 n 0

� �for � � 0, 1 ,3.5Ž .
� � � 0 � 2 t � � t � t � n�1�2� t .Ž . Ž . Ž .n n 0 n 0 0 n 0

� �LEMMA 3.2. For each � � 0, 1 , we have, with probability 1,
�1 � �3.6 lim sup n log n � t � � t � 1,Ž . Ž . Ž . Ž .n	1 0 n 0

n��

1�2�1�21�2 1�2� �3.7 lim sup n log n � � � � � 2 � t 1 � � t ,Ž . Ž . Ž . Ž .Ž .2 n n 0 0
n��

1�4�3�43�4 5�4 �3�4� �3.8 lim sup n log n � t � � � 2 3 t 1 � t ,Ž . Ž . Ž . Ž .Ž .2 n 0 n 0 0
n��

1�2�1�21�2 1�2� �3.9 lim sup n log n � t � t � 2 t 1 � t .Ž . Ž . Ž . Ž .Ž .2 n 0 0 0 0
n��
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Ž . � Ž . Ž . � � �PROOF. Note from 2.3 that � t � � t � U � U with i �n	1 0 n 0 j, n	1 i, n

Ž . �nt , j � n 	 1 t , and i � j � i 	 1 a.s. Since U � U when
 �0 0 j, n	1 j, n

� �U � U , and U � U , U when U � U , in either case,n	1 j, n j, n	1 j�1, n j, n n	1 j, n
� �U � U , U . It follows that, with probability 1,j, n	1 i�1, n i	1, n

� � � 4� t � � t � max U � U � KK .Ž . Ž .n	1 0 n 0 m , n m�1, n n
1�m�n	1

Ž .�1 � Ž .�Since n log n KK � 1 a.s. Devroye 1981, 1982 , the inequality aboven
Ž . Ž �suffices for 3.6 . Making use of the assumption that t � 0, 1�2 , we see that0

Ž .0 � t � � t � 1�2, which enables to derive 3.7 from Corollary 2.1 of De-0 0
Ž . Ž . Ž . �heuvels 1992 . Equation 3.8 is due to Kiefer 1967 see, e.g., Deheuvels and
Ž . Ž .�Mason 1990a and Section 3.4 of Deheuvels and Mason 1994b . Finally, we

Ž . Ž .obtain readily 3.9 by combining 3.8 with the law of the iterated logarithm
Ž .for n� t , considered as the partial sum of order n of an i.i.d. sequence ofn 0

Bernoulli random variables with expectation t . �0

Ž . Ž .LEMMA 3.3. Under H.5 , H.6 , we have, with probability 1,

�1 � �1 �13.10 lim b sup � 2n log n , t ; 	 � 0.Ž . Ž . 0n n
n�� 0�t�1

Ž . 	 Ž .PROOF. Recall the definition 3.7 of R for C � 0. By Theorem 1 I ofC
Ž . � Ž . Ž .Mason, Shorack and Wellner 1983 see, e.g., 4.1.1 � 4.1.6 in Deheuvels and

Ž .�Mason 1992 , we have

1�2 �1 � �1 �1 	lim n �2 log n b sup � 2n log n , t ; 	 � R � � a.s.Ž . Ž . 0n n 2
n�� 0�t�1

Ž . Ž . Ž . Ž . �1Ž . 1�2By Remark 1.1 ii , H.5 , H.6 imply 1.13 so that b log n �n �n
ŽŽ .�1�2 .O nh �log n � 0. This, when combined with the above inequality,n

Ž .yields 3.10 . �

Ž .3.2. Small increments d � � . The main result of this section is stated in
the following proposition.

Ž . Ž . Ž .PROPOSITION 3.1. Assume that H.1 and H.5 , H.6 hold with d � �.
� �1 Ž . 4Then, the sequence b � h , t ; 	 : n � 1 is almost surely compact inn n n 0

Ž � � .B �1, 1 , UU , with limit set equal to SS .

The following arguments are oriented towards proving Proposition 3.1. We
Ž . Ž . Ž . Ž .will assume throughout that H.1 and H.5 , H.6 hold with d � �. By 1.12

Ž .and 1.13 , this implies that, for each 
� 0, we have, ultimately in n � �,
�
�1�23.11 nh �log n � � and h � n log n .Ž . Ž .n n

Ž .Recalling the notation of Sections 1 and 2, we let � , � and LL h , t; 	 be asn n n
Ž . Ž . Ž .in 2.37 , 2.38 and h be as in 2.6 . We let �� 0 denote a constant which will

kbe specified later on, and set � � 1 	 � for k � 0. The following factŽ .k
will be useful.
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� Ž . 4FACT 6. Let � t : t � 0 be a standard Poisson process. Then, for any
T � 0 and x � 0,

� �� sup � u � u � TxŽ .ž /
0�u�T

� exp �T h 1 	 x 	 exp �T h 1 � xŽ . Ž .Ž . Ž .3.12Ž .

� 2 exp �T h 1 � x .Ž .Ž .

Ž . Ž . Ž . Ž .Since h 1 	 x � h 1 � x for x � 0, h 1 � x � � for x � 1, 3.12 follows
Ž .from Inequality 1, page 569 in Shorack and Wellner 1986 and Lemma 2.1 in

Ž .Deheuvels and Mason 1994b .

Ž . Ž . Ž .LEMMA 3.4. Assume that H.1 and H.5 , H.6 hold with d � �. Select an
Ž � Ž �arbitrary f � SS . Fix any � � 0, 1 , any � � 0, 1�2 , and choose a ��0

Ž Ž .2 �0, ��64 . Then, with probability 1, for all large k, there exists a t �k
Ž . � �t f , � , � � t 	 �c , t 	 2�c such thatk 0 � 0 �k k

� �1 �13.13 b � h , t ; 	 � f � ��2,Ž . Ž . �1� � � kk k k

and

� �1 �1 �13.14 max b � h , t ; 	 � b � h , t ; 	 � ��2.Ž . Ž . Ž . �1n n � k � � � kk k k k� �n��k k	1

PROOF. The proof will be achieved in the following three steps.
Step 1. Fix t, i � 1 and N � 1 in such a way that 0 � t � t 	 iN�1h � 1.n

The random variables

X � n 	 m � t 	 iN�1 h � n 	 m � tŽ . Ž . Ž .Ž .m n	m n n	m

� n 	 m � 1 � t 	 iN�1h 	 n 	 m � 1 � t ,Ž . Ž . Ž .Ž .n	m�1 n n	m�1

m � 1,

Ž . Ž . �1are independent with � X � 1 � 1 � � X � 0 � p � iN h . On a prob-m m n
ability space enlarged by products, define a sequence of independent random

� 4 � 4variables Y : m � 1 , independent of X : m � 1 , and such that, for eachm m
m � 1,

� Y � 0 � p�1 e�p � 1 	 p ,Ž . Ž .m

pk�1
�p� Y � k � e for integer k � 1.Ž .m k!

� 4Observe that Z � X Y : m � 1 are independent Poisson random variablesm m m
Ž .with � Z � p for m � 1. Moreover, for each M � 1,m

M
� X � Z , � 1 � m � M � 1 � � X � 1 � Y � 1Ž . Ž . Ž .Ž .m m 1 1

M�p 2� 1 � p 1 � e � 1 � Mp .Ž .Ž .
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Ž .1�2 Ž �1 . 1�2 ŽSince X 	 			 	X � mp � n 	 m � h , t; iN � n � h , t;1 m n	m n n n
�1 . �1iN , we infer from this inequality taken with n � � , p � iN h andk � k

� �M � � � � , that, for each � � 0, �N � i � N and t � h , 1 � h ,k	1 k � �k k

1�2�1 �1 �1� �� max b n�� � h , t ; iN � � h , t ; iN � ��4Ž . Ž . Ž .� k n � � �ž /k k k k� �n��k k	1

1�2�1 �1 �1� �� � max b n�� LL h , t ; iN � LL h , t ; iN � ��4Ž . Ž . Ž .� k n � � �ž /k k k k� �n��k k	1

2 2	 � � � i�N hŽ . Ž .k	1 k � k

Ž .2 Ž .Fix now N � 64�� . By 2.38 , it is readily verified that, independently of
� �t � h , 1 � h ,� �k k

1�2�1 �1Q t , ��4 � � max max b n�� � h , t ; iNŽ . Ž . Ž .k , N � k n �ž k k� �n���N�i�N k k	1

�1�� h , t ; iN � ��4Ž .� � /k k

� 2 N � � � h2Ž .k	1 k � k

N
1�2�1 �1	 2 � max b n�� LL h , t ; iNŽ .Ý Ž .� k n �ž k k� �n��k k	1i�1

3.15Ž .

�1�LL h , t ; iN � ��4Ž .� � /k k

� 2 N � � � h2Ž .k	1 k � k

N
1�2� �	 2 � sup � u � u � ��4 � b .Ž . Ž .Ý k � kž /

�1Ž .i�1 0�u�iN � �� hk	1 k � k

Ž . Ž . 1�2Assumptions H.5 and H.6 jointly imply that n h �b � �. Moreover,n n
Ž .� � � �� � � as k � �. Therefore, each i � 1, . . . , N, we have, ask	1 k k
k � �,

x i � ��4 � 1�2 b � iN�1 � � � hŽ . Ž . Ž .Ž . Ž .k , N k � k	1 k �k k

� 1 	 o 1 �Nb � 4 i�� 1�2h � 0.Ž .Ž . Ž .� k �k k

Ž . Ž Ž .. 2 � � Ž .2Since h 1 � u � 1 	 o 1 u �2 as u � 0 and 0 � � � ��64 , it follows
that, for each i � 1, . . . , N, as k � �,

i�� h x 2 iŽ .k � k , Nk�1iN � � � h h 1 � x i � 1 	 o 1Ž . Ž . Ž .Ž .Ž .k	1 k � k , Nk 2 N

� 2Nb2
� k� 1 	 o 1Ž .Ž .

