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In this paper we study the typical profiles of a random field Kac
model. We give upper and lower bounds of the space scale where the
profiles are constant. The results hold almost surely with respect to the
realizations of the random field. The analysis is based on a block—spin
construction, deviation techniques for the local empirical order parame-
ters and concentration inequalities for the realizations of the random
magnetic field. For the upper bound, we exhibit a scale related to the law
of the iterated logarithm, where the random field makes an almost sure
fluctuation that obliges the system to break its rigidity. For the lower
bound, we prove that on a smaller scale the fluctuations are not strong
enough to allow this transition.

1. Introduction. In this paper we consider a one-dimensional spin sys-
tem with a ferromagnetic two-body Kac potential and a stochastic external
magnetic field. Problems where a stochastic contribution is added to the
energy of the system naturally arise in condensed matter physics where the
presence of impurities causes the microscopic structure to vary from point to
point. A lot of work has been dedicated to the subject of spin system with
random magnetic field; let us mention [1-6], [9], [11], [13], [15], [16], [17],
[20], [24], [28].

The Kac potentials are functions o/, (r) which depend on the scaling
parameter y as J (r) = yJ(yr). The equilibrium statistical mechanics of
these systems in the absence of stochastic external field are well known. In
the limit y | 0, it is possible to explicitly derive the thermodynamic potentials,
prove the existence of a critical temperature and give a very natural and
transparent explanation of the phenomenon of spontaneous magnetization in
ferromagnetic systems [18], [21]. It is also possible to analyze the limit Gibbs
states, but since direct interaction between any two given spins vanishes
when vy |0, in order to get nontrivial limit distributions, it is useful to
introduce the so-called block—spins, which are the space average of spins over
regions whose size diverges as y | 0 and which describe the configurations of
the system in terms of these magnetization profiles. In the one-dimensional
case, an analysis, [10] for Ising spin and [7] for more general spin, allows us
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to get a satisfactory description of the typical profiles. The results can be
summarized in the following way. The empirical spin average in blocks of size
8/, for any positive 6, converges as vy | 0, to one of the two thermodynamic
magnetizations, uniformly in intervals of size 1/y”?, for any given p > 1.
Furthermore, the intervals where the magnetization is approximately con-
stant have lengths of the order exp((Af)/y) where Af is the activation
energy of the corresponding Curie-Weiss model.

In this paper we add a stochastic magnetic field and study how the
previous picture is modified. This is a particular case of the general problem
of stochastic perturbation of random systems. Random walk in random
environment is another famous example [29], [30]. The general theory of such
systems is far from being complete; therefore it is important to have exam-
ples that can be rigorously treated, where the behavior of the perturbed
system is radically different from the unperturbed one. The first step in the
analysis of such systems is to find the right scale where new phenomena
occur. The rigorous analysis is in general delicate even if the heuristic
arguments are simple.

In our case, if we consider the system in a volume of order 1/y and let
v | 0, the model is equivalent to the random field Curie-Weiss model [1], [3],
[4],[6], [20], [24], [28]. It is possible to define a critical temperature and, if the
variance of the magnetic fields is small enough, only two distinct magnetiza-
tion profiles occur, the relative weight of each one being a random variable.
When we take first the infinite volume limit and then the limit y | 0, new
phenomena occur that depend on the scale we are considering. If we consider
what happens in a large interval, say, centered at the origin and of length
v 2[(log1/y)*] for some p > 1, we start seeing new effects of the random
magnetic field. The profiles that were approximately constant on a scale
exp([(1 — £)Af]1/v) and made a transition between the two equilibria on a
scale exp([(1 + £)Af]/y) when the random magnetic field was switched off,
now make a transition on a scale at most y ?[(log 1/y)(loglog1/y)?] and are
constant on a scale at least I(y) = y 2[loglog1/y] 1. To be a little more
precise, for almost all the realizations of the random magnetic fields, for all
but a finite number of indices n, if y = 27", up to a translation of at most
I(y), we meet a constant profile which is constant on an interval which is at
least I(7y). Note that for a given interval of scale I(vy), say, centered at the
origin, the system can be approximately constant around one of the two
equilibria or make just one transition between the two equilibria. That is,
there is at most one transition in such a fixed interval. Let us note that in a
recent paper [8], the Kac—Hopfield model was considered and it was proved
that the system made at most one transition in an interval of scale
v 2%[log1/vy]™! which is smaller than I(y). Here it is possible to get results
on a scale [(y) mainly because the system we consider is simpler and this
allows us to make more accurate estimates. Moreover, to get the scale
v 2[(log1/y)loglog1/v)?], a very special representation of the system is
used. It is possible to get similar results for the Kac—Hopfield model in the
regime where the number of patterns is bounded by (log1/y)/log 2. This is
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just a tedious modification of what is done in this work and no new ideas are
needed.

The plan of the paper is the following. In Section 2 we introduce notation
and state the main results. In Section 3 we perform the block—spin represen-
tation, giving an explicit representation of the random part. A large deviation
principle in the strong form, that is, with estimates of the subexponential
terms, for a hypergeometric random variable is given there. In Section 4 we
prove the upper bound and in Section 5 we prove the lower bound for the
typical length of profiles.

2. The model and the main results. Let (),.7,P) be a probability
space. Let & ={h;},., be a family of independent, identically distributed
Bernoulli random variables defined on this space; that is P[A;, = +1] =
Plh, = —1] = 1/2. We denote by o a function Z - {—1, +1} and call o
i € Z the spin at site i. . is the space of such functions, equipped with the
product topology. Given A C Z, we denote by o, a function A - {—1, +1}
and the space of such functions is denoted by .#,. We choose a Kac potential of
the form J,(i —j) = yJ(yli —j), y> 0, where J(x) =1, _,,,. Note that
more general ferromagnetic potentials could be used without changing the
behavior of the model. The relevant conditions are (1) J(x) > 0 (i.e., ferro-
magnetism), (2) J(x) = J(—x) (symmetry), (3) fast decay at infinity; that
could be short range or exponential J(x) = exp(—2|x|) as in the original Kac
model. We assume that [J(x) dx = 1.

The Hamiltonian in a finite volume A C Z with free boundary conditions is
the random variable

(2.1) Hy(UA)[w] = _% Z Jy(i_j)‘fioj_ HZhi[w]m,

(i, )eAXA ieA

where 6 is a strictly positive parameter. The interaction between the spins in
A and those outside A will be denoted by

(2.2) W,(op, o)) = — Y X J,(i —Jj)oio;.

ieA jeA

We will usually drop the » dependence for all quantities we consider.

The Gibbs measure at inverse temperature B > 0 in the finite region A
with free boundary conditions is the probability measure-valued random
variable g 4, 5 on {—1, +1}* defined by

1
(23) /’LB,G,)/,A(O-A) = Z exp{_BH'y(o-A)}
B,0,v,A
Here Z; , . . is the partition function, that is, the normalization factor to

make Mg, 0., ,\( g,) into a probability measure on ..
If & is a spin configuration in ., the Gibbs measure with boundary
condition & is the probability measure-valued random variable ug'; , \ on
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{—1, + 1}* defined by
) 1 B
(24)  wg's,a(0) = Z"\— eXP{‘B(Hy(UA) + W, (o, UA"))}'
A

Here Zg 0,7, A0 the partition function in the volume A with the boundary
condition 7, is the normalization factor to make pg'; , ) into a probability
measure on <9”A.

Given a realization of &, ¥y > 0, the infinite volume Gibbs measure u; , .,
is obtained as the unique weak-limit of w; , , , along a family of volumes
A, =[—-L,+L], L € N. It is also the unique weak-limit of ,UL"\C , for any o
that could depend on h. Note that different realizations of h glve different
infinite volume Gibbs measures.

The free energy in the volume A, with free boundary conditions, is defined

by

The infinite volume limit F( 8, 6, v) of the free energy with free boundary
conditions, for fixed vy, exists P-almost surely by standard subadditive argu-
ment; see [34], [19]. Being measurable with respect to the tail o-algebra of 7,
F(B, 6, v) is a nonrandom quantity and it is equal to the limit of the average
of F\( B, 0, v) with respect to P.

Given a volume A C Z, we define the sample magnetization in A by

(2.6) my(o) = IAI A(r

A relevant order parameter of this system is the limit, when A 1Z, of the
infinite volume Gibbs average of m,. Note that m, can be written as
my(o) = my(+,0) + m(—, o) where
(27) n(t,0) = o T 5|

. my(+,o0)=— g;

: |A| i€A 2

is the local sample magnetization on the random subset of A where the
magnetic field is positive (resp. negative).

Given &> 0 and (m,, m,) € [—1, +1]?, we define the constrained parti-
tion function,

ZB,G,y,A(ml’mQ’ €)

(2.8) 1
= 9l X exp(=BH,(0)) Ly, or-mui= ol o0 mai< o)
o)\ ES

log B,0,y,A*

and the constrained finite volume free energy

(29) E\(B’9’77m1’m2, 8) G,Y’A(ml,mz,a).

1 1
(0]
" BIA 82

Using as before standard subadditive arguments [34], [19], P-almost surely,
lim £l 0 hmATZ A( B 0, Y, My, My, 8) = F( B 0, Y, My, m 2) exists and it is non-
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random. Moreover, it follows from general arguments (see [33]) that it is a
convex function of (m,, m,) and F(B, 6,y) =inf, ., F(B,0,y, m;,m,).

We want to give a precise description of the typical configurations in term
of profiles of local magnetizations in a given scale. This leads naturally to the
notion of block—spin transformations that will be defined later. Similar
analysis was done in the one-dimensional ferromagnetic Kac model without
external magnetic field in [10], [7].

We will not use (4, o) to transform our system into a block—spin
system. We will use an equivalent set of two local averages. The main reason
is that the cardinality of the subset of A where A is positive is a random
number with mean A /2. The random fluctuations of this cardinality govern
the stochastic fluctuations of the system. We use another representation of
the system in term of a priori less physical quantities. They are the empirical
magnetizations over random sets with fixed length equal to A /2. However,
the local magnetization in a block is just one-half the sum of these two
empirical magnetizations. This allows us to extract from the random terms a
volume term A/2 which is deterministic. Moreover, with this choice some
important quantities, such as the logarithm of (4.8), are symmetric random
variables.

The effect of the block—spin transformation is to transform our microscopic
system on Z into a macroscopic system on R. Since the interaction length is
v~ 1, we consider the system in a macroscopic scale where the interaction
length becomes 1. The volumes we consider will always be expressed in this
macroscopic scale; that is, a macroscopic volume V C R corresponds to a
microscopic volume A = A(V) = y 1V N Z. Now, given 0 < §* < 1, we parti-
tion R into blocks of length 6*. This will induce a partition of Z into blocks of
length 6%y !. We assume for convenience that y = 27" for some integer n
and 6* is a function of n such that §*y~! is an integer.

We denote by +/(x) a block of length 6* centered at x. This corresponds in
a microscopic scale to a block of length 6%y !, A(x) ={i € Z, y 8*(x — 1/2)
<i< 1y ¥*x+ 1/2)}. We denote by a (x) = inf{i: i € A(x)} and a*(x) =
sup{i: i € A(x))}.

Given a realization of h: hlw] = (A [w]);c,, let us call A*(x)={i e
A(x), hJw]l = +1} and A (x) = {i € A(x), h,[ w] = —1}. We denote by A(x)
= sgn(|A"(x)| — (2y) 16*%), where sgn is the sign function, with the conven-
tion that sgn(0) = 0. Note that if §*y ! is odd, A(x) is a Bernoulli symmetric
random variable. However, for convenience we assume 8*y ! even. In this
case, the distribution of A(x) has the following mass at zero:

3 gy 5*7_1
(2.10) P[A(x) =0] =2 (a*y—l/z)'

We define, for a given realization of A such that A(x) = +1,

l
(2.11) M%) =1 (x) = inf{l >a (x): 2 Lawgy(h) = 5*71/2}.

Jj=a"(x)
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We denote the corresponding subset B*(x) = {i € AX*)(x),i < {*(x)} and
B *(x) = A(x)\ BMx). If Mx) =0, we take B*(x) =A*(x) and B (x) =
A~ (x). Let us call ANx)\ B*(x) = D*(x). Note that with this construction,
since we have assumed 8*y ! even, we have always |B*(x)| =|B (x)| =
8*y~1/2.

We define, for A = +1,

27

(2.12) m (A, x,0) = Y o,

lEB)‘(x)
Notice that we have still (y/8%)%; ¢ 4., 0; = 3(m® (+,x,0) + m®* (=, x, o))
but now,

Y
% Z h;o;
o i€A(x)
(2.13) 2
=-(m*(+,x,0) —m®(—,x,0)) +Mx)— ) o,

2 8 o

ieDMx)
Given a microscopic volume A, we denote by
4 8 4 2
(2.14) 4 (A) = [T |-1 -1+ -2, -1+ —, .., 1-—-21],
x€Z,(A) 5 8* 2

where &;.(A) is the set of the centers of the blocks of length §*y~! that we
get making a partition of A into such blocks. Namely, .#;.(A) is the set of
possible configurations of the pair m®(x, o) = (m®(+, x, 0), m®(—, x, o))
for x € %;.(A). We denote by

(2.15)  m®(A) = (m®(x))rern = (MY (%), m3 (%)) .ee.n)

an element of .Z;.(A).
We call a block—spin transformation the random map,

{_ 1, + l}A ﬁ‘%&“(A%

o, = ((m® (+,%,0),m* (=, %,0)))ccz.(r)>

By abuse of notation, we denote by w; , ., , the probability measure induced
by the Gibbs measure through this map. The infinite volume limit
lim, ;7 pg 4, o Will be denoted p; ,

If lim,, | 5*(y) = 0, the 1nduced Glbbs measure u, , ., Will have a support
in the subset 7 of L*(R,dx) X L*(R, dx) of all measurable functions
(my(x), my(x)), x € R such that max(|m(x)|,|my(x)) < 1. 7 is a compact
convex set with respect to the weak L?loc topology.

