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STOCHASTIC EVOLUTION EQUATIONS
WITH RANDOM GENERATORS

BY JORGE A. LEON! AND DAVID NUALART?
CINVESTAV-IPN and Universitat de Barcelona

We prove the existence of a unique mild solution for a stochastic evolu-
tion equation on a Hilbert space driven by a cylindrical Wiener process. The
generator of the corresponding evolution system is supposed to be random
and adapted to the filtration generated by the Wiener process. The proof
is based on a maximal inequality for the Skorohod integral deduced from
the 1t6’s formula for this anticipating stochastic integral.

1. Introduction. In this paper we study nonlinear stochastic evolution
equations of the form

11) X, = §+/Ot(A(s)XS+F(s, XS))ds+/Ot B(s, X,)dW,,  te[0,T],

where W is a cylindrical Wiener process on a Hilbert space U. The solution pro-
cess X = {X,, t € [0, T]} is a continuous and adapted process taking values
in a Hilbert space H. The functions F(s, w, x) and B(s, w, x) are predictable
processes satisfying suitable Lipschitz—type conditions and taking values in
H and L,(U, H), respectively.

We will assume that A(s, w) is a random family of unbounded operators
on H. A notion of weak solution for (1.1) can be introduced as usual (see
Definition 5.2).

In the case where (1.1) is a coercive evolution system on a normal triple
(K, H, K'), we can interpret (1.1) as an evolution equation to be solved in K’
(see [5] and [12]). In this case, the proof of existence of a unique weak solution
for (1.1) follows closely the ideas of Pardoux [11].

When A(s) is a deterministic family of operators, in order to solve Equation
(1.1) one looks for a mild (or evolution) solution, which satisfies the evolution
equation

12 X,= S(t,O)f—i—fot S(t, s)F (s, Xs)ds+f0t S(t, s)B(s, X,)dW,,

where {S(¢,s), 0 < s < ¢t < T} is an evolution system determined by

A(t)S(¢, s) = (d/dt)S(t, s). We refer to [1] for a basic account of this theory.
In the case of a random family of operators { A(¢)}, the corresponding evolu-

tion system S(t, s) is also random and .#;-measurable (where {%, t € [0, T'|}
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is the natural family of o-fields determined by W). As a consequence, the
process S(¢, s)B(s, X,) is not %,-measurable, and the stochastic integral ap-
pearing in (1.2) is anticipative. That is, although both the solution process
{X,} and the random family of operators {A,} are adapted, the associated
stochastic evolution equation involves an anticipating integral.

It is well known that a mild solution of (1.2), where the anticipating in-
tegral is interpreted as a Skorohod integral, is not a weak solution of (1.1)
(see [7]) because a complementary term appears. We show in Section 5 (see
Proposition 5.3) that a mild solution of (1.2) where the stochastic integral is
a “forward integral” is also a weak solution to (1.1). Roughly speaking, the
forward integral is defined as the limit (in probability) of Riemann sums de-
fined taking the values of the process on the left points of each interval. In the
case of real-valued processes, this type of integral was studied, among other
authors, by Russo and Vallois in [13]. The main difficulty in handling this
stochastic integral is to obtain suitable estimates for the L”-norm of the inte-
gral. One way to do this, in the anticipating case, consists in expresssing the
forward integral as the sum of the Skorohod integral plus a complementary
term.

In Section 4 we obtain an expression relating the forward and the Skorohod
integrals (Proposition 4.2) and we deduce an estimate for the L?-norm of the
supremum of an indefinite forward integral (Theorem 4.4). This theorem is
one of the main results of this paper and constitutes the fundamental tool for
solving the stochastic evolution equation (1.2).

The Skorohod integral is an extension of the Itd integral to the case of an-
ticipating integrands, and it was introduced by Skorohod in [14]. It turns out
that this generalization of the Itd integral coincides with the adjoint of the
derivative operator on the Wiener space. As a consequence, one can apply the
techniques of the Malliavin calculus (see [8]) in order to construct a stochastic
calculus for the Skorohod integral. This has been done by Nualart and Par-
doux in [10], among others. The Skorohod integral of Hilbert-valued processes
with respect to a cylindrical Wiener process has been studied by Grorud and
Pardoux in [3]. In Section 2 we present the basic facts on the Malliavin calcu-
lus with respect to a cylindrical Wiener process. We need to introduce random
variables with values in the space of linear operators L(H, G), where H and
G are real and separable Hilbert spaces, and the corresponding Sobolev spaces
D' 2(L(H, G)) are more general than the spaces of Hilbert-Schmidt operators
DY 2(L,(H, G)) considered in [3].

The basic estimate for the L”-norm of a Skorohod integral (that is used
in Section 4 in order to control the L?-norm of the forward integral) is ob-
tained in Section 3. We need to estimate a Skorohod integral of the form
fot S(t, s)d,dW,, where {S(t, s), t > s} is an F;-measurable random evolution
system on a Hilbert space H and ® = {®,, s € [0, T']} is an L,(U, H)-valued
adapted process. We prove that

p

t
f S(t, s)®, dW,
0

T
(1.3) E( sup ) < C/ E|®,| ds,
0

0<t<T

H
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assuming that S(t, s) is twice-differentiable in the sense of the Malliavin cal-
culus. The constant C depends on p, T and on the random evolution system
S(t, s). This estimate follows from the 1td formula for the Skorohod integral,
using some ideas introduced by Hu and Nualart [4]. The semigroup property
of the system S(¢, s) allows showing this estimate using only two derivatives
of S(t, s).

Inequality (1.3) plus the decomposition of the forward stochastic integral
obtained in Section 4 allows us to deduce an estimate similar to (1.3) for the
forward integral (see Theorem 4.4). Using this, we prove in Section 5 a result
on the existence and uniqueness of a mild solution to (1.2) (Theorem 5.4).

Finally, Section 6 contains an example that satisfies the assumptions of our
results. Namely, a random evolution system generated by a family of random
second order differential operators.

2. Preliminaries. In this section we present some basic elements of the
stochastic calculus of variations with respect to a cylindrical Wiener process.
For a more detailed account on this subject we refer to [3].

Let U be a real and separable Hilbert space. Suppose that W is a cylindrical
Wiener process over U defined on a complete probability space ({2, 7, P). That
is, W={W.(h),heU,te[0,T]} is a zero-mean Gaussian family such that

E(W,(h))W(hy)) = (s At)(hy, ho)y,

for all hy, h, € U and s, ¢ € [0, T']. We will also assume that the o-field .7
generated by W.

If u e L¥[0,T];U) we set W(u) = ¥, fo (u(s), e;)y dW(e;), where
{e;, j = 1} is a complete orthonormal system on U. We will also use the
notation W(u) = [ (u;, dW,)y.

If U, and U, are two real and separable Hilbert spaces we will denote
by U, ® U, its tensor product which is isometric to the space L,(U,, U,) of
Hilbert-Schmidt operators from U, to U;.

Let K be a real and separable Hilbert space. For any p > 1 we can introduce
the Sobolev space D* P(K) of K-valued random variables in the following way.
If F' is a smooth K-valued random variable of the form

(21) F = Z fj(W(u1)> LR} W(um))bj’
j=1

where u; € L?([0, T];U), b; € K and f; € C;°(R™) (f is an infinitely differen-
tiable function such that f is bounded together with all its partial derivatives),
then the derivative of F' is defined as

DF = ZZ f’

]111

(W(ul) 5 W(u,,))b; @ u;.

So DF is a smooth random variable with values in L?([0, T]; L,(U, K)). Then
DY P(K) is the completion of the class of smooth K-valued random variables,
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denoted by ./%, with respect to the norm

T p/2
IFIZ, = B\l + B( [ IDFIRsdr)

For each p > 1 the operator D is closable from ./ C LP({; K) into the
space LP(Q; L?([0, T]; L,(U, K))) and for F € D" ?(K) we have that DF ¢
LP(; L2([0, T}; Lo(U, K))).

More generally, for any natural n > 1, the Sobolev space D™ P(K) is defined
as the completion of ./ by the norm

n p/2
IFIZ, = BVF+ D B([ 1Dy D FIE o ot oedty)
i1 [0, T}J
In particular, given two real and separable Hilbert spaces H and G we
can consider K = L,(H,G), and in this case, for any F in the space
DY P(L,(H,G)) we have that DF e LP(Q;L%([0,T);L,(H, L,(U,G))))
because L,(U, L,(H,G)) = L,(H, L,(U, G)).

We want to introduce Sobolev spaces of random variables with values in the
space L(H, G) of linear bounded operators from H in G. Taking into account
that L(H, G) is a nonseparable Banach space, we cannot use the preceding
construction.

For p > 1, LP(Q; L(H, G)) denotes the space of all functions F: Q) —
L(H, G) such that:

(a) For every h € H, F(h) is a G-valued integrable random variable and
there exists an element EF € L(H, G) such that E(F(h)) = (EF)(h) for all
h € H. That is, F is Bochner integrable (see [1], page 24).

() [, ||F||§(H)G) dP < oo.

For more details on this definition see [1]. The following definition provides
a natural way to define derivatives of L(H, G)-valued random variables. In
order to simplify the exposition, we will restrict ourselves to the case p = 2.
This will be sufficient for the subsequent application of these notions.

