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CENTRAL LIMIT THEOREMS FOR QUADRATIC FORMS
WITH TIME-DOMAIN CONDITIONS

By LiuDAS GIRAITIS! AND MURAD S. TAQQU?

Boston University

We establish the central limit theorem for quadratic forms Y~ __, b(t—
s)P,, ,(X;, X,) of the bivariate Appell polynomials P,, ,(X,, XS) under
time-domain conditions. These conditions relate the weights &(¢) and the
covariances of the sequences (P,, ,(X;, X;)) and (X,). The time-domain
approach, together with the spectral domain approach developed earlier,
yields a general set of conditions for central limit theorems.

1. Introduction. The bivariate Appell polynomials provide a helpful tool
for establishing both central limit theorems (CLT) and noncentral limit theo-
rems (NCLT) for quadratic forms in random variables G(X,), when (X,) is a
linear or Gaussian process and G is a polynomial. These limit theorems can
be used to derive properties of statistical estimators that involve quadratic
forms, for example, the Whittle estimator (see [13]). Hermite polynomials suf-
fice when X, is Gaussian, but Appell polynomials appear when X, is a linear
process. The Hermite polynomials are Appell polynomials associated with the
Gaussian distribution.

In this paper we study central limit theorems for quadratic forms

N

(1) QN = Z b(t - S)Pm,n(Xt7 Xs)
t,s=1

involving the Appell polynomials

P (X X) =X . X, X X,

m n

Here P,, ,(X,, X;) is a bivariate Appell polynomial (Wick power) of the linear
variables X, and X,, m,n>0,m+n > 1 and

(2) X, =) a(t—u),, teZ

ueZ

is a linear process; that is, the random variables ¢,, ¢ € Z are independent
and identically distributed, E¢, = 0, E& = 1 and the sequence a(t),t €
Z of real-valued weights satisfies the condition Y a?(s) < oco. We assume
E|£,]2mt) < oo in order to ensure that @, has a finite variance. Our goal
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is to provide sufficient conditions for N~1/2@Q , to converge to a normal distri-
bution. The definition of multivariate Appell polynomials is given in Section
3. These polynomials are a multivariate generalization of the univariate Ap-
pell polynomials [or Hermite polynomials if (X,) is Gaussian] and, like them,
they play an important role in the limit theory of quadratic forms of dependent
variables.

Central limit theorems involving Hermite or Appell polynomials have been
studied by Sun [21, 22], Breuer and Major [6], Giraitis [10], Giraitis and Sur-
gailis [11, 12], Fox and Taqqu [9], Ho and Sun [17, 18], Ho [16], Avram [2, 3],
Avram and Fox [4], Giraitis and Taqqu [14] and Arcones [1].

We will show, in particular, that the assumption

(3) Z lb(ll)b(ZZ)Cov(Pm,n(Xt’ Xt+ll)’ Pm,n(XO’ Xlz)) < 00,

l,1,,teZ

which ensures that the relation Var @y < const N holds, yields the CLT. In
fact, the relation

| |
ZICOV(Pm,n(Xb Xt+ll)> Pm,n(XO» Xlz))I < 00, Zl’ lZ S
teZ

turns out to be equivalent to the condition

2 Ir(@®)" ™ < oo,
t

where r(¢t) = EX, X, is the covariance function of the process (X,) and m +n
is the order of the Appell polynomial P, ,(X;, X, ).

Assumption (3) underlines the similarities between the central limit
theorem for quadratic forms in linear or Gaussian variables with long-
range dependence and the central limit theorem for univariate sums
Sy =N"12yN G(X,). Breuer and Major [6] proved that if the covariance of
the Gaussian stationary process (X,) satisfies the condition Y, |r(¢)|™ < oo
where m is the so-called Hermite rank of the function G, EG(X,) = 0 and
EG(X,)? < oo, then the CLT for Sy holds. Giraitis and Surgailis [11] showed
that the asymptotic normality of N-%2YY G(X,) can be established in
terms of the correlation function rq(t) = EG(X,)G(X,), without referring
specifically to the concept of Hermite or Appell rank (it plays an important
role in the proof). They showed that the CLT holds if }_,., |rq(¢)| < co when
X, is Gaussian. In addition, Giraitis [10] proved that if >, |rq(¢)| < oo, then
the CLT holds also for the linear process X, (2) if the function G is sufficiently
smooth, for example, if G is a polynomial. Condition (3) thus extends the
univariate condition )., |rq(%)| < oo to quadratic forms. However, in contrast
to the CLT for univariate sums, it does not cover certain additional cases,
first discovered by Fox and Taqqu [8], where the CLT for quadratic form also
holds. Specifically, it excludes the possible compensation of the long-range
dependence of (X,) by a fast decay of the weights b(¢). These cases, which do
not have a simple formulation in the time domain, are best characterized in
the spectral domain. Conditions for the CLT in these situations were obtained
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by Giraitis and Tagqu [14], under assumptions involving m and n and the
spectral density of (X,). (For NCLT results, see [15].) The conditions of this
paper are stated in the time domain and are, in general, not equivalent to
those in [14].

The method of proof for establishing the CLT is also different in the time
domain. Whereas in [14] we use approximation methods, here we apply the
method of moments. This is because, in the spectral domain, one can approx-
imate the possibly unbounded spectrum by a bounded one. In the time do-
main, however, one has to deal directly with the covariances, which decrease
slowly.