We want to study the block—spin profiles which are typical with respect to
the Gibbs measure Mg o,y when vy | 0. However, since the Gibbs measure is a
random variable defined on (), we have also to specify in what P-probabilistic
sense this is true. In this paper we consider results that are true P-almost
surely.

(2.16)
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These typical configurations will have a spatial structure that will criti-
cally depend on the values of the parameters B8, 6 and on the length scale we
are considering. As in all Kac models, the local behavior is related to the one
of the corresponding Curie—Weiss model. In our case it is the random field
Curie—Weiss model (RFCW). This model is well studied (see [1], [3], [4], [20],
[24], [28]) for various distributions of the random field A[ w]. The Bernoulli
and the Gaussian distributions are the most commonly used. Note that even
if parameters similar to the 7(+, x) were already introduced in [28], in all
the previously mentioned references, the results were given for the measure
induced by the Gibbs measure through magnetization.

Since our approach is slightly different, let us state some results for the
RFCW model in term of the parameters m(+, x).

The random field Curie—Weiss model. This is the case where we assume
A =1/y =N, so that the thermodynamic limit and the limit v |0 are not
independent. The Hamiltonian of the random field Curie—Weiss model is
given by

1 N N
(2.17) H(oy)[o'] = -5 )y Ui0<—02hi[w’]0i,
2N ;2 ! i=1
where 0 is a strictly positive parameter.

The partition function is Zy(B,0) = £, . . exp(—BH(oy)) and the finite
volume free energy is fy(B, 0) = —(1/BN)log Zy( B, 6). We make the parti-
tion of {1,..., N} into two random blocks of equal length N /2 exactly as we
did between (2.11) and (2.12). Considering the empirical pair of magnetiza-
tion over the previous blocks, we denote by Zy(B, 0, m;, m,, ¢) the con-
strained partition function defined in a similar way to (2.8) and by
fn(B, 0, my,my, &) = —(1/BN)log Zy(B, 6, m;, m,, &) the associated free
energy.

It is easy to check that P-almost surely, uniformly with respect to (m,, m,)
e [—-1, +1]%, we have

lim limfN(B,eamhmZ’é‘)
el0 N1

—(my + m, S 1
(2.18) =%—§(ml—m2) —ﬁ(l(nh) +1(my))
= fp,0(m1, my);

here I(m) = —((1 + m)/2log((1 + m)/2) — (1 — m)/2)log((1 — m)/2). The
function f; 4(m;, m,) is called the canonical free energy. Moreover, it can be
checked that, P-almost surely,

(219) Iy?&ng(B’H) :f(Bag) = inf 2fﬁ,6(m1’m2)'

(my,mg)e[—1, +1]

Our first result relates the free energy of the random field Kac model to the
one of the random field Curie-Weiss model.
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THEOREM 2.1. For all positive B, for all positive 0, P-almost surely we
have

(2.20) lim limF,(B,0,y) =f(B,0).
vyl0 ATZ

The proof of this result, being straightforward although lengthy, will not
be given here. It is a consequence of the block—spin representation made in
Section 3 and modification of classical arguments that can be found, for
example, in [33].

To state our next results, we need some results on the RFCW model. The
critical points of f ,(m,, m,) are the two-dimensional vectors m = (m,, m,)
solutions of the system of equations,

m;+m
my = tanh( B% + Bo|,
(2.21)
(my + my)
my = tanh| p——0—— — B |.
We assume throughout this paper that g8 > 1 and B6 satisfies
(2.22) tanh 6 < min(1/V3, (1 - g~)""7).

This implies that the system (2.21) has only three solutions, two of them
being absolute minima and one the local maximum of f; ,(m,, m,). This can
be proved easily by considering
(2.23) m = 3tanh B(m + 0) + 3 tanh B(m — 0).
The previous condition implies that the derivative at the origin of the
function on the right-hand side of (2.23) is bigger than 1 and the function is
concave on the positive real, convex on the negative real number. Moreover, if
mg is the largest positive solution of (2.23), then the two absolute minima of
fs,0(my, my) are of the form m, = (mg 1, my ,) and Tmy = (—my 5, —my ;)
where m, ; = tanh B(m; + 6) and mg , = tanh (7, — 6).

It is easy to see that the function fB,g(ml, m,) is quadratic around its
minima. Moreover, there exists a constant c¢( 3, ) such that for all m =
(mq, my),

(2.24) f5 o(m) = f5 o(mg) = c( B, 0)min(llm — myll3, Im — Tmgll3).

Here || - || is the Euclidean norm in R2.

Our second result is the analogue of the Lebowitz—Penrose theorem [21,
25]. It relates the canonical free energy of the random field Kac model to the
convex envelope of the canonical free energy of the random field Curie-Weiss
model. Recall that the convex envelope of a function f is the largest convex
function that is smaller than f. It will be denoted by Conv(f).

THEOREM 2.2. For all positive B, for all positive 6, P-almost surely,
uniformly with respect to (m, m,) € [—1, + 1], we have

2.25) lim lim lim F 0 =C .
( ) SII% 71?8 Al% A(B’ ’7’m17m2’8) Onv(f/ﬂ,f))(ml’mz)



1422 M. CASSANDRO, E. ORLANDI AND P. PICCO

The proof of this theorem will not be given here. It is a consequence of the
block—spin representation of Section 3 and can be done following step-by-step
the usual proof of the Lebowitz and Penrose theorem; see [33].

To describe the asymptotic properties of the support of the measure wu; 4 .,
we need to introduce another scale. To avoid possible confusion, we empha-
size that we do not make a block—spin transformation on this scale. Given
8 > 8* and assuming that § = £6* for some positive integer & > 2, for [ € Z,
we denote by C;() the set of centers of those blocks of length § that are in
the macroscopic interval [/ — 1,1 + 3[ and given r € C5(I) we denote by
Cs-,5(r) the set of centers of those blocks of length * that are in the interval
of length & indexed by r. We define the notion of being near an equilibrium
with tolerance {. We impose that 0 < { < m, , to separate the two equilibria
and define for [ € Z, the random variable

*

. 5+
1, lfVueCa(l)?zxegﬁx/é(u)nm (x) - mﬁ”l </{,

(226) 774(1) - | 5
—1, lfVuECE(l)?ZxE%5‘/5(u)||m (x) - TmBHl < gﬂ

0, otherwise,

where |- ||; is the I! norm in R2. In analogy with [10], we expect that when
v 10, the typical profiles will be described by runs of n%¢ = 1 followed by
runs of n%¢= —1. It was proved in [10] that, for the ferromagnetic Kac
model, the profiles make runs of n%¢=1 on a scale which is of order
exp(Af/y) where Af is the activation energy of the Curie—~Weiss model, that
is, the difference between the value of the canonical free energy at its saddle
point and at its minima. Roughly speaking, this means that on a scale
exp(((1 + &£)Af/vy)) the profiles are nonconstant if ¢ > 0 and are constant if
e < 0.

As we will see, the presence of the random magnetic field makes the
profiles nonconstant on a much smaller scale. To be more precise, given
re{-1,+1}4, [, € Z, I, € Z with I, <,, we define

(2.27) %’5’5(11,12,7) = {m‘s*: n‘s’((l) =7,V <l< 12}
and
(2.28) 9?8’5(l1,l2) =<%’3’4(ll,l2, +) Uﬁ?s’g(ll,lz, -,

that is, the set of profiles that between [/, and [, are near the equilibrium
mg, Tmg, respectively, for = +1, with tolerance ¢.

Given positive constants ¢, ¢, p > 1, L,, we denote by N, =
[(¢/¢)1og(1/y)P(loglog(1/y))], where [ x] is the integer part of x, by [,(y) =
¢/v loglog(1/v) and by

N,

~ 1 1 p y
(2.29) #%¢ Ll,@,w = k_UNg?S’{(kZ@(V)»Ll+kl6(7))'
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That is, the set of profiles that in an interval of length 2(¢(log(1/y))?/v),
centered at the origin, have at least one interval of length L, that it is rigid.
We have the following result.

THEOREM 2.3. Givenc¢c >0,8>1,p>1, p>0,c,> 0, BO small enough,
forallx > 0, 8 > 8* = ¢,y loglog(1/y), there exist an absolute constant ¢ > 0
and a positive constant ¢ = &( B, 0, x) such that if v = 27", P-almost surely,
for all but a finite number of indices n, if

log(1 log log(1 2o
(230) L, > (log(1/v))(loglog(1/v)) 2C(x,p,v) n
Y (BO) (mB,l + m3,2)
where
~ 2(4 + x)*
(% p.7) = ( 3p)1ogloglog(1/y) !
1+ [2+ 20
4 ) Toglog(1/7)
then
~ 1 1 p
(2.31) MB’G’y[L%"s’? L,,é, M)] <exp(—Bxy ),

provided that for some function g,(1/{), with lim, , g,(1/¢) = =, slowly
varying at infinity,

lim \/282(1/5) =0
210
and
(82(1/0) < BO(my 1 + my )’ (c/(p + 2)).

To make the previous theorem meaningful, we need a result in the
opposite direction, that is, to prove that the system is rigid with the same
tolerance ¢ on a scale smaller than L,. As we will see later, this will give a
constraint from below on . We introduce two different tolerance parameters
that we call {, and ¢; and the corresponding 6, and §;. The parameter {,
plays the role of { in the previous theorem.

Given [, € Z,l, € Z with [, <l,, 6, >0, {, >0, 6; >0, {; > 0, R, € R,
xel[l;+2R, +1,l, — 3R, — 1] and 7 € {—1, +1}, we define a front start-
ing at the equilibrium 7 at the point x by

7ol (L 1, T, x)
(2.32) = {m°: VI [l + Ry, x],n%%(l) = 7= n>%(x),
Vie[x+R, + 1,0, —R[,n%%() = —7=1"%x + Ry))
and the set of fronts in all possible starting points,

751>§1y54>§4(11’l2’7) — U 751,51’54,54(11’12,7,3‘;).
L, +2R,+1<x<ly—3R,~1
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Let us note that we do not specify the configurations in a block of length R,
at the beginning and at the end of the interval [/, [,]. Moreover, we specify
the front by a starting point x and by a final point x + R, where the other
equilibrium is reached with a tolerance ¢;. We do not specify what happens in
the interval of length R, in between. This length R, = R,({;, §;) is the
longest interval where the system can stay out of equilibrium with a toler-
ance {;, a fact that will be proved in Corollary 5.2.
We denote the set of fronts that occur within [/, ,] by

(2.33) ontonl(l ) = | 7 htei(l,l,,T).
re{+1, -1}

Moreover, to shorten notation we set [see (2.28)]
(2.34) Ko h(l,ly, R)) =R %(l, + 2R, 1, — 2R,).

Let us note that on this set, since we have not specified what happens in the
first two blocks of length R,, we could have a configuration that looks like a
front with a transition that occurs in these two first blocks and stays rigid
after. These events are not in the set defined in (2.32).

We have the following result.

THEOREM 2.4. Given B> 1, p > 0 and ¢, there exists an &, such that if
B0 < &,, we can find y, > 0, ¢, > 0 and constants ¢; = ¢,(B,6) fori =1,2,3,
such that for all v < vy,, for all {, > {; >0, §; > &; > 8* = ¢,y loglog(1/vy)

that satisfy
. 4
— 0 V
V Toglog(1/y) ~ °'

for Ry = cy(8,¢(3) 1, for any interval I =[1,,1,] such that 4R, <|l, — I,| <
(é/v loglog(1/y)), there exists O, = Q.(B, 0,11, 15, v) such that P[Q;] > 1 —
exp(—(oglog(1/vy)1 + 2p)) and on Q;,

2.35 Mii=c
444 1

€0,
(2.36)  pg g (20 0(1, 1y, ROUZ %0 b(l,1,)) = 1 —exp(— 30144 )
Y

in particular, if v= 27", P-almost surely, (2.36) occurs for all but a finite
number of indices n.

Roughly speaking, inside an interval of length é(y loglog(1/y))! cen-
tered, say, at the origin, the typical profiles are rigid with a tolerance ¢,
around one of the two equilibria or make only one transition between the two
equilibria. Note also that we have allowed a fuzzy region of length 2R,
around the extremes of the intervals considered and also a region R, around
the front. However, using Corollary 5.4, it can be proved that in a fuzzy zone
there is at most one transition from one equilibrium to the other. Note that
R, =¢,(8,¢2)7!, the length of the fuzzy zones, is very small with respect to
é(y loglog(1/y))~ 1. As will be proved in Section 5, this R, corresponds to the
longest runs of n°¢ = 0 which is typical with respect to the Gibbs measure.
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Note that it is possible to take ¢, in Theorem 2.4 and ¢ in Theorem 2.3 equal.
Theorem 2.4 suggests that a good notion of rigidity is not to fix all of those
intervals where the profiles are at equilibrium with a given tolerance but to
allow those intervals of rigidity to have a fuzzy zone of length 2R; at the
extremes. To describe the typical profiles, we combine the results of the two
previous theorems. We can expect to give an upper and lower bound on the
distance between two fronts for the typical profiles in an interval of length,
say, v '(log1/v)? for some p > 1. Namely, this is the scale where we know
from Theorem 2.3 that such fronts exist. This corresponds to give an upper
and lower bound on the number of transitions from one equilibrium to the
other in such an interval. To be more precise, we need some more definitions.
Given an interval .¥ = [ —ji, j;], centered at the origin, and positives integers
k and L, we define, for 1,,l, €7, re{-1,+1}, #*%(,l,,R,,1)=
R éV“(l1 +2R,,l, — 2R, 7), T “4(L,1,7,.7) Eg34’g4(_j1’ Ji» Ry, 7) and

T b(L,k,1,.7)

J1 J1 J1 k
(237) - U U U n ‘%54’§4(lk1’lk1+1’Rl;(_l)k1+17);
Li=—j1 1> >0, k=1

ly=1,>L =1, >L

that is, the profiles in 7%+ ¢(L, k, 7,.#) change exactly £ — 1 times equilib-
rium, starting from 7 somewhere within [ —j;, —j; + 2R;] and remaining in a
given equilibrium for a length at least L. We define also

k
(2.38) Twl(L, <k,7,7)= |J 7L, ky,71,7)

k=1

and 7% (L, < k,.7) =9 4(L, <k, +,7) UF4(L, <k, —,.7). The pro-
files in 9%+ (L, < k,.#) change equilibrium at most 2 — 1 times, starting
from one equilibrium somewhere within [ —j;, —j; + 2R;] and remaining in a
given equilibrium for a length at least L.