DEFINITION 2.1. Let F ¢ L?(Q; L(H, G)). We say that F belongs to the
Sobolev space D*?(L(H, G)) if the following conditions hold:

(a) For every h € H, F(h) belongs to D?(G).
(b) There exists an element DF € L2([0, T| x Q; L(H, L,(U, G))) such that
for every h € H we have

22) D,(F(h)) = (D, F)(h)
for almost all (¢, w) € [0, T'] x Q.

REMARKS. DY2(L,(H, G))cDY?(L(H, G)), and for any F in D*?(L,(H, G))
we have DF belongs to the space L?([0, T] x Q; L,(H, L,(U, G))).

In general we have that the inclusion D%?(L,(H, G)) c D“*(L(H, G))
is strict. For instance, if G = H and F is the identity operator Iz on H,
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then I ¢ DV2(L,(H, H)) because I is not a Hilbert-Schmidt operator, but
Iy(h)=heD"“?(H) forany h € H and DIz = 0.

We will make use of the following technical lemmas concerning the deriva-
tive operator. We will denote by H, G, J real and separable Hilbert spaces.

LEMMA 2.2. If ¢ € Lo(J, H) and F € DY?(L(H, G)) then we have Fo ¢
DY2(Ly(J, G)) and D(F¢) = (DF)e.

Proor. Let {j,, & > 1} be a complete orthonormal system on J.
Clearly Fo¢ is a random element with values in L,(J,G) and |Fol|lps <
| F | ca,6) | s Which implies that Fe € L2(Q; L,(J, G)). On the other hand,

for each & > 1 we have (F¢)(j;) € D“*(G) and D[(F¢)(j;)] = (DF)(#(Jj3)).
Hence

T o0
E[ 3 ID(F) G w, 6 ds
0 p=1
T o . ,
=E [ S IO F il 5

T
= E/o ||DsF||12L(H,L2(U,G)) ds”#’"%zu, H) < 0,

which implies the result. O

LEMMA 2.3. Consider a smooth L,(<J/, H)-valued random element ¢ and let
F e DY2(L(H, G)). Then Fp € DV%(L,(J, G)), and

(2.3) D(Fe) = (DF)¢ + F(Do).

PrROOF. Without loss of generality, we can assume that ¢ = Rb where
b € L,(J,H) and R is a real-valued smooth random variable of the form
R = f(W(uy), ..., W(u,,)) with u; € L?([0, T];U) and f € C;°(R™). Clearly,
the composition F¢ belongs to L?(Q; L,(J, G)).

Let us first prove that the right-hand side of (2.3) belongs to L3([0, T'] x
O; L,(J, Ly,(U, G))). We have that D¢ is a bounded random element with
values in L?([0, T]; L,(J, L,(U, H))) given by D¢ = b ® DR (i.e., for each
Jjed, (De)(j)=0b(j)® DR). As a consequence,

F(D¢) = (Fb)® DR,
where Fb € L?2(Q; L,(J, G)), and

T T
E [ NF(Du@) . s cpds = E [ IDRIG IFbIE, s s

< C(9)E|Fbll7,;,a) < oo,
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where C(¢) is a constant. On the other hand, (DF)(¢) = R(DF)b, and
T 2
E [ NDF)@)I, s, 1,0, 0 ds

T
<IRIZIBIE 0, mE [ IDF I, 1,0 ds < oo.

For any j € J we have that (Fe)(j) = R(Fb)(j) belongs to D*2(G) and by
Lemma 2.2 we can write
(24) D[(F¢)(j)] = (Fb)(j) ® DR + R(DF)(b(J)).
Hence, it suffices to show that the right-hand side of (2.3) applied to j coincides
with the right-hand side of (2.4), and this is true because
[(DF)¢](j) = R(DF ©b)(j) = R(DF)(b(J)),
and F(Dg)(j)=(Fb)(j)® DR. O

LEMMA 2.4. Let A € DY?(L(H,G)) and F e D“?(H). Suppose that
|AllLz ¢y < M and |F|g < M for some constant M > 0. Then AF € D>*(G)
and

(2.5) D(AF) = (DA)F + A(DF).

ProOOF. We can find a sequence {F,, } of H-valued smooth random variables
such that |F, |y < M + 1, F, converges to F in L?(Q; H) and DF,, converges
to DF in L?([0, T] x Q; L,(U, H)).

Clearly AF € L?(Q;G), and AF, converges to AF in L?(Q; G). By Lemma
2.3 (with J = R) we deduce that AF, € D?(G), and

(2.6) D(AF,) = (DA)F, + A(DF,).

Finally, from our hypotheses we get that the right-hand side of (2.6) converges
to that of (2.5) in L?([0, T'] x Q; L,(U, G)) as n tends to infinity, which com-
pletes the proof. O

LEMMA 2.5. Let A € DY?(L(H, G)) and B € D*?(L(J, H)). Suppose that
|AlLa,¢) < M and || B, zy < M for some constant M > 0. Then AB €

DY 2(L(J, @)), and
D(AB) = (DA)B + A(DB).
PrROOF. Clearly AB ¢ L?(Q;L(J, G)). Fix j € J. We know that Bj ¢
DY 2(H) and |Bj|y < M|j|;. By Lemma 2.4 we have AB(j) € D*?(G) and
(2.7) D[AB(j)] = (DA)(Bj) + A(DB(j))-

Finally notice that (DA)B + A(DB) is an element of the space L?([0, T] x
O; L(J, L,(U, G))) and [A(DB) + (DA)B](j) coincides with the right-hand
side of (2.7). O
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For any subinterval I c [0, T'] we denote by 7; the o-field generated by the
family of random variables {W(u), suppu C I}.

LEMMA 2.6. Let A € DV2(L(H, G)), and suppose that A is Z;-measurable
for some subinterval I c [0, T']. Then D,A = 0 for almost all (¢, w) € I¢ x Q.

PrOOF. Letk € H. Then, by hypothesis, A(k) is an #;-measurable random
element belonging to D™ 2(G). This implies that, for every ¢ € L?([0, T']) such

that supp ¢ C I¢, 0 = fOT o(s)Dy(A(h))ds. Thus, the fact that H is separable
and D(A(h)) = (DA)(h) give the result. O

In the sequel {e;, i > 1} will denote a complete orthonormal system on U.
We will write D¢F(h) := (DF)(h)(e) for any F € D*?(L(H, G)), and for each
h € H, e € U. Notice that DF belongs to L?([0, T] x Q; L(H, G)).

LEMMA 2.7. Let A € DY2(L(H, G)) such that
oo T )
(2.8) EY. [ 1D A 1 6)ds < oo.
i=1

Then, the adjoint of A, A*, belongs to D“2(L(G, H)) and D°A* = [D¢A]J* for
eachee U.

PROOF. Clearly A* belongs to L?(Q; L(G, H)). Let F € D*%(G), g € G
and & € H. Then, it is not difficult to see that (F, g)sh € D“?(H) and
D(O<IF, g)ch) = h ® [DFT'(g). Hence (A*(g), h)gh = (g, A(h))gh € DV?(H)
an
(2.9) D((A*(g), h)uh) = h @ [D(A(R))]"(8) = ([DA]"(8), h) gh.

This implies that A*(g) belongs to D*2(H), and D(A*(g)) = (DA)*(g). Fi-
nally, we have to show that (DA)* belongs to L?([0, T'] x Q; L(G, L,(U, H))).
This follows from condition (2.8):

T © T
E/o ||(DsA)*||12L(G, Lw.Hy = E 2/0 ”D?A”%(H, ) ds < oc.
Thus the proof is complete. O
As in [3] we will denote by 65 the adjoint of the derivative operator D
acting on DY2(H). That is, the domain of & is the space of processes u in
L3([0, T] x Q; L,(U, H)) such that
ol |
B [ (DuFsw)is dt] = ulFlzzoumy:

for any smooth H-valued random variable F. Then &g(u) is the element of
L?(Q; H) determined by the duality relationship

T
E [ (DF.uusdt = E(F. 55(w).
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for any F e DY“2(H). The operator 6y is also called the H-Skorohod
integral. It is an extension of the Itd stochastic integral of H-valued
adapted processes in the sense that L2([0, T] x Q; L,(U, H)) c Doméy,
where L2([0, T] x Q; L,(U, H)) denotes the space of adapted processes in
L?([0, T] x Q; L,(U, H)).

We will make use of the following property of the Skorohod integral.

PROPOSITION 2.8. Let A e DY?(L(H, G)) and let B be an L,(U, H)-valued
process which belongs to the domain of 6. Suppose the following conditions
hold:

(i) AB e L%([0, T] x &; L,(U, G));
(i) Ad4(B) e L3(Q;G);
(i) E(2y [y IDS A2 . 6y ds)® < oo and B € L4([0, T x &; L,(U, H)).

Then AB € Dom é; and

(2.10) 8o(AB) = Ady(B) — i /OT(D?A) B,(e;)ds.
i=1

PrROOF. Note first that by condition (iii) the right-hand side of (2.10) be-
longs to L?(Q; G). Let F be a smooth G-valued random variable. We can write

T o .T
E [ (AB,.D,F) e ds=EY [ (AB(e), D} F)qds
0 i=1”0
T
=EY [ (By(e;). A"DEF)ds
i=1
0 T
=EY [ (B(e)). Ds(A"F)y ds
i=1

o T
~EY. [ (Bj(e)).(DF AYF) yds.
i=1

where A* e DV2(L(G, H)) is the adjoint of A, and we have used Lemma 2.3
in order to compute D(A*F). Notice that, by Lemma 2.7, D5 A* = (D¢ A)*.
Hence, we obtain

T
E [ (AB,.D,F)1,u.cds = E(3a(B). A'F)y
o T
~EY [ (DEA)Bie). Fg ds
i=1

= E((R, F)g),

where R denotes the right-hand side of (2.10). O
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REMARK. Condition (iii) of Proposition 2.8 can be replaced by the following:

(i) >-32, ||D?A||%(H,G) < M < o for all s € [0,T] and B € L?([0, T] x
Q; L,(U, H)) for some constant M > 0.