More specifically, Theorem 2.2 uses conditions formulated in terms of the
LP norms of the covariance r(¢) and the weights b(¢). These conditions are
of a global nature and do not require the power (or regular variation) decay
of r(¢) and b(t) as ¢t — oo. Therefore, they do not imply the regular variation
of the spectral density f(x) [Fourier transform of the covariance r(¢)], nor of
the Fourier transform Z(x) of the weights b(¢) as the frequency x — 0. They
also do not imply the finiteness of the norms ||f]|z, , and ||b||L of the spectral
density f and the function b in the spectral domaln with p’, ¢’ complemen-
tary to p,q(p' = p/(1 —p), ¢ =q/(1—q), p,g=1),if p#2and g # 2.
Therefore, our time-domain conditions require different methods of proof. The
CLT with spectral domain conditions was obtained in [14]. We considered long-
memory sequences and showed that their long-memory behavior, expressed in
the spectral domain (the spectral density blows up at the origin), can be com-
pensated by the decay of the Fourier transforms ’b\(x) at the origin. We used
an approximation technique, essentially replacing the spectral density by a
bounded one, which allowed us to approximate the bivariate quadratic forms
by univariate sums of m-dependent random variables. Such an approximation
technique, however, does not work with time-domain conditions. We thus use
here diagrams and the method of moments. It was already well known that
certain diagram formulas can be used to bound the moments and cumulants
for functionals of a Gaussian process (see, [6], [11] and [9]). It was, in fact,
possible to select a special class of diagrams in such a way that the contribu-
tion of the rest was negligible. In the case of Appell polynomials, analogous
diagram formulas can be written down, but some additional, more complicated
diagrams appear. Hence, in this case, similar results can be expected. But to
bound the contribution of the additional diagrams is a hard technical prob-
lem. This is done in this paper under time-domain LP”-type conditions on both
the covariance r and the weights b. These time-domain conditions clarify the
underlying dependence structure and are easy to apply.

The paper is structured as follows: Section 2 contains the main results,
Section 3, a description of the Appell polynomials and Section 4, the proofs.
Multivariate extensions are given in Section 5.

2. Main results. Condition (3) ensures the finiteness of the limiting vari-
ance and implies the CLT. This fact is stated in the following theorem.
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THEOREM 2.1. Suppose

(4) > lb(ll)b(ZZ)COV(Pm,n(Xh Xii1,)s Prn(Xos Xp,))| < 00

I, 1y, teZ
If 5(0) = 0, suppose in addition Y, [r(¢)|™*" < co. Then the CLT holds:
(5) N12Qy = 4(0, 0?), N - oo

and the limiting variance is

©  o?= Y b(l)b(l) COV(P,, (Xs Xii1): P n(Xon X1)).
l,1,,teZ

The next theorem provides a condition on r and b, under which (4) is sat-
isfied.

THEOREM 2.2. If

7 relL?, be L9, p,g>1
and
(8) min(mp~t, 1)+ min(npt,1)+2¢7* >3

then the CLT holds and the limiting variance is (6).

The next theorem makes use of Theorem 2.4 in [14] and shows that under
some rather restrictive conditions on the covariance r(¢) and the weights b(¢),
the long-range dependence of the (X,) can be compensated by the fast decay
of b(¢) in such a way that the CLT holds. These conditions ensure, in fact,
that the sufficient assumptions in the spectral domain, provided in [14], are
satisfied. The theorem involves quasi-monotone sequences: a sequence a(?) is
quasi-monotonically convergent to O if a(¢) - O and a(¢+1) < a(¢)(1+c¢/t) as
t — oo for some ¢ > 0. The sequence a(t) has bounded variation if >_;2; |a(t+
1) — a(t)| < oo.

THEOREM 2.3. Suppose r(t) = |¢|7"Lq(|¢]), b(t) = |¢]7"2L,y(|¢]) (0 < 71,
v, < 3) and

9) min(myy, 1) + min(ny,, 1) + 2y, > 3,

where m, n > 1. Suppose in addition that both sequences {r(¢)} and {b(¢)} have
bounded variation and are quasi-monotonically convergent to O; if 1 < y; < 3,
r(t) has the same sign for large ¢ and satisfies }_,., 7(¢) = 0; if 1 <y, < 3, b(?)
has the same sign for large ¢ and satisfies >, ., b(¢) = 0. Then the CLT holds.
The limiting variance is expressed by (6) if 0 < y;, v, < 1.

The assumptions in Theorem 2.3 were used in [7], Theorem 3.
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REMARKS.

(i) Under the assumptions of the previous theorems, the finite-dimensional
distributions of {Q[Nt]/«/ﬁ, ¢t > 0} converge to those of {aB(¢), t > 0} where
B(t) is standard Brownian motion. The proof of this more general statement
is similar to the proof of the one-dimensional theorems.

(ii) Condition (4) is not as general as the spectral domain condition (2.5)
in [14] but it is formulated entirely in the time domain. Theorem 2.2 can be
viewed as the time-domain analogue of Theorem 2.3 of [14]. Relations (7) and
(8) correspond to (2.10) and (2.11) of [14] but one cannot, in general, pass from
one to the other. Note also that the direction of the inequalities (8) here and
(2.13) in [14] is reversed.

Theorems 2.1, 2.2 and 2.3 are proved in Section 4. The value of a constant
C that appears in the proofs may change from line to line.

3. Appell polynomials and their cumulants. Let u be some probabil-
ity measure on R with mean [ x du(x) = 0. The (univariate) Appell polynomi-
als P,(x) corresponding to the distribution u generalize the ordinary “powers”
because they are defined by the differential equation

P (x)=nP,_1(x)
with
EP,(X)= /Pn(x)dp,(x) -0, n=1,2,...,

providing the constants of integration. Thus, P, (x) is defined whenever u has
moments of order n. We note that

Py(x) = / du(x) =1, Py(x)=x,  Py(x)=x> —/x2 du(x).