THEOREM 2.5. Given B> 1 and p > 0, there exists &, > 0 such that for all
BO < &,, we can find p = p(BO) > 1, {,(BO) >0, y, >0, ¢, >0, ¢ >0 and
constants c; = c,( B, 8) for i = 1,2,3, such that for all y < v,, for all {,(B9)
>4 >0,>0,8,>8 >6% =cyyloglogl/y that satisfy (2.35), L, that sat-
isfies (2.30) and for R, = cy(8,¢}) Y, for all given interval .# of length
é(og(1/v)Py~ 1, for some positive constant é, if y = 27", P-almost surely, for
all but a finite number of indices n,

ot ¢ 1\” 1
g o, | T4 1), < 2 log; loglog;,f \
é(log(1/v))" ™"
(2.39) goa|L,, < - (log(1/7)) m—
é(loglog(1/7v))
( 0354543)
>1—exp|— .
Y
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Our estimates give the scaling relation p(B86) = £ /( 86)?. Following a
typical profile starting from the left end of the interval .7, we meet at least
one transition, within a scale L, = (1/y)[(log1/y)loglog1/y)?>**], then
after this transition, we are near an equilibrium on a scale which is at least
(1/vy)lloglog1/y] ! and at most L,, then we meet another transition within
a scale L; and so on. This implies that the number of oscillations between the
equilibria in the interval .# is bounded from above by (log1/y)? loglog1/y
and from below by (log1/v)? (loglog1/y) @*#).

3. Analysis of the block-spin representation. In this section we
perform the block—spin transformation on the scale §* mentioned in the
previous section and we make a rather precise analysis of the stochastic
contribution in order to prove our theorems.

Given a macroscopic interval I =[i",i*[Cc R with i*€ Z, we denote by
&,.(I) the set of centers of blocks of length §* that we get making a partition
of I into such blocks. Note that we are making a little abuse of notation since
a similar quantity was defined for a microscopic interval [see after (2.14)] and
there the partition was done into blocks of length 8*(y)~!. However, we
consider the two sets equivalent. In particular, we identify .Z;.(I) with
M. (y~ ). Let us denote by 3?° the o-algebra of . generated by the variables
(m® (%, 0)), c g, 1) Where m® (x,0) = (m® (+, x, 0), m* (-, x, o)) For such
an interval I we denote by "I ={x e R, i*<x <i"+ 1}andbyd I={x e
R, i"— 1 < x < i~} the two macroscopic intervals of length 1 that are on the
right and on the left of 1. We call I = 9*T U d71.

If F°' is a 3? -measurable bounded function, we define the conditional
expectation of F°°, given the o-algebra 3XJ;, as the real 32 -measurable
function that associates to m® (dI) = {m®(x), x € &,.(9I)} the value

B0, (F7 1307)(m? (1)
1 *
(31) = 7 (ma*(&l)) Z F (0-7_11)

B,v,0,1 0, -11ES 1y

xexp(—B[H(a, 1) + W(o, 11 m® (a1))]),

where

8*
(8:2) W(oyIm®(al))=— X Y J(i— 8y x)am® ()

iey I x€&5.(aI)

with m°(x) = (m{"(x) + m3(x))/2 and Z; , , ,(m®(9I)) is the normaliza-
tion factor that gives w,; , (1132) = 1.

Given (m?", m2% ;) in #,.(I1 U 9*1 U 9" I) let us denote by

# 8* ~ 8% ~ Sk
33)  Em)=-3 L Ju(x-n)nt(x)mnt(y)
(x,y)e%s%(l)
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and

(34) E(mj,mli;)=—-8* ) Y J(x—y)m®(x)m® (y).
2Bl ye (a4

On the set M (m® (I)) ={oc € y 'I: m*(x,0) =m®(x) Vx € &.(I)}, we

have

(3.5) sup
Uy—lleM‘s*(mé*(I))

1 .
H(o, 1) +60 ), hyoy— —E(m})| < o*y '
Y

iey I

here |I|is the length of the macroscopic interval I. Moreover, we have also

-1

(3.6) sup
o, 1,€ M (m? (1)

1
W(o; I m® (a%I)) — ;E(m}s*, mii )| < 8%y

The two estimates (3.5) and (3.6) follow from the fact that |1, ;_; 9 —
]l(a*|xfy\.s1/2}| < 3]1(,5*+1/2£§*‘x,y|£5*+1/2} and an easy computation. There-
fore, using (2.13), we can write

Mg, 0,5(F°" 1 2,7)(m (4I))
_ exp((+ 8%y 1))
Zg o, 1(m®(I))

X Y Fa*(mﬁ*)exp(—E(E(m?*) -I—E(m?*,mg;)
(3.7) m® (D edy.(I) Y

05 N ..
9 Z (ml(x)_mz (x))))

x€Zy (D)

X Y L. oymm "), ¥ 5 € E4D)) g()exp(2,86/\(x) Y cri),

a1y XE e ieDMNx)

where this equality has to be interpreted as an upper bound for + = 1 and a
lower bound for + = —1 and the first sum is over m°(x), . w1y EMy (D).
Note that the random terms appear only in the last product I, c . ;, and
that the last sum in (3.7) factors into a product over the intervals of length
8%y~ ! indexed by %;.(I).
For all x € &,.(I), we introduce on {—1, +1)! =.%.,1 the measure
denoted the canonical measure in physics literature,

5+ Zo-eys»fl QD(U)]‘(m'S*(x,U):m&’(x)}
(38) [Ex,m‘y(x)(gp) = 1 .
ZO’E&”B*Y—I (m? (x,0)=m? (x)}
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The denominator in (3.8) is
|B*| |B~|
3.9 1+ md(x 1+ md(x ,
(39) || 1),
2 2
where |[B*| = |B| = 6%(2y) " !. We set

F(md',m3) = E(m?") + E(md", m?})

65" . ..
- Z (mz x) — my (x))
(3.10) * <%0
y |B”| |B~|
-8 Y ——log| 1+my(x) || 1+my(x)
cegy(n) PO’ — |B™| — |B~|

We introduce the moment generating function

(3.11) L% ,.s(AM(x) B0, D(x)) Eifma«(x)(exp(zxse)\(x) D a’i))

ieDNx)
and the cumulant generating function
(312) ?x, mﬁk(x)( /\( x)) = _log sz m‘s*(x)(/\( .’)C) 1307 D/\( JC)),
then (3.7) becomes
Hg, o, (F 1 2,,)(m (1))

ex i(S* 71|I| ® ®
(313) ZB,B,V,I(m (&I)) m‘s*(l)%*(l)

1 n B .
X exp —;{B,/O‘(mf ’mgl) + y?(m? )} ’
where

(314) g(m?*) = Z gx,mék(x)(/\(x));
x€%,.(I)

that is, up to the error terms exp((+c8*y~!|I|)), we have been able to describe
our system in terms of the block—spin variables, giving a rather explicit form
to the deterministic and the stochastic part.

Note that the stochastic dependence is given only by the fluctuations of the
magnetic fields on each block, Mx) = sgn(X,. 4, k) and by |[DXx)l=
(Mx)/2)Z; ¢ acxy b

Coming back to (3.11), if AM(x) = +1, then D*(x) is a subset of B~ and
therefore the sum over the sites in B* factors out and it is cancelled by the
first combinatorial factor in (3.9) [if A(x) = —1, it is the second term in (3.9)].
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In particular, this means that if A(x) = + 1, we have

(318) L B0,D" () = ELLugio[ewo(280 T )],
ieD*(x)

which depends only on the second coordinate of m?® (x); while if M(x) = —1,

(3.16) L‘mea*(x)(BH,D(x))=[EiTmlav(x)(eXp(—2,80 Y oi)),
ieD (x)

which depends only on the first coordinate of m? (x).

We will need in the next section very precise estimates when y small, of
G mo (0 (Mx)) [see (3.12)], which is the cumulant generating function of a
hypergeometric. However, from the beginning we know that g6 is small and
to simplify the estimates, we will take 86 as small as we need. In fact, what
we need is a precise dependence in terms of the volume of D(x) and the
result we need has to be valid for all the possible values of m?®(x), even those
ones very close to 1. Moreover, we cannot impose any conditions on the size of
D. We use large deviation estimates in the strong form with a good control of
the polynomial prefactors. We have to consider all the possible behaviors of
the fluctuations of a hypergeometric. It is well known in classical probability
that there are three possible regimes, namely a Gaussian one, a binomial and
a Poissonian one. Classical results are usually given in terms of convergence
in distribution. Since we are interested in controlling the error terms, we
need some extra work. We give a short proof of the estimates we need. The
statements of them are given in Proposition 3.4, for the Gaussian regime and
in Proposition 3.5 for the binomial and Poissonian regimes. Since it could be
of independent interest, we set the result in a general form. To do it, we set
m?(x) =m, D(x) =D, 2Mx)B0 =2. We keep in mind that m € {—1 +
2/B,-1+4/B,...,1—-2/B,1}. Denoting E, the normalized symmetric
Bernoulli measure on {—1, + 1}'Bl. we want to estimate

ieD
E,,[1

[E(,B[exp(z Z O-i)]l{mB(o')=m)}
(3.17) L,(z,D,B) =

b

{mB(U):m)]

where D is a subset of B. With a little abuse of notation we will denote
|[B| =B and |D| = D when no confusion is possible. Moreover, we set a =
|D|/|B|. There are, roughly speaking, two regimes to consider, depending on
whether or not |m| is bounded away from 1. To be able to separate these two
possible cases, we introduce a real function g(x) such that lim,,, g(x) = =
but lim . g(x)/x = 0. Here we will not specify more than this, since the
choice of g(x) will be done at the end of the next chapter for reasons that will
become clear at that moment. The first case we consider is when |m| <1 —
(g(B)/B). 1t is the Gaussian regime. We introduce F, to be the grand
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canonical measure with chemical potential v, defined on {—1, +1}'8],

£ #()esp(s 3 |
(3.18) E(¢) = =
“olel 3 )|

exp(v Y. o

i€B
Note that in classical probability theory and in large deviation theory (o;), c g
under the law E, are called associated random variables; see [12]. Following

H. T. Yau [35], we introduce two different chemical potentials and we write
the following identity: for all v, v, € R,

[Eyz[exp(z )» Ui)]l<m3<«r>=m}} 1

I D B) - ieD

w(2,D,B) - exp(Z > U{) Ey[ Lo yory=m)]
(3.19) h i<h

(cosh( v2))|B\Dl(c0sh( vy +z))‘D‘

X exp({m(v,—vy)|Bl}) (cosh(v))”

We choose v; = v,(m) such that m = tanh v, in which case the mean value
of my(o) under E, is m. Then v, = v,(m, @, 2) is chosen such that

(3.20) m = a tanh(v, + 2) + (1 — a)tanh v,,
in which case
[EVZ[mB(O')exp(z Y o-i)}
i€D

[EVz[exp(z Y Ui)]

ieD

m =

Then writing simply {mz(o) = m} = {(|lB)" 2%, _ (0, — m) = 0}, the two
first ratios in (3.19) can be estimated by a local central limit theorem (LCLT),
exactly as in [35]. Therefore, denoting

E,, [exP(Z Py ‘Ti) ]l«B)l/zz,waim)O)}
(3.21) v, = i€D

o [Evz[exp(z y a’i)]

ieD

and
exp(zD[m + &(m, z, a)])

(322) ) (cosh(v,))""" (cosh(v, + 2))”
= eXP({m(Vl V2)|B|}) (COSh(Vl))‘B‘




RANDOM FIELD KAC MODEL 1431

we have

\IIZ a,m
(3.23) L,.z,D,B) = \{/’ — exp(zD[m + &(m, z, a)]).

0,0,m
The result in the Gaussian regime is the following.
PROPOSITION 3.1. There exist an ¢ > 0 and positive constants cq, cy such

that if |z| < e, forallme{-1,-1+2/B,-1+4/B,...,1 — 2/B,1} such
that |m| < 1, then

v
(324)  logL,(2,D,B) =zIDl[m + ¢(m,z,@)] +log ",
0,0,m

with sup,),. I,m<1|g?>(m, z,a)l <1zI(1 + ¢4lz]). Moreover, for all g(n) such that
lim, . g(n) = but lim,,, g(n)/n =0, for all m such that |m| <1 —

ntoeo
g(B)/|Bl,
3.25 Yerum 1 2 2
. —— — 1| <c,2z2” + .
( ) ‘PO,O,m 2 g(IBl)

In the Poissonian and binomial regime we have the following.

PROPOSITION 3.2. There exist an ¢ > 0 and a positive constant ¢, such that
if 0 <lzl<e, forall g(n) such that lim, .. g(n) = » but lim, ,,, g*(n)/n =
0, forallme{-1,-1+2/B,-1+4/B,...,1 - 2/B,1} such that Im| > 1
— g(|B)/|Bl, we have

(3.26) log L, (z,D,B) =zIDl[m + &(m,z, a)]
with
g(IB)) g*(IB))
(3.27) sup loi(m,z,a)l<c |z] + .
m: Iml=1-g(B)/IBI 1Bl 2| 1Bl

The remaining part of this section is devoted to the proofs of the last two
propositions and is quite technical. At first reading, this part could be
skipped. However, some of the estimates below will be used in a crucial way
in the next section.

We start proving Proposition 3.1.

First we give a lower bound for the variance of mz(o) under E, .

LEMMA 3.3. Let vy be a solution of (3.20) and o, given by

3.28 e T e ——
(3.28) % acoshz(vz +2) ( a)cosh2(v2) ’
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then for all m such that |m| < 1, for all B > 1, for all z such that |z| < &, for
some & > 0 small enough, for all a € [0,1],

(3.29) a?>(1—-m?)(1—cz?)

for some positive constant c.