The Sobolev spaces D*?(L(H, G)) for any integer & > 1 are defined as in
Definition 2.1, replacing U by U®* and D by D* in (2.2). If F ¢ D*%(L(H, G)),
and p > 2, we define

k ) p/2
IFIE 5= BV W0+ X B( [ ID% 0 Pl s oo ds;)
= N T

Let us recall 1td’s formula for anticipating Hilbert-valued processes (see [3],
Proposition 4.10). We will use the notation
L*P(J) = LP([0, T; D* P(J))
for any p > 1, k a positive integer and </ a real and separable Hilbert space.
For any B € Dom 65 we will write 55(B) = fOT B,dW..

PROPOSITION 2.9. Let ® € C?>(H) and let X = {X,, t € [0,T]} be the
stochastic process defined by

Xt=X0+/OtAsds+/otBdeS,

where we have the following:
(i) XoeD“2(H);
(i) A eL22(H);
(iii) B e L>*(L,(U, H)).
Then

(X)) = B(Xo) + [ (¥(X,), A)mds+ [ ¥(X,)B,dW,

t
+ %/0 (P(X)NVX)s, B),w, m ds,
with

t t
(VX), = 2D, X, + 2/0 D,A,ds + 2/0 D,B,dW, + B,.

REMARK. The hypotheses of Proposition 2.9 are slightly more general than
those in Proposition 4.10 of [3]. The validity of the It6’s formula under these
more general assumptions follows from the finite-dimensional I1td's formula
established in [9] under these kind of assumptions.

We will make use of the following Fubini-type theorem for the Skorohod
integral whose proof is a straightforward consequence of the duality relation-
ship.

LEMMA 2.10. Let u(t, x) be an L,(U, H)-valued random field parameter-
ized by (¢, x) € [0, T'] x G, where G is a bounded d-dimensional rectangle. Sup-
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pose that u € L?([0, T]x Q x G), and for almost all x € G the stochastic process
u(-, x) belongs to the domain of 8. Suppose also that E [, |8 (u(-, x))|3 dx <
oc. Then {[; u(t, x)dx, t € [0, T]} belongs to the domain of 55 and

/OT(/G u(t, x)dx) dw, =/G</OT u(t,x)th) dx.

3. An estimate for the Skorohod integral. Let H, U be real and sepa-
rable Hilbert spaces. Let W be a cylindrical Wiener process over U on the time
interval [0, T']. We will make use of the notation A = {(¢, s) € [0, T']?: t > s}.

DEFINITION 3.1. A random evolution system is a random family of opera-
tors {S(¢,s); 0 <s <t < T} on H verifying the following properties:

(i) S: AxQ — L(H, H) is strongly measurable;
(i) S(t, s) is strongly -measurable for each ¢ > s;
(iii) For each w € Q, {S(¢, s), (¢, s) € A} is an evolution system in the
following sense:
(@ S(s,s)=1Iand S(t,r)=S(t,s)S(s,r)forany0<r<s<t=<T.
(b) Forall h € H, (t,s) — S(t, s)h is continuous from A into H.

Let us introduce the following hypotheses on a given random evolution
system.

(H1) For each (¢,s) € A, S(t,s) € D*2(L(H, H)), and [, |S(¢, s)[|5 ,ds < o0

for all p > 2.
(H2) There is a version of D,S(t, s) such that for all w € ) and 2 € H, the
limit

D; 8(t, s)(h) = lim D,S(t, s — £)(h)

exists in L,(U, H) and D; S(t, s) belongs to D*(L(H, L,(U, H))).
(H3) There is a constant M > 0 such that the following estimates hold for all

t>s>r:

(H3a) [|S(t, )| (ar.mry = M;

(H3b) | DS, r)llnm,L,w.my < M;

(H3c) X321 107 Dy S(t, ), 1,0, 1y < M-

REMARK. Fix ¢ > s—e& > r, & > 0. From property (a) of a random evolution
system we have
S(t,r)=S(t,s—¢&)S(s—¢,r).

Suppose that the random evolution system S(¢, s) satisfies the hypotheses
(H1), (H2) and (H3). Applying Lemmas 2.5 and 2.6 yields

D .S(t,r)=D,S(t,s—)S(s— ¢, r).

Now letting ¢ | 0 and using property (b) in the definition of a random evolution
system, (H2) and (H3), we obtain

D,S(t,r) = D;S(t, 5)S(s, 7).
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Indeed, for any & € H we have
[DS(2, 5 — £)S(s — &, r)(h) = Dy S(2, 5)S(s, r)(h) s
< [|1DsS(t, s — £)(S(s — &, r)(h) = S(s, r)(h))llns
+[DsS(t, s — &) = D S(t, 8)1S(s, r)(A) s
<|IDS(¢t, s - 8)||L(H,L2(U,H))|(S(3 —&,1)—=8(s,r))(h)|u
+ I[DsS(2, s — &) — D S(t, 8)1S(s, r)(R) | s,

and this converges to zero as ¢ tends to zero due to hypotheses (H2) and (H3).
Let us now prove the following theorem.

THEOREM 3.2. Fix p > 2 and a € [0, ). Let ® = {®,, ¢ € [0, T]} be an
L,(U, H)-valued adapted process such that EfOT||<I>S||ﬁS ds < oo. Let S(t, s) be
a random evolution system satisfying the hypotheses (H1), (H2) and (H3). Then
the L,(U, H)-valued process {(¢ — s)~*S(t, s)®,I g 4(s), s € [0, T']} belongs to
the domain of 65 for almost all ¢ € [0, T'], and we have

P t -2 p
= C [ (= 5y E|®, | ds,
H 0

t
(3.1) EV (t — s)"S(t, 5)D, AW,
[70 |

for some constant C > 0 which depends on T', p, @ and on the evolution system
S(t, s).

PRrROOF. Let us denote by & the class of L,(U, H)-valued elementary
adapted processes of the form

(3.2) D=3 3 fu(W@h), ..., Wwi))bply, ., 1(s),

k=1i=1

where f;, € C°(R"), by € Ly(U, H),0 <ty <---<t,,, <T and suppu’; C[0, ¢;].
Let ® be an L,(U, H)-valued adapted process such that EfOT||<I>s||ﬁS ds <
oo. We can find a sequence ®" of elementary adapted processes in the class &
satisfying

T
IiIEnE/O |7 — d, |’ ds = 0.
This implies that
T t
|i£nE/0 (/O(t—s)-za||q>g—qns||gsds) dt = 0.

By choosing a subsequence we have that for all ¢ € [0, T'] out of a set of zero
Lebesgue measure,

t
lim E/O (t — )2 ®% — D |Pg ds = 0.

Hence, we can assume that ® is of the form (3.2).
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We are going to apply 1td’s formula to the fuction F(x) = |x|% on H. Recall
that
F'(x) = plalf *x
and
F'(x) = p(p - 2)lxlf; *x ® x + plxlfy “In.
Fix ¢y > t1 in [0, T'], and define
B, = (to — s) *S(t1, 8)Ps 1[0 4,1(5)-

From hypothesis (H1) it follows that B € L2 9(L,(U, H)), for each q¢ > 2.
As a consequence, we can apply Itd’'s formula (Proposition 2.9) to the process
X, = fot B,dW,, and to the function F(x) = |x|%. In this way we obtain, for
each ¢ € [0, ¢],

t
Xl = [ pIX (X BodW,) g
(3.3) , .
+ %/ <F/,(Xs)<Bs +2/ DsBr dWr)’ Bs)HS ds.
0 0

We claim that the Skorohod integral appearing in (3.3), that can be written as

pfot |XS|§_ZB’;(XS) dW,, has zero expectation. This might not be true because
this Skorohod integral is defined by localization. Nevertheless, our assump-
tions imply that the process |XS|§[ZB§(XS) belongs to LY'2(U) ¢ Domé. In
fact, we have, by [3], Proposition 4.1,

r 2(p-2)| s
E[1X, 57 1BU(X )l ds
T

SClE/O 1 X, [5PY gs

T T ) p—1
502(1+E<f0 /o ||DOBs||L2(U®U,H)d0dS> ><00,

due to hypotheses (H1) and (H2). Notice that hypothesis (H1) implies that
fOT E|X|% ds < oo for any p > 2. On the other hand we have,

T T P2 1 5
E [ [ 1DIX 5 B oy dOds
T w2 N (T T , 2 \12
50[(E/0 | Xl ds) (E/O </O ||D9Xs||L2(U’H>d9) ds)
T ap-n 5\ e ) 2 \1/2
+<E/O | X sl ds) (E/O </O ||DBBS||L2(U®U7H)d9> ds> }