The Appell polynomials are orthogonal only when p is a Gaussian measure
[20]. In that case, they are identical to the Hermite polynomials. The Appell
polynomials P, (x) can also be defined by the generating function

exp(zx)
[ez*du(x)

If the moment generating function M(z) = [e** du(x) does not exist, this
relation has to be understood as a formal expansion that allows P,(x) to be
obtained by formal differentiation:

oo Zn
DEICE

d" exp(zx) |
dz" [e=*du(x)|,_,

where one sets (d*/dz*)M(z)|,.o = EX*, k > 0. Finally, P,(x) can also be
expressed as

P, (x)= i( >, (=17 IL[ Xvi>xk

k=0 \ {V}(n—F) i=1
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(see [23]), where x; = x(%, p) is the kth cumulant of the measure u, and the
sum is taken over all partitions (V,...,V,), r > 1of theset {1,...,n — k}
such that |V;| > 2. We set } (o) - - - = 1, so that the coefficient of x" is 1. See
also [5] and [12] for an introduction to Appell polynomials.

To define the multidimensional analog of the Appell polynomials it is useful
to first introduce the Wick products (also called Wick powers) (cf. [12], [23]).
These are multivariate polynomials

V15 Yn :(V)

VI

1

corresponding to a probability measure v on R". Interpret this again as
a formal expression if v does not have a moment generating function, the
Wick products being then obtained by formal differentiation. A sufficient
condition for the Wick products :y,,...,y,:*) to exist is E|Y;|* < oo,
i =1,...,n. If Y,4,...,Y, are random variables with joint distribution
v(dx)=P((Yq,...,Y,) € dx), then

:Yl’ e, Yn :::yl, ceay yn :(V)|y1:Y1

is also called the Wick product of the random variables Y,,...Y . It is con-
venient to use the notation

Y, Yy, Yy, Y, =P (Y., Y,)

ny ng

(the indices in P correspond to the number of times that the variables in “: :
are repeated). The polynomials P,  , can be defined also by the recurrence
relations

.....

anl ,,,,, nk(yla"'7yk):njpn1 ,,,, Tiqyees nk(yl>""yk)7

EP (Y,,....Y,)=0,

setting Py = 1.

We can now relate Wick products to Appell polynomials. If P,, n > 1 is
the univariate Appell polynomial corresponding to the distribution u(dx) =
P(Y e dx), defined earlier, then

1Y,..., Y :=P,(Y).
We provide below some properties of the Wick products (cf. [12], [23]). Let W be

a finite set and Y;, i € W be a system of random variables. Let YW =[],. Y;
be the ordinary product, : Y% : the Wick product, and x(Y") = x(Y;,i € W)
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be the cumulant of the variables Y;, i € W, respectively. We now recall the
definition of the mixed cumulant

n

a n
xYq.,...,Y,)= mlogEexp(EijJ)

21:»--:2,2:0'
The following relations hold ([23], Prop. 1):
YW= 3 YUY (1) XY ) x (YY),

Ucw  {V}
YV = ¥ vy x () x(Y) = X v TY),
Ucw vy Ucw

where the sum Yy is taken over all subsets U c W, including U = &, and
the sum >y, is over all partitions {V} = (Vy,..., V,), r > 1 of the set W\U.
We define Y2 =: Y? := y(Y9) = 1.

It follows that Wick products are multilinear in the sense that, if §,, u > 1,
are independent random variables, then for any N > 1,

al (1) Y (n) al al (€] (n)
: Z)\ul ul""az)\uné:un:ZZ"'Z)\ul"')\unzgup"-:gun:
u;=1 u,=1 u;=1 u,=1
(see also [5]). In particular, @ defined by (1), (2) can be written
(10) QN= Z dN(ul’"-auern):gula'"agu o

m+n
UpyeersUpy iy €L
where
dN(ub RS um+n)

= 3 bt - $)alt — ur) - a(t = wp)als — tpy1)- (s = Upi).

t,seZ

(11)

Relations of this type will be used implicitly in the sequel.

An important property of the Appell polynomials is the existence of simple
combinatorial rules for calculation of the (mixed) cumulants, analogous to
the familiar diagrammatic formalism for the mixed cumulants of the Hermite
polynomials with respect to a Gaussian measure [19]. Let us assume that W is
a union of (disjoint) subsets W,, ..., W,. If (i,1), (i, 2),..., (i, n;) represent

the elements of the subset W,, i = 1,..., &k, then we can represent W as a
table consisting of rows W, ..., W,, as follows:
(1,1),...,(1, ny)
1522 T =W.
(k,1),...,(k,ny)
By a diagram y we mean a partition y = (V,..., V,), r=1,2, ... of the table

W into nonempty sets V; (the “edges” of the diagram) such that |V;| > 1. We
shall call the edge V; of the diagram v flat, if it is contained in one row of the
table W; and free, if it consists of one element, that is, |V;| = 1. We shall call
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the diagram connected if it does not split the rows of the table W into two or
more disjoint subsets. We shall call the diagram y = (V4, ..., V,) Gaussian
if [V1] =---=|V,| = 2. Suppose as given a system of random variables Y, ;
indexed by (i, j) € W. Set for V. c W,

Y= J] Y,,; and :YV:=(Y, ;,(i,j)eV):.
(i, j)eV

For each diagram y = (V4, ..., V,) we define the number

(13) I, =T x(¥V9).

j=1

ProposITION 3.1 (cf. [12], [23]). Each of the numbers

(i) EYW = E(YW1...YWs),
(i) ECYWi:...: YWy,
@iii) x (YW1, ..., Y W),
(iv) xCYWi: . i Y Wer)
is equal to

21,
where the sum is taken, respectively, over (i) all diagrams, (ii) all diagrams
without flat edges, (iii) all connected diagrams, (iv) all connected diagrams
without flat edges. If EY; ; = 0 for all (z, j) € W, then the diagrams in (i)—(iv)
have no free edges.