ProOF. We have 0% =1 - m? — a(1 — a)tanh(v, + 2z) — tanh(v,))%
Now calling v, — v, = A, using m = tanh v, it is easy to see that
(1 — m?)(tanh(z + A) — tanh(A))
(1 + mtanh(z + A))(1 + mtanh(A))
On the other hand, since v, = v,(2) and v,(0) = v, [see (3.20)],
dv, —za

3.31 = .
(3:31) dz o2 cosh?(v, + 2)

(3.30) tanh(v, +2z) — tanh(v,) =

After an easy computation, we get

— !
vy — vy = | —dz

(3.32) a cosh?(vy(2"))

- _ [ d
j;) a cosh?(vy(2')) + (1 — a)cosh?(z + vy(2")) ®
from which it is easy to get
(3.33) lvy — vl < 2l

Therefore, we have [tanh(z + A) — tanh(A)| < [1 — tanh?(2)] ! tanh(z)| and
[1 + mtanh(z + A)| > 1 — [tanh(2 z)|. Collecting, we get the lemma. O

!

PROPOSITION 3.4 (LCLT). There exists an & > 0 such that if |z| < &, for all
given m such that Im| < 1, « = |D|/|B| and o, given by (3.28),

1 3
3.34 v 14
( ) s \/27T|B|O'Z( |B|0'Z2)

provided |B| is large enough. Moreover, for all m, such that |m| <1 —
g(B)/|B| for some g that satisfies lim .. g(x) = « but lim ,, (g(x)/x) =0,
we have

(3.35) v, ., = ! (li ° )
o V27|Bl o, g(IBl)

for some positive constant c.

REMARK. The only reason to prove this proposition is to get in the error
term the explicit dependence on « through o, and the g(|B|) dependence in
(3.35). The proof is rather standard and follows the usual strategy to get
asymptotic expansions in LCLT. We have been influenced by [35]; see also
Renyi’s book [26], pages 460—466.
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PrROOF OF PROPOSITION 3.4. We start with the following simple equation,

1 T, sin 7 x 1 if x=0
_ ikx — — , X >
(3.36) 277-[_: dk = —— {o, ifx+0, x€e2,
which implies after some algebra,
1 .=
(3.37) Y, om =5 exp(ikm|B)®(z,a,k)dk,
v 2w _

where

cosh(z + v, + ik) IB\DI

cosh(z + v,)

D[ cosh(v, + ik)

(3.38) @(z,a,k) = [ cosh(v;)

Introducing the variable e*(2cosh x) !, using 1 —y <e >,Vye€ R and 1 —
cosk > k%/2,VE € R, it is easy to check that for all (x, k) € R?,

cosh(x + ik)

kz
3.39 - .
(339) cosh( x) = exp{ 2 cosh?( x) }
Then we easily get
k2
(3.40) I(Ib(z,a,k)lSexp(—IBI?of).

If we denote
1 .=
(3.41) g (m) = Ef L, < < m®(2, @, k)exp(ikm|Bl) dk,

then, after some standard tail Gaussian estimates, we get, for all p > 0,

8
3\/%(1 + pozm

Equation (8.42) suggests taking p = (0,V|B|)"'f(IB)) for some f(|B)) that
diverges with |B| but it is such that

lim —f(lBD
1Bt /g (|Bl)

(3.42) |&,(m)l <

- P 2B
\/2’77|B|0'Z ) exp 2 %

(3.43)

and we get

(344) lg)< i (_@)

1
J27Blo, \ 327 (1 +f(IB)) T 2

It remains to estimate

1
(3.45) Y, 0n(p) = [  exp(ikmIB)®(z, a, k) dk.
% 2w/,
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Since we restricted the domain of |k| < p and p goes to zero when |B|1 o,
using the Taylor formula with an integral rest for the term in %*, cancelling
the linear term in k, we get

VY, o m(P)
(3.46)

L [P B P A | P
~ 2., R S SO
with |#,4, k) < (1 + 16pe?)s? and [%,3)| < o2 Therefore, if
limlBle(f?’(lBl)/ V&(IBl)) =0, f satisfies (3.43) as well and the terms of
order £* and k* in the exponent in (3.46) go to zero.

Therefore, using |e* — 1 — ix| < x2/2 for all x € R for the term of order
three in £ and |e® — 1| < |x|e!*! for the term of order 4 in (3.46), we get, after
Gaussian estimates,

1 . k%02|B| ik? Bl
Voon(p) =5 expl{ - ||1 - —5—.(3) | dk
-p

1+ 32pe”
(
|Bla,?

(3.47) .

<
V2w|B|o,

The point is that the term in %% in the left-hand side of (3.47) cancel by
symmetry. It is now easy to get (3.34) by taking, for example, f(|B|) = |B|*
with s as small as we want.

To get (3.35), we just take f(|B]) = y/2log g(|B|) and we have
8
V2m|Blo, 3V2mg(IBI)(1 + y2log g(IB]) )

(3.48) EARS

and (8.35) is immediate. O

We come back to (3.23) and we estimate the second factor. We have from
(3.22),

¢(m,z, )

(3.49) B | cosh(v, + 2) 1 | cosh(v,)
= - + ——=+(1- —.
(v1 = wy)m + alog cosh(v,) ( «)log cosh(v;)

From (3.17) it is evident that |¢(m, a)|/|D| is bounded from above by 2 36.
Therefore there are some important cancellations that occur in (3.49) in order
to make it proportional to |D| instead of |B| as it looks at first sight. To
achieve this we first prove the lemma.

LemMmA 3.5. Let vy, be a solution of (3.20), v; a solution of m = tanh v,
and o, given by (3.28); then there exists a constant ¢ such that for all m such
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that |m| < 1, for all z such that |z| < & for some & > 0 small enough,
(3.50) lvy — 11l < 2(2)%a(1 + clzl)
for some positive constant c.
ProoF. The proof is easy; starting from (3.31), using the estimate (3.33),
we get
(3.51) tanh(vy, +2) =m + (1 — m?)p(m, A)

with | p(m, A)| < 2|z|(1 + c|z]) for some positive constant c. Therefore, using
(3.31) and (3.29), we have

dv,

dé

(3.52) <lzla(l + clzl),
from which we get (3.50). O

With this result, using the Taylor formula with an integral rest, we expand
around v, the last two terms in (3.49). Using m = tanh(v,), we get

d(m, a)
| Bl
5 (1 (1-¢)
(8.563) =zam+a(v, = v +2) fo cosh?(v; + &(vy — vy +2)) “
(1-¢)

A=)y =) [ dé.

(vy + &(vy — vy))
The only term which is not evidently proportional to « is the last one,
but using (3.50) and defining b(z, a) = (v, — v;)/za we have |b(z, a)| <
|zI(1 + clzD.

We denote by

o(m,z,a)
. 92 11 (1_5)
(3.54) = (1+ab(z, a)) fo cosh?(vy + &(vy — vy +2)) e
) 1 (1-¢)
+za(l - a)b?(z, a)fo coshz(vl PTe— dé¢

and we have [¢(m, z, a)| < a|z|(1 + c|z|), for some positive constant c.
Atlast ¢(m, z, a) = z|D[m + &(m, z, a)]. Therefore, (3.17) takes the form

v
(3.55) L,(z,D,B) = \I}Z’a’m exp(z|Dl[m + &(m, z, a)]).

0,0,m

Collecting what we have done, recalling (3.12) and (3.23), we end the proof of
Proposition 3.1. O
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Next we prove Proposition 3.2. It is simpler to start directly from the
explicit expression of L, (z,|D|, B) given by (3.17). By symmetry, it is enough
to consider the case where m > 1 — g(|B|)/|B|. To simplify the formulas, it is
better to set m = 1 — 2k /|B| and use the variable %2 instead of m. We set
Ly _s1,8(2, D, B) = L;(2,|D). We assume that 1 <k < g(|B)). It is easy to
check that

o e -en(2) (3]

The first case to consider is when £ < D. We are in the binomial regime. We
use the following standard estimates:

(B_D_k)kl<(B—D)<(B_D)kl
(k=0 " Vk=L]" (k-1

On the one hand, using the right part of (3.57) and some easy algebra, we
get

(3.57)

B*(B - k)!
%e“)((l - a) + aeiZ‘Z‘)k,

where, as before, « = D/B. Using (1 — x) ! < exp(x(1 + x)) if 0 <x < 1/2,
we get

(3.59) BB )t s(l—@)_kHSexp(%f(quf))

(3.58) L,(z,D) <

B! B B
and this entails
2 B B
. z, <e —a) + ae exp| ——— + 227
(360) Ly(2,D) <e?P((1 - a) + ae )’ (g (15 )))

On the other hand, using the left part of (3.57) and calling p, = k/B, we
get

L,(z,D)
(3.61) B*(B—Fk)!
=" Bl

Using 1 —x > exp(—x(1 + x)) if 0 < |x| < 1/2, the left part of (3.59) and
some easy estimates, we get

k

D) ok 1+e 2l
eZD((l—a) + ae 2|Z‘) ( )

1=p 1—a+ae 2"

(862) Ly(2,D) = (1~ a) + ac )’ exp(- e )

After some computations, we get
(363) e P((1-a)+ oze*2|2‘)k = exp(zD[m +(1-m)f(z, a)])
with [(1 — m)f(z, &)l < (g(B)/B)lzle/*I(1 + c|z).
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Collecting (3.60), (3.62) and (3.63), we get
(3.64) L,(z,D) =exp(zD[m + §,(m, z, a)])
with

g(B) g*(B)
(3.65) sup |opy(m,z, )l <c ( |z] +
m: lml=1-g(B)/B ° ' B |z| B
It remains to consider the case where D < k < g(B). This is the Poissonian
regime. It can be checked that

1-a\*D2 1 Dk \!
L,(z,D) sexp(zD)(l_p ) Y ﬁexp(—lell)(B_D)
(3.66) P

k
ak l-«a

< exp(zD)exp( s exp(—ZIzI))( 1=, ) .
k

The last factor in (3.66) is here to make a nice cancellation that will give
the correct behavior when z | 0. We have

gQ(B))

(3.67) ( Lo ) < exp(—ak)eXp( 3

1-py
Therefore after some computations, we get
(3.68) L,(z,D) <exp|zD(m + §,(z,m, a))]

with [$,(z, m, @)l < (2g%(B)/B) + |z|g(B)/B.
For the lower bound, we have
_ _ k D _ l _ l
BoDob) R DD D,
B =0 U! (B-D-Fk+1)

(369) L,(z2,D) > eZD(

Keeping the first two terms in the previous sum gives

B-D—Fk\* (D=1 (k-1)
B )(He B-p-h

(3.70) L,(z,D) > eZD(

After some computations, we get
(3.71) L,(z,D) Zexp(zD[m + ng(z,m,oz)])
with [3,(z, m, @)l < c(g*(B)/B)e*. O

4. Proof of Theorem 2.3 and some probability estimates. In this
section we prove Theorem 2.3. To study the properties of the system, uni-
formly on an interval V of length é((log1/vy)?/v), p > 1, we start consider-
ing a region V;, ¢ V of scale L, = (1/y)log1/y)loglog1/y)*"*, with p > 0,
and divide it in smaller intervals of scale I(y) = 1/y log1/y. We reduce the
proof to the estimate of the upper bound of the ratio of two constrained
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partition functions over one of these intervals. We then write this ratio as the
product of two stochastic contributions and with P-probability 1, we prove the
following:

1. There is at least one interval of scale I(y) such that the first factor of the
stochastic part is smaller than exp(—c/vy), ¢ > 0.

2. For all the above-mentioned intervals the contribution of the second factor
is negligible.

3. This can be done uniformly with respect to the choices of V; in V.

The choice of the relative sizes of the intervals involved is suggested by two
conflicting conditions: the existence of a large enough fluctuation of the
magnetic field, in at least one small interval, for the first factor and the
uniform control of the second factor over all intervals contained in V. In step
2 we need a deviation inequality for a Lipschitz function of symmetric
Bernoulli random variables, but our construction of the stochastic part, in
Section 3, does not allow checking the convexity hypothesis assumed in [22]
or [32]. Therefore we give a simple proof of such deviation inequality without
any convexity hypothesis. See also [23], [36].

We start the proof of Theorem 2.3. Given ¢ > 0, p > 1, it is enough to
prove that

(4.1) tg. o | ZE([RL(y), Ly + kl(y)],7)] < exp(—Bxy™ ')

simultaneously for =1 and 7= —1, and for any %, such that |k|<
(¢/é)log1l/y)Ploglogl/y, where ¢ is a constant to be determined later.
We take I, =[ly,1,] c[kl(y), L; + kl(y)] and we start estimating
g g L #% (1, 1y, 7)], with 1, and I, such that I, — I,| = (¢/y loglog1/y) =
L(y).

The first remark is that if A, and A, are two blocks of macroscopic length
1, then sup,  |W,/(0,, 0, ) <y '; this follows from [J(x)dx = 1. There-
fore, cutting all the interactions between [I,,,] and its complementary, we
have the estimate

Bp.o0 [ 224111, 7))
=< eXp(4B‘yil)/J‘B,6,y(‘%6,g(ll’ ZZ? T) | 20112)(0)‘

We bound from below the partition function Zg ., , ; ;,0) [see (3.1] by
restricting the sum over all the spin configurations in %#°¢(l,,1,, — 7).
Taking into account that the two normalization factors cancel, we have

I'LB,G,V[‘%&;(ll’lQ’T)]

4.3 R (L, 1y, 7) 12,0, )(0
(4.3) < exp(4,87_1) :‘Lﬁ,e,y( — (1,05, 7) &Ilz)( ) .
/’LB,(),'y(%, (ll’lza_T) |25112)(0)

For simplicity, let us denote %#(7) = %%¢(l,,1,, 7).

(4.2)
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Performing a block spin transformation on the scale §*y !

