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LARGE DEVIATIONS FOR A BROWNIAN MOTION IN A
DRIFTED BROWNIAN POTENTIAL

By MARINA TALEB

Université Paris 7

We derive a large deviation principle both quenched and annealed for a
one-dimensional diffusion process in a drifted Brownian environment pro-
viding the continuous time analogue of what Comets, Gantert and Zeitouni
recently establish for the random walk in random environment. A key-
ingredient, Kotani’s lemma, allows us to compute the corresponding rate
functions. The results are more explicit than in the discrete-time setting.

1. Introduction. Large deviations for a one-dimensional random walk
in random environment (RWRE) were first investigated by Greven and den
Hollander [8], in 1994. They proved that if {S,, : n > 0} denotes the RWRE, the
distributions of S,,/n, at fixed environment, also called the quenched setting,
satisfy a large deviation principle (hereafter abbreviated LDP) with speed n
and explicit, deterministic rate function. We say that a sequence of probability
measures {u, : t > 0} on a topological space satisfies a LDP with rate function
I if I is non-negative, lower semicontinuous and for all measurable set A we
have

1 1
— inf I(x) < liminf —log w,(A) <limsup —log u,(A) < —inf I(x)
xeA° t—oo tsoo L xeA

where A° and A denote the interior and the closure of A respectively. For
general background concerning large deviations we refer to [4].

The large variety of tail behavior has recently motivated a number of pa-
pers on refined LD estimates (see [7] for a review). Using the duality between
the RWRE and its first hitting times process, Comets, Gantert and Zeitouni
[3] recently proved an LDP for the one-dimensional random walk in the gen-
eral ergodic environment, both quenched and annealed. By annealed we mean
after averaging over the environment. Large deviations for a RWRE in higher
dimension were initiated by Zerner [27]. Using powerful methods Sznitman
[21] developed in the study of the Brownian motion in a Poissonian potential,
he proved a quenched LDP for the multi-dimensional RWRE and expressed
the associated rate function in terms of certain Lyapunov exponents.

This paper aims at studying the RWRE’s continuous time analogue, the
diffusion in random environment (also called Brownian motion in a random
potential), that is, the solution of the formal stochastic differential equation

dX(¢t)=dp(t) — W' (X(t))d¢
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1174 M. TALEB

where B is a standard Brownian motion, B is a two-sided Brownian motion
starting from 0, independent of 8 and

def

W(x) % W, (x) = B(x) - gx xeR,

W serving as an environment. More rigorously, at frozen W, X is a diffusion

process with generator
1 d d
S = W@ 2 =W )
W= g dx \° dx

Using martingale theory, X can be constructed from a Brownian motion via
scale-transformation and time-change, namely

(1.1) X(t)=8"1(2(T"'1))

where 4 is a standard Brownian motion starting from 0, independent of W,
S and T are defined as

S(x) = /0 eV duy, x e R,

T(t):/ot exp (—2W (S~ (2(w)))) du,  t>0

(S~! and 7! denoting the respective inverse functions of S and 7).

Making use of the Brownian self-similarity, Brox [1] and Schumacher [19]
established the weak convergence of X (¢)/(log ¢)?, as ¢ — oo, in the recurrent
case, namely for k = 0, and the limit distribution was explicitly identified by
Kesten [14]. For k # 0, the diffusion is transient. Its long-time behavior was
investigated by Kawazu and Tanaka [12]. Let v, = lim,_, , X(¢)/¢ denote the
a.s. speed of the diffusion (a.s. must be understood w.r.t P; see the notation
below). Using Krein’s spectral theory and Kotani’s lemma, they found two
speed regimes, namely,

-1
sgn(K)|K|4 . for k| > 1,

0, for || <1

[with sgn(x)=1 for x > 0 and —1 otherwise].

Their results have been recently revisited by Hu, Shi and Yor [9] who char-
acterized all possible convergence rates via a Bessel process approach. Car-
mona [2] extended some of Tanaka’s results to the Lévy environment.

In this paper we prove a LDP both quenched and annealed for the Brow-
nian motion in a drifted Brownian environment. In the quenched case, our
approach is akin to that of [3] and the study of the corresponding rate func-
tion is possible making use of a key-ingredient, Kotani’s lemma. A variational
formula relating the quenched and annealed rate functions enabled Comets,
Gantert and Zeitouni [3] to derive annealed LDP’s from quenched ones. As
we shall see in Section 3, we do not find a similar variational formula. An
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obvious reason is that our quenched results deal only with specific environ-
ments W(x) = B(x) — kx/2, not with general ones. In the annealed case, we
proceed differently; our proof hinges upon a change of probability. If some of
the properties of the rate functions can be favorably compared with those of
their discrete counterparts, the computations are, thanks to Kotani’s lemma,
more explicit than in the discrete-time, discrete-space setting.