< 00,

where we use the fact that X e LY*(H) (see [15], Theorem 2.1). Thus, we
have proved that | X |2 °B#(X,) belongs to L12(U).
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Notice that || F"(x)| .z, m) < p(p — 1)|x|§’[2. Hence, taking expectations in
(3.3) yields
> ds.
HS

p(p—1)_ (! 2
E|X | < TE/O | X 1% 1Bsllzis + 211 Bsllns

/OS D,B,dW,

Using the inequality 2| a|| ||b]| < ||e||? + ||b]|> we obtain

t
-2
E|X,|5 < p(p - 1)E/0 | Xl “1Bslifis ds

p(p=1) o (1 p2
+ 2R [ 1X

2

ds.
HS

/OS D,B,dW,

Now we substitute B, by its definition and we use the adaptability of ®, and
Lemmas 2.3 and 2.6 to get

t
_2 _2a
E|X | < p(p~DE [ |X,lf *(to — ) |S(tr, ), s ds

p(p—=1) o po2
(3.4) +TE/0 | X s[5

2

ds.
HS

X

/Os(to — )" %(D,S(ty, )P, dW,

Applying Hdlder’'s inequality to the expectation in the right-hand side of (3.4)
yields

t
E|X,| < p(p - 1)f0 (E|X|5)' 2P (to — ) *U(E|S(t1, 8)P4liis) ¥ ds

p(p—1) [ P\1-2/p
+ 5= [ EX )

P \2/p
) ds
HS

< (] [[to - o, st 0, aw,
0
t
= [(EIX,|5)* P A, ds.
0
Then the lemma proved in [16] implies that
2 p/2
p —
E|X,) < (p/o Asds> ,
that is,

t
BIX = {20 - 1) [ (o = 57 (BIS(ts 90,077 ds

P \2/p p/2
) e
HS

65+ G- [ (B [0S0 e,
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t p/2
< 225 - 172 22 [{(to — 9) P (BIS(0 )0, )77 s )
0

)

t Il ps
yoes [ E(il [t =) (D, S(tr, )P, AW,

t
< M2 H(p— 1?2 [ (tg - 5) 2 E(,]15s) ds
0

+2P/27Y(p — 1)(P/2y(p/2)-1

t | ps | P
x / E" / (to — 1)~ %(D,S(ty, r))®,dW,| ds.
0 | 0

s

Using the remark at the beginning of this section, Proposition 2.8 and hypoth-
esis (H3), we can write

/Os(to — )" %D S(ty, )P, dW,

HS

s Il
[ (to— 1) (D S(t1, )S(s, 1), dW, |
/o IHs

II D;S(t.s) [ "ty — 1) *S(s, r)®, AW,

=3 [t = r) (D Dy S (81, 9)S(s, 1), (er) dr
=1

HS

(3.6) o

[ (to—r)S(s, )@, dW,
0

H
+ Z/o (to =) IID7 DS S(t1, 9L, L, m))
i—1
x [|S(s, r)®,(e;)| g dr

< M‘/Os(to — )y S(s, r)®, dW,

H
+ M2 [ (tg = 1)1, s dr-
0
Substituting (3.6) into (3.5) yields

t
BIXly = Cur.n,p] [ (o= sy “ Bl I ds

p

ds
H

) <fos<’fo - r)‘“li@HHsdr)pds}_

(3.7) n /Ot Elfos(to — r)S(s, r)®, dW,
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Applying Holder's inequality [for the integral with respect to (¢, —r)~* dr] and
Fubini’s theorem to the last summand in (3.7), and taking ¢, = t we get

t p
E‘ [0 (to — s)"*S(t, )P, dW,
H
<C {/t(t —5) 2 E|| b, |5 ds+/t(t —8) *E|®,||Es ds
=“M,p,T,a 0 0 slIHS o 0 slIHS

t S
+fo E'/O(to—r) S(s, r)®, dW,

p
ds}.
H

t
< C [ (to— ) *E|®, ;s ds.

By Gronwall’'s lemma we deduce

p

(3.8) E| / (ty — 5)*S(1, ), dWJ
o |

where C is a constant depending on T', M, p and «.

Fix ¢ € [0, T), and take t, = t+1/n. From (3.8) for t, = ¢+1/n and letting n
tend to infinity we deduce that {(¢ — s)™*S(t, 8)®,I[o 4(s), s € [0, T']} belongs
to Dom 6z and (3.1) holds. The proof of the theorem is complete. O

Let us introduce the following hypothesis on a random evolution system
S(¢, s) verifying (H1) and (H2).

(H3) Conditions (H3a) and (H3c) hold, and moreover, we have
(H3b) 322, || DY S(¢, $)|5,zr. gy < M?, for all ¢ > s, r and for
some constant M > 0.
Notice that (H3b)' is stronger than (H3b), and it implies that
> ID;S(t, s)(e)Fa, my < M?
i=1
for all £ > s.

The following theorem provides an estimate of the L? norm of the maximum
of a Skorohod integral, and it constitutes the main result of this section.

THEOREM 3.3. Fix p > 2. Let ® = {®,, t € [0, T']} be an L,(U, H)-valued

adapted process such that EfOT |[®,|lfhs ds < oo. Let S(¢, s) be a random evo-
lution system satisfying hypotheses (H1), (H2) and (H3)'. Then the L,(U, H)-
valued process {S(t, )@, o 4(s), s € [0, T']} belongs to Dom 6 and we have

| pt |P T
E< sup | [ S(¢, 5)®, dW,| ) < CE/ D, |12 ds.
0<t<T|”0 |H 0

for some constant C > 0 which depends on T, p and on the evolution system
S(t, s).
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ProorF. We will make use of the factorization method in order to handle
the supremum in ¢. Fix @ € (1/p, 1/2). We can write

t
(3.9) S(t, s)®, = Ca/ S(t, r)(t —r)*tS(r, s)(r —s)“d,dr,
where C, = sin wa/m. By Theorem 3.2 we know that for all » € [0, T'] a.e., the
process S(r, s)(r — s)~*®,I}g ,1(s) belongs to Dom 6. Then applying Proposi-
tion 2.8 and using hypothesis (H3)' we obtain for almost all r € [0, £],
[ 8t Pt = S, $)(r — 5) @ AW,
0
(3.10) = S(t, r)(t—r) Y,
= [ (= )y HDES(E r)S(r, 8)(r — 5) " Dy(e;) ds,
i=1"0
where
Y, = / S(r, s)(r — 8)"“®, dW..
0

By Fubini’'s theorem for anticipating stochastic integrals (see Lemma 2.10)
and using (3.9) we obtain

/Ot S(t, s)®, dW,
(3.11) =C, /O t ( / 'St F)(t— 1) S(r, $)(r — 5) -, dr) dW,

¢ r
- ca/ (f S(t, r)(t — r)*1S(r, s)(r — s) D, dWs> dr.
0 0
Substituting (3.10) into (3.11) yields

/t S(t,s) b, dW,=C, ft(t - r)* 1S, r)Y,dr - C, /t(t _ oyt
312) o 0
([ DS s -0 e ds) dr.

Applying Holder’s inequality to the right-hand side of (3.12) and using hy-
pothesis (H3b)' yields

t
sup /S(t, )0, dW,
0<t<T|”0

H

M ¢ B T
< —sup [t =r) Y lgdr+ M [0 ds

T 0<¢<T

M(p-1 e a—1/p T P Yp 2 T
ST(22) ([ vihar) e 10, ds
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)

T » T »
< CT,,,,a(E/0 Yl dr+ B [ 10,5 ds),

and hence,

t
/ S(t, s)®, dW,
0

E( sup

0<t<T

(3.13)

From Theorem 3.2 we deduce
t
(3.14) E(Y Iy < C [ (¢ =) > E|, |5 ds.

Finally, substituting (3.14) into (3.13) and using Fubini’'s theorem we deduce
the desired estimation. O

4. The forward integral. Let U and H be two real and separable Hilbert
spaces and let W be a cylindrical Wiener process over U on the time interval
[0, T']. We will denote by {e;, i > 1} and {h;, i > 1} complete orthonormal
systems on U and H, respectively.

DEFINITION 4.1. Let Y: [0,T] x Q — L,(U, H) be a measurable process
such that Y (u) € LY([0, T]; H) a.s. for each u € U. We say that Y belongs to
Dom 6~ if

T n
Y" = n/o Z Ys(ei)(W(erl/n)/\T(ei) - Ws(ei)) ds
i=1

converges in probability as n tends to infinity. The limit of the sequence Y™
is denoted by fOT Y dW; and is called the forward integral of Y with respect
to W.

The forward integral has been studied by Russo and Vallois in [13] in the
case of real-valued processes. From Definition 4.1 it follows that for any pro-
cess Y belonging to Dom 6~ and for any A € & such that Y,(w) =0, d¢ x dP-
a.e.on [0, T] x A we have

T
/ Y, dW,; =0 as.on A.
0

The next proposition establishes the relationship between the forward and
the Shorohod integrals of a process of the form {S(¢, s)®,1g 4(s), s € [0, T']}
where S(t, s) is a random evolution system and &, is an adapted process.

PROPOSITION 4.2. Let® ={®,, t € [0, T'|} be an L,(U, H)-valued adapted
process such that EfOT||<IJS||ﬁlS ds < oo. Let S(¢, s) be a random evolution sys-
tem satisfying hypotheses (H1), (H2) and (H3)'. Then for each ¢ € [0, T],
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{S(t, s)®sIo,41(s), s € [0, T']} belongs to Dom &~ and

[ S0t 1), AW, = 5,(S(t, P10, 4())
(4.1)

t 00
+ [ X(D; 8t M) (e dr.
i=1
In order to prove (4.1) we first state the following.