32 i�h� k

4b2 1� k� � 2 log � �.ž /h h �'� � kk k
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Ž . Ž . �By 3.12 and 3.15 , we obtain therefore that, uniformly over t � h , 1 �� k�h , as k � �,� k

Q t , ��4 � 4N�� h2Ž .k , N k � k

N
�1	 4 exp �iN � � � h h 1 � x iŽ . Ž .Ž .Ý Ž .k	1 k � k , Nk

i�1
3.16Ž .

� 4N � 	 1 � h2 .Ž . k � k

Ž � Ž .Step 2. Fix f � SS and choose any � � 0, 1�2 . By 3.11 we have, for each0

� 0 and all large n,


�4log nŽ .
� �c �2h � �c �2h � 1� 	n n n n1�2n h3.17Ž . n


�2
� ��4 1 	 c �h � ��4 log n .Ž . Ž . Ž . Ž .n n

� Ž .Set MM � �c �2h for k � 1. We infer from 2.51 that, for all large k,k � �k k

2 MM
�
k

�1P � � b � h , t 	 2 jh ; 	 � NN fŽ .Ž .� 4�k � � � 0 � ��2k k k k
�ž /j�MM 	1k

2 MM
�
k

1�2�1 �1	 � max max b n�� � h , t 	 2 jh ; iNŽ .� Ž .� k n � 0 �½ k k k
�ž � �n���N�i�N k k	1j�MM 	1k

�1�� h , t 	 2 jh ; iN � ��4Ž .� � 0 � 5k k k /
2 MM

�
k

�1� CC � b LL h , t 	 2 jh ; 	 � NN fŽ .Ž .� 4�4 � � � 0 � ��2k k k k
�ž /j�MM 	1k

2 MM
�
k

	 Q t 	 2 jh , ��4 .Ž .Ý k , N 0 � k
�j�MM 	1k

Ž .By combining 2.37 and the independence of the increments of � onn
Ž . Ž . Ž . Ž . Ž .nonoverlapping intervals with 3.4 , 3.11 , 3.15 , 3.16 and 3.17 , we infer

from the inequality above that there exists an �� 0 such that, for each 
� 0
and all k sufficiently large,

MM
�
k ��1 2P � CC 1 � � b LL h , t ; 	 � NN f 	 4N �	 1 MM � hŽ . Ž .Ž .Ž .ž /k 4 � � � 0 ��2 k k �k k k k

�c� k �1� CC exp � � b LL h , t ; 	 � NN fŽ .Ž .Ž .4 � � � 0 ��2k k kž /2h� k


�4 1�2	 4N �	 1 log � � hŽ . Ž .k k � k
3.18Ž .
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�
1 	 c �hŽ .� � �
�2k k� CC exp � ��4 	 log �Ž . Ž .4 k1��ž /log �Ž .k

Ž . �
�2� 1	
�2 �1� CC exp � ��4 log � 	 log � .Ž . Ž . Ž .ž /4 k k

Ž Ž .. Ž . Ž �1 . Ž .Since log � � 1 	 o 1 k log 1 	 � , the choice of 
� 4 1 
 � in 3.17k
Ž .and 3.18 entails that Ý P � �. The Borel�Cantelli lemma implies there-k k

� �fore that for all k sufficiently large there exists a t � t 	 2 jh : MM � j �k 0 � kk� 4 � � Ž .2 MM � t 	 �c , t 	 2�c fulfilling 3.13 , together withk 0 � 0 �k k

1�2�1 �1max max b n�� � h , t ; iNŽ . Ž .½ � k n � kk k� �n�� �N�i�Nk k	13.19Ž .
�1�� h , t ; iN � ��4.Ž . 5� � kk k

Ž � �1Step 3. Since � � 0, 1�2 , by Fact 4, taken with A � N h , C � 2c , wen n n n
obtain readily that

1�1 �1lim sup b � h , t ; � I � � h , t ; � NI N� 	Ž . Ž .� � � k � � kk k k k k 0
k��

�1� lim sup b sup � h , t ; � IŽ .n n n
n�� � �t� t �c , t 	c0 n 0 n

1�1�� h , t ; � NI N� 	Ž .n n 0

3.20Ž .

1�1 �1 �1�2� 2 lim sup b sup � N h , t ; 	 � 2 N a.s.Ž .n n n �1
n�� � �t� t �2 c , t 	2 c0 n 0 n

Ž . Ž .By 2.61 and 2.63 , we have, for all k sufficiently large, uniformly over
� � n � �k k	1

1�2 � �b �b n�� � 1 	 2� and h � h � 2�h .Ž .Ž .n � k n � nk k

Ž .By combining 3.20 with Fact 4, taken with A � 2�h and C � 2c , wen n n n
obtain therefore that

11�2�1 �1lim sup b max n�� � h , t ; � I � � h , t ; � NI NŽ . Ž . � 	Ž .� k n n k n � kk k 0� �n��k k	1k��

�1� 1 	 2� lim sup b sup � h , t ; � IŽ . Ž .n n n½
n�� � �t� t �c , t 	c0 n 0 n

1�1�� h , t ; � NI N� 	Ž .n n 0

�1 �1	 lim sup max b sup � h , t ; � NI N� 	Ž .n n n
� �n��k k	1k�� � �t� t �c , t 	c0 n 0 n

1�1�� h , t ; � NI N� 	Ž .n � 5k 0

1�1�2 �1� 1 	 2� 2 N 	 2 lim sup b sup � 2�h , t ; 	Ž . Ž .n n n �1½ 5
n�� � �t� t �2 c , t 	2 c0 n 0 n

1�2�1�2� 2 1 	 2� N 	 2� a.s.Ž . Ž .Ž .
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Ž . Ž .This, when combined with 3.19 and 3.20 , shows that, with probability 1 for
all large k,

11�2�1max b n�� � h , t ; 	 � � h , t ; 	Ž . Ž . Ž .� k n n k � � kk k k �1� �n��k k	1

1�2�1�2 �1�2� ��4 	 2 N 	 2 1 	 2� N 	 2�Ž . Ž .Ž .3.21Ž .

� ��4 	 8 N�1�2 	 � 1�2 � 3��8,Ž .
Ž .2 Ž .2where we have used � � ��64 � 1�2, 0 � � � 1 and N � 64�� . By

Ž . Ž .2.63 and 3.20 ,

11�2 �1� �lim sup max b �b n�� � 1 
 b � h , t ; 	Ž . Ž .Ž .n � k n n n k �1ž /k� �n��k k	1k��

�1 � �1� 2� lim sup sup b � h , t ; 	 � 2� � ��8,Ž . �1n n nž /
n�� � �t� t �c , t 	c0 n 0 n

Ž . Ž .which, when combined with 3.21 , yields 3.14 . �

PROOF OF PROPOSITION 3.1. By Proposition 2.2 and the discussion in
Ž . Ž �Section 3.1, we need only prove that 3.1 holds for each specified � � 0, 1

and f � SS . Towards this aim, we apply Lemma 3.4 with the formal replace-0
12 �1�2 1�2Ž . Ž . Ž Ž ..ment of � by ��2, �� ��128 and � � � 1 	 � 2 t 1 � t �0 03

Ž � Ž . Ž .0, 1�2 . By 3.13 , 3.14 , there exists almost surely for each large k a
� �t � t 	 �c , t 	 2�c such thatk 0 � 0 �k k

3.22 b�1� h , t ; 	 � NN f for all � � n � � .Ž . Ž . Ž .n n n k ��2 k k	1

We will now prove that, with probability 1, we have, infinitely often in k,

3.23 � t � t � 2�c and � t � t � �c .Ž . Ž . Ž .� 0 0 � � 0 0 �k k k	1 k

1�2 Ž . Ž .For this, we observe that n � t � n� t � nt is the partial sum ofn 0 n 0 0
order n from a sequence of independent centered Bernoulli random variables

Ž .with parameter t . Making use of the functional version of the Weber 19900
� Ž . Ž .law of the iterated logarithm for subsequences see 1.3 , 1.4 and Theorem

Ž .�1.1 in Deheuvels and Lifshits 1993 , we readily obtain that the sequence
� Ž . Ž Ž ..�1�2Ž .�1�2 1�2 Ž . � �g s � 2 t 1 � t log � s � t of functions of s � 0, 1 ,� 	� 0 0 2 k � s 0k	 1 k

Ž � � .is almost surely relatively compact in B 0, 1 , UU , with limit set equal to SS .
� � Ž . Ž Ž ..�1�2Ž .�1�2 1�2 Ž .By setting for s � 0, 1 g s � 2 t 1 � t log n s � t , we� 	n 0 0 2 n s 0

Ž . � � �1 �infer from 1.16 , that g 	 g � 0. This, in turn, implies that g :0n n � k	 1
4 Ž � � .k � 1 is a.s. relatively compact in B 0, 1 , UU , with limit set equal to

Ž . Ž .SS � �SS . Since the function g s � min s, 1 � s for 0 � s � 1, belongs
Ž . Ž .to SS , there exists therefore a.s. a sequence 1 � k 1 � k 2 � 			 , such that