(3.13) we get

and using

Z. (I,
(4.4) Mg o (Z(T)) < exp( By [8*1, — L] + 4])%’
where
Z. (1)
Z_(I,5)
(4.5)

T te ytpliaeyexd( = (1/7){ BF(mf), 0) + v#(mi) )}
Tty appliac mexe( = (1/v){ BF(mi,,0) + v#(mi))})
We denote by T, the linear bijection on .#;.(1,,) defined by
(46) T(my(x),my(x))=(—my(x),—my(x)) Vxe&.(l,),

then T %(7) = %(— 7). Moreover from (3.10), it is immediate to check that
gA(Tm?;, 0) = ﬁm?;, 0) by using the symmetry properties of the combinato-
rial factors. Therefore, performing the change of variables induced by 7' in
the denominator in (4.5), we get

ZT(II2)
Z_.(I3)

(4.7) Zmy(lm)els*(llz)]l{ﬂ(f)}exp(—(1/7){:391(”1?:2’0) + y?(m?;)})
st*(lu)e/5*(112)]1(ﬂ(7))exp(_(1/y)< ﬁé‘(m?;,O) * yg(Tm?:Z)}) |

By construction we note that changing 4, into —A; makes the following
changes: M(x) > —A(x), B*— B~ while |D(x)| is left invariant. Therefore we
get the following:

(4 8) ZT(IIZ) (—h) _ Z*T(II2)(h)
Z—T(IIQ) ZT(IIZ) ’

which implies the nontrivial fact that log(Z (I,,)/Z_ (1,,))h) is a symmetric
random variable and therefore has mean zero. The next step is to extract
what we expect to be the leading term of the stochastic part coming in (4.7).
Recalling (3.14), we introduce

(49) Ag(mgflm’ 7) = T[g(mgflm) o g(ng’ylw)] ’

where m} ', is the configuration of m®(x) =mj} Vx €I, and m} is any
point in [—1, -1+ 4y(6*)7",...,1]* which is among the nearest to m,
defined before (2.24).
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We write
ZT(IIZ) ZT 0(112)

4.10 —_— AZ(m _—
(410) Z 0y ~ P )z
where

Z, o(112)

Z*T,O(IIZ)
(4.11)

Lm¥(Iy)e JSV(IH)]I(&?(T»GXP( - (1/7){ Bﬁmi’;, 0) + VATOg(m?;)})
Z“mﬁv(llz)e /a*(hz)]l{ﬂ(f))exp( o (1/7) { B'?(m?:z ’ O) + yATog(Tm?1;)})

and
(@12)  G(nf)) = (10 ) - o1

with T° = 1, the identity.

Recall that mgz, and m;, , which are defined before (2.24) are bounded
away from 1. For 8 > 1 and B0 small enough, we can use Proposition 3.1 to
control AZ(m}; 1,,)- Recall that this term has mean zero. Using (3.24) and the
definition of TmB given before (2.24), we can write AZ(mj ,7) =

— Tl co,.(1,,) X () With

X(x) = —2B0A(x)ID(x)[mf'y + mf'y + E(x, B, )]
(4.13) \1’39 a(x), md" \PO 0,ms’
— A(x)1 -
(x)log .

BO, a(x),mg OOmBZ

and
(4.14) E(x, 0, a) = [$(md 1, A(x) B0, @) — (md’5, M(x) B, a)].

The next step is to get a lower bound for the probability of
{ryX,c . 112>X(x) > u}. We follow de Acosta [14] and write this sum as a sum
over |%;.(I;5)l/N blocks, each block having N elements, 1 < N < |I,,|/8*.

Calling V*(N) = VA(N(w)) = L, c ye, HX?(2)] for 1 <w < |I,]/(8*N),
we require that N satisfies also

|Z5-(112)l/N

(4.15) yxeéllz)X(x)=m w1 V(N) xeﬁw)x(x)'

Assuming that such N can be found, then we have

|Z5-(112)l/N
N {— Y X(x)>uj.
} w=1 V(N) xeN(w)
Using the fact that the events in the right-hand side are independent, we
apply the central limit theorem to estimate their individual probabilities.

(4.16) {T’}/ Y X(x)>u

x€Ey.(115)
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To check that we can find an 1 < N < |I;,|/8* such that (4.15) is true, we
use Proposition 3.1. On the one hand we have

. . 28" [
(4.17) E[X%(x)] = (Bﬂ(m;;l +mp, — c,BO)) 7(1 —cpo o )
and on the other hand we get, if g(|B)) is large enough,

1+cBG‘/8—1)

for some positive constant c. Therefore using (4.15), it is easy to check that N
must satisfy

8*

(4.18) E[X%(x)] < (,BH(mgfl +mp, + 030))27

Bé B* + 77’13* — c36 Y yII |2

( (m5:1 5’2 ))2(1 - CBG _* ) 1*2

( | ) = 2 | |2
<N < (B(i(mﬁ’*l + ms’*z Bl)) yl ) v [1*2 ‘

Therefore, N < |I;,|/6* provided
¥ -1
1+ CBOV g ) .

-1

1 _ -
(4.20)  |I,l < ;(BO(mgfl +md, + cpo)) 2

Obviously N > 1 provided

8* 1/2 . . Y
(4.21) |I,] > (7) (Bﬂ(mg,l +mgs - 630)(1 e ))

Therefore, since |I; ,| = [(y) = é(y loglog y~')~', (4.20) and (4.21) are satis-
fied if y is small enough. To continue, using (4.17) and (4.19) we have

2
* % 4 Y
(4.22) VI(N) = (o(md, +mf', — cpo)) (1 — cpBy/ = ) 11,12
= (Boa( B,0))"IT,I*.

Therefore, since lim,,  |I;,| = =, it is clear that we are in the domain of
application of the central limit theorem and we have, for all £ > 0 and u > 0,

P[W x€§(w)X(x) o

(423) u(l+2) > V(;V)

Y X(x)>u

x€N(w)

> exp(—u*(1 + &)/2).
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Using the lower bound for N [see (4.19)] and for V() [see (4.22)] together
with (4.16), we get

u?(1+ ) )
2( poa( B,0))"yI Ll
Now to end the proof of Theorem 2.3, first we use (4.24), for M consecutive
blocks of length [,(y), that we denote by L(1),..., L(M). Using independence

over disjoint blocks and 1 — x < e™*, considering the two cases 7= 1 and
T = —1 separately, we get

(424) Plry )Y X(x)>ul|=>exp
v, (1)

P|  inf sup vy ), X(x)=u
tel-1L+1} 1<I<M  yeg,(LQ)

- iy ~ u?(1+ &)
SRR o sea 8, 0)) vt ) |

Moreover, it follows from the next proposition [see (4.28)] that for all £ > 0,
provided g,(1//) is a diverging, slowly varying function at infinity,
lim, | 0\/§g2(1/§) = 0, then

(4.25)

P

87 (I | = Y

sup
1<i<M

Z+,0(L(l)) 3]

(4.26)

212y1,(v) BOLgo(1/L)
Given p > 0 and x > 0 we make the following choice of parameters:
2(4 + x)* B2
1+ (2 + 3p/4)(logloglogl/y/loglogl/y)’
. (1+¢&)
o [(Boa(ﬁ,o»”””””l’
u=2B(4+x+cy),

1 3+p
loglog — ,
Y

(4+x)B
8= —’
2

&2
21—2Mexp(— )

c(x,p,v) =

(4.27)

1
M = (1og—
Y

Bo(a( B,0))".

1
t8:(1/0) = g 19 (p v 2 + )
An easy computation shows that the right-hand side of (4.25) is bounded
below by 1 — exp(—(loglog1/y)'*#/*), and the one of (4.26) by 1 -
1/(logl/y)P*2 % By (4.3), (4.4) and (4.10) we obtain the estimate (4.1).
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Moreover, it is immediate to see that we have also uniformity with respect to
the 2(¢/é)log1/v)? loglog1/v possible choices of & in (2.29). Using the first
Borel-Cantelli lemma and the fact that y = 27", we get Theorem 2.3. O

ProOPOSITION 4.1. Given B> 1, B0 < g, for some &, let { small enough
and g,(1/{) be a real function such that lim, , g,(1/{) = %, slowly varying
at infinity that satisfies lim, Vig,(1/¢) =0, then for all &> 0, for all
integers 1y, l,, if v is small enough,

Z+,0(112)
Z—,O(Im)

The proof of this proposition is rather long and technical. We first remark
that using the explicit expression (3.11), (3.12) and the fact that
T(mg,,mg o) = (—mg,, —mgy ), we get E[Z(m} ;) —Z(Tm}j ;)] = 0; us-
ing (4.8), we have also E[log Z, ((I,5)/Z_ ((I,,)] = 0.

Let us prove the above mentioned deviation inequality.

2

& &

4.28) P > —| < — .
(4.28) >v}<e"p( 212711, — L] ogy(1/2)

‘ log

LEMMA 4.2. Let N be a positive integer and F be a real function on
Q={-1,+1N and foralli €{1,..., N} let

|F(h) — F(h)l
(4'29) ||l9iF||oo = sup L_()
(h,R): hj:}'zj,Vj#i |h, _hil
If P is the symmetric Bernoulli measure and |d(F)|IZ = £N [ 10,(F)IZ then,
forallt > 0,

(430) I]:D[F - [E(F) = t] < exp(— m)
and also
(431) I]:D[F - [E(F) < _t] < exp(—m).

Proor. We prove (4.30); the proof of (4.31) is exactly the same. As usual in
this kind of estimate, we start with the exponential Markov inequality. For
all A > 0, we have

(4.32) P[F — E(F) > t] < exp(—At)E[exp(A(F — E(F)))].

To estimate the last term, we introduce the family of increasing o-algebra,

(D,0)=3,cX =0(h))c2 =0(hy,hy) C - C3y
=0(hy,hy,...,hy)

and the martingale difference sequences, V1 <k < N; A, (F)=EF|3,] -
E[F | %, ;] If we prove that

(4.34) [E[exp()\ % Ak(F))

k=1

(4.33)

< exp(A2|0(F)I12),
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then (4.30) follows from (4.32) by taking A = t(2||d(F)||2)~!. To prove (4.34),
we perform the integrations in the left-hand side of (4.34) starting from 4.
The only term that depends on hy is Ay(F) = F(h_y,hy) — [F(h_y, hy)
P(dhy) where h_py = (hy, hy,...,hy_1). Therefore, using the Jensen in-
equality, we get

[ exp(AAy (F))P(dhy)
(4.35)

< [exp(A[F(h oy, hy) = F(hoy, hy)]|P(dhy)P(dhy).

For all fixed A _ y, the term into the exponential is the symmetrized of F
with respect to the last variable. Then if we expand the exponential and
integrate with respect to the product measure P(dhy)P(dhy), all the odd
terms vanish and we get VA _ y,

[ exp(AAy (F))P(dhy)
3 . (/\)Zn
2o (2n)!

(MlayFl.)*"
(2n)!

JIF(h <y ) - F(h .y, hy)|"P(dhy)P(dhy)

(4.36) _
< X
n=0
& (Mg Fl)™
- ngo (zn’)'

where (x)*= max(x,0) and we have used 22"~ D" /(2n)! < 1/n!.

A little difference for the successive integrations comes from the way to use
the Jensen inequality. We perform the next 4 ,_, integration. Since the term
Ay _(F) is the only one that comes into play, we use the Jensen inequality as
follows:

JIhy = hy*"P(dhy)P(dhy)

2@n-1" < exp()\zllé’N(F)Ilz),

[ exp(Ady_(F))P(dhy_,)
(4.37) < feXp()\f[F(h<N1,hN1’ﬁN)

~F(h oy 1 by ﬁN)]P(dﬁN))P(th1)[P’(dsz1).

Now we can make exactly the same computations, since for fixed A2 _ 5_1,

A

(438)  [[F(hoy by 1ihy) = F(hoy oy by 1 hy)|P(dhy)
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is a symmetric random variable under P(dh,_,)P(dhy_,) and we can use
(4.29) to get

(4.39) ] exp(AAy_1(F))P(dhy_,) < exp(A%y_,(F)).
Iterating, we get (4.34). O

It is clear that we have to estimate the corresponding Lipschitzian factors
[see (4.29)]

Z+ 0(112)
i 08 Z—,o(lm)

for all i € y~'(I,,). Here there is a difficulty that comes from the fact that
definition (2.26) of 1%¢ is given in term of a Cesaro average of blocks of
length 6* that are contained in a block & of /; norm. So we cannot assume
that all the blocks of length 6* are near an equilibrium; some but certainly
not all blocks of length §* can have m?"(x) very near 1. On the other hand,
the correction to the leading behavior of A%, , s is dependent on the values
of m® and here we have to estimate a Lipschitz norm which certainly
becomes more and more singular as m? (x) approaches 1. To solve this
problem, we localize the blocks which are near equilibrium (the good ones)
and their complementary (the bad ones). We show that the fraction of the bad
blocks can be neglected provided we increase the “tolerance” .

We need to introduce some definitions. Given i € y 'I,, let x(i) be the
index of the block of length §* that contains the microscopic site i. Let u(i) be
the index of the block of length § that contains x(2); let &; ,5.(u(i)) = &; ,5.(i)
be the set of the centers of blocks of length 6* that are in the blocks of length
& indexed by u(i). We have to estimate

g Lo (M) 2 (1) (B)
Z+,o(I12)(iLi) Z—,o(I12)(ili)’

where the only discrepancy between A and fzi is at site i. To continue we
need a simple lemma. Its proof is similar to a Markov inequality.

(4.40)

©

(4.41)

LEMMA 4.3. If

0
g,

(4.42) Lo lm®(x) —mglh < =

X E B, 54(D)

then given g({) such that lim, ,g,({) =0 but {/g,({) <1 if <1, we
have

8 {
(4.43) Lo Lymvompt < ooy 5(1 &) )

xE€ Gy ,5:(0)
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This suggests making a partition of &;,;.(i) into two sets,

A(m®) ={x €5 (i): Im® (x) — mylh

(4.44) 2(1B)
Bl

< 81({),sup(Imy"(x)l, Im3"(x)l) <1 -

and B(m®") = € ,,-(i)) \#(m®"). Let us call A(m,) = 1 — my ,, recalling that
mg, < mg ;. We assume that the parameters ¢, 3, §* and the functions

g.(¢) and g(|B)) are all chosen in such a way that for the given pair ( 3, 6) we
have

g(IBJ)

< A(myg).