LEMMA 4.3. Let ® and S(¢, s) be as in Proposition 4.2. Then for each ¢ €
[0, T'], and each positive integer n > 1,

n At
( > 1[0,(t+1/n)AT](')/( Ly S(2, s)(Py(e;) ®e;) d8> € Dom &y
i=1 L/

and
n o (t+1/n)AT rat
S £, CI)S i i d dWr
Lzzlfo (f(r—l/n)+ (& 5)(Ps(e;) ® ;) 8)
noot
(4.2) = Z/o S(t, 8)85 (L, sy1m () Ps(e;) ® €;) ds
i=1

n o L(41/n)AT  rat
->/ [ (DeS(, s)®,(e) dsdr.
0

i=1 (r=1/n)*

Proor. By (H3)' and Proposition 2.8 we have
nooy
3 [ S0t 9)3u(L o2/ (Y0 () © ) ds
i=1
n t s+1/nS W d
= L, D (e; i r
> [ ([ s e eeaw, ) as
nooat/ X astl/n .
L[ s et e odr) ds
i=170 \ jo17s
n t s+1/n
== S t, ®S i i dWr d
> [ seo@eseraw,)ds
n t ps+1l/n .
+i221 /O / (D S(t, $))®,(e;) dr ds.

Notice that S(¢, s) € D*(L(H, H)) and I, ¢, 1,,)(")®,(e;) ® e; satisfy the as-
sumptions (i), (ii) and (iii)’ of Proposition 2.8. Indeed, we have for all s < r < ¢,

o0
> IDY S, )3,y < M2,
J=1



STOCHASTIC EVOLUTION EQUATIONS 167

due to (H3b)'. Finally, Fubini’s theorem for the Skorohod integral (see Lemma
2.10) allows us to conclude the proof of the lemma. O

PRrROOF OF PROPOSITION 4.2. Fix ¢ € (0, T]. We only need to prove that
A, =nd7, fgS(t, s)D.(e;)[Wsi1/n(e;) — W(e;)]ds converges in probability
as n tends to infinity to the right-hand side of (4.1). Actually we will show the
convergence in L?(Q). Using (4.2) we have

n

(t+1/n)AT rAt
A, =n 2/0 (/( S(t, s)(D,(e;) ® ei)ds) dw,

i=1 r—1/n)*

n (E+1/n)AT  ,rat
+ D¢ S(t, s))P,(e;)dsdr.
”Elfo [y (DS )P () ds dr
Applying Theorem 3.2 with o« = 0 and p = 2 yields

n 2

(t+1/n)AT rat ;
n Z/O <f( S(2, s)(Py(e;) ® e,-)ds) dw, — /o S(t, r)®, dW,

i1 r—1/n)*

E

H

(t+1/n)AT 2
B

n(/(t S(¢, s)(éq)s(ei)@ei) ds> dw,

r—1/n)*

¢ H

2

dr
HS

r

+2CE /Ot n ( ™ S(r, 5)(,(e;) © ei)> ds—®,
=1

(r=1/n)*

2

dr
HS

t+1/n t n
< ZE/t n /(r—l/n)+ S(t, s)( > Dye)® ei> ds

=1

2
dr

t r
+4CE/ nf S(r, s)d, ds — @,
0 (r—1/n)* HS

2

dr.

HS

+4CE | I f( :—1/n)+< S S(r, 8)(®y(er) ®ei)) ds

i=n+1

This expression can be estimated by

T r
2 . 2
E||®, |2 ds + AC fo nf, . EISC.9)® =@ i drds

o M2 /(t+l/n)AT

t
T 0

+4CM2E/ S |Dy(e,)% ds = ar + ap + as.
i=n+1

Then terms a; and a4 clearly converge to zero as n tends to infinity, uniformly
with respect to ¢ € [0, T']. The convergence to zero of a, as n tends to infinity
follows from the estimate

T
a, < 8C(M? + 1)/O E||®, |2 ds,

which allows us to approximate ® by a process in C([0, T']; L2(Q; L,(U, H))).
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In a similar way we can write

o (HL/n)AT  prat .
" g./(; /(r—l/n)+(DrLS(t’ $))P,(e;)dsdr

> [[D7S(E e e dr
=1

H

n

(t+1/n)AT ot
ny / / (D% S(t, 5))D,(e;) ds dr

=1t (r-=1/n)*

<

H

| = [ 0786 e, e dr

i=n+1

> [nf, (DrS (e

H

+

— (D, S(t, r))(e)P,(e)) ds dr

H
= AL+ A2+ A2

Clearly A} and A2 tend to zero in L?() as n tends to infinity. The term A3
can be estimated as follows:

3
A <

> [ nf | DESE @) - 0 e dsdr
l:l r— n

H

_|_

3 /Ot n / . [D%S(¢, s) — (D; S(t, r))(e;)]®,(e;) ds dr
l:l r— n

H

o0 it r 1/2
< (Zlfo n/r_l/n | D% S(t, s)||%(H’H) dsdr>
© & r 1/2
2
x (2/0 n/ril/n |D(e;) — D,(e;) de’")
S t r
+ 3 [nf DS e ) = D, (el dsdr
i=1 r—1/n
t r 1/2
= Mﬁ(/() n/iifl/n ”cbs - cI)r||2HS del‘)

00t r 1/2
JFM\/Z(g/O n/ril/n|(S(r, s)—I)CD,(ei)ﬁIdsdr) ,

and this converges to zero uniformly with respect to ¢ in L?(Q) as n tends to
infinity. O
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Combining Theorem 3.3 and the expression given in Proposition 4.2 for the
forward integral, we deduce the following maximal inequality for the forward
integral.

THEOREM 4.4. Fix p > 2. Let ® = {®,, ¢t € [0, T']} be an L,(U, H)-valued

adapted process such that EfOT |®,||hs ds < oo. Let S(¢, s) be a random evo-
lution system satisfying hypotheses (H1), (H2) and (H3)'. Then the L,(U, H)-
valued process {S(t, s)®,I[o;(s), s € [0, T']} belongs to Dom 5~ and we have

t p
E(sup / S(t, r)®, dW;
0

0<t<T

T P
) = CS,p,TE/O ”q)s”HS ds,
H

for some constant Cg , 7 > 0 depending on 7', p and the random evolution
system S(t, s).

Proor. By Proposition 4.2 we know that the L,(U, H)-valued stochastic
process {S(t, )P[0 4(s), s € [0, T} belongs to Dom 6~ and we have

/t S(t; r)q)r dW; = /t S(t’ r)¢r dWr

0 0

4.3) o

+ [ DS e, o) dr
i=1

Then the result follows from Theorem 3.3 and hypothesis (H3b). O
As a consequence of Theorem 4.4, we have the following continuity result.

COROLLARY 4.5. Let ® and S(¢, s) be as in Theorem 4.4. Then the H-valued
process {fot S(t,s)P,dW, t € [0, T} has a continuous modification.

PrROOF. Fixa e (1/p,1/2) and set
Y, = / S(r, s)(r — s)~ @, dW,.
0

We know that the process Y, is well defined for almost all r in [0, T']. From
Proposition 4.2 applied to the process {(r — s)*®,, s € [0, r]} we deduce that

@8 To=¥ 4 [ DS e - 9) (e ds,
i=1
where
Y, = fo S(r, s)(r — §) D, dW .

On the other hand, substituting the relation
(DgS(t,1)S(r, s) = (Dg S(2, 5))(e;) — S(¢, r)(Dy S(r, 5))(e;)
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into (3.12) yields

0 0
- /ot i(D;S(t, 5))(e;)Py(e;) ds
i=1

+C, /Ot(t — LSt r)
(4.5) . oo
X </0 ;(D;S(r, s))(e;))(r —s) “D(e;) ds) dr

t —
-C, /0 (t— ryL8(t, r)Y, dr

t o0

— [ XD S(t 5)(eny (e ds.

i=1

Hence, from Proposition 4.2 we deduce

¢ t —
(4.6) / S(¢, $)®,dW; = C, / (t — ryL18(t, )Y, dr.

0 0
By (4.6), we only need to show that the right-hand side of this equation is
continuous in ¢. Fix 0 < ¢35 < ¢t < T. Then our hypotheses on the evolution

system S(t, s) and the dominated convergence theorem imply that

| pt _ to _ |
|f (t — 1) 1S(t, )Y, dr—f (to — r)*"1S(ty, 1)Y, dr|
[/0 0 |7

=

t —
/ (t — rytS(t, r)Y, dr
to

H

+ I(S(t, to) — I) /t‘](to — 1) 1S(ty, 1Y, dr
0 H

+ IS(t, to) /t°[(t — 1L (b — 1) HS (e, MY, dr|
| 0 |H

converges to zero as ¢ | t,. In a similar way we show that the above expression
converges to zero as ¢ 1 ¢y. O

5. Stochastic evolution equations with a random evolution system.
In this section we will study nonlinear stochastic equations of the form

1) X, = §+/0t(A(s)Xs+F(s, Xs))ds+/0tB(s, X,)dW,,  tel[0,T],

where ¢ is an H-valued .%;-measurable random variable and W is a cylindrical
Wiener process over the Hilbert space U on the time interval [0, T']. We will
assume the following conditions on the coefficients A, F' and B.