1 1 �1�2� � Ž Ž . .g � g � 0 as m � �. In particular, for each � � 0, � 1 	 � ,0� 0 4k Žm .	 1
Ž .there exists a.s. an m � such that0 0

� �1g � g � � �4 for m � m � .Ž .0� 0 0 0k Žm .	 1
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Ž .�1 Ž .Moreover, since � �� � 1 	 � , there exists an m � such thatk Žm. k Žm.	1 1 0
Ž .for m � m � ,1 0

1�2 1�2 �1
� �� g � �� � 1 	 � g 1 	 �Ž . Ž .Ž . Ž . Ž .k Žm.	1 k Žm. k Žm. k Žm.	1

1�2 �1�2� � �� g � �� � � 1 	 � � � �4.Ž .Ž . Ž .k Žm.	1 k Žm. k Žm. k Žm.	1 0

Ž . Ž .Since g 1 � 0, the above two inequalities imply that, for all m � m � 
0 0
Ž .m � ,1 0

1�2 �1�2max g 1 , � �� g � �� � � 1 	 �Ž . Ž .Ž . Ž .½ 5� k Žm.	1 k Žm. v k Žm. k Žm.	1k Žm .	 1 k Žm .	 1

� � �2.0

Ž . Ž Ž .. �1�2Ž .1�2 �1�2Ž .1�2Since 3.11 implies that c � 1 	 o 1 n log n � n log n �2n 2 2
Ž . Ž .for all large n, this implies in turn that there exists an m � � m � 
2 0 0 0

Ž . Ž .m � such that for all m � m � ,1 0 2 0

1�2
� t � t � � 2 t 1 � t cŽ . Ž .Ž .� 0 0 0 0 0 �k Žm .	 1 k Žm .	 1

1�2�1�21� � 1 	 � 2 t 1 � t c � �c ,Ž . Ž .Ž .0 0 � �4 k Žm .	 1 k Žm .

1�2�1�2
� t � t � � 1 	 � � � 2 t 1 � t cŽ . Ž . Ž .Ž .Ž .� 0 0 0 0 0 �k Žm . k Žm .	 1

3.24Ž .

1�2�1�23� � 1 	 � 2 t 1 � t c � 2�c ,Ž . Ž .Ž .0 0 � �4 k Žm .	 1 k Žm .

Ž . Ž . Ž . Ž .which shows that 3.23 holds for k � k m . We infer from 3.22 and 3.23
Ž . � �that there exists a.s. for all large m an n m � � , � , such thatk Žm. k Žm.	1

Ž . Ž . Ž . Ž .� t � t and � t � t . By 3.6 and 3.10 , it follows that,nŽm. 0 k Žm. nŽm.	1 0 k Žm.
a.s. for all large m,

1�1b � h , � t , 	 � � h , t , 	 � ��2.Ž . Ž .Ž .nŽm. nŽm. nŽm. nŽm. 0 nŽm. nŽm. k Žm. �1

Ž .By 3.22 and the triangle inequality, this implies that

b�1 � h , � t , 	 � NN f ,Ž . Ž .Ž .nŽm. nŽm. nŽm. nŽm. 0 �

Ž .which is 3.1 . The proof of Proposition 3.1 is therefore complete. �

Ž � �.3.3. Large increments d � ��, 0 . In the large increment case where
Ž . � �H.6 holds with d � ��, 0 , the following proposition holds.

Ž . Ž . � �PROPOSITION 3.2. Assume that H.1 and H.6 hold with d � ��, 0 .
� �1 Ž . 4Then, the sequence b � h , t ; 	 : n � 1 is almost surely compact inn n n 0

Ž � � .B �1, 1 , UU , with limit set equal to SS .

The proof of Proposition 3.2 is postponed until the end of this section. The
following Lemmas 3.5 and 3.6 hold for d � 0 as well as for intermediate

Ž . Ž .increments with d � 0,� . Let � be as in 3.5 .n
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Ž . Ž . � .LEMMA 3.5. Assume that H.1 and H.6 hold with d � 0,� . Then, we
have

1�13.25 lim b � h , t ; 	 	 � h , � ; 	 � 0 a.s.Ž . Ž . Ž .n n n 0 n n n �1
n��

Ž . Ž .PROOF. By 1.8 and 1.10 , our assumptions imply that, as n � �,
1�23.26 b � 1 	 o 1 2h d 	 1 log n .Ž . Ž . Ž .Ž . Ž .n n 2

Moreover, for any 
� d, we have for all n sufficiently large
�
 
�2�1�2 �1 1�43.27 i h � n log n and ii b � n log n .Ž . Ž . Ž . Ž . Ž .n n

5�4 �3�4Ž Ž ..1�4 Ž . � Ž . � �Since 2 3 t 1 � t � 3, 3.8 implies that � t � � � h �0 0 n 0 n n
�3�4Ž .3�4 � �3n log n a.s. for all large n. The replacement of h , d by h , d �2 n n n n

Ž �� Ž � . 4.1�2 Ž .2h log 1�h 	 log n in 1.5 yieldsn n 2

�1 1� � �lim sup d � h , � t ; 	 � � h , � ; 	Ž . Ž . Ž .Ž . �1n n n n 0 n n n
n��

�1 1� �� �� 2 lim sup d sup � h ; t ; u � 2 a.s.Ž . Ž . 0n n n
�n�� 0�t�1�hn

3.28Ž .

Ž . �1 � Ž .Since 3.27 implies that b d � 0, as n � �, the conclusion 3.25 followsn n
Ž .readily from 3.28 . �

Let � � 0 denote a constant which will be specified later on. Set
2n � exp k log k , m � 1 	 � n for k � 1,Ž .Ž .k k k3.29aŽ .

N � n � n and M � m � n for k � 2.k k k�1 k k k�1

Ž Ž . .For N � m � M equivalently, for n � n 	 m � 1 	 � n , m � 1,k k k k�1 k
n � 0 and t � �, set

� t � m�1 n 	 m � t � n � t ,Ž . Ž . Ž . Ž .Ž .m ; k k�1 n 	m k�1 nk� 1 k�1

3.29b � � � 0 � 2 t � � t , T � 2 t � � t ,Ž . Ž . Ž . Ž .n n 0 n 0 m ; k 0 m ; k 0

� h , t ; sŽ .m ; k nk

1�2�1�2 1�2� m n 	 m � h , t ; s � n � h , t ; s .Ž . Ž . Ž .½ 5k�1 n 	m n k�1 n nk� 1 k k�1 k

Ž .REMARK 3.1. i Let k be so large that n � m � n for all k � k . It0 k k k	1 0
�Ž . 4is noteworthy that, for each k � k , � , T , � : N � m � M and0 m; k m , k m , k k k

�Ž . 4� , � , � : N � m � M follow the same distribution. Moreover, them m m k k
�Ž . 4� , T , � : N � m � M , q � k �2 constitute a sequence of
 �m; 2 q m , 2 q m , 2 q 2 q 2 q 0
independent random objects.

Ž .ii For each specified K � 0, we have, ultimately as k � �,
2 �K1 � N �n � n �n � exp � 1 	 o 1 log n � log n � 0,Ž . Ž . . Ž .Ž .Ž .k k k�1 k 2 k k

log N � 1 	 o 1 log n � 1 	 o 1 log n ,Ž . Ž .Ž . Ž .k k k�1

log n � 1 	 o 1 log n .Ž .Ž .2 k 2 k�1

3.30Ž .
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Ž . Ž . � .LEMMA 3.6. Under H.1 and H.6 with d � 0,� , for each 
� d, we
have with probability 1,

�1 � �1lim b max � h , T ; 	 � � h , � ; 	Ž . Ž . �1n m ; k n m ; k n 	m n n 	m½ 5k k k�1 k k�13.31 k�� N �m�MŽ . k k

� 0,

and

�1 � �1lim sup b � h , t ; 	 � � h , t ; 	Ž . Ž . �1 /n N ; k n N ; k n 0½ 5k k k k kk��3.32 �1�2 �
Ž . � � Ž .t : t�t �n log n0 k k

� 0.

Ž . Ž .PROOF. By 3.29 , for N � m � M , we have n � n 	 m � 1 	 � n ,k k k k�1 k
Ž .and hence, by H.1 ,

�13.33 1 	 � h � n � n 	 m h � h � h .Ž . Ž . Ž .Ž .n k k�1 n n 	m nk k k�1 k

Ž . Ž � ..Making use of 1.10 which holds for d � 0,� , we obtain likewise that

Ž . Ž .1�2 	o 11 � h �h � n �nŽ .n n k k�1k� 1 k
3.34Ž .

2� exp 1 	 o 1 log n �2 � � as k � �.Ž . Ž .Ž .Ž .2 k

Ž . Ž . Ž .By 3.26 , 3.33 and 1.1 , this implies that, for all N � m � M , ultimatelyk k
as k � �,

�11 	 � c � c � c � c � c andŽ . n m n 	m n nk k k�1 k k�13.35Ž .
�11 	 � b � b � 2b .Ž . n n 	m nk k�1 k

Ž . Ž . Ž . Ž .Our assumptions imply see Remark 1.1 that H.1 � H.4 and 1.5 hold.
Ž . Ž . Ž .Thus, by 3.26 , 3.30 and 2.9 , we obtain that, uniformly over N � m �k

M � m � n , as k � �,k k k�1

1�1�2�1b m�n sup � h , t ; 	Ž . Ž .n k�1 n nk k�1 k �1
� �t� t �c , t 	c0 n 0 nk k

1�2� b �b n �nŽ .Ž .n n k�1 kk� 1 k

1�1�2 �1
 1 � n �n sup b � h , t ; 	Ž . Ž .k�1 k n n nk� 1 k�1 k�1 �1
� �t� t �c , t 	c0 n 0 nk�1 k�1

3.36Ž .