This will imply that sup(m? (x|, Im3(x)) <g(¢)+1 - A(m,) <1 —
(g(|IB])/IB| and therefore the second condition in the definition of . is
automatically satisfied. Let us note that since the two terms in the left-hand
side of (4.45) go to zero, we can assume that (4.45) is satisfied by taking ¢ and
v small enough.

Let 1(i) be the index of the block of length 1 containing the microscopic site
i. For all m®" = mj;, we write

Lo cqain= m®")

(4.46) = )y ]l{M:X}(mB*) 11{33’=XC}(m6*) ]l(na,;(l(i»:”(ma*),
X%, 5.0

where the sum is over all the subsets of & ,;.(i) and X° = &; ,;.(i) \ X. Note
that it follows from the previous lemma that 7, ,({(i)) =1 and |X]|<
(8/6*)1 — ({/g,({)) are incompatible, therefore we can impose that | X| >
(8/8")N1 = ({/g:({))) in (4.46).

Let us call
/V( {) = Z ]l(IXI2(5/5*)(1*(4/5’1({))))
X%, 5-()
(4.47) 56" )
= Z S*

k=(5/8M1- (/g (0D | P

Then (4.41) is also equivalent to

(4.48) log Z, o(Ii3)(h) o Z_o(I,)(h)

NV oI (B) B2 o(I) ()
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The two terms are estimated in the same way. We consider the first one. It is
easy to see that, with self-explanatory notation,

Zoo(l)(h) 1
M2, o(In)(h;) (L)
where & is the probability measure

a[v] = )y W(m®) Ly,
m® (Iyp) ey (115)

(4.49) [exp(Ao?x’}o - Ao?x’-‘(’n)]’

X exp

R

Y

Z ]]‘{9?(+))
m® (I15) ey (115)

(4.50) [
X

X exp

_ (%){Bﬁ(m?@’o) + vAog‘i(m?{;)}”l.

Inserting (4.46) in (4.49), we get

1 ~
M({) @[eXp(Aogx}?w - Ao?xh&))]
(4.51) 1 '
B (L) XC%Z 0 @’[exp(Aogxh(i) - Aogxh(ii))]]‘(M=X}]]-{g=Xc)]
5/8+\1

[X1>(8/8*)1—(L/8:(LM

Note that if we have an estimate of the form
(452) |Angh(i) - A0"\;&9?(;)' = fl( g ) ]l(iey) + fZ( g ) IL(ie By

then on the one hand, we get

ML) g[eXp(Angh(i) - Aogxﬂ(’i))]
(4.53) 1
=70 XC%ZW(D [exp(£1(£)) L xy + exp(f2( £)) L c xo]

| X1=>(8/8*)N1—({/g(L)))
and on the other hand

Fery € lemelaost — 05 )
4.54 1
(4.54) > 3 exp(—/f1(¢)) Licx-
/I/( f) Xc®;,5:()

IX1>(8/8")N1— (/gL
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It is simple to check that

4 1
4.55 1- < Licx, <1
(4.55) g(0) =0 X%S*(i) e

[ X1=(8/8")N1—({/g(L)
Therefore, coming back to (4.49) and using (4.53) and (4.54), we get

Z, o(11y)(h)
log =
ME)Z, o(1i2) (Ri) 1(5)

Therefore, recalling (4.52), even if we have a very poor bound f,({) on the
set %, (4.56) implies that by choosing g,(¢) in such a way that ({/g,({)) |0,
we recover something small coming from the prefactor in the second term in
(4.56).

Let us prove something similar to (4.52). There are two cases to consider;
the first one is when A" = —A% and the second one is when A* = A% In the
first case, it is easy to check that we have |D"| = IDh il = 1. In this case, it is
simpler to use (3.56) directly, and after an easy computation we get, if
ID(x)| =1,

(457) &, ,o(AMx)) =logcosh(2B6) + log(1 + A(x)m® (x)tanh(2p6))
from which it is immediate that, if |[D(x)| = 1 and 86 is small enough,
A0 (m? (%)) — Ay & (m? (x))|
4tanh(2860)m® (x) — mgl:
1 — mg ; tanh(286)

(4.56) <fi(¢) + exp(1f5( &) = f( D).

(4.58) <

<c(B,0)Im? (x) —mgly

and this estimate is valid for all values of m?®"
In the second case, it is a rather long task to make all the estimates. We
have the following.

PROPOSITION 4.4. There exists an ¢ > 0 and an absolute constant ¢ such
that if B0 < ¢, for all g(n) such that lim, . g(n) = © but lim, . g(n)/n =0,

18,2 [m® (x(i))] = Ap&™[m® (x(i))]l

B| . .
)Ilm5 (x(i)) —mg I

|
<2801+ 16860 + —————
b PO~ 21B))

(4.59)
c
+
g(IBl)ylog g(IBI)
on the set {{m® (x(i))l < 1 — (g(|B])/|Bl}, while
802" [m? (x(i))] = Ao & [m® (x(i))]l

g*(IBl) )

| B

(4.60)

<2B0llm? (x(i)) —mj 'l + c(
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on the set {{m® (x(i))| = 1 — (g(|B))/|Bl}.

Proor. Formula (4.60) is immediate from Proposition 3.2. To prove (4.59),
remembering (3.24), we have to study three terms. The first one is the
simplest,

AL Z[m® (x(i))]

(4.61) S *
= 2p0(A"|D"| - )\hiIDhiI)[mfix(i)) x(1)) — mg,L(x(i))(x(i))]
and using
(4.62) |A"|D*| — M| DM|| = 1,
we get
(4.63) AV 2 [m® (x(i))]l < 280lm® (x(i)) — m} 1.

The next one corresponds to ¢ and we start from (3.49) and cancel from it
the previously estimated term. That is, we consider

Nz [m® (x(1))]
= ¢(mf(jc(i))(x(i))’ A (x) o, a‘h) - d’(mf(;(i)) x()), hﬁi(x)ﬁe, a‘ﬁ")
(464)  —(S(mEann(x(0)), A" (x) B0, ")

_‘b(mg:(x(i»(x(i)), Ai(x) o, ahi))
- Az [m?® (x(1))].
A simple way to estimate this term is to compute the double integral of its

second derivative with respect to @« and m.
After easy estimates we get

(4.65) 1A 2[m® (x(i))]l < (32820%)Im®" — myll.

It remains to consider the last term in (3.24). We use that ¥ , ,, does not
depend on o and define

AYZ(m® (x(i)))
(4.66) = log Wi po, a®, mi ety ~ 108 Wikica(ingo, aki, m3 ) (x(i)

— (log Wy cqiyypo, o, m oz — 108 Wiiicaciy po, a’ii,mgfb(x(,-»(x(i»)-
The estimates are done in two different ways depending on whether the
blocks we consider belong to % or to .«. In the first case, recalling (4.56), we
do not need a sharp estimate. We use simply (3.25), bounding the difference
in (4.66) by a sum of four terms, and we get immediately

4.67 1A3 2(m?® (x(i)))l < c( BO)® +
for some positive constant c.
In the second case, as becomes clear in a moment, we need to use the fact
that [[m® (x(i)) — m}'ll; < g,({) and this makes the computations more in-
volved. O
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LEMMA 4.5. There exists an £ > 0 and an absolute constant ¢ such that if
B < &, for all g(n) such that lim,, ... g(n) = © but lim,,,.. g(n)/n = 0 for all
m such that |m| <1 — (g(|B))/|B],

1A (m? (2(1)))] < Imfsqy —
(4.68)

e | cB0|B| ( N c )

(B log g(1B)) |

Proor. We use first (3.41) and (3.45) to write

(4.69) log W59 o.m = log ¥,y , n(p) +log|1 +

q’Ago,a,m( P)

with p = (g;4,VIBI)"'y/2log g(IBl) and we use (3.44), setting f(IB) =
v2log g(IB]) together with (3.34) to control the last term. This leads to

gx\ﬁ@,a,m( P) )

5

= 37g(IBI)(1 + y/2log g(IB)) )

Therefore the four terms of this type in (4.66) will give a contribution
which corresponds to the last term in (4.68). For the remaining terms, we
proceed as before, starting with

A%?(ma*(x(i)), P)

_ fah mﬁ;(i»(x(i))ﬁmfwe,a,m( p)
(471) ail" ml(zjb(x(i)) dadm \I,)\Bﬂ,a,m( p)

g)\ﬁe,a,m( P)

(4.70)
q’we, @, m( P)

dadm

dadm.

_ /’ah M in(x (@) IVgo,a,m( P) I¥gg, 0, m( P)

o Im iy dar om \P)LZBG, a,m(P)

We estimate separately the last two lines of (4.71). We start from (3.5). We
perform the derivative of the integral with respect to m. This gives a term
proportional to |B|, which is bad. Using the Taylor formula with an integral
rest, we expand in k& up to order 1 the term in the integrand that comes from
deriving ®(AB0, a, k). Then making computations similar to the ones that we
did in (3.47), being aware of the cancellation of the previous linear term in %,
we get the leading term of order |B|k2. Performing the Gaussian integral, we
get

(1 +cpeP)err 2 4
(4.72) |&m\1}/\50,a,m( p)l < .

1+
V2w (Blays, g V& (IBl)
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Let us note that in the denominator the term V2#|B| g, 80 will be cancelled
out by the corresponding term in W, 4, , ,,( p) [see (3.35)] when estimating the
ratios in (4.71).

For the derivative with respect to «, we proceed in a similar way. It can be
checked that the linear term in %k is not present here and the result is

(1 + cee”)8B0e™ ¢ ( . )
V2mIBla, o Ve(IBl) |

For the second order derivative, we get a term proportional to |B| and
another to | B|?, this last one being really dangerous. The one proportional to
|B|is treated as previously. For the one proportional to |B|?, we expand up to
the fourth order in % all the integrand except the exponential terms. By
making explicit computations, similar to the one we did in (3.47), all the
terms of order strictly less than 4 in % give a zero contribution. The result is

(4.73) 10, %40 0. m( P) <

Bo c c
(4.74) 19,, 0.5 o m( )] < (1 + )
Ao V2w |Bl a4 O Ve (IB))

for some positive constant c. Recalling (4.71), and using (4.72), (4.73), (4.74)
together with (3.35) we get, for some positive constant c,

AYZ (m? (x(i)), p)

(4.75) \

<la

_ cpo c
h; 5* 8*
—al||lm? . ..., —m il (1+ )
Y ) ) U 4
(x(i B, u(x(i)) b /g( |B|)

Using now the fact that |a* — o’ < |B|"* and that 0% = cg(BDIBI™, we
have

(4.76) ! 1Bl
. < ;
Blog, = g2(1B)
therefore,
. . . cBo|B] ¢
(4.77)  AZ(m® (x(3)), p) < Imiway = ME, aiip —( + —7)
0 ( ( ) ) (x(2)) B, u(x(1)) 1g2(|B|) \/g(IBI)

and this ends the proof of Lemma (4.5). O

With Proposition 4.4, we get easily an estimate like (4.53) with

f1(¢) <llh = Ayl
(4.78) |B|

g2<|B|>) " 2(1B))y/log 2(IB)

1+ 1680 +

X[Zﬂegl(é“)
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and recalling (4.67),

1+ 1786 +

200 gz(IBI))

f(8) =k = hi”[m’ s(B) I8l

(4.79)

+g(IBI)\/logg(IBI)

for some positive constant c.
The presence of both terms |B|/g2(|B|) and g?(|B|)/|B| suggests taking

g(|B) = \/IBI/gz(l/g) for some function g,(x) that diverges with x but is
slowly varying at infinity. Assuming that ¢ is such that 1/v|B|<

gl(g’)\/gz(l/g’) and choosing g,({) = \/§/2B(ﬂg2(1/§) , recalling (4.56), we
get, if g, satisfies also lim, |, Vig,(1/¢) =0,

Z. (I
9, log Z:,o(ho) < 8/2B0lg,(1/0) .

' Z*,O(IlZ) 30_

Then we apply Lemma 4.2 and we end the proof of Proposition 4.1. O

(4.80)

5. Some deviations estimates and proof of Theorems 2.4 and 2.5.
In the previous section, we have used the fact that the difference between the
stochastic contribution computed on the profiles constantly equal to one
minimum and the one computed on the other minimum has mean zero. In
this section, we consider profiles that are nonconstant and make arbitrary
oscillations so that in general we lose the mean zero property. Roughly
speaking, there are basically three kinds of possible oscillations that we
expect to be unlikely. The first one is when the system stays out of the
equilibria for a too long interval. The second one is when the system jumps
from one equilibrium to the other one, stays there for a too short interval and
comes back to the first equilibrium. The third one is when the system makes
too many oscillations around one equilibrium without reaching the other one.
We have to be careful since without “too long,” “too short” and “too many,”
the previous oscillations could by typical of the Gibbs measure.

To prove Theorem 2.4, we first consider the case where such oscillations
occur on macroscopic intervals A that are not bigger than yloglogl/y. In
this case, our estimates will be true on a subset, say () C Q) of P-probability
1, uniformly with respect to all the possible positions of such intervals A
inside a bigger interval .7 centered at the origin, of macroscopic length y~*,
for any given k. A priori we have to consider only the case |.#| = y 1(log 1/y)?,
p > 1; however, when it is possible, we consider |.#| = y 2, that is, y 2 in
microscopic units. However, while for the first and third type of oscillations, it
will be enough to estimate them in an interval not bigger than y/loglog1/y,
since being outside of equilibria or fluctuating around one equilibrium for
“too long” is very unlikely and can be detected already in the scale
Vloglog1/y, for the second type of oscillations we must be more careful.
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Namely, we have to distinguish when being close to one equilibrium is typical
and when it is not. This requires analyzing the system over longer intervals
and controlling the contribution of the magnetic field and the entropy terms
over intervals where the estimates used in the scale y/loglog1/y will give a
too large contribution.