It follows, for example, that E:Y"W := 0 (take W = W,, then W has only 1
row and all diagrams have flat edges).

We shall now apply the proposition to linear random variables X,, that is,
of the form (2). The cumulant of X, can be expressed in the form

X(Xt17 s th) = Z X(é:slf LR gsk)a(tl _Sl)"'a(tk _sk)

S15eees

Xe(é0) D_a(ty —s)---a(t, —s),
where

Xk(§O) = Xk(fo» s fO)
———
k
is the kth cumulant of &,. This formula holds in view of the multilinearity of
the cumulant and the fact that for i.i.d. variables (¢;), x(¢;,, ..., &) =0 if
J; # j; for some i # [. This fact, part (iv) of Proposition 3.1 and the definition

(13) of Iy imply the following formula for the cumulants of the Wick products
of linear variables (2):

(14) Cum(:XtM,...,Xth1 :,...,:th’l,...,thwnk )= > d,d,,
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whereI'(nq, ..., n;) denotes the set of all connected diagrams y = (V4, ..., V,)
of the table W (12) without flat edges, d,, = x|v,(§) - x)v,|(£&o) and

(15) S15...,8,€Z j=1
a(ty, 1 —Sp1) - a(ty, n, — Sk, nk):l’

where s; ; = s; if (i, j) € V,, 1 = 1,...,r. We refer to (14) as the diagram
formula.

4. Proof of the time-domain theorems. We start with the following
lemma, which relates the covariances of the polynomials P,, ,(X,, X,,;) to
those of the variables X,.

LEMMA 4.1.
(16) >|Cov(P,, (X, X;11)s P n(Xo, X)) <00 foranyly,l,eZ
teZ
if and only if
17) S ()] < .

teZ

PrOOF. First we show that (16) implies (17). Recall that I'(m + n, m + n)
denotes the set of connected diagrams of the table

We (1,1),...,(,m+n) B (1,1),....,4,m),(L,m+1),...,(1,m+n)
\(2,1),....,2m+n)] \(2,1),...,2,m),(2,m+1),...,(2,m+n)

without flat edges. Here W consists of two rows and m + n columns. By the
diagram formula (14), we have

R(t; ll’ 12) = COV(Pm,n(Xt7 Xt+ll)’ Pm,n(XOa Xlz))
= > d(Vry, (1, L) - ry (11, 1),

v=(Vy,...,V,)el'(m+n,m+n)

where

(18) rv(tln )= ] a(v;j—uw),
ueZ (i, j)eV,

and v; ; =tif (i,j) € (L,1),....,(L,m)); v, ; =¢t+1; if (i,j) € (1, m+
1),....(L,m+n)) v, ;=0if (i, j) € (2,1),...,(2,m)) v; ; =1, if (i, j) €
(2,m+1),...,(2,m + n)). Rewrite I'(m + n, m + n) as the disjoint union
I', UT'.,, where I', denotes the Gaussian diagrams y = (V4,..., V,): |V| =
---|V,.| =2 and the I'_, the diagrams vy containing V; € y such that |V;| > 2.
Thus,

(19) R(t;l, 1) =Y + Y = Ry(t;l1, 1)+ R_5(t;14, ).

vel,  vyel,
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In the case [, =1, = 0, we have
Ry(£0,0) = }_ d(y)ry,(£0,0)---ry  (£0,0)=r(t)"™ 31

vel, yel',
since ry(£0,0) = r(¢) if |[V| = 2 and d(y) = (E£2)™*" = 1. Using (16), we will
get

[ 3 1} S RO < X R(1,0,0)] + X [Ros(,0, 0)] < oo,

vel', teZ teZ teZ
provided
(20) > |R_»(#0,0)| < oo.
teZ

We shall now prove (20). By definition of I'_,, there is V; such that |V;| > 2.
Two cases are possible.

(a) Suppose V; contains more than one element of both rows of the table
W. Using inequalities of the form a(t — u)a(t — v) < 2(a?(t — u) + a?(t — v))
and (5), we have

Y Irv (¢,0,0) < 4supla(®)|Vi* Y a?(t — u)a®(—u) < oo
t t

t,ueZ

since ¥°,.7 a?(t) < oo. Therefore,
21y, (£0,0)] -+ |ry (£0,0)| < C 3 |rv,(£0,0)] < 00
t t

since |er(t, 0,0)] < CY oz la(t — w)a(—u)| < CY¥ ez |a(u)]?> < oo uniformly
inteZforanyV;ey.

(b) |V;| > 2and V,; is a“ triangle” of y; that is, it contains only one element
from the first or second row of the table W. This time, we consider Zr%,i
instead of 3 |ry. |. Estimating as above, we see that

2
> r%,i(t;O, 0) < const Z|: 3 e (u)a(t — u)|:|

teZl uez

<const Y a?(w)a?(u) Y |a(t — w)a(t —u')|

u,u'eZ teZ

2
< const[ 3 az(u)} > a?(¢) < oo.
ueZ teZ

In the case (b), y contains at least two V;, V; € y such that |V;| > 2, |V;| > 2,
because W has the same number of elements in each row. Hence the Cauchy
inequality yields

Z |rV1(t7 0’ O) e rV,(t’ 07 0)| = CZ |rV,¢(t’ 07 0)||er(t7 07 0)|

t t
1/2

< C(Xt:r%,i(t, 0, O))l/z(;r%j(t, 0, 0)) < 0.
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Combining cases (a) and (b), we get

2 IR(£0,0) = 3 [d(v)| 2|y, (£,0,0)] - |ry (£, 0,0)] < 0.

vel'., t
This proves (20) and hence (17).