1�2 Ž . Ž .1�2 1�4 	o 1� 2 h �h n �n � n �n � 0 a.s.Ž . Ž .Ž .n n k�1 k k�1 kk� 1 k
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Ž . Ž . Ž . Ž .By an easy argument based upon 2.2 and 2.32 , we infer from 3.29 , 3.30
Ž . Ž .and 3.33 , 3.34 that with probability 1 as k � �, we have uniformly over

N � m � M ,k k

1�2�1�2� �max m n 	 m � 1 b �bŽ . Ž .k�1 n 	m n½ k� 1 kN �m�Mk k

1�1
 sup b � h , t ; 	Ž .n 	m n 	m n 5k� 1 k�1 k �1
� �t� t �c , t 	c0 n 0 nk k

3.37Ž .

� O n �n � 0.Ž .k�1 k

Ž . Ž . Ž . Ž .By combining the definition 3.29 of � with 3.30 , 3.36 and 3.37 , wem; k
obtain that, as k � �,

�1b sup max � h , t ; 	 � � h , t ; 	Ž . Ž .n m ; k n n 	m nk k k�1 kN �m�Mk k� �t� t �c , t 	c3.38Ž . 0 n 0 nk k

� 0 a.s.

Ž . Ž . Ž . Ž .By 2.5 , 3.29 , 3.30 and 3.34 , we see that, a.s. as k � �, uniformly over
N � m � M ,k k

� �� � Tn 	m m ; kk� 1

nk�1� � t � t � � t � tŽ . Ž .Ž . Ž .n 	m 0 0 n 0 0ž / k� 1 k�1m
1�21�2n log n 2n log n 	 mŽ .k�1 2 k k 2 k�1� 2 ž / ž / ž /½n n n 	 m log nŽ .k k k�1 2 k

� tŽ .n 	m 0k� 1
 1�2ž /2 log n 	 mŽ .Ž .2 k�1

1�2
� t2n log n Ž .n 0k 2 k�1 k� 1	 1�2ž / 5ž /n log n 2 log nŽ .k�1 2 k 2 k�1

3.39Ž .

1�21�2n log nk�1 2 k� 4 ž / ž /n nk k

1�2log n2 k 2� 4 exp � 1 	 o 1 log n �2Ž . Ž .Ž .Ž .2 kž /nk

Ž . 1�2� 2 d	3�1�2 �1�2� n log n � o n log n .Ž . Ž .Ž .k k k 2 k

Ž . Ž . Ž . Ž .By combining 2.5 with 3.33 � 3.35 and 3.39 , we obtain readily that, a.s.
� � � �for all large k, � � t � c , t 	 c and T � t � c , t 	 c forn 	m 0 n 0 n k ; m 0 n 0 nk� 1 k k k k
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Ž . Ž . Ž . Ž .all N � m � M . Thus, by 3.38 and 3.35 , the assertions 3.31 and 3.32k k
are implied by

�1lim max b � h , T ; 	Ž .n 	m n 	m n m ; k½ k� 1 k�1 kk�� N �m�Mk k3.40Ž .
1

�� h , � ; 	 � 0,Ž .n 	m n n 	m 5k� 1 k k�1 �1

and

�1lim sup b � h , t ; 	Ž .n n n½ k k kk�� �1�2 �
� � Ž .t : t�t �n log n0 k k3.41Ž .
1

�� h , t ; s � 0 a.s.Ž .n n 0 5k k �1

Ž . � Ž .2By applying 1.5 with the formal replacement of h by h � 2 1 	 �n n
�1�2Ž .�Ž2 d	3. Ž . Ž .n log n , we infer from 3.39 , in combination with 3.27 taken

with 
 � 2 d, that, a.s.,
1�1lim max b � h , T ; 	 � � h , � ; 	Ž . Ž .n 	m n 	m n m ; k n 	m n n 	m½ 5k� 1 k�1 k k�1 k k�1 �1k�� N �m�Mk k

1��1� 2 lim sup b sup � h , t ; 	Ž .n n n �1½ 5
� �n�� � �t� h , 1�hn n

Ž .� d	1�1 �1�4� 4 1 	 � lim b n log n � 0,Ž . Ž .½ 5n
n��

Ž . Ž .which is 3.40 . Likewise, by combining 1.5 , taken with the formal replace-
� �1�2Ž .�
 Ž .ment of h by h � n log n , with 3.27 , and our assumption thatn n


� d, we obtain that, a.s.,

1�1lim sup sup b � h , t ; 	 � � h , t ; 	Ž . Ž .n n n n n 0 �1½ 5
�1�2 �
n�� � � Ž .t : t�t �n log n0

1��1� 2 lim sup b sup � h , t ; 	Ž .n n n �1½ 5
� �n�� � �t� h , 1�hn n

Ž .1�
 �2�1 �1�4� 2 lim b n log n � 0,Ž .½ 5n
n��

Ž .which implies 3.41 . �

Ž .LEMMA 3.7. There exists a constant K � K t such that, for each 
 � 00
and all large k,

�
1�2� n T � t � 0, log nŽ .Ž . Ž .ž /k N ; k 0 kk
3.42Ž . �
 �
1�2� � n � � t � 0, log n � K log n .Ž . Ž .Ž . Ž .ž /k N 0 k kk

1�2Ž . 1�2PROOF. Set Z � N � � t . Since N Z is the sum of N indepen-k k N 0 k k kk

dent centered Bernoulli random variables with parameter t , the following0
� Ž . Ž .Berry�Esseen type theorem holds Berry 1941 , Esseen 1945 ; see, e.g.,
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Ž . �Chow and Teicher 1988 , page 305 . There exists a constant  such that

�1�2sup � t 1 � t Z � x , yŽ . Ž .Ž .ž /0 0 k
���x�y��

3.43Ž .
y�1�2 2 �1�2� 2� exp �t �2 dt �  N .Ž . Ž .H k

x

Ž .1�2Ž Ž ..�1�2Ž .�
 Ž . Ž .Set x � 0 and y � N �n t 1 � t log n in 3.43 . By 3.29 ,k k 0 0 k
Ž . Ž .1�2 Ž 2 .3.30 , for all large k, we have N �n � 4�3 and exp �t �2 � 1�2 fork k

Ž . Ž . Ž .all t � x, y . Thus, by 3.30 and 3.43 ,
�
�1�2� � � t � 0, n log nŽ .Ž .ž /N 0 k kk

�
�1�2�1�2 1�2�1 �1�2� 2� 2 N �n t 1 � t log n �  NŽ . Ž . Ž . Ž .Ž .k k 0 0 k k

�
�1�2� 1�6 t 1 � t log n ,Ž . Ž . Ž .Ž .0 0 k

Ž . Ž .Ž Ž ..�1�2which yields 3.42 after setting K � 1�6 t 1 � t . �0 0

Ž . Ž . Ž �LEMMA 3.8. Assume that H.1 and H.6 hold with d � 0. Let � � 0, 1 ,
Ž .
� 0 and f � SS be arbitrary. Then, for K � K t � 0 as in Lemma 3.7, we0 0

have, for all large k,
�
�1 �1�2� �� b � h , t ; 	 � NN f , � � t � n log nŽ . Ž .Ž .ž /n N n 0 � N 0 k kk k k k3.44Ž .

Ž . � � 2�
� 1���8 f H� K log n .Ž .k

PROOF. When XX and YY are jointly defined on the same probability space,
Ž . Ž Ž .. Ždenote by LL XX respectively LL XX � YY the distribution of XX respectively the

. � � Ž . 1�2Ž � Ž . .conditional distribution of XX given YY . Denote by � t � N � t � t :N N
4 � � Ž . 1�2Ž � Ž . . 4t � � and � t � N � t � t : t � � two independent replicas ofN N

� Ž . 1�2Ž Ž . . 4� t � N � t � t : t � � . Observe that, for 0 � a � 1 and 1 � m �N N
N � 1,

�LL N � a 	 I � � a , N � a � � a � I N� a � m� 4Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .N N N N N

� LL N � m �
� I� 1 � a , m �

� I�a� 4Ž . Ž . Ž .Ž . Ž .ŽŽ .N� m m

Ž .We apply this equality for a � t and N � N . By setting K � N � t �0 k 0 k N 0k
Ž . �Ž . Ž . � �N 2 t � � and � h , t ; s � � h , t ; � s for s � 0, 1 , we see that,k 0 N N n 0 N n 0k k k k k

� 4when k is so large that h � min t , 1 � t , we have, for each integern 0 0k

1 � m � N � 1,k

u
�1 	LL b � h , t ; : u � 0, h ,n N n 0 nk k k k½ 5ž /ž hnk

v
�1 �b � h , t ; : v � 0, h K � mn N n 0 n 0k k k k½ 5ž / /hnk
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1�2m u
��1 1�2� LL b t �n 0 mk ž / ž /½ž N t tk 0 0

N t � mk 0�1 1�2�ub N : u � 0, h ,n k nk k 5ž /N tk 0
3.45Ž .