Throughout the sequel, @ will denote the Wiener measure, E the expec-
tation w.r.t. @, P;V the law of X at fixed W, starting from x, P, the averaged
probability Eo[PY[.]], EY and E, the expectations w.r.t. P}’ and P, respec-
tively. For notational convenience, PXV , Po, EXV and [E, will be noted P¥, P,
EV and [ respectively. We denote by

T.=inf{s>0: X(s)=r},

the first hitting time process associated with X, (%) the natural filtration of
X, that is the o-field o(X(s);s < £)) and O the shift operator defined as

0, W(y)=W(x+y)— W),
for all x and y. Then, for every bounded measurable F' we have
(1.2) EV[F(X(t);t = 0)] = E®V[F(X(t) + x); ¢t = 0)].

The probability measure P is invariant and ergodic under the action of the
group of transformations {0,; x € R}. For a full proof see, for instance, [2]. We
say that the environment is spatially homogeneous.

On the other hand, reasoning on —X amounts to flipping the sign of «.
Indeed, — X is a diffusion moving in the environment {W,(—x)} which has the
same law as {W_,(x)}. This feature will be called space reversal invariance
throughout.

We now state our results the main of which are Theorems 2 and 4. Following
the approach of [3] we first prove LDP’s for the hitting times which we transfer
to the positions by duality. Let us start with the quenched results.

THEOREM 1. For Q-almost all environment W, the distributions of {7,/r;

r > 0} under PV satisfy a (weak) LDP with deterministic, convex, rate function
I, defined as follows:

(1.3) I (u) =sup(T'(A) — Au)
A>0
where
(14) FK()\) = _EQ [IOg EW [ei)ﬂ_l 17’1<°°]] °

Moreover, for all r > 0

(1.5) FK(,\) = —EQ [% log EV [eAanr@o]} .
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By space reversal invariance, we deduce a LDP for {r_,/r;r > 0} under
PV, for @ almost all W, with rate function I_, and translate the previous
result into:

K

THEOREM 2. For Q-almost all environment W, the distributions of {X(t)/t;
t > 0} under PV satisfy a (strong) LDP with deterministic, convex, good rate
function J . given by

vl (1/v), for v >0,
lol I (1/|v]) + «|v| /2, for v <O,
and J,(0) =1lim,_,J, (v) =0.

J (V) =

Before stating the annealed LDP we observe that the proof of Theorem 1,
hence that of Theorem 2, only requires the independence of the environment’s
increments and the invariance of the law of W under the action of {0,; x € R}.
Hence, the quenched LDP is still valid in the case of a Lévy process environ-
ment.

THEOREM 3. The distributions of {r./r;r > 0} under P satisfy a (weak)
LDP with deterministic, convex, rate function I¢

I%(u) = sup (I()) — Au)
A>0
where

1
(1.6) I'“(A) = — lim - log E [e_M’IT,@o] .

In the spirit of the quenched case, given the space reversal invariance, it
follows that

THEOREM 4. The distributions of {X(¢)/t;t > 0} under P satisfy a (strong)
LDP with deterministic, convex good rate function J¢ given by

vI%(1/v), for v > 0,

J‘i(v)=:
ol 1%, (1/ v]), for v <0,

and J¢(0) =lim,_,J%v) =0.

Note that if we set af(v) = I'(A)v [resp B5(v) = T'%(A)v], for v > 0, af (resp.
B%) can be viewed as a quenched (resp. annealed) Lyapunov exponent. Hence,
we have expressed our rate functions as Legendre transforms of Lyapunov
exponents. Our continuous model corresponds to the “nestling case” in the
terminology of [27]. The qualitative properties of the rate functions are listed
in the following propositions.
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PROPOSITION 1.1. For all v and all «:

(8) J_(v) = J (—) = J(v) + kv/2;

(b) Jy/9(v) = v?/2 for v >0, and J,5(v) = v*/2 — v/4 for v < 0;

(¢) J, vanishes on [0, sgn(x)@], equals —kv/2 on [0, sgn(K)(|
is strictly convex, analytic for |v| > w and non analytic at 0;

(d) J,(0) =0, J(07) =0, J(07) = —k/2, J, (0F) = J(07), J,(0") =1,
for |k| = 1/2, J(07) = 0 for |k| > 1/2, J.(0%) = +oco for 0 < |k| < 1/2,
[xT = sup(x, 0) and, by abuse of notation, [0, x] means [x, 0] for negative x’s].

K|— 1)]

>

Somewhat surprisingly, at k, = 1/2, the quenched rate function for positive
speeds is the one for the linear Brownian motion. Intuitively, a neu¢ral random
medium slows down the diffusion but the drift in our medium makes the
diffusion transient to +oo. The critical drift k, = 1/2 realizes a perfect balance
between the two opposite effects. This agrees with the diffusive behavior found
by Kawazu and Tanaka, that is, X(¢)/+/t converges in law (under P) to a non-
degenerate random variable (a 1/2-stable variable more precisely).

Observe that </, is symmetric and that for « # 0, J, presents a change of
slope at the origin.