We now prove the converse, namely that (17) implies (16). Observe that in
the first part of the proof, relation (20) was a consequence only of ", a?(¢) < oo,
and that, in fact, it can be strengthened to

Y |R.o(t;11, 1) < oo foranyly,l, € Z.

teZ

In view of (19), it is then sufficient to show that (17) implies

Y IRy (8514, 1p)] < o0.

teZ
But
YRG0, ) < Y 1A X Iy, (61, )] - ey, (810, 1))
teZ yel', t
<4 [dy)| Y |r@®)™" <
yel', t

by (17), since [, and [, are fixed and

v, (¢, 11, L) < max{[r(D)], [r(¢ = L), [r(¢ + L)l |r(t + 1 = Do)} o

ProOF OF THEOREM 2.1. We divide @ (1) into two parts:

N
QN = Z b(t - S)Pm,n(Xt7 Xs)
t,s=1
(21) N

N
1) (2
= ) + > =Qn x+ QN k>
t,s=L:|t—s|>K ¢ ,s=1:|t—s|<K
where K > 1 is a fixed constant. The CLT in Theorem 2.1 will be proved if we
show that

(22) Jlim Nt var QV x <8(K)—>0, K-
and
(23) N2(QY x —EQY x) = N(O,0%), N — o,

where the limit
(24) 0'12{ — o2, K — o

exists and is defined by (6).
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(i) We first prove (22). Note that

N
NVarQy x= Y b(t—s)|t—s| > K)b(t — )|t — | > K)
t,s, t',s'=1
X COV(Pm,n(Xt7 Xs)9 Pm,n(Xt’,s/))
Since X is strictly stationary,
COV(Pm,n(Xt’ Xs)’ Pm,n(Xt/’ Xs’))
= COV(Pm,n(thtH Xsft’)! Pm,n(X07 Xs’ft’))'
Setting -/, = ¢ — s and —[, =t — &, and denoting ¢ — ¢’ by ¢, we get
N-tvar Q(Al,)K
< Y b(={Ll = K}b(~=15) COV(Py, (X4, X 111,))s v, n(Xo, X3l
ly,1,,teZ

Relation (4) implies that this tends to 0 as K — oo and hence yields (22).

(if) We now establish the CLT (23) for Q%)K Assume first that all the
moments of &, exist. It is then sufficient to show that all the cumulants of

N*l/ZQ%?K of order higher than two converge to zero. We have

K N
2
Wxk= 2 ()Y Py o(X, X))+ Ry k.
I=—K t=1

where the correction Ry g involves a finite number of terms indepen-
dent of N. Since Var Ry g < oo uniformly bounded in N > 1, we have
N-Y2Ry x — 0 in probability as N — oo for any fixed K > 0. Set
Uy()=XN, P, .(X;, X,,;). Since cumulants are multilinear, it is sufficient
to show

(25) cum(U n(1y), ..., Un(1p)) = o(N*/?)

as N - oo forany l,,...,1, € Z and £ > 3 and to show convergence of the
covariances

N1t Cov(U n(11), Un(1y))

(26) 9.1,
= ZCOV(Pm,n(Xt’ Xt+ll)’ Pm,n(Xoa Xlz))
teZ
as N — ooforanyl,, [, € Z. Observe that in view of Lemma 4.1, the conditions
of our theorem imply both (17) and (16).

The proof of the convergence (25) in the case [, = --- = [, = 0 is given
in [10], Proposition 6 and is based on the diagram formula (14). In that
paper it is shown that (17) implies the CLT for univariate Appell poly-
nomials P, ,(X;) := P, ,(X,;, X;). In the case [; € Z the cumulants of
P, (X, X, ) are also calculated by the diagram formula (14). Since the
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l;’s are fixed, the proof of (25) turns out to be the same as in the case
li=---=1,=0
We now turn to relation (26):

N~ Cov(Un(l1), Un(l2))

N
= N_l Z COV(Pm,n(thm therll)’ Pm,n(XO’ Xlz))

t,s=1

N-1 NA(N-v)
= % N Y ] CouP (X Kt Pn(Xo X))
v=—(N-1) s=1v(1-v)

The dominated convergence theorem applies by (16) and hence relation (26)
follows by letting N — oo. This completes the proof of the CLT (23) when &,
has all moments.

If £, has only 2(m + n) moments, replace it by £5¢ + &3¢, where &5 =
50{|§O| <a}- Ego‘v{|§o| < a}and §&* = §o‘v{|§o| > a} E§O{|fo| > a}. Use
the multlllnearlty of the Wick powers to decompose QN g = Q(z) -+ Q(z) -
where Q “ involves only &£5* and Q “ involves at least one £7%. (Note
that the deflnltlons of Q(Z) =% and Q(Z) > are not symmetric.) More precisely,
using the multilinearity property of the Wick powers,

nz(Xt’XtJrl) = Z a(t_ul)"'a(t_um)a(t+l_um+l)