STOCHASTIC EVOLUTION EQUATIONS 171
(A.1) The mapping F: [0, T x Q x H — H is & x #(H)-measurable, where
“p denotes the predictable o-field of [0, T'] x (,
|F(t, x) = F(t, Y)|u < Clx = ylu,
[F(t, 0)l3 < C2(1+ |x[3),

for some constant C > 0 and for all x, y € H.
(A.2) The mapping B: [0, T x QO x H — L,(U, H) is % x %(H)-measurable,

I1B(¢, x) = B(t, y)lns < Clx = yla,
IB(£, 2)lIfis = C3(1+|xl3),

for some constant C > 0 and for all x, y € H.

(A.3) {A(s, w), s€[0,T], w € Q} is a random family of unbounded operators
on H such that Dom A*(s) > H, where H, is a dense subset of H. We
assume that A*(-)y € L?([0, T] x Q; H) for all y € H,, and there exists
a random evolution system S(t, s) satisfying hypotheses (H1), (H2) and
(H3) such that

S*(¢, s)A*(t)y = %S*(t, s)y forall y e Hy.

DEFINITION 5.1. We say that an adapted and continuous H-valued process
X = {X,, t € [0, T]} such that E(supy_,-7 |X,|%) < oo for some p > 2 is a
mild solution to (5.1) if

t t
G2) X,= S(t,O)g—}—/ S(t, s)F (s, Xs)ds+/ S(¢, $)B(s, X,) AWy
0 0
for each ¢ € [0, T'], where dW denotes the forward integral (see Section 4).
DEFINITION 5.2. An adapted and continuous H-valued process X = {X,,

t € [0, T} such that E(supy_,.7 | X,|%) < oo for some p > 2 is a weak solution
to (5.1) if for each y € Hy and ¢ € [0, T'] we have

(X 9)i = (& Yu+ [ (A")y, X,)uds
[ s X)) ads+ [ (B'(s. X )y dW,)y.
0 0

PROPOSITION 5.3. Under assumptions (A.1), (A.2) and (A.3), any mild so-
lution to (5.1) is a weak solution.

PROOF. For each n > 1 we define

X7 = S(t,0)¢ + /Ot S(t, s)F(s, X,)ds

+n Xn: /Ot S(t’ 8)3(37 Xs)(ei)(Ws+l/n(ei) - Ws(ei)) ds.
i=1
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Notice that
X" = S(t, 5)X" + f: S(¢, r)F(r, X,)dr
n z [ 8B, X)€W, iajale) = W) dr.
We know, by Assum_ption (A.3), that for all y € Hy, x € H we have
f:(S*(r, o)A (r)y, x)gdr = (S*(¢, 0)y, ) g — (¥, %) -

Hence, for all y € H,, we obtain

Fn:zni/

i=1"S

(18,

B(o, X, )(e)[W, 1(e;) — W, (e)]) drdo
n3 [ E -y
B X W, e~ W)

(X7 y) — (S(t )X y) g — < [ st.rFe X,)dr, y>H

(5.3)

—n Z / t<y, B(r, X,)(e)[W, 1/n(e;) — W, (e)]) g dr.

i=1"S

On the other hand, applying Fubini’s theorem we have
n t or
Lo=nY [ [(S'(, o)A )y,
i=1 S S

B(o, X, )(e)[W, 1/n(e;) — W,(e)]), dodr

nz I t<A*<r)y, [ S0, @B, XN giayne) = W (o) da>H dr
_ / <A*(r)y, X" — S(r,s)X" —fs S(r, o)F(o, X(,)da>H dr
= [(A @)y X dr — [(A0)y, S0 9)X 1) g dr

—/S<A*(r)y,/s S(r, 0)F(o, XU)dU>H dr

= [(A" @)y, XD dr — (S8 9)XL )+ (XD Mg

54 - /: [:(A*(r)y, S(r,o)F(o, X,)),drdo
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t
= [(A"(r)y, X}y dr = (S(t, $)X2, y) g + (X2, ¥)m

— [ 8 NP0, X dor + [ (3 Flo, X)) do

Comparing (5.3) and (5.4) yields

t t

(X7 ) = (X3 3+ [ (A )y, XD wdr + [ (3. F(r. X)) g dr
(5.5) n
+n Y [ (3, B, X)W iajuler) — Wo(en)]h g dr.

i=1"%

We have that, by Proposition 4.2 with S(-,-) = Iy, the last summand in
(5.5) converges in L?(Q) as n tends to infinity to (fst B(r,X,)dW,,y)g =
fst(B*(r, X,)y,dW,)y. Then it suffices to show that sup,_,_r E(| X, — X?|3)

converges to zero as n tends to infinity. This is a consequence of the estimates
used in the proof of Proposition 4.2. O

THEOREM 5.4. Let S(t, s) be a random evolution system satisfying hypothe-
ses (H1), (H2) and (H3) and let F and B satisfy (A.1) and (A.2), respectively.
Then (5.1) has a unique mild solution.

PROOF OF UNIQUENESS. Assume that X and Y are two mild solutions to
(5.1). Then, for arbitrary ¢ € [0, T'] and p > 2 such that

B 2up, 1X015) + B( s0p, V1) < o=

we have

X, =Yl = | [ S@.FG X)) = FG Y )b

+ [ S (B X))~ B Y ) dW;|
0 |H
| ot |P
< 2p*1|/ S(t, r){F(r, X,)— F(r,Y,)}dr|
[0 |H
42p-1 /t S(¢, r){B(r, X,) — B(r, Y,)} dW; ’
0 H

t
< 2P—1MPCPTP—1/ X, - Y, |5 dr
0

p
+2P71 sup
se[0, T]

[ S(s ) o, a(r){B(r, X,) = B, ¥ )} dW;

H
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Hence, from Theorem 4.4, we obtain

t
E|X,- Y, < 21’*1MPCPTP*1/O E|X, - Y, dr

t
+27Cs o [ EIB(r. X,) - B(r. Y )l dr.
Therefore, using Hypothesis (A.2), we get
t
EIX,-Y,5 < 21’*1MPCPTP*1/ E|X,-Y,|}dr
0

t
+2772Cy 1 C? [ EIX, =Y, |fdr
0

t
= 2P 1CP(MPTP 4 Cg p’T)/o E|X,-Y,%dr,

which, together with Gronwall’s lemma, implies E|X,—Y |5 = 0, for arbitrary
t € [0, T'], and the proof of uniqueness is complete. O

PROOF OF EXISTENCE. The proof of existence is similar to that for a de-
terministic evolution system. We begin an iteration procedure with X§ ) =
S(t,0)¢ and let us define, for n > 1 and ¢ € [0, T,

t
x{" = S(t, 00+ [ S(t, ) F(r, X" V) dr
(5.6) , 0
+/ S(¢, r)B(r, X" V) dW.
0

Using induction on n, it is easy to prove that assumptions (A.1) and (A.2),
Theorem 4.4 and Corollary 4.5 imply that X is an adapted and continuous
H-valued process such that

sup E| X2 < co.

tel0, T
Computations similar to those in the first step of this proof and Theorem 4.4
yield

oo
(5.7) S E sup [XVY - xM)P < o

n—o t€[0,T]
Therefore, from the Borel-Cantelli lemma, the sequence {X™, n e N} is
uniformly convergent in [0, T'], for almost all w. Denote the limit by X,. Since
X is the uniform limit of a sequence of adapted and continuous H-valued
processes, it is also adapted and continuous. The estimate (5.7) implies that
X belongs to L?([0, T] x Q) and that {X, n e N} also converges to X in
LP([0, T] x Q). Finally, from (5.6) and Theorem 4.4, it is easy to show that X
is a mild solution of (5.1) and so the proof is complete. O

REMARK. The existence of a mild solution still holds if we suppose that
conditions (A.1), (A.2) and (A.3) are true locally. That is, we assume that for
all n, (A.1) and (A.2) are satisfied for any x, y € H with |x|g < n and |y|g < n,
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and with some constant C,,, and on the other hand, we also assume that the
random evolution system S(¢, s) satisfies (H1), (H2) and (H3)' locally. This
means that there exists a sequence {Q,, k € N} ¢ .7 and a sequence {S*, & ¢
N} such that Q, 1 Q, and for each &, S = S* on Q,, a.s., and S*(¢, s) is a random
evolution system satisfying conditions (H1), (H2) and (H3)'.

6. Stochastic partial differential equations with random genera-
tors. Let O be adomain in R” and consider the Hilbert space H = L%(0). As
in the previous sections, W will be a cylindrical Wiener process over a Hilbert
space U on the time interval [0, T].

In this section we will first provide sufficient conditions for a random oper-
ator A on L?(0) given by a random kernel f(x, vy, w) to be in D*?(L(H, H)).

LEMMA 6.1. Let f: O x O — R, be a measurable function such that the
following hold:
(i) f(x,-) e L?(0) for all x € O;
(“) SUP,co fOf(x’ y) dy < oo and SUPyeco fO f(y7 x)dy < 00.
Then the mapping A: L?(0) — L?(0) given by
(A&)(x) = [ f(x. y)a(y)dy

is a bounded linear operator such that

12
INscom = (sup [ £Cev)v)  (sup [ £x, )

1/2

ProoF. This lemma is an immediate consequence of Fubini’'s theorem and
Schwarz’s inequality:
2

[ xR dx = [ £ ey d

=/, (/0 f(x ) dy) ( [ .98 () dy) dx

< (sup [ £ vy (sup [ 90 lglioy O

xeO

LEMMA 6.2. Let f: O x O x ) — R, be a random measurable function
verifying the following conditions:

(i) f(x,-) e L?(O) for every x € O a.s.;

(ii) there exist two nonnegative random variables M,, M, such that

sup [ f(z,y)dy <M, as.,
2¢0 70

sup/ f(y,2)dy <M, as.
2¢0 70
and E(M?) < oo, E(M?%) < oo for some p > 2.
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Then the random operator A(w) on H defined by

(Mw)g)(x) = [ f(x. 7. )8(y)dy
belongs to the space L?(Q; L(H, H)).
ProOF. First notice that by Lemma 6.1 for each v € Q a.s., A(w) is a

bounded linear operator on H = L?(0) and ||Al . ) < (M, M,)"/? a.s. Then
the result follows from the fact that f is measurable and we have

E|AIZ g, 1y < (B(MD)E(MZ))'? < oo. o

We can state a Hilbert-valued version of Lemma 6.2 whose proof would be
identical.