1�2N � m vk 1�2 ��1b 1 � t �Ž .n 0 N �mk k ž /½ ž /N 1 � t 1 � tŽ . Ž .k 0 0

m � N tk 0�1 1�2�vb N : v � 0, hn k nk k 5ž / /N 1 � tŽ .k 0

� LL 1 	 � ! u 	 � u : u � 0, h ,Ž . Ž . Ž .� 4ž k , 1 k , 1 k , 1 nk

1 	 � ! v 	 � v : v � 0, h ,Ž . Ž . Ž .� 4 /k , 2 k , 2 k , 2 nk

Ž . �1 1�2 � Ž . Ž . �1Ž .1�2 � Ž Ž ..where ! u � b t � u�t , ! v � b 1 � t � v� 1 � t ,k , 1 n 0 m 0 k , 2 n 0 N �m 0k k k

1�2m N t � mk 0�1 1�2� � � 1, � u � �ub NŽ .k , 1 k , 1 n kkž / ž /N t N tk 0 k 0

for u � 0, h ,nk

1�2N � m m � N tk k 0�1 1�2� � � 1, � v � �vb NŽ .k , 2 k , 2 n kkž / ž /N 1 � t N 1 � tŽ . Ž .k 0 k 0

for v � 0, h .nk

� �1 Ž .�14 Ž . �Set CC � 2 max t , 1 � t . By 3.30 , for all large k, and m with N t �5 0 0 k 0
� 1�2Ž .�
m � n log n ,k k

N t � m m � N tk 0 k 0
max ,½ 5N t N 1 � tŽ .k 0 k 0

m N � mk� max 1 � , 1 �½ 5N t N 1 � tŽ .k 0 k 03.46Ž .
nk �
�1�1 �1�2� max t , 1 � t n log nŽ . Ž .� 40 0 k kž /Nk

�
�1�2� CC n log n .Ž .5 k k

Ž � Ž . Ž . Ž . Ž . Ž .Fix any � � 0, 1 . By combining 3.26 � 3.35 with 3.45 , 3.46 and 3.27 , we
� � 1�2Ž .�
readily obtain that, for all large k and m with N t � m � n log n ,k 0 k k

�
�1�2� � � �max � , � � CC n log n � ��8,� 4 Ž .k , 1 k , 2 5 k k

1 1 �
�1max � h 	 , � h 	 � CC h b log nŽ .Ž . Ž .½ 5k , 1 n k , 2 n 5 n n kk k k k0 0
3.47Ž .

�
1�2� CC h log n � ��8.Ž .5 n kk
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Ž . Ž . � �Since f � SS , 3.3 and 2.36 imply that f � 1. Thus, by the triangle0
� � � � � � Ž .inequality, whenever �� �, � � ��8, �� B 0, 1 , � � ��8, 1 	 � g 	

Ž . Ž ��� NN f and � � 0, 1 ,��2

� � � ��1 � � � � � � � �g � f � 1 	 � 1 	 � g 	 � � f 	 � 
 f 	 �Ž .Ž .
�1� 1 � ��8 3��4 � 6��7 � � ,Ž . Ž .

Ž . Ž . Ž .so that g � NN f . In the particular case where g s �! h s , �� �� k , j n k , jk
Ž . Ž . � � Ž . Ž .and � s � � h s for j � 1, 2 and s � 0, 1 , we infer from 3.45 , 3.46k , j nk

Ž .and 3.47 that, for all k sufficiently large, we have uniformly over all m with
� � 1�2Ž .�
N t � m � n log nk 0 k k

�1 �� b � h , t ; 	 � NN f K � mŽ .Ž .Ž .n N n 0 � 0k k k

� � b�1�	 h , t ; 	 � NN f 	Ž .Ž .� 4ž n N n 0 �k k k

�1 � � �� b � h , t ; 	 � NN f K � mŽ .Ž .� 4 /n N n 0 � 0k k k
3.48Ž .

� � b�1 t1�2� h I�t � NN f	Ž .Ž .Ž .n 0 m n 0 ��2k k

1�2�1 �
 � b 1 � t � h I� 1 � t � NN f .Ž . Ž . Ž .Ž .ž /n 0 N �m n 0 ��2k k k

Ž . � 4By Theorem 1 of Bretagnolle and Massart 1989 , we may define � : N � 1N
� ŽN . 4jointly with a sequence W : N � 1 of Wiener processes, in such a way

that, for all z � 0 and N � 2,

� ŽN . ŽN . �1 �1�2� � � W 	 IW 1 � N z 	 12 log NŽ . Ž .Ž .0N3.49Ž .
� 2 exp �z�6 .Ž .

Ž . Ž . 1�2 �1�2We apply 3.49 , with N � m and z � ��8 m b h � 12 log m. Byn nk k
Ž . Ž . Ž .3.33 � 3.35 and 3.46 , we have, ultimately as k � �, uniformly over all m

� � 1�2Ž .�
such that N t � m � n log n ,k 0 k k

m � 1 	 o 1 N t � 1 	 o 1 n t � �,Ž . Ž .Ž . Ž .k 0 k 0

1�2
1�2z � 1 	 o 1 ��8 t 2n log 1� h n 	 log nŽ . Ž . 'Ž . ž /½ 5ž /0 k 	 n k 2 kž /k

� 6n1�4 ,k

x � ��8 t b h�1Ž .k 0 n nk k

3.50Ž .

1�2
�1� ��8 t 2h log 1� h n 	 log nŽ . 'ž /½ 5ž /0 n 	 n k 2 kž /k k

� 2n1�8 .k

Ž1. Ž . Ž . � Ž .Let W � W . By combining 3.49 , 3.50 with the inequality see, e.g., 1.1.1 ,
Ž .� Ž � Ž . � . Ž 2 .page 23 in Csorgo and Revesz 1981 � W 1 � x � exp �x �2 for x � 1,¨ ˝ ´ ´
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we see that, for all large k,

� b�1 t1�2� h I�t � NN f 	Ž .Ž .Ž .n 0 m n 0 ��2k k

� � b�1 t1�2W h I�t � NN f 	Ž .Ž .Ž .n 0 n 0 ��4k k

� � �1 �n1�4
k� � W 1 � ��8 t b h � 2 eŽ . Ž .Ž .0 n nk k

3.51Ž .

� � W �1 2 � NN f 	 � 3e�n1�4
k .Ž .ž /�h b �24 ��4n nk k

Ž .By letting d � 0 in 3.26 , we see that, ultimately in n � �,

3.52 h�1 b2�2 � 1 	 o 1 log n � 1 � ��8 � 1 � ��4 log n.Ž . Ž . Ž . Ž .Ž . Ž .n n 2 2

Ž .Ž . Ž . Ž Ž 	.. Ž . � 	 �2By 2.35 ii and 3.3 , J NN f � 1 � ��4 f . Thus, by setting G �H��4
Ž . Ž . Ž . Ž .NN f in 2.34 , we infer from 3.51 , 3.52 that for all large k and uniformly��4

� � 1�2Ž .�
over N t � m � n log n ,k 0 k k

�1 1�2 	 � 	 �2� b t � h I�t � NN f � exp � 1 � ��8 f log n .Ž . Ž .Ž . Ž .HŽ .n 0 m n 0 ��2 2 kk k

We obtain likewise that

1�2�1 �� b 1 � t � h I� 1 � t � NN fŽ . Ž . Ž .Ž .ž /n 0 N �m n 0 ��2k k k

� � �2� exp � 1 � ��8 f log n ,Ž .Ž .H 2 k

Ž . Ž . � �whence, by 3.3 and 3.48 , for all large k and m with N t � m �k 0
1�2Ž .�
n log n ,k k

�1 �� b � h , t ; 	 � NN f K � mŽ .Ž .Ž .n N n 0 ��4 0k k k

� 	 �2 � � �2� exp � 1 � ��8 f 	 f log nŽ . Ž .Ž .H H 2 k3.53Ž .
Ž . � � 2� 1���8 f H� log n .Ž .k

Ž . Ž .Recalling that N t � K � N � � t , we readily infer from 3.42 that fork 0 0 k N 0k

all large k,
�
1�2� �� N t � K � n log nŽ .Ž .k 0 0 k k

�
 �
1�2� � n � � t � 0, log n � K log n .Ž . Ž .Ž . Ž .ž /k n 0 k kk

Ž . Ž .This, when combined with 3.53 , readily yields 3.44 . �

Ž .PROOF OF PROPOSITION 3.2. When d � ��, 0 , the result we seek is
obtained by combining Fact 1 with Lemma 2.4. When d � 0, the following

Ž . Ž .arguments are needed. By 3.25 , Proposition 2.1 and 3.1 , our proof boils
down to showing that for an arbitrary f � SS ,0

� �1 �3.54 lim inf b � h , � ; 	 � f � 0 a.s.Ž . Ž .n n n nk k k kk��



LOCAL QUANTILE PROCESSES 2045

Ž . Ž . Ž .In view of 3.31 , 3.32 , we see that 3.54 holds if, for each � � 0, there exists
a 
 � 0 such that

� b�1� ; k h , t ; 	 � NN f ,Ž .Ž .ž n N n 0 �k k k
3.55Ž . �
�1�2� �T � t � n log n i.o. in k � 1.Ž . Ž . /N ; k 0 k kk

Ž .By the Borel�Cantelli lemma and Remark 3.1, the assertion 3.55 is equiva-
lent to

� �
�1PP � � b � h , t ; 	 � NN f ,Ž .Ž .Ý Ý ž2 q n N n 0 �2 q 2 q 2 q

q�1 q�1

�
�1�2� �� � t � n log nŽ . /N 0 2 q 2 q2 q

3.56Ž .

� �.