Let Ay be a macroscopic interval of length R € N and §&;,{; be two
positive real numbers. Let @0 “1(Ay) = {n°“(]) = 0,V [ € Ay N 7}, then our
first result is the following.

PROPOSITION 5.1. There exists an absolute positive constant ¢ such that
given B> 1 and PO that satisfies (2.22), there exists a positive constant

c( B, ), such that for all 8, > 6* >0, {; > 0 and z; > 0, we can find Q; =
Q]_(‘y, 6*7 617 g]_, Z]_, AR) C Q Such that on Ql’

1g,0,4(@5 1 (AR))

< exp(—g[c( B,0){6,R —4 — 2cR
—2R01/6—1 — \/R_y4621”

PrOOF. By the very same argument that leads to (4.2) we have

Yy, &
6% + — log —
(5.1) 5* Y

and P[Q,] > 1 — exp(—z2/64).

B
(5.2) Mﬁvﬂ’y(ﬁoﬁbél(AR)) < exp(4; uﬁ’o,y(@’gnﬁ(AR) IE[,AR)(O).

Performing a block spin transformation on the scale 6%, recalling (3.13), we
have

MB,BM/(@?I’(I(AR) | EﬁAR)(O)

o8 B) oy
= (@81 AR)
(5.3) Z50.7.040) iy

~{8F(n5,.0) + 97 (mt))|

To estimate the stochastic part, we make a rough upper bound [see (3.15)
and (3.16)] |, ,,+(x)(A(x))| < 2 B8 D(x)| which corresponds to the situation
where all the spins in D*(x) are equal to —A(x). This gives us a factor,

X exp

(5.4) E(2B0,AR) = exp{ Y 2B0|D(x)|}

x € E5(AR)

that we extract from the numerator in the left-hand side of (5.3).
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To estimate the combinatorial factor that appears in & [see (3.10)], we use
the Stirling formula in the form given by Robbins [27] which is VN > 1,
N!= V27 NN*1/2e Neexn with 1/12N < gy < 1/(12N + 1). Let us denote

7 3 " i - 5% - 5% 2
Ami) = Y di(x—y) R (x) - m(y)]

(x, y)Ei;’f/ﬁ*(AR)

+8% X fae(m® (%)),

x€%,.(AR)

where f, , is the canonical free energy of the RFCW model [see (2.18)]. It is
easy to see that restricting the configurations to those that are constantly
equal to mj, where m} is the nearest point to m, belonging to the set
[—1,—1+4y/86*% —1+ 8y/8%,...,1 — 4y/8*%,1]%, we get a lower bound for
the normalization factor Z; , , . (0). On the other hand, using the fact that

S* 2R/8* 2R §*
(5.6) X 1< (2—) - eXp( 5* l°gz_)
(m?® (£ 1, 2)icgy.ap Y Y

(5.5)

to control the number of terms that occurs in the sum in (5.3), after the
cancellation of some constants, we get

K0, (5 (AR) 1 200, ) (0)

B Y 8%
< exp ; R&* +4+2R¥log7 E(4B6,AR)

X exp( - g inf, ¢ ﬁgl,;l{?(miz)}),
where F(m}’) = F(mf ) — Fmf’, ).

To give a lower bound on the previous infimum, we use the fact that if «x;,
are positive numbers, bounded from above by a constant ¢, then if the
arithmetic mean of N terms x; is bounded from below by some {; < ¢ there
are at least NZ;/(2¢ — {;) terms x; among the N, such that x; > ¢; /2. Using
(2.26) we get after some easy computations,

(5.7)

1
5.8 inf  {F(m )} >Re(B,0) 36— > Re, B,0)5.
(58) inf (7)) = Re(B, 0)2io oy = R B, 0)1
It remains to estimate (4860, Ag). Let us denote X(Ap) =4y L, o a,
|D(x)l. It is easy to see that E(X(AR)) < cRy/y/8* . Using Lemma 4.2, setting
t = 2y/Ryz,, where z, is a positive real number, and regrouping, we get (5.1).
O

With Proposition 5.1 we can control the Gibbs probability to have a run of
1% 4 = 0 anywhere on intervals that are rather long. However, their lengths
depend on the parameters §,, {;, 6*.
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COROLLARY 5.2. Given B > 1 and B0 that satisfies (2.22), then there exists
a constant ¢ = é( B, 0) such that, if 6*log(1/y) |0 when vy |0, for all §, > &*
> 0, {; > 0, that satisfy

(5.9) 5, ¢} zé(/s,m( = v

for all x > 0, for all intervals Ay of macroscopic length R that are included in
a macroscopic interval I containing the origin, with |I| < vy 2 and satisfy

(5.10) R>R 48(1 + x)

. > = —_—

' c(B,0)8 {7

if y= 27", with P-probability 1, for all but a finite number of indices n,

4Bx
(5.11) pg, (IR: R, <|RI<II1FA; CI: 55 (Ag)) < exp(—i).
o Y

PROOF. Let us first remark that for a given R, the number of intervals Ag
that are included in I is bounded from above by |I|?; therefore if we take
z, = \/ 64(5 + £)log(1/y) for some positive ¢, we get, using Lemma 4.2,

1
P sup sup E(X(AR) - E[X(AR)])

R: R,<|R|<|I| Agcl
1
> \/64(5 + s)ylog(—) } < ylte
Y

The P-probabilistic statement follows from the first Borel-Cantelli lemma.
Let us consider the term in the bracket in the exponent in the right-hand side
of (5.1). Notice first that, since (8*/y)1% when vy l0, vy/8* >
(y/8*)og(8* /), if v small enough, we can ignore the corresponding term in
(5.1) and keep just the square root. To get a negative term in this exponent,
we impose, since 6 is small,

1
(513)<xpao)g%1—4(5*v\/éé)-—25&5-+8)3q/71q;— > 0.
Y

Using &*log(1/y)|0 when vy |0, this becomes c(B, 0){, — 4c(6* V
Vv/8%) = 0 by enlarging the constant ¢ if necessary. To cancel the constant
term 43, in (5.1) and get the factor x in (5.11) we just impose (5.10). O

(5.12)

The second family of events we consider are, roughly speaking, those
having two blocks, far apart but not too much, at the same equilibrium and
somewhere between them there is a block of macroscopic length at least 1,
close to the other equilibrium.
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Let A, =[{,l,] with [, € Z for i = 1,2 be a macroscopic interval of length
L, and &, > 0, {, > 0 be two real positive numbers; let us define for n = +1
orn= —1,

770 (Ap,m)
= {7752’42”1) = h(ly) = m,301 <l <ly,n*%(l) = _77}

and 7°2%(A;) =7 %(A,, +) U7 (A, —). Our second result is the
following.

(5.14)

PROPOSITION 5.3. Given B> 1 and B0 that satisfies (2.22), 8, > §* > 0,
{, > 0 and zy, > 0, then there exists O, = Qy(y, 8%, 85, {5, 29, A;) C Q such
that on Q,,

Mﬁ,e,y(Waz’gz(AL))

< exp(—y—l[Ay— 4B¢, — 2L

Y o
5F + —*10g—)
o Y

—2L39‘/8—1 — ‘/543022})

for a strictly positive constant AF = AF B, 0) and
P[Q,] =1 - exp — (25/64).

(5.15)

Proor. The proof is similar to that of Proposition 5.1. We point out only
the main differences. Let us call A; =[/; + 1,7, — 1], and for n = +1,

(5.16) my ., 0, = {m®(x);Vx € Gu(dA,), m* (x) = T "2mY},

where if m = (m,, m,), T°m =m and T'm = Tm = (—m,, —m,). An easy
computation, using the fact that n° ¢ = 7 leads to

MB,O,Y(%SZ’{Z(AL’ 77))

< eXP(4BC§2)Mﬁ,9,y(%62’§2(ALa n) | E&AL)(mﬁ,n,ﬁAL)‘

Then making a block—spin transformation on the scale §* inside the volume
A7, denoting

(5.17)

*

(5.18) F(mZ ,mi,,) =F(ml) + - Y ds(x —y)m(x)m® (y)
x €& (AL)
yE€&5:(oAL)

and, using the same arguments that lead to (5.7), give
Mg, G,V(WSZ,{Z(AL’ ) | EaAL)(mB,n, aAL)

< EL6*+4 +2Lll 8—* 2(4B0, A
(519) = €xp v gz 5% 0g v '—‘( B ’ L)

B
: 5
X eXp( "y mfmizEWZ'!Z(AL,n){g‘(mAL’ mﬁ,n,aAL)} :
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It is not too difficult to check that there exists a constant AF = AF( B, 6),
depending neither on 17 = 4+ 1 nor on L, which is strictly positive if g8 > 1 and
B0 satisfies (2.22), such that

(5.20) inf (F(m3,my.00,)) = AT
)

miZEWSQ’ZQ(AL,n
Now E(4B60,A;) can be estimated as before and this ends the proof of
Proposition 5.3. O

By similar computations to the proof of Corollary 5.2, making the choice
z, = 2z, it is easy to check the following corollary.

COROLLARY 5.4. There exists a constant ¢ = é( 8, 0) such that, if
8*log(1/y) |0 where y |0, for all §,> 6* >0, {, >0, for all x > 0, that
satisfies

(5.21) AF(1 —x) —é(B,0)Ly >0

for all intervals A; of macroscopic length L that are included in an interval 1
that contains the origin, with |I| < vy % and satisfy

522 Loy, 0D —aB 0

c(B,0)(8* VvV y/6%)

if y= 27", with P-probability 1, for all but a finite number of indices n,
BxAF

y )

(523) mg o, (FL:2<|LI<Ly,3A; CI: 7" %2(AL)) < exp(—

The third family of events describes fluctuations around one equilibrium.

Let A, =[I,1,] with [, € Z for i = 1,2 be a macroscopic interval of length
L and &6, > 8, > 0, {, > {; > 0 be four real positive numbers. Let us define
forn=+1lorn= -1,

c@é}#b%v&(AL’I‘;)
= {”lsl’gl(ll) = 8(l,) =,V (Iy,1,),n4(1) =0,
(5.24)
L<l,<ly<ly,mva(l)y=0vi1, <i< [2}
and (@31,{1734,54(AL’ i) E(@g,lflsamﬁ(AL’ i) U‘%g}’fl’s‘“g“(AL, i)

PROPOSITION 5.5. Given B> 1 and B that satisfies (2.22), §, > §; > 8%,
Ly > ¢ > 0 and z5 > 0, then there exists

Q3 = QS(Y’ 6*7 61; 647 gl? §4a 23’ AL’f‘)
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such that on Qg,

MB;G,v(ﬂg}’ngb (A, f’))

(5.25) = exp(—vl[c( B, 0) (&8, L + £f8,(L — L)) - 4B¢,

*®

Y 6 Y
—2L[6* + glog—) — ZLBO ? - \/L’)’4B923})
Y

for some positive constants c( 8, 0) and ¢ and P[Q,] > 1 — exp(—z2/64).

The proof is similar to the proofs of Propositions 5.1 and 5.3.
An immediate consequence of this result is the following corollary.

COROLLARY 5.6. Given B> 1 and B0 that satisfies (2.22), there exist two
constants ¢é; = ¢,( B, 0) fori = 1,2 such that if §*log(1/y)|0 when vy |0, for
all 6, > 86, > 8%, ¢, > {; > O that satisfy

/ 1
' Y

and 8,{} > é,¢,, for all 1 > x > 0, for all intervals A; of macroscopic length
L that are included in an interval I that contains the origin, with |I| < v~ 2 if
y = 27", with P-probability 1, for all but a finite number of indices n, for all
L=>1

ki

teoy(3L: 2 <L <|I|3A, CT: Ryao0bs(A,, L))

(5:27) ¢ (B, 0)f4x§4384
< exp| — .
Y
Therefore if we denote

(5.28) agra(I) = U @54(Ag),

R: Ry<R<|I| AgcI
(5.29) e (]) = U 7% %(A,)

L:2<L<L, A CI
and
(5.30) apara(n= U U U apina(a,L),

L:2<L<|I| Apcl f.1<f<L

then, for an appropriate choice of various parameters, §;, {; for i: 1 <i < 4,
as a consequence of Corollaries 5.2, 5.4 and 5.6, all the previous sets have a
Gibbs probability that goes to zero, P-almost surely. It is convenient to make
the choices 8, = 8,, {, = {1, £, > ¢, and 8, > §,. We note that 7% 4(l) = g
implies 1% ¢(l) = . Therefore, on the complementary of the unions of the
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previous sets we can only have runs of length at most R, of n°4 =0
followed by runs of length at least L, of equilibrium 1% %(1) = n.

Namely, blocks n°¢1(]) = 0 between adjacent blocks of the same equilib-
rium can be only 1% ¢ = 1), since (5.27).

The next step is to prove that the length of the previous run of 5% % = 5,
which is at least L, is in fact bounded from below by a much larger quantity.

We define [see (5.14)] for n € {+1, -1}, [, < [, <l,<l, with2 <1, -1,
<R, l,—-1l, <Ry

%64’44(11’ [1’ [2’ l2)

= {8 (l) = mPebi(ly) = momei(l - 1)
(5.31) = 44(1 )= —m,

7]847{4(l)= — ’T]Vl l~1 + ISlSlﬂz - 1a

80, la([ V= mbu la(] = —
oo b(l) =t (l+1)= - ).
In the following proposition we will show that, uniformly in the choices of [ 15

[,, 1, and I, in a fixed interval .7 of suitable length, this set of events has
small probability.