LEMMA 6.3. Let G be a real and separable Hilbert space. Consider a mea-
surable function F: O x O x Q) — G verifying the following conditions:

(i) F(x,-) e L?(0;G) for every x € O a.s.;

(if) there exist two nonnegative random variables M; and M, such that

sup/ |F(y,2)|lgdy <M, as.,
2¢0 70
sup/ |F(z, ¥)lgdy <M, a.s.
20 70
and E(M?Y) < 0o, E(M?%) < c0.
Then the random operator from H to L?(0; G) = L,(G, H) defined by
(AM@)g)(x) = [ F(x.y. w)g(y)dy
belongs to the space L?(Q; L(H, L?(0;G))) and
IAllL(a, 220 @) < (M M,)Y2.

LEMMA 6.4. Let f: O x O x Q) — R, be a measurable mapping verifying

the hypotheses of Lemma 6.2. Assume, in addition, that f(x, y) € D*2 for each

x,y € O, and that there exists a version of the derivative D, f(x, y) which is
measurable from [0, T] x O x O x Q into U and verifies the following:

(i) Df(x,-) e L3([0, T] x O x Q; U) for all x € O;

(il) sup.co [o 1D, f(x,2)lydx < ay(r) as., sup,co [o|D (2, %)|lydx <
a,(r) a.s., where a4(r) and a,(r) are nonnegative measurable processes such

that E [ (ay(r))?dr < oo, E [i (ax(r))?dr < oc.
Then the random operator A(w): L?(0) — L?(0) defined by

6.2) (Ag)(x) = [ fx. 9)g(y)dy
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belongs to D*?(L(H, H)) and for all (r, ) almost everywhere, D,A(w) is the
operator in L(H, L,(U, H)) given by the kernel D, f(x, y).

REMARK. Notice that for all » € [0, T'] a.e., the kernel D, f(x, y) verifies
the assumptions of Lemma 6.3.

PROOF. By Lemma 6.2 we know that A € L?(Q; L(H, H)). According to
Definition 2.1, in order to show that A € D?(L(H, H)) we have to show that
conditions (a) and (b) of this definition are satisfied.

For (a) we must show that for every g € L?(0), Ag belongs to D%?(H).
From condition (i) of Lemma 6.4 it follows that (Ag)(x) € D*2 for each x € O,
and D[(Ag)(x)] = [, Df(x, y)g(y)dy. Furthermore, using condition (ii) we
get

T
E[ [ IDI(A&)0)lF dxdr

<& [ ([ 1Dl lelas) axar

< 5([ (sup [ 1275 9l )

s D , dx)d 2

x(ygg [, 10, £ 0l dx) dr ) el
r 2

< B( [ axtrar)dr) el

< {E(/OT(al(r))2 dr)E(/OT(ag(r))2 dr)}l/zug”iz(o) < 50,

This implies that Ag € D*2(H) (see [15], Theorem 3.1).

For (b), clearly D,(Ag) = (D,A)(g), where D,A is the random op-
erator belonging to the space L(H, L,(U, H)) associated with the ker-
nel D,f(x,y). Hence, it suffices to show that D,A belongs to the space
L%([0,T] x Q; L(H, L,(U, H))). This follows from the fact that

L 1D 1A @) dx < ay(raz(r) gl
which implles ||l§rA||L(H, Ly(U, H)) < (al(r)az(r))l/z. O
We can also show a version of Lemma 6.4 for kth differentiable operators.

LEMMA 6.5. Let f: Ox O xQ — R, be a measurable mapping verifying the
hypotheses of Lemma 6.2. Assume that f(x, y) € D*?2 for each «x, y € O and for
some integer £ > 1, and there exist versions of the derivatives Dil...rjf(x, ¥),
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1 < j < k, which are measurable from [0, T']’ x O x O x Q into U®/ and verify
the following:

(i) D/f(x,) e L3([0, T} x O x Q;U®) forall x € O, 1< j <k;

(ii) sup | |D] ., f(x,2)lyssdx < ay j(ri,..., 7)),
ze0 YO !
sup | D} ., f(z x)|yesdx < ay j(r1,...,7)),
ze0 YO !

where a; ; and a, ; are nonnegative measurable random fields such that
E [, ri(ay, j(r)?dr <oo and E fi 1;(az, ;(r))>dr <oo, for each j=1,..., .

Then the random operator A(w) on L2(_O) given by (6.1) belongs to D*?(L(H,
H)), and for all ry,...,7;, w ae. D{l...,jA(w) is the operator belonging to
L(H, L,(U®/, H)) given by the kernel D/ .., f(x, y).

Consider now a random second order differential operator of the form

n 5 n

Jd
6.2 A=) a(x,t bi(x,t . t).
( ) t i’jZlau(x )O,)xi(?xj'i‘; l(x )(Qxi-’_c(x )

The coefficients a,;, b; and ¢ are measurable functions from 0O x[0,T]xQin
R. Let us introduce the following hypotheses on the random operator A,.

(A1) For each (x,t) € O x [0,T], a;i(x,t), bj(x,t) and c(x,t) are ;-
measurable (adaptability).

(A2) The matrix (a;;);;, j<, is symmetric and uniformly elliptic. That is, there
exist constants 0 < ¢; < ¢, < oo such that

n

aléf < Y a;i(x,8)§&; < c,|é? for all & e R™.
i =1

(A3) The coefficients a;;, b, and c are continuous and uniformly bounded in
O x [0, T'], and, in addition they verify the following Hoélder continuity

property:
la;i(x,t) —a;;(y,s)| < K(|x — y|* +|s — t[*/?),
bi(x, t) = b;(y, )| < K|x — y|*,
le(x, t) —e(y, t)| < Kfx — y|%,
for some constants 0 < K < oo, a > 0 and for all x, y € O, s, ¢ € [0, T].

Furthermore a;;(-, ¢) is of class C* with uniformly bounded partial deriva-
tives.

(A4) For each (x,t) € Ox[0, T] we have that a;i(x,t), (da;;/dx;)(x,t), bj(x,t)
and c(x, t) belong to D*2, and the derivatives

| D a;;(x, t)|y,

D ﬁaij( t)
—_— x’
r ﬁxi

s Dby, Dy, [Dre(x, By
U



STOCHASTIC EVOLUTION EQUATIONS 179
are bounded by a nonnegative process ®(r) such that
T p
E(I/ |D(r)2 dr ) <0
0
for all p > 2. We also assume that
&ai~

2 J
i g (50)

>

|D§1r2aij(x7 Dlusu, 'D
UeU

2 2
|D;. ., bi(x, D|yeu: D5 r,c(x, Olugy

are bounded by a nonnegative process ¥(r,, r,) such that
p
E('/ (W(ry, 7)) dridr, ) <oo forall p>2.
[0, TP

(A4) We assume that the following quantities are uniformly bounded:

00 2

e 2 | ey 9%
Y supy|Dita;(x, t)|” + | D &—(x, t)
k=1 %1 Xi

T |DEby(x, ) + | D e, t)|2},

2

Y (x, t)

x;

- e 2 e da
ZSUp |Drszaij(x7 t)|U+ Drsz
p—1 %5t d

U
DY D bi(x, ) + | DS Dye(, t)|%]}-

In what follows we will assume that O = R”. The case of a bounded domain
O with Dirichlet or Neuman boundary conditions would be treated in a similar
way.

Suppose that A is a random second order differential operator verifying
hypotheses (A1), (A2) and (A3) with O = R". We will denote by I'(«x, ¢; v, s) the
fundamental solution of

— =A,T, t>s,
6.3) ot
ILm [(x,t;y,8) = 8,(y).
S

(For details, see [6].)
Conditions (A2) and (A3) imply that there exist constants c;, ¢, > 0 such
that

(6.4) I(x, ty.8) < eyt =)™ eXp(‘ lf(?‘—y f))’

_ a2
< Cl(t — 8)7(n+1)/2 exp<_u).

(6.5) )

x,t;y,8
Pl CLEAL)

i

Ial“
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PROPOSITION 6.6. Suppose A, is a random second order differential opera-
tor verifying hypotheses (Al), (A2) and (A3). Let I'(x, ¢; y, s) be the fundamental
solution of (6.3). For any ¢ > s, ¢, s € [0, T'] let S(¢, s) be the random operator
on L?(R™) given by

(6.6) (S(t.9)8)(x) = [ T(x.t:3.)8(y)dy.

Put S(¢,t) = Id. Then {S(¢,s), 0 < s < ¢ < T} is a random evolution system
on L2(R™) in the sense of Definition 3.1.