Ž . Ž .�
� Ž1�� �8. � f � 2H Ž Ž ..Since 3.44 entails that PP � K log n � 1 	 o 1k k
Ž .�
�Ž1���8. � f � 2H Ž . Žk log k for all large k, 3.56 holds when 0 � 
� 1 � 1 �

. � � 2��8 f , which is allowed by our assumptions. �H

Ž Ž ..3.4. Intermediate increments d � 0,� . The main result of this section
is captured in the next proposition.

Ž . Ž . Ž .PROPOSITION 3.3. Under H.1 and H.6 with d � 0,� , the sequence
� �1 Ž . 4 Ž � � .b � h , t ; 	 : n � 1 is almost surely relatively compact in B �1, 1 , UUn n n 0
with limit set equal to SS .

The following arguments are oriented towards proving Proposition 3.3. We
Ž . Ž . Ž . Ž .will assume throughout that H.1 and H.6 hold with d � 0,� . By 1.1 ,

Ž . Ž .1.10 and 3.26 , this implies that, as n � �,

Ž .�d	o 1�1�2h � n log n � o c ,Ž . Ž .n n

1�2�1�2c � 1 	 o 1 n log n ,Ž . Ž .Ž .n 23.57Ž .
1�2 Ž .�d�2	o 1�1�4b � 1 	 o 1 2h d 	 1 log n � n log n .Ž . Ž . Ž .Ž . Ž .n n 2

2Ž .Recall from 3.29 the definitions of n � exp k log k , m � 1 	 � nŽ .Ž .k k k
for k � 1, N � n � n and M � m � n for k � 2, where � � 0 is ank k k�1 k k k�1

Ž .auxiliary constant. Following Komlos, Major and Tusnady 1975a, b , we´ ´
� 4assume, without loss of generality, that U : n � 1 sits on a probability spacen

� Ž . 4on which is defined a two-parameter Wiener process W x, y : x � 0, y � 0
Ž . Ž . Ž . Ž .such that the Kiefer process K x, t � W x, t � tW x, 1 fulfills 1.15 . We

Žwill make use of the following additional notation. For any possibly noninte-
. Ž . �1�2 Ž .ger r � 0, we will set w x � r W r, x and rewrite for conveniencer

Ž .1.15 into

2�1�2� �3.58 � � w � Iw 1 � O n log n a.s. as n � �.� 4Ž . Ž . Ž .Ž .n n n
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� Ž . 4Keeping in mind that, for each r � 0, w x : x � 0 is a standard Wienerr
� �process, we set, for n � 1, h � t � 1 � h, s � �1, 1 ,

� Ž1. h , t ; s � w t 	 hs � w t � hsw 1 ,Ž . Ž . Ž . Ž .n n n n
3.59Ž .

� Ž2. h , t ; s � w t 	 hs � w t ,Ž . Ž . Ž .n n n

Ž .and, for k � 2, N � m � M equivalently, for n � n 	 m � m , andk k k k�1 k
m � 1,

� Ž j. h , t ; sŽ .m ; k

1�2�1�2 Ž j. 1�2 Ž j.� m n 	 m � h , t ; s � n � h , t ; s ,Ž . Ž . Ž .½ 5k�1 n 	m k�1 nk� 1 k�1
3.60Ž .

j � 1, 2.
ŽMoreover, for k � 2 and N � m � M or equivalently, for n � n 	 m �k k k k�1

. Ž . Ž .m , we let T be as in 3.29 , and set, for each possibly nonintegerk m , k
r, s � 0, M � s � N and 0 � � � 1,k k

"Ž1. � � t � r�1�2 w t 1 � � � t 1 � � w 1� 4Ž . Ž . Ž . Ž .Ž .r 0 r 0 0 r

� t � r�1 W r , t 1 � � � t 1 � � W r , 1 ,� 4Ž . Ž . Ž .Ž .0 0 0

"Ž2. � � t � r�1�2 w T 1 � � � t 1 � �Ž . Ž . Ž .� Ž .r 0 r 0 0


 w 1 � w t 1 	 � 	 w t 1 � � ,� 4Ž . Ž . Ž . 4Ž . Ž .r r 0 r 0
3.61Ž .

"Ž j. � � t � s�1 n 	 s t � "Ž j. �Ž . Ž . Ž .½ Ž .s ; k 0 k�1 0 n 	sk� 1

�n t � "Ž j. � , j � 1, 2.Ž . 5Ž .k�1 0 nk� 1

Ž . Ž j.REMARK 3.2. i For j � 1, 2, M � s � N and s � 0, " follows thek k s, k
Ž j. � Ž j. 4distribution of " . For all large q , " : M � s � N , q � q consti-s 0 s, 2 q 2 q 2 q 0

tutes a sequence of independent processes.
Ž . Ž . Ž .ii Let � � 0, 1 and h � 0 be such that 0 � t 1 � � � t � h � t 	0 0 0

Ž . � Ž . 4h � t 1 	 � � 1. Then, for any Wiener process W t : t � 0 , we have0
� Ž . Ž .4 � � Ž . Ž Ž ..independence of W t 	 hI � W t � B �1, 1 and W 1 � W t 1 	 �0 0 0

Ž Ž .. � �	 W t 1 � � . It follows that, whenever t � t 	 h � � t , we have inde-0 0 0
Ž2.Ž . Ž2.Ž . Ž2. Ž . Ž2. Ž .pendence of " � and � h, t; 	 , and likewise of " � and � h, t; 	 ,n n m; k m; k

for all large n and k, uniformly over m � 0 fulfilling M � m � N .k k
Ž . Ž . Ž . Ž . Ž .iii It follows from 3.58 and the definitions 3.29 , 3.59 , and 3.61 of

Ž1.Ž . Ž . Ž1.Ž .� h, t; s , � � and " � that there exists a constant CC � � such that,n n n 6
Ž .a.s. for all large n and h � 0, 1 ,

� Ž1. �1 �1�2 2sup � h , t ; 	 � � h , t ; 	 � CC n log n ,Ž . Ž . �1n n 6
� �t� h , 1�h

� Ž1. � �1 2sup " � � � � � CC n log n.Ž . Ž .n n 6
� ��� 0, 1

3.62Ž .

Ž . Ž . Ž .LEMMA 3.9. Let H.1 and H.6 hold with d � 0,� . Then, we have
almost surely

�1 � Ž2. �1lim b max � h , � ; 	 � � h , T ; k ; 	Ž . Ž . �1n n n n n�n ; k n n�n½ 5k k k�1 k k�13.63 n �n�mk��Ž . k k

� 0,
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�1 � �1 1�23.64 lim sup b max � h , � ; 	 � � h , � ; 	 � 2� ,Ž . Ž .Ž . �1n n n n n n n½ 5k kn �n�mk kk��

� �1 �1 � � �13.65 lim sup max b � b 
 � h , � ; 	 � 2� ,Ž . Ž . �1n n n n n½ 5kn �n�mk kk��

�1 � Ž1. �3.66 lim sup c max " � � � � � 0,Ž . Ž . Ž .n n�n ; k n½ 5k k�1n �n�mk�� k k� ��� 0, 1

�1 � Ž1. �3.67 lim c max " 0 � T � 0,Ž . Ž .½ 5n n�n ; k n�n ; kk k�1 k�1n �n�mk�� k k

1�2�1 Ž1. Ž2.� �3.68 lim sup c max " � � " � � 2 �� .Ž . Ž . Ž . Ž .½ 5n n�n ; k n�n ; kk k�1 k�1n �n�mk kk��

Ž . Ž . Ž .PROOF. In view of 3.29 and 3.31 , the proof of 3.63 reduces to showing
that

�1 � Ž2. �1lim b max � h , T ; 	 � � h , T ; 	Ž . Ž . �1n m ; k n m ; k m ; k n m ; k½ 5k k k3.69 k�� N �m�MŽ . k k

� 0 a.s.
By the triangle inequality, we write

�1 � Ž2. �1b max � h , T ; 	 � � h , T ; 	Ž . Ž . �1n m ; k n m ; k m ; k n m ; kk k kN �m�Mk k

�1 � Ž1. �1� b max � h , T ; 	 � � h , T ; 	Ž . Ž . �1n m ; k n m ; k m ; k n m ; kk k kN �m�Mk k3.70Ž .
�1 � Ž1. Ž2. �1	 b max � h , T ; 	 � � h , T ; 	Ž . Ž . �1n m ; k n m ; k m ; k n m ; kk k kN �m�Mk k

� E 	 E .1, k 2, k

Ž . Ž . Ž . Ž . Ž .By 3.29 , 3.30 , 3.57 and 3.60 � 3.62 , with probability 1 for all large k and
N � m � N ,k k

E � CC b�1 max m�1�2 log2 n 	 m 	 log2 nŽ . Ž .Ž .1, k 6 n k�1 k�1k N �m�Mk k

Ž .2	d�2	o 1�1�2 �1 2 �1�4� 3CC N b log n � n log n � 0.Ž .6 k n k k kk

3.71Ž .

The law of the iterated logarithm for Wiener processes, in combination with
Ž . Ž . Ž .3.29 , 3.57 and 3.59 shows that, ultimately,

�1�2�1 � �E � b �h max n � n W n , 1 � W n , 1Ž . Ž . Ž .2, k n n k�1 kk k n �n�mk k

1�2�1 �1�2 � �� b h m �N sup m W s, 1 � W t , 1Ž . Ž . Ž .n n k k kk k
0�s , t�m k3.72Ž .