Uyl in €2
~-a(t+l—um+n):§u1,...,§
=Z[~-]:§§f,---,§<j+n-
S L) EY U S d3Is=1,. Lm+n:lé, | >al
=P, 0, (X77, Xt+l)+ Pt (X Xoiig)

ny, na

Umin

where P, ., (X79, X;"l) denotes the first sum above and P;?, (X;, X, ;) =

P, o, (X4, X)) — Py 0 (X7 X7 Here X7 = 3, a(t — u)§<a denotes
the linear process Wlth truncated i.i.d. sequence (¢£;*). Note that the Ap-
pell polynomials P, , (X,, X,,;) and P, , (X;“, X)) correspond to differ-
ent random variables (X, X;y) and (X<a X7[) and are different and that

P;e, (X, Xt+l) involves at least one 7% We define Q(z) - and Q(Z) . by

replacing in QN,K the polynomial P, , (X, X, ;) by P, , (X7 X;%) and
P;e, (X, X,y) respectively.
It is sufficient to show that

27) lim sup lim N~ Var QY =o.
Indeed, we already know that

(28) N72QG ¢ = N(0, 0%(a))
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since all moments of Q(Z) - exist. Relation (27) also implies that 0% (a) — o%
(a — o0). Then (23) follows from (27) and (28).

We now establish (27). From Y, |r(¢)|™"" < oo, using the same argument
as in the proof of Lemma 4.1, we get

Y |CoV(Pyy o (X7, X5 ) P, (X% X(9))| < 00 forany iy, 1, €Z,
teZ

Y tez|COV(P,, o (X4, X iy1))s Py n (X5, XZ"))] <oo foranyly,l, e Z.

[Only d(y) in Lemma 4.1 is modified.] It follows, as in the proof of (26), that
the following limits exist:

lim N~ Var QW5 = a¢(a),

lim N Cov(QY . @ &™) =: o (@),

R _ 2
lim N Lvar Q% x =: o%.

Moreover,

R 1,1) R (1,2) 2

lim ( = lim =

9K (a) o ok (@) = og,
because

cum(gsl, R szl e g;:p) — cum(gsl, ... g%) as a — oo,

which equals 0 if s; # s; for some i, j = 1,...,1+ p by the independence of
the &s. Then

I|m N-*Vvar Q(z) -
=lim N~ var QY x —2Cov(QY . Q5" + Var Q<]

= a_g., 1)(a) — 20;{1’ 2)(a) + 0% — 0, a — oo.

Thus, (27), and hence the CLT (23) holds.
(iiif) We now establish relation (24). Since

K
ok =N"arQP x= Y b(~1)b(~L;)N "2 Cov(U y(ly). Uy(ly)).
Iy, l,=—K
(24) follows from (26) and (4). Theorem 2.1 is now proved. O

LEMMA 42. Letp; >1,...,p,>1, pi*+ -+ pt =k—1.1fb; € L? for
j=1,...,kthen

k
Yo 1bi(ve) by (Vp_1)bp(vr 4 o) < TT 16120

Ug,...,Up_1€Z j=1
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Proor. If

Bi(y)= > |by(vy)---bq(vi_)by(y — (vi + -+ v,

Uy,..,0;_1€Z

then, after a change of variables,

Yo bi(vy) b1 (Vg )bR(vy + - F V)| = D b(v)Byg (V)

Ugyees vp_1€Z

< 6llLe I Brallpre-s»

where pgl + r;}l = 1 by Hblder’s inequality. We shall now use Young's in-
equality

IF*gler <fleoliglle,  14+r*=pt+q*" pgr=1

Applying it £ — 1 times gives
k
IBr-allzrer < 10p-allpewslBr-allprms < - < [T 16llzeis
Jj=1

where 1+7;% = ppti+73%, ..., 14751 = pot+ prt. Summing these relations
and relation 1 = p;* + r;*! gives k —1 = p;* + --- + p;'. (Observe also that
rjzl, J:].,,k) O

PROOF OF THEOREM 2.2. As in the proof of Theorem 2.1, it is sufficient to
show that the relations (22)—(24) are satisfied. Note, that ), |r(¢)|"*" < oo,
since (7) and (8) imply that m + n > p. Therefore, (23) holds by the same
arguments as in the proof of Theorem 2.1. Let us now verify (22). Observe
that if

S:i= Y c(ug, ... up):é, . €,

Uyg,..u,el
with weights c(uy, ..., u;) satisfying the condition c(-) € L?(Z*), then

VarS = ES*= Yo c(uag, . ugp)e(Uag, ..., upy) d(y)
yel'(k, k) uy,....,u, ez

by the diagram formula (14). Since the first sum involves only finitely many
diagrams, we can use the Cauchy formula to get

Var S =< C(ka fO) Z cz(ul’ ) uk)a
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where the constant C(k, &) depends only on £ and on the distribution of &,.
Therefore, for Qg\l,)K defined as (21), we get

N
Var QY g < C(&) Y bt —s){|ts — s1] = K}b(t, — s,)

ty, S1, tp, Sp=1
X 1™ (ty — t)r"(sg — s5)|

<CEIN 3 |b(v){lva] = K}b(vy)

U1, Uy, Ug€Z

(29)

X r‘m(v3)r”(vl + Uy + U3)‘ = NVK

Let m, n > 1. By assumption, p;*+ p;*+2g~* > 3 where p;* = min(mp~*, 1)
and p,' = min(np~1, 1). (Since for sequences r € L? = r € L? with p’ > p,
we can assume p;l + pz‘l +2q~! = 3, by increasing for example p,). We can
now apply Lemma 4.2 to get

Vi < C(&)Ib (vl = K)llLolbllpelr™ lLm 7" ILe — 0, K — oo

since
1/p1

-1 1/ps
P e = (S I e ) < (S )
1/p:
=c(Tirer) " <o,

since r € L?. Similarly, ||z, < oc.