PrOOF. By construction (see [2]), the random kernel T'(x, ¢; y, s; w) is a
measurable mapping from R* x R” x 3 — R, for each ¢ > s. From (6.4) we
deduce

T(x,t;-,s) € L3(R") forallx eR", > s

and
(6.7) -/R" I(x,t;y,8)dy < ¢ (2m)"/?,
(6.8) /Rn [(x,t;y,s)dx < cq(2m)"/2.

Hence, by Lemma 6.1, S(t, s) is a bounded linear operator on L?(R"). More-
over the mapping (¢, s, w) — S(¢, s, w) is strongly measurable from A x Q in
L(H, H), and S(t, s) is %,—strongly measurable from Q in L(H, H). Condition
(itia) of Definition 3.1 clearly holds, and the continuity property (iiib) is also
known (see [6]). O

PROPOSITION 6.7. Let A, be a random second order differential operator
verifying hypotheses (A1), (A2), (A3), (A4) and (A4)'. Then the random evolution
system S(t, s) given by (6.6) verifies hypotheses (H1), (H2) and (H3)'.

The proof will be done in several steps.

ProoOF oF (H1). By lLemma 6.2 and the estimates (6.7) and (6.8), we deduce
that

IS¢, w7y < e (2m)"/2

So S(t, s) € L?(Q; L(H, H)) and the norm of S(¢, s) is uniformly bounded. In
order to show that S(t, s) belongs to D*?(L(H, H)) for t > s we will make
use of Lemma 6.5. We have to show that I'(x, t; y, s) € D> 2 for each x, y € R”,
t > s and that conditions (i) and (ii) of Lemma 6.5 for j =1, 2 hold.

Let us first show that I'(«x, ¢; y, s) € DY2. We recall that I'(«x, ¢; y, s) is the
fundamental solution of

ar
— =A,TI, t>s,
Jt

|;{“ [(x,ty,5)=6,(y).
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In the sequel we will write I', ((x, y) for I'(x, ¢; y, s). Using the characterization

of the space D' 2 given by Sugita in [15] we can show that I'; s(x, y) is RAC
(ray absolutely continuous), and the derivative D,I', ((x, y) verifies

d
ﬁDrrt,s(x’ y) = AtDrFt,s(x’ y) + (DrAt)Ft,s(x’ y)

for r € [0, ¢]. Hence,

t n r
DI = [ [ Tite 6] & Payte ez y)
6.9) Y D,by(E ) ”(6 »)
=1

+ Dye(&, T)T, (. y)} dr d.

Integrating by parts this can be written as

DI = [ [Tomol- ¥ 0 Gen) e

+ZD b;(¢,7) ag”(f y)
(6.10) '

+ D,c(¢&, ), 5(€, y)} drdé

S &Ft"' TS
_/n/s i,él JE, (=, 5) T (&, y)D,a;;(¢, T)dTdé.

From (6.4), (6.5) and (6.10) we obtain the following estimate:

_ 2
|Drrt,s(x’ y)lU SC(t—s)_”/zexp<_ |x yl )

c(t—s)
< {an 2 o

Jj=1

_Y S | )
rafi U+£|Drb;(§a T)|U1|

(6.11) x (r—8) %+ sup |D,c(&,7)|y
E n

+sup 37 |Dyay(€ Myt — )7 - s)—l/z} dr
€eR" 4, j=1

12
< (e exp -2 oo,

for some constants ¢, C > 0. Hence, conditions (i) and (ii) of Lemma 6.5 hold
for j=1.



182 J. A. LEON AND D. NUALART

For the second derivative we have
Jd
EDferFt,s(x> y) A Drlrzrt s(x7 y) + (DrzA )Drlrt,s(x7 y)
(D A )DrZFt s(x y) + (DrlrzAt)Ft,s(x7 y)

Hence,

D2l = [ [T

{HlerzaU@ N 6. y)

+2Dr25 (& T) ” ”(f y)+ Dy,e(§,7)D, T (€, 5)

r

+ DrlaL (fa 7)#(5’ y)
”21 ! 2323

I‘ F’T S
(&, y)+ D, c(§,7)D,, T, (&)

+2Dr1b (6.1

+ Z o (€ 7)&6 0;5 (£9)

+Zszb (&7 )&;S(é »

D2, (& (&, y)} dé dr.
Integrating by parts and using the estimates (A4) and (6.11) we get
|D§1r2Ft,s(x7 Nlvev
< C(t—s) 2 exp( 'C(t y'j)*{@(’”l)@("z) Wy, )}

Hence conditions (i) and (ii) of Lemma 6.5 hold for j = 2. Furthermore,

(6.12)

t p/2
IS, 9, = IS 5)1E sy + E( [ 1Dl .10, my )

p/2
+E</ / ||Dr1rZS(ta s)”%(H,Lz(U@U,H)) drldr2>

p/2

< C{l + E‘/Ot(cb(r))z dr

+ E‘/Ot((b(r))zdr ’

p/2
} <0,

t t
+E'/O [()(‘lf(rl,rz))zdrldrz

and Hypothesis (H1) holds. O
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PROOF OF (H2). Fix an element h € H = L?(R"). Then
D,S(t,s)(h) = [ DT, (x, »)h(y)dy forre[s,t],
R® ’

where D,TI'; (x, y) is given by formula (6.9). Let us define D;S(t, s) as the
operator given by the kernel DT, .(x, y), where

D = [ [T o] - ¥ D Gen) Sy

i, j=1 agl &5]

+ZDb(§ oz ey

+ Dge(é, ), 4(§, y)} drdé

¢ FtT TS
_/n/ > ’ ( f) (f y)Dga;;(é, T)dTdé.

i, j=1

The difference D, S(¢,s —e) — D;S(¢, s) is the operator in L(H, L,(U, H))
given by the kernel

/Rn/;rt,xx,g){—i (S n) =6

j=1

+ZD bi(E, 7). Tg (£, y)+ Dyel6, 7T, 4 (. y)}dfdf

13

- 73 - f, Ds i §5 d d§
LI Z agl gj (&, )D€, 7) dr
[ [ Tof - ZD( Uen) (Tt - T2t e
R Js t,T x, T &gl s (9§J 07§J 3
T,8—¢& é)FTS
+§Db(§’7)< ey

Do (T, T, ) y>} drde

_// Z_ tf( 5)( f; s &jg;s>(§, y)D,a;; (¢, 7)dr dé.

i, j=1
Let us denote this kernel by ®_ ; ,(x, y). We have for any h ¢ H

|
[, Pt

< C{f [D(s)(7 — s+ &) 2 + D(s) + D(s)(t — 7) H2(7 — s+ &) 2] dT}
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-n |x_y|2
[ = st ey exp( - A Y dy

+ C{/t[QD(s)(T —5) Y2 L d(s) 4+ D(s)(t — 7) V(1 — 5) V2] dr}

2
x / (t — 5)"/2 exp(— | — 2| )dz.
RVL

c(t—s)
As a consequence,

A&” Fs, s—s(z, y)h(y) dy — h(z)

2
s,s,t(x’ y)h(y) dy dx
U

- C(<I>(s))2{(ﬁ Lot (t—s) 2R IR

2
+ dz},
Rﬂ.

/Rn FS, S—s(z’ y)h(y) dy — h(z)

and this converges to zero as ¢ tends to zero.
On the other hand, D; S(¢,s) belongs to D%?(L(H, L,(U, H))) (see first
step of the proof of Proposition 6.7). O

PROOF OF (H3). We have already seen that ||S(¢, )|l (a, 1)y < e (2m)"/2,
We have

..

D' S(t, s)| L, 1)
= sup

IIhHHilfn R"

_ . 1/2
< ((sup [ 1277 s 1) (sup [ DFT, ()l ) )
x y

Hence, the boundedness of 37, | DY S(¢, S)”L(H g follows from (6.9) and Hy-
pothesis (A4)'.

Finally, let us show that Y32, || D D7 S(¢, )13, 4. 1, .z IS bounded. We
have, for r <s <,

2
DIT, (=, y)h(y)dy‘ dx

DD, ()= [, [T )

DT,
{llek%(f N g E )

D;T,,
£ Detby(g ) e 2ES(E ) + De(€. DT (€. )
=1 t
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2 ek
+”21Dau(§ it e (6
LY De )] ’g T2 255 (¢, y) + Dye(£, T)DUT, (£, 3)
i=1 l
lle *Da;i(&, T)&ij(f, y)
+ZDekD b;(¢, 7-) (f, ¥)

o (?5;

+ D7 Dec(é, T, (€, y)} drdé.

Again using (A4)’, integration by parts and (6.9) we show the boundedness of
the expressions

> sup [, 1DDIT, (. )l dy
E=1 *

and

> sup [, 1D5D;T (. )y d. 0
k=1 Y

REMARKS. Theorem 5.4 together with Proposition 6.7 allow us to deduce
the existence of a unique mild solution for stochastic partial differential equa-
tions of the form

= Au+f(txu)+ gt v W (x),  te[0,T], xeD,

u(0, x) = ¢(x),

where D c R” is a bounded domain with smooth boundary, f, g are continuous
functions on [0, T'] x D x R which are Lipschitz and have linear growth in the
last variable, uniformly with respect to the first two variables, and W is a
Wiener process in L?(D) whose covariance operator is bounded on D x D.
Here A, is a second order operator of the form (6.2) with random and adapted
coefficients satisfying assumptions (A.1), (A.2), (A.3), (A.4) and (A.4).

The above method allows handling stochastic partial differential equations
of the form (6.13) without motononicity or coercivity assumptions on the coef-
ficients.

(6.13)
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