1�2 1�2�1� 2 1 	 � b h log nŽ . Ž .n n 2 kk k

Ž .�d�2	o 1�1�4� n log n � 0 a.s.Ž .k k

Ž . Ž . Ž . Ž . Ž .We obtain readily 3.69 , and hence, 3.63 , from 3.70 , 3.71 and 3.72 .
Ž . Ž . Ž .To establish 3.64 , we first recall from 3.33 and 3.35 that, for all large

Ž .k, and uniformly over n � n � m , we have h � h � 1 	 � h andk k n n nk
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b�1 � 2b�1. This, in turn, implies that for all large k, uniformly overn nk

n � n � m ,k k

�1 � �1b � h , � ; 	 � � h , � ; 	Ž .Ž . �1n n n n n n nk k

�1 � �1� 2 sup b � �h , t ; 	 .Ž . �1n n n
� �t : t�� �hn n

3.73Ž .

Ž . Ž . Ž . � �Recalling 1.1 , 2.5 and 3.5 , we see that � � h � t � c , t 	 c a.s. forn n 0 n 0 n
Ž . Ž .all large n. By 3.73 , this entails that the LHS of 3.64 is almost surely

smaller than or equal to

�1 � �12 lim sup sup b � �h , t ; 	 .Ž . �1n n n½ 5
n�� � �t� t �c , t 	c0 n 0 n

An application of Fact 4, taken with A � �h and C � c , shows readilyn n n n
Ž . Ž . 1�2via 2.9 and 1.1 that this last expression equals 2� almost surely, which

Ž .completes the proof of 3.64 . �

Ž . Ž . Ž .We observe, via 3.33 � 3.35 and 3.57 , that, for all large k, uniformly
over n � n � m ,k k

1�2 1�2� �b �b � 1 � 2 h �h � 1 � 2 m �n � 1Ž .� 4Ž .½ 5n n n m k kk k k

1�2� 2 1 	 � � 1 � � .Ž .� 4
Ž .We conclude 3.65 readily by an application of Proposition 2.1 in combination

Ž .with 2.2 .
Ž . Ž . Ž . Ž .To establish 3.66 , we combine 3.29 and 3.61 , then make use of 3.62 in

Ž . Ž . Ž .combination with 3.7 , 2.5 , and 3.30 , to obtain that, a.s. for all large k and
n with n � n � m ,k k

� Ž1. �" � � � �Ž . Ž .n�n ; k nk� 1

�1 Ž1.� n � n n " � � � �Ž . Ž . Ž .� 4k�1 n n

Ž1.�n " � � � � 	 n � � � t � n � � � t� 4Ž . Ž . Ž . Ž .� 4� 4k�1 n n k�1 n 0 k�1 n 0k� 1 k�1 k�1

�1 2 2� n � n CC log n 	 log nŽ . � 4žk�1 6 k�1

1�2 1�2�1�2 �1�2	4n n log n 	 n log nŽ . Ž .� 4 /k�1 2 k�1 2 k�1

1�2 1�2�1�2� 8 n �n n log n � o c ,Ž . Ž . Ž .� 4k�1 k k 2 k n

Ž .which yields 3.66 .
Ž . Ž . Ž .We observe that 3.67 is implied by 3.39 and 3.62 . Finally, the proof of

Ž .3.68 is obtained as a consequence of the law of the iterated logarithm, via
Ž .the same argument as in 3.72 . �
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Ž . Ž . Ž .LEMMA 3.10. Under H.1 and H.6 with d � 0,� , for any N � 1, we
have almost surely

�1 � Ž2.lim sup b max � h , T ; 	Ž .n m ; k n m ; k½ k kN �m�Mk kk��

Ž2. �1 �1 1�2 �1�23.74 � � h , T ; NI N � 4� 	 2 N ,Ž . � 	 �1Ž .m ; k n m ; k 5k

1�2 1�1 Ž2.� � � �lim sup b max m�N � 1 
 � h , T ; 	 � 2� .Ž . Ž . �1n k m ; k n m ; k½ 5k kN �m�Mk kk��

Ž . Ž .PROOF. We infer from 3.63 and 3.64 , that almost surely

�1 � Ž2. Ž2. �1 �1lim sup b max � h ; 	 � � h , T ; NI N� 	Ž . �1Ž .n m ; k n , T m ; k m ; k n m ; k½ 5k k kN �m�Mk kk��

11�2 �1 �1�4� 	 lim sup b max � h , � ; 	 �� h , � ; NI N .Ž . � 	Ž .n n n n n n n½ 5�1k n �n�mk kk��

Ž . Ž .Next, we proceed as in 3.20 and 3.73 with the formal replacement of � by
N�1, to obtain that the expression above is almost surely less than or equal to

1�2 �1 � �1 �1 1�2 �1�24� 	 2 lim sup sup b � N h , t ; 	 � 4� 	 2 N ,Ž . �1n n n½ 5
n�� � �t� t �c , t 	c0 n 0 n

Ž .which proves the first half of 3.74 . The second half follows along the same
Ž .lines via 3.30 . �

� �Ž �Fix � � 0, 1�2 . Set MM � �c �2h , and, for �N � i � N and MM 	k n n kk k

1 � j � 2 MM
�,k

A � , j � b�1� Ž2. h , t 	 2 jh ; 	 � NN f ,Ž . Ž .Ž .� 4k n N ; m n 0 n �k k k k

1�2�1 Ž2. �1�B � , j, i � b max m�N � h , t 	 2 jh ; iNŽ . Ž . Ž .k n k m ; k n 0 n½ k k kN �m�Mk k

Ž2. �1 ��� h , t 	 2 jh ; iN � � ,Ž .N ; k n 0 n 5k k k
3.75Ž .

N

C � , j � B � , j, i , D � , j � A ��2, j � C ��4, j ,Ž . Ž . Ž . Ž . Ž .�k k k k k
i��N

2 MM
�
k

E � � D � , j .Ž . Ž .�k k
�j�MM 	1k

We denote here by E the complement of the event E.

Ž . Ž . Ž .LEMMA 3.11. Assume that H.1 and H.6 hold with d � 0,� . Select an
Ž � Ž �arbitrary f � SS . Fix any � � 0, 1 , � � 0, 1�2 , and N � 1. Then, for all k0

sufficiently large, we have
1 2 2 1�1	Žd	1.Ž1� � f � .	Ž��8.Žd	1. � f �H H3.76 � E � � min k , .Ž . Ž .Ž . � 4k 2 2

Ž . �1 2 Ž Ž ..Ž . Ž Ž ..ŽPROOF. By 3.57 , h b �2 � 1 	 o 1 d 	 1 log n � 1 	 o 1 d 	n n 2 kk k
. Ž . Ž . Ž . Ž .1 log k as k � �. Thus, by 2.34 , 2.35 , 3.3 and 3.60 , we obtain that, for
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� � �4all large k and j � MM 	 1, . . . , 2 MM ,k k

P � � � A � , jŽ . Ž .Ž .1, k k

� � W �1 2 � NN f 	 
 � W �1 2 � NN f �Ž . Ž .ž / ž /�h b �24 � �h b �24 �n n n nk k k k
3.77Ž .

� � 2 �1 2 �Ž1���2.Žd	1. � f � 2H� exp � 1 � � f h b �2 � k .Ž . Hž /n nk k

Ž . Ž� � . Ž Ž . .Since N � N � M � 1�� , the inequality � W � x � 4� W 1 � x �k k k
Ž 2 . � Ž . Ž . Ž .�2 exp �x �2 for x � 1 see 1.5.1 and 1.1.1 in Csorgo and Revesz 1981 ,¨ ˝ ´ ´

when combined with Bonferroni’s inequality entails that, independently of
� � �4j � MM 	 1, . . . , 2 MM , for all large k,k k

N

P � � 1 � � C � , j � � B � , j, iŽ . Ž . . Ž .Ž . �2, k k kž /
i��N

N
1�2� �� 2 � sup W u � �N bŽ .Ý k nkž /

�1Ž .i�1 0�u�iN M �N hk k nk

N 1�2�N bk nk� �� 2 � W �Ý �1ž /iN M � N hŽ .'i�1 k k nk

3.78Ž .

N 2 2� N bk nk� 4 exp �Ý �1ž /2 iN M � N hŽ .k k ni�1 k

N N d 	 1 log nŽ . 2 k� 4 exp � 1 	 o 1 � 0.Ž .Ž .Ý ž /i�i�1

Ž . Ž . Ž .Recalling from 3.75 that the events A ��2, j and C ��4, j are indepen-k k
Ž . Ž Ž ..dent, we infer from 3.78 that, for all large k, we have � D � , j �k

1 �Ž ..Ž Ž .. Ž . �P � , 2 1 � P ��4 � P ��2 , independently of j � MM 	1, k 2, k 1, k k2
�4 � Ž . � �41, . . . , 2 MM . Since the events D � , j : MM 	 1 � j � 2 MM are independent,k k k k

Ž . Ž . Ž .r �r uit follows from 3.77 , 3.78 and the inequality 1 � 1 � u � 1 � e for
r � 0 and 0 � u � 1 that

2 MM
�
k

� E � � � D � , JŽ . Ž .Ž . �k k
�ž /j�MM 	1k

MM
�
k� 1 � 1 � P ��2 1 � P ��4Ž . Ž .Ž .Ž .1, k 2, k3.79Ž .