Assume now that m > 1, n = 0. Then condition (8), namely, min(mp~1, 1)+
2q~! > 3 implies that ¢ = 1 and m > p. Therefore, again Vx — 0 (K — o)
since both b and ™ in (29) are in L. This establishes (22). It remains to
verify relation (24), namely, that af{ converges to o2, given by (6), as K — oo.

. 1 2 2 1 1
Since ng)K + ng)K = @y and Var QEV)K = Var, QSV)K —2Cov(Qy, QﬁV?K) +
Var Qg\l,)K then

2 2 . _1 (2) (2)
log —ox/| < limsup N™*|Var @y x — Var Qy x|
N

< N~ !(2[Var Q Var QE\II?K]l/Z + 2[Var @y Var Qg\lf) wl
+ Var Q%?K + Var Q(Alr) K)-

Now, Var Q(Al,)K < CNVg by (29), Var Q(]\Z,)K < CN since Q(Az,)K satisfies the
CLT [relation (23)], and hence Var Q < 2Var Qg\l,)K + 2 Var Q§$>K < CN as
N — o0. Since Vg — 0 as K — oo, we get

|o% — 0%| — 0, K, K — c.

Thus crf{ — 02 < oo and hence (24) holds and the sum on the right-hand side
of (6) converges. This establishes the CLT with limiting variance ¢ given by
(6). O
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PROOF OF THEOREM 2.3. The assumptions imply that / and b satisfy the
assumptions f(x) < C|x|™%, b(x) < C|x|™#, x € [-m, 7] of Theorem 2.4 in [14]
with the a« = 1—vy, and 8 = 1—v,. (For details see the proof in [7], Theorem 3).
Moreover, if 0 < y;,7v, < 1, then r € LP, b € L? with p > [y;]™}, q > [v.]™%
Then assumptions (7) and (8) of Theorem 2.2 are satisfied as well and hence
the limiting variance can also be represented in the form (6). O

5. Multivariate generalizations. The following result is a multivariate
generalization of Theorem 2.2. Let

XED =S Dt —uyg, tez,  i=1,..., k=12

ueZ

be a 2k stationary time series with the same mean 0 and finite variance
innovations sequence {¢,, u € Z} and consider

N
. 1 2
g\ll) = Z bi(t - S)Pmi,ni(Xgl )7 Xgl ))’
t,s=1
i=1,..., k Assume E|&|2™mi+m) < co, in order to ensure that @) has finite

second moments for all i. Let r; jy i, 1)(¢) = EXff’l)Xg”l/), 1<i,i’ <k, 1<
l,l' <2, denote the cross covariances.

THEOREM 5.1. Suppose that each quadratic form
O = % bi(t— )Py (XY, XEP), i=1, Lk
t,s=1
satisfies the assumptions
> [bita)b () Cov(Py,, , (XEY, X (2D,
(30) itz
Py (X§ Y, X)) <00, =i i<k

and
(31) Z |r(i,l), (l'r’lr)(t)|mi+ni < 00, 1<, I < k, 1< l, U < 2.
teZ
Then as N — oo,
_ 1 k
(32) NY2QY,....QW)= (20, ..., zW),
where (ZM), ..., Z(®) is the Gaussian vector with zero mean and cross covari-
ances
o, ;= EZWZzV
(33) = ) bi(l)b,(ly)

l1,1,,teZ

i1 i,2 1 2
x Cov( Py, (XD, XED), P,y (XY, X)),

t+1y
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REMARK. In view of Lemma 4.1, condition (31) is automatically satisfied
for any i =i’ if XV = X#2) and b,(0) # 0.

PROOF OoF THEOREM 5.1. It is sufficient to show that

k ‘ k _
(34) SNZNil/ZZCngy:SIZ ZCiZ(L), N — o0

i=1 i=1
for any real numbers ¢;,i =1, ..., k. As in the proof of Theorem 2.1, we divide

ng,) (1) into two parts:

N
‘ 1 ;2
QY = X bt —9)P, (XY, XP)
t,s=1
N N (i,1) (i,2)
= > + > = QN k+QNk>
t,s=1:|t—s|>K ¢,s=1:]t—s|<K
where K > 1 is a fixed constant. Then the multivariate CLT (32) follows from
the relations

5)  Jlim N7'Var Qv <d8(K)—>0, Koo, i=1,..,k

k . k .
(36) N2y ,QG% =Y 6z, N- oo
i=1 i=1
(37) EZVZY - Ez0z0), Koo, 1<i, j<k

Since the cumulants are multilinear, the proof of relations (35), (36) and (37)
under assumptions (30) and (31) can be obtained in the same way as that of
relations (22), (23) and (24) in the proof of Theorem 2.1, respectively. O

THEOREM 5.2. The statement of Theorem 5.1 remains true if condition (30)
is replaced by
(38) a0 € LYY, 1), 6,2 € LPOY,
b e LY, Pa,1) Pi,2» 4 = 1,
forl<i < kand
(39) min(m; pityy, 1) +min(n; pity, 1) + 241 = 3, 1<i<k.
In addition, Y € LY if £ > 1, m; =1, n; = 0and a>? e L if k& > 1,

mi=0, ni:1.

REMARK. This extra condition was not required in the “univariate” version,
Theorem 2.2, where only one form was considered.
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ProOF OF THEOREM 5.2. One has to prove (35), (36) and (37). An argument
similar to that of Theorem 2.2 shows that under assumptions (38) and (39),
relation (35) is valid. It remains to check limits (36) and (37).