PropPOSITION 5.7. Given B>1, 0<x <1, p>1, ¢>0, p>0, if <
x?AF/48\/é(p + 1 + 2p) then there exist y, > 0 and c, > 0 such that for
Y < Yo, if £485(1/8) < (x2AF/96)1 A B/ é(p + 1+ 2p)), for all 5, > 8*
= ¢,y loglog(1/y), for all intervals I =[l,1,] such that |I| < é(y log log
A/y) Y, and for any I c.7, |.7] = éy '(log1/y)P for some positive constant
¢, on a set O, = Q7 B, 0,y) that satisfies

2¢ 1\ 1
(5.32) P[Q,] > —|log — exp| —loglog —|(p + 2p + 1) |,
¢ Y Y

we have, uniformly on all intervals [fl, l;] c I and uniformly on I C.7,

(5.33) Mg o y( Ay )) < exp[—gx(l — x)A?}

for n = +1.

Proor. The first step is to restrict ourselves to a finite volume Gibbs
measure. Since 0% (1) = n® (1) = 1, we get

MB,O,y(%64’£4(Z17 [1’ [2: l2))
4
= exp(4ﬁ ;)Mﬁ 0, (% v 4(ll>ll7l2’ ) | EaAL)(O)’
Using the fact that n% ¢([,) = nf‘*’g‘*(fl —Dand 0 4(ly + 1) = n% 4(1,) we

can also decouple the interval [[; — 1,1, + 1] from the interval [/, /,]. This
will produce three adjacent intervals. We associate, the interaction between

(5.34)



1460 M. CASSANDRO, E. ORLANDI AND P. PICCO

the first and the second interval to the first term and the interaction between
the second and the third interval to the third term. This will give, up to a
factor exp(8 8(Z,/v)), a product of three terms, each one being localized on
one of the three intervals. We make a rough estimate for the random
magnetic field for the terms corresponding to the first and the third interval.
Applying an argument similar to the one given in Corollary 5.4, we get that,
with a P-probability 1, uniformly with respect to all intervals [/, [,] included
in an interval .7 containing the origin, with |.7| < 1/v2,

o, 0,70 51, 110 T 1) 1 3,4, )(0)
BxA?)
Y

{4
(5.35) < exp(l2ﬁ7)exp(—

X exp( 37—1[8*(@ - A”)%’
M, 84, ¢4

where the last term is similar to the one defined in (4.5), with %(r) =
o 4(l,, 1y, 7). Writing in way similar to (4.10), with self-explanatory nota-
tions, we have

(5.36) Zonseeln) exp(AZ(mf 1, ¢))
n,84,§4(112) o

Using the estimate (4.28) we get

Z—n,O, 8y, {4(f12)
ZU,O, 0y, (4(f12)

82

212yIT,,1 0L, 8,(1/8) )

log

e
= — | <exp
Y

To get a result which is true uniformly with respect to all subintervals I 19
of I, and for any I in a given interval .7 of length é(y) '(log1/v)? contain-
ing the origin, we need a modification of the Ottaviani inequality [31] that
takes into account that we do not have a sum of random variables, that is, not
an additive process but merely an approximate additive process. 3

To simplify notations, given an interval I c1, let us call Y(I)=
10g(Z 0,5, e{1)/Z1,0,5,, L)

(5.37) IP’[

LEMMA 5.8. For any given interval I,

i de + 12¢, PlIY(I)l = B(e/v)]
5.38) P Y(I,) = < - :
(5:38) P| mast¥(ho)l = B | = L B[ (Zn) < Be/)]

Proor. Recall that [/},/,] = I and intervals I, = [1,,1,]. Using the fact
that for all I, cI, |Y(I;)| <Y1, ;DI +1Y{1,, ;DI + B(4L,/y), we get
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[Y(I}x)l < 2max, _;_, |V, {D| + B(4Z,/y). Therefore,

i de + 12
P[max|y(112)| > BLL‘}
I, oI
(5.39) 26 + 454
< IP’[ max |Y([1,,1])l = B———*

Ii<l<l,

Let 7= inflt > I;1Y (4, tDI = BQ2e + 4{,/v)}, inf{J) = . Since, for all £ €
[1,, L), IY(DI = [Y([1, kDI = [Y(% + 1,1,D| — B(4Z,/ ), we have

(540)  {r=Fk) N {IY([k +1,0,]) < 3%} c {IY(I)I > Bs}

Therefore, making a partition over the possible values of 7 and using
independence, we get

& Fod Ly
(5.41) [P’[IY(I)I > ,B;} = inf IP[IY([k + 1,5, < B— ] Y Plr=k].

1<k<ly k=1,

Using the definition of 7, we get (5.38). O

We assume without loss of generality that .7 is centered at the origin and
that |I| = é(1 /vy loglog(1 /7)) for a given é. We make a block decomposition of
the interval .7 into blocks of length &(2y loglog(1/y))~ L that is, &=
U_j<j<i I with 2j; + 1 =[(2¢/6)og1/y)? loglog(1/y)]. Note that any
interval 1 We consider is included in the union of three consecutive inter-
vals [j; ;. o0=1L, U1, UI 2 for some —j; <j <j; — 2. Therefore, we get,
denoting max¥_ , the maximum over the intervals I such that |I| =
é(y loglog(1/y))~! that are in .7, for all &> 0, setting & = 4¢ + 12¢,, we
have

- &
P| max* maXIY(112)| > B—
IcF [,cI Y

B 25(10g1/7)p10g10g(1/7)
= ¢

max |Y([; )Izﬁél.

112CI[0 2]
Z*"’Tvo, 54, §4(112)

e
= > B—
Zﬂ,O, 3y, §4(Il2) '}’]

- 26(10g(1/y))p+p exp( —u loglog(1/7v))
- ¢é 1 — exp(—uloglog(1/vy))’

where u = £%82/212¢6B604,8,(1/¢,) and p > 0 is small as we want. We as-
sume for the moment that the various parameters are chosen such that
u > p + 1+ 2p. Using the first Borel-Cantelli lemma, recalling that y = 277,

Using (5.37) and (5.38), we have

max* max
IcY [,cI

log

d
(5.43)
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we get that with a P-probability 1, for all but a finite number of indices n,

Z I
(5.44) max* max M < exp( B

15 [l Zyos,, 44(112)

It remains to estimate the first term in the right-hand side of (5.36).
We have AZ(m)’; ) = —nE,cq 1, X(x) where

de + 12g4)
” :

X(x) = —2B0M x)ID(x)[m, + m}, + E(x, B0, a)]

(5.45) _ AMx)log Voo, aco, mg Vo, 0,m,
W, W6 0, mi’
,0,mpg o

B0, a(x), mi

with E(x, B0, a) = [$(m}]], Nx)B6, a) — ¢(m] 5, Nx)B6, a)l.
Therefore we need to estimate from above the probability of

for s > 0. For our purpose it is enough to prove (5.46) for s < s,, for a given
8o. This will be done in two steps that are similar to the proof of (5.43). First
we give an estimate for a fixed I,, and then we make a block decomposition
of .7 into blocks of length é(2vy loglog(1/v))~!. Arguing as before, we apply
the usual Ottaviani inequality. All of this is standard and it is just an
adaptation of the proof of the upper bound in the law of the iterated
logarithm given by de Acosta [14]. It follows from the exponential Markov
inequality and independence that, for all A > 0,

y X X(x)

(5.46) & = {max* max
x€&.(I15)

Icr f12cl

(547 Ply Y X(x)=s|<e ™ [l Elexp(tyX(x))].
x€Z,.(I15) x€&,.(I19)

To estimate the previous Laplace transform, we use e* <1 + x +
(x2/2)e!* ¥ x € R. Using the fact that E(X) = 0, we get

[X2(x)]

(5.48) Elexp(tyX(x))] <1+ (ty)z[ET exp(tyll X(x)ll..).

Using Proposition 3.1, if y is small enough, and how small depends on 86 to
absorb the last term in (3.25), we have for some positive constant c, || X(x)||-
< 4B6(5*/y)1 + ¢B0). On the other hand, it is easy to check that, calling
E[|D(x)?] = V2(x) = 5* /v, we have also for some positive constant ¢, if y is
small enough, E[ X*(x)] < 16(B6)*(1 + ¢B6)*(6*/y). Using 1 + x <e*Vx €
R and [55.(115)] = |I15]/8%, we easily get

[T E[exp(eX(x))]
(5.49) =%
< exp|y8(¢B68)°(1 + cBO) | [,lexp(15*4Bo(1 + cB6))].
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The choice of ¢ depends on |I,|. If y|I},| > 8* /g4(y) with lim,  , g5(y) = 0as

slowly as we want, we choose ¢ = s/leIf12 I(BO)(1 + cBh). If ylflzl <
8* /g4(y), we choose t = (s loglog(1/y)/32é( 86)2(1 + cB6))s. Assuming that
g3(y) is such that y(loglog(1/y)?* < (g5(y))?, in both cases, we get

> Bs}

s?loglog(1/vy)(1 — 2s0cg5(7v))
328(0)*(1 + cB0)

P[v Y. X(x)

x€&u(l15)

(5.50)

< 2exp| —

for s < s, and for some constant c. [Note that, given s, > 0, it is always
possible to find y, > 0 such that for y < y,, the quantity (1 — 2s,cg5(y)) is
strictly positive.] To get uniformity with respect to all subintervals that are in
1, we write simply

< 2 max
Li<l<ly

!

x:ll

(5.51) max
I,CI

y Y X(x)

xe @, (yy)

Therefore, using the Ottaviani inequality

P[lyT, X(x)| = ps]

X(x ’
72 () mfllszslzP[|72i=le(x)|5BS]

(5.52) [P’[ max

1=50=ly

> 233} <

we get, setting &4 = (1 — 2s,cg4(y))/326(8)*(1 + ¢B6) by an argument simi-
lar to the one that gives (5.42),

P y X X(x)

x€Gy(I)
_ 42(log(1/7)"""

¢

We then collect (5.34), (5.35), (5.36), (5.44), obtaining

MB’G’V(%’SI’(D 54’§4(ll, [1, [2 , ZZ))

max* max
Ics [,cI

> 2,88]
(5.53)

1
exp( —s2ii loglog —).
Y

(5.54) 8
< exp[—;(xAgT— 24, — 4e — 4s — S*III)}.

We make the following choices: s <s, =x?AF/16, &= =x?AF, ¢, =
x?AF/4¢, ¢, < x?AF/96; this will give us (5.33). We take y, such that
(1 — 2sycg5(7y,)) = &. To be able to satisfy s?a >p + 2p + 1 and s < s, we
impose 0<x?AF/48\/é(p+2p+1) and we can take s=166/é(p+2p+1).
Recalling that we need also u>p+2p+1, we impose that ¢, is such that
(,85(1/8) < x™BAF/T2V/é(p + 2p + 1), that is, with the condition above we



1464 M. CASSANDRO, E. ORLANDI AND P. PICCO

assume ,g,(1/¢,) <x®AF/96[1 A B/ Jé(p +2p+ 1)] and we get (5.32).
This ends the proof of Proposition 5.7. O

ProOF oF THEOREM 2.4. We prove that the complementary of the set
Fo (L, 1, Ry) U 7% &% 4(] ,) has Gibbs probability that goes to zero as
exp(—c,( B, 0)8,¢2/v). We decompose

v = (%54,{4(11’12’}31’ +))C A (‘9?64’{4(11alz,R1> _))c
= Uty Uty U,

(5.55)

where [see (5.30)] .o, = Zjv o041, + 2R, 1, — 2R, ]) and [see (5.29)] &, =
74l + 2R, 1, — 2R,]. While &, and &, refer to the behavior of the
profiles in the bulk of the interval, &/; and %, consider the behavior of the
profiles in a region close to the boundaries. Namely, for a given n € {—1, + 1},
we can be in (%£°+ (1}, 1,, R, )" just because we have n°“(l, + 2R,) # 7
or n°+%(l, — 2R,) # 7. Let us define

(5.56) (1) = {m®": pP5(1) # )
and
(5.57) A3 = U #J(ly + 2Ry) U (1, — 2Ry).

n,n' e{-1,+1)2

Suppose that a profile is in #3(l; + 2R,); then we can have four alterna-
tives.

The block I, + 2R, has n°*%(l, + 2R,) = 0 or n°+“(l, + 2R,) = —n and
it is sandwiched at a distance smaller than 2R, by two blocks with the same
n’s or with different n’s. In this last case, the profiles are fronts.

It is easy to see that

oy 0 (@8 4([1, + Ry, 1, — R.])) N
(5.58) cHvivdel([ly + Ry, 1, — R])) 7 4([l, + Ry, 1, — R))
U 7 atn ([ + Ry, 1, — R,]).

It remains to consider what is left in .&/. The presence of .7, comes from the
fact that in the definition of 7}, there are four parameters §,, ¢,, 6, {; and
since 8,¢° > é,( B, 0){,, we can have blocks such that n° ¢ = 0 but n® ¢ = 1.
Let us define

(5.59) A1) = (m": (1) = m (1) = 0)
and
(5.60) Ay = U (1 + 2Ry) V' (1, — 2Ry).

n,n'e{-1,+1}?
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Arguing as before, we get

oy 0 (@[l + Ry, 1, — Ry])) nw
(5.61) cage e b([l + Ryl — Ry])
U7 a%%b([ 1 + Ry, 1, — Ry]).

It is now clear that we have

SO (70t b(1,1,)) 0 (@8- a([1, + Ry, Ly — Ry]))
(5.62) cadnhdnt([1 + Ry, 1, — R,)
Uz ia([l + Ry, 1, — Ry])

and (2.36) follows immediately from Corollaries 5.2, 5.4, 5.6 and Proposition
5.7. O

ProOF OF THEOREM 2.5. Taking into account (2.36), we must check that
for [, <1, < I, that belongs to .7, an event of the form

(563) 751751y54,§4(l1, l2, 77) N 751,51:54>§4(l2, 13, 77)

with I/, —1; <l(y) and [; — I, <l,(y) has small Gibbs probability and
moreover that this is true with a very high P-probability, uniformly for
l, <1, <l in .~ But it is immediate to see that those events are controlled
by Proposition 5.7.

Using Theorem 2.3, denoting by ¢, = [c(x, p,¥)/(B)*(mg ; + mg 5)*] [see
(2.30)], we end the proof of Theorem 2.5. O
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