� 1 � exp �MM
�P ��2 1 � P ��4Ž . Ž .Ž .Ž .k 1, k 2, k

1 � 2�Ž1 ���4.Žd	1. � f � H� 1 � exp � MM k .Ž .k2

Ž . Ž .d	oŽ1. d	oŽ1.By 3.57 , we have, ultimately as k � �, c �h � log n � k �n n kk k2 �d�Ž��8.Žd	1. � f � d	oŽ1.H Ž . Ž .k and MM � �c �2h � ��4 c �h � log n �k n n n n kk k k k

d	oŽ1. d�Ž��8.Žd	1. � f � 2H Ž .k � 4k . By combining this last inequality with 3.79 and
1 1�u � 4 Ž .1 � e � min u, for u � 0, we obtain readily 3.76 . �2 2
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PROOF OF PROPOSITION 3.3.
Ž � �Ž . � � 2 4Step 1. Fix f � SS and � � 0, 1 , with � � 8� d 	 1 f . Set � �H0

Ž .2 1�2 Ž .��128 , which implies that 2� 	 2� � ��32. Proposition 2.1 and 3.1
� � 4 � �1 Ž .reduce our proof to show that the event #n � n , . . . , m : b � h , � ; 	k k n n n n

�1 4 Ž . Ž .� f � � holds i.o. in k with probability 1. Making use of 3.63 , 3.64 and�1
Ž . 1�23.65 , in combination with the triangle inequality and 2�	 2� � ��32,
we obtain readily that this property is satisfied whenever the event

� �1 Ž2. �1 � 4b � h , T ; 	 � f � 31�32 � for some m � N , . . . , M ,Ž .Ž . �1n m ; k n m ; k k kk k

� Ž .holds i.o. in k with probability 1. Let MM � �c �2h be as in 3.75 . Byk n nk k

the argument used in the proof of Proposition 3.1, we reduce our proof to
show that the following statement holds. There exists a � � 0 such that the
events EE

� and EE
� below hold jointly i.o. in k with probability 1.k k

� � � � 4EE � For some j � MM 	 1, . . . , 2 MM , we havek k k½
� �1 Ž2. �1i a b � h , t 	 2 jh ; 	 � f � 8��16,Ž . Ž . Ž . �1n n n 0 nk k k k

�1 � Ž2.i b b max � h , t 	 2 jh ; 	Ž . Ž . Ž .n m ; k n 0 nk k kN �m�Mk k

Ž2. �1�� h , t 	 2 jh ; 	 � 7��16 .Ž . �1N ; k n 0 n 5k k k

EE
� � T � �c �h and 2�c �h � T .� 4k N ; k n n n n M ; kk k k k k k

Ž .2 1�2 �1�2Set N � 128�� , so that 4� 	 2�	 2 N � 6��128 	 ��64 � ��16.
Ž . Ž . Ž .Making use of 3.74 in combination with the definition 3.75 of E � , it isk

readily verified that there exists an event � of probability 1, such that1
� � 4 � Ž . 4� � EE i.o. � � � E � i.o. .1 k 1 k

The following arguments are needed to conclude our proof by showing that
Ž � Ž . .� EE � E � i.o. � 1.k k

�Ž .Ž . � � 2 41�2Step 2. Set � � ��8 d 	 1 f , which, by our choice of � and fH
Ž . Ž �satisfies 0 � � � 1. Recalling the notation 3.61 , set for k � 2, � � 0, 1 and

s � 0,
1�2 �1 Ž2.3.80 G � , s � s M � n $ t � " � ,Ž . Ž . Ž . Ž .Ž .k k k�1 � 0 ŽM �n .s , kk k�1

2 Ž Ž .. Ž Ž2.Ž ..where the choice of $ � 1�Var G � , 1 � 1�Var " � ensures that� k 1
� Ž . 4 2 Ž .G � , s : s � 0 is a standard Wiener process. Since $ � t 1 � t ask � 0 0

Ž .Ž Ž ..1�2� � 0, there exists a � � 0 such that 15�16 t 1 � t � $ �0 0 0 �

Ž .Ž Ž ..1�2 Ž �17�16 t 1 � t for all � � 0, � . Note further that0 0 0

G � , N � M � nŽ .Ž .k k k k�1

�1�2 �1 Ž2.� N M � n $ t � " � ,Ž . Ž .Ž .k k k�1 � 0 N ; kk

3.81Ž .

and
1�2 �1 Ž2.3.82 G � , 1 � M � n $ t � " � .Ž . Ž . Ž . Ž .Ž .k k k�1 � 0 M �n ; kk k�1

Ž . Ž Ž .�1 . Ž .Set � � 1�16 � 1 � 1 	 � � ���16 � 1�16. The function g s ��

Ž . � � � �2 2 Ž .�� min s, 1 � s for s � 0, 1 satisfies g � � � 1. Therefore, by 2.34 ,H�
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Ž . Ž .2.35 and 3.57 , we obtain that for all large k,

� EE � � � n�1�2c�1 G � , 	 � NN gŽ . Ž . Ž .Ž . Ž .k k n k � �k

� � W 2 � NN gŽ .ž /�n c �24 � �k nk
3.83Ž .

� �2 �� 2 �Ž ��8.Žd	1. � f � 2H� exp � log k g � k � k .Ž .Ž .H�

Ž . Ž . Ž .�1 Ž Ž .. ŽBy 3.30 , N � M � n � 1 	 � , and g N � M � n � � 1 �k k k�1 � k k k�1
Ž .�1 . Ž . � �1�2 �1 Ž .1 	 � . Therefore, for all large k, on the event EE � � n c G � , 	k k n kk

Ž .4� NN g , it holds that� �

�1�1�2 �1� �n c G � , N � M � n 	 � 1 � 1 	 � � 3��2 andŽ . Ž .Ž . Ž .k n k k k k�1k

� �1�2 �1 �n c G � , 1 � 3��2.Ž .k n kk

Ž . 1�2Ž .1�2 Ž .1�2 1�2ŽBy 3.30 , we see that n M � n �N � 1 	 � and n M �k k k�1 k k k
.�1�2 Ž .�1�2 Ž . Ž .n � 1 	 � . Therefore, by 3.81 , 3.82 and our choice of � , fork�1

Ž .all large k, on the event EE � it holds thatk
�1Ž2.� �t � " � 	 � 1 � 1 	 � $ cŽ . Ž .Ž .0 N ; k � nk k

� 2�c $n �k3.84Ž .
�1� 1�8 � 1 � 1 	 � c $ ,Ž . Ž .Ž . n �k

and likewise
�1Ž2.� �3.85 t � " � � 2�c $ � 1�8 � 1 � 1 	 � c $ .Ž . Ž . Ž . Ž .Ž .0 M ; k n � n �k k k

Ž . Ž . Ž . Ž . Ž .By combining 3.7 with 3.57 , 3.66 , 3.67 and 3.68 we see that, a.s. for all
large k,

1�21�2Ž2. 1�2� �3.86 " � � T � 2 �� 	 2 � t 1 � � t c � 4� c .� 4Ž . Ž . Ž . Ž .ž /N ; k N ; k 0 0 n nk k k k

Ž �Ž . Ž Ž .�1 . Ž .42 . Ž . Ž .Set now � � min � , 1�64 � 1 � 1 	 � t 1 � t . By 3.84 , 3.85 and0 0 0
Ž .3.86 , we have

�11�24� c � 1�8 � 1 � 1 	 � c $ .Ž . Ž .Ž .n n �k k

Ž . Ž .Thus, by 3.84 , 3.85 , there exists an event � of probability 1 such that, on2
Ž .� � EE � ,2 k

1�2�13.87 T � 3�4 � 1 � 1 	 � t 1 � t c ,� 4Ž . Ž . Ž . Ž .Ž .N , k 0 0 nk k

and
1�2�13.88 T � 1�4 � 1 � 1 	 � t 1 � t c ,� 4Ž . Ž . Ž . Ž .Ž .M , k 0 0 nk k

� Ž . Ž .for all large k. In view of the definition of EE , we combine 3.69 with 3.87k
Ž .and 3.88 , to obtain that, for some suitable event � �� of probability 1,3 2

� Ž . 4 � � 4the inclusion of events � � EE � i.o. � � � EE i.o. holds for � �3 k 3 k
Ž . Ž Ž .�1 .� Ž .41�21�3 � 1 � 1 	 � t 1 � t , which is allowed by our assumptions.0 0

Step 3. By putting together the results of Steps 1 and 2, we see that are
Ž Ž . Ž . .done if we can prove that � E � � EE � i.o. � 1 for the above choices of � ,k k

Ž .� , N, � , � , � and �. Now, it is easily checked via Remark 3.2 that E � and2 q
Ž .EE � are independent for all q so large that h � � t , and moreover, that,2 q n 02 q
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� Ž . Ž . 4E � � EE � : q � q is a sequence of independent events. Therefore, the2 q 2 q 0
Borel�Cantelli lemma reduces our proof to show that

3.89 � E � � EE � � �.Ž . Ž . Ž .Ž . Ž .Ý 2 q 2 q
q

1 2�1	Žd	1.Ž1� � f � .HŽ . Ž . Ž Ž .. Ž Ž .. �By 3.76 and 3.83 , we have � E � � EE � � min k ,k k 2
1 2 2�Ž��8.Žd	1. � f � 2H 4 Ž .Ž . � �k for all large k. Since � � ��8 d 	 1 f � 1, we obtainH2

Ž .readily 3.89 as sought. �

For the proof of theorem 2.2, combine Propositions 3.1, 3.2 and 3.3.
Concluding comments. Statistical applications of our theorems, together

with investigations of local quantile processes under other sets of assump-
tions, will be considered elsewhere.

Acknowledgments. We thank the referees for insightful comments. In
Ž .particular, one referee observed that a direct proof of the first equality in 1.7

was possible by a simplified version of our arguments. The comments of a
second referee led to some improvements in the proof of Lemma 3.4.
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