Since the proof of (37) is similar to that of (24) in Theorem 2.2, we only
show here that (36) holds. _ A

Set UY(1) = N, Pmi,ni(XEL’l), XE:ZZ)), i =1,..., k. Since cumulants are
multilinear, it is sufficient to show, as in the proof of Theorem 2.2, that

(40) cumU (1), ..., U (1,)) = o(NP2)

as N — oo for any ll,...,lpe_Z, 1<iy,...,1, < kand p >3, and to prove
convergence of the cross covariances

Nt Cov(UP(1y), U (L))

@) et o o
=Y Cov(P,, (X{Y, X\52), P, (X527, X(?))
teZ

as N — oo for any [,,l, € Zand 1 < i;, i, < k. The convergence of the
cumulants (40) can be obtained similarly to relation (25) in Theorem 2.2, and
its proof is based on assumption (31).

The proof of (41) is more involved. Clearly, it is sufficient to check that

(42) Y |R(t5 14, 15)| < oo,
teZ
where
iq,1 i1, 2 i, 1 io, 2
R(t;14, 1) i= Cov(P,, ,(X{"V, X152y P, (X02Y, X{?))
= > d(y)ry, (&) --ry (1)
y=(V1,.... V,)el(my +n; , mi,+n;, )
Here
rv(¢) =ry(t; iy, 1p)
43) = 3 al (g = gy Mglis?)

ueZ
x (t 41 — u)2ValieD(—y)s(V)glia2)(1, — )V
andn, (V) = |VN{(1,1), ..., (1, m; )}, no(V) = [VN{(1, m; +1),..., (L, m; +

), na(V) = [VnA{(21),....(2,m)}, no(V) = [VNn{2m, +
1),...,(2,m;, + n;,)}. Relation (42) will follow if we show that
(44) Ylry, (@) ry (O] < 00

teZ

for any Y€ F(mil + nil, miz + niz). Since |Vl| + -4 |Vr| = |W| = mil + nil +
m;, + n;,, then by Holder’s inequality,

r VLWl
(45) SYlry () ry (B)] < ]‘[<2|rvi(t)||wv|vi|) .

i=1\ ¢
Setq;, =Y, |ry ()WVWVil i=1,. . r
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If |V;| =2, (“Gaussian” V;), namely, V; = ((i1, 1), (i,, 1)), then |W|/|V;| =
|[W|/2 > min(m;, +n; ,m;, + n;,), and therefore,

i

q;<C) |r(i1,l),(iz,1')(t)|min(mi1+n”’mi2+ni2) <0
t

by assumption (31).

Recall that V; is a “triangle” if |V;| > 2 and if it contains only one ele-
ment from the first or second row of the table W. If V; is non-Gaussian non-
“triangle,” then as in the proof of case (a), Lemma 4.1, we have that g; < cc.
Thus, if y = (V4,...,V,) consists of either Gaussian or non-Gaussian non-
“triangle” Vs, then (44) holds.

Suppose now that y contains only one “triangle” V. (To simplify the nota-
tions, set i = 1 and suppose that it is the first row of the table W that contains
a single element of the “triangle” V;). In contrast to case (b) of Lemma 4.1,
we have to consider three scenarios.

(b1) Suppose all other V;’'s are “Gaussian,” j = 2,...,r and r > 2. Then
r = m; +n; and there are m; +n; —1 Gaussian V;’s. Since r > 2, by the
Cauchy inequality,
2lrv, @)y (2)]

teZ

<o(Sir@F) (Srv®-rv@r)

teZ teZ

1/2 12
= C( > |’"V1(t)|2) ,mzaxr( 3 |er(t)|2(m,-1+ni11)> -

teZ = teZ

.....

since Y,z |ry ()| < oo for the “triangle” V; [see case (b) in the proof of
Lemma 4.1], and Yz |ry ()"0 < oo for j = 2,...,r “Gaussian”
V;'s. Indeed, 2(m;, +n; —1) = m; +n, and for Gaussian V;, ry is a cross
covariance, so we can use assumption (31).

(b2) Suppose r = 1, that is, y consists of a single “triangle” V. (Assume
without loss of generality m; =1, n; =0.) Then

g1=YIrv, =C ¥ |a V(& - w)max(la> D (w)?, |2 (w)]?) < oo
teZ t,ueZ

using the special assumption a1 e L?*, which holds in this case and the
standard assumptions a1, q(i1:2) ¢ L2,
(b3) Suppose that y contains more than one “triangle” (say V4, V). Then

Arv (&) ry (DI < CY|ry, (D)ry,(2)]

teZ teZ
12 12
=e(Zhvf) (Thv,oF) <o
teZ teZ

Relation (42) is now proved. O
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In the next result, the weights are different, but the processes are identical.

COROLLARY 5.1. Suppose that

) N
(Iil) =) bi(t —s)Pyy, 0, (Xy, X)),

t,s=1

i=1,...,k where X(¢) =Y ,za(t —u)é,,t € Zis a linear process.

(Al). Ifm;+n;=1forsomei=1,...,k, assume

b;eL', forall j=1,...,ksuchthatm;=0o0rn; =0,

L' and
as {bjeLZ, forall j=1,...,ksuchthatm;>1andn; > 1.

(A2). Ifm;+n;>1foralli=1,...,k, assume
relL?, b, € L%, qg;>1,i=1,...,k,
and
min(m;p~ %, 1) + min(n;p 1, 1) +2¢;* >3, i=1,... k.

Then the multivariate CLT (32) holds.
The proof of the corollary follows from Theorem 5.2.

Acknowledgment. The first author thanks Boston University for its hos-
pitality.
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