Part (c) reveals both flat and linear pieces in J, for non-zero speeds which
is compatible with the flat and linear pieces found in [8]. On the other hand,
we will see in Section 3 that the PP a.s. speed of the diffusion is linked to E[7;]
in the following way:

4 -1
Elnl= oy = %

The interest in analyticity is reminiscent of phase transitions in statistical
mechanics (see [8]). Part (d) tells us that J,(0") = +oo, result we have already
encountered in [8], which is in accordance with fluctuations results. Indeed,
we already know (see [1]) that in the recurrent case, that is, for k = 0, X(¢)
is of order (log #)%. This is slower than central limit behavior which typically
corresponds to </, having finite curvature at 0.

(k> 0).

PROPOSITION 1.2. For all k € R:

(a) J%v) < J(v) for all v;

(b) J*, (v) = "glv + J¢ _5(v), for all v > 0;

(¢) J2, (v) =J%U—v) = KHU + JK+2(U), for all v < 0;

(d) JU0) =0, (J2)(07) =0, (J¢)(07) = (1 — k)/2.
For non-negative k we have:

(e) J% vanishes on [0, (K_41)+
R\ [- (k=3)* 3)+ (k= 1)+]

], equals (1 —«)v/2 on [—@, 0], is convex on

Part (e) can be easily completed for k < 0 in the light of the space reversal
invariance conveyed by the first equality of (c). As in the quenched case, J
is symmetric and J¢ presents a change of slope at the origin for « # 0.
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Unlike o/,, the annealed rate function presents two different shapes for non-
zero speeds (i.e., for |k| > 1), depending on whether or not || > 3. We find
both flat and linear pieces in the case where |k| > 3 whereas only flat pieces
occur for 1 < |«| < 3. It is worth noting that we completely identify the linear
pieces in the annealed framework which is not the case in [3].

The outline of the paper is as follows: in Section 2 we introduce Kotani’s
lemma and give a thorough study of I', and its annealed counterpart I'?. Sec-
tion 3 is devoted to the properties of the rate functions. In Section 4 we prove
a quenched LDP for the hitting times which we transfer to the diffusion in
Section 5. We end up by proving the annealed LDP in Section 6.

2. Computing I', and I';. The function I', and its annealed counterpart
I'% play a key role in this paper. Some of their properties are provided by the
following propositions.

PROPOSITION 2.1. For all k € R:
(a) For all A >0,

_ kal()\)
(2.1) r.(A) = 2)\—FK()\) ,
where
_ o0 —k—1 _g_ .
(2.2) F.()) _/0 x exp( . 4Ax> dx;

b) T',(A) =T_,.(A) — /2 for all X = 0;
(©) I' (M) I'1_«(A) = 2, in particular T'y,5(A) = V24, for all A > 0;
(d) T, solves xy —2y%? — ky = —4x on (0, co) with I' (0) = sup (0, —k/2),
and can be expanded as a continued fraction, that is,
8A| 8A| 8A|

2FK()\)=K—1+K—2+K—3+“';

(e) I' (L) = —o0 for all A <O.

REMARKS. Note that F (1) = 2(4A)“?K (4v1), K, being the modified
Bessel function. On the other hand, (d) illustrates the well-known fact that
solutions of Ricatti’s equations can be expanded in terms of continued fractions
(see, e.g., [15]). O

Calculations are possible thanks to:

LEMMA 2.1 (see [12], page 191). For A >0and r >0,

(2.3) EV[e*1, ] =exp (— /r U)‘(s)ds> , Q a.s.
’ 0
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where U ,(t) is the unique stationary, positive, solution of
1_
dU,(t)=U,(t)dB, + (2/\ + TKUA(t) — Uf(t)) dt.

As in [12], it is convenient to consider X,(¢) = U,(¢)/2A. According to
Kotani’s lemma, X ,(¢) is the unique stationary, positive, solution of

1—
(2.4) dX,(t)= X,(t)dB, + (1 + TKXA(t) — 2)\X§(t)) dt.
Its scale function and speed measure are given by

x 2
si0 = [y exp (2 +any) ay.
el 2
n,(dx) =2x""""exp " 4Ax | dx, x> 0.

Let m, denote the invariant probability measure for X, and A, its density
w.r.t. the Lebesgue measure. In other words,

—k—1
(2.5) Bo(x) & by (x) = ;—()\) exp (-% - 4)\x) .

As it is pointed in [25], (2.4) is still valid for A = 0.

PROPOSITION 2.2. TI'? satisfies:

(a) I'%(A) = —oo for all A <0 and all «;

(b) T%(0) = 0 for k > 0,T%(0) = k2/8 for -2 < k < 0, and T'%(0) = —(1+«)/2
for k < —2;

(c¢) For all A > 0 and all , I'? is finite and equals

2f,2(x)
f(x)

. _ . 00 1 00
(2.6) FK(/\)_f>O:}§O1£hK=1<2/\ /O xf ()hy(x) dx + 5 /0 x

h,(x) dx),
where h, = h, , [see (2.5)];
(d) T2 () = 552 +T2_5(A) for all A and all «.

REMARK. The infimum in (2.6) runs over [ > 0 satisfying fooo fh.=1and

Vf € H' ([0, 00), x2h,(x)dx). We shall omit the last constraint in all similar
infimum encountered throughout so as not to burden the notation.
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2.1. Proof of Proposition 2.1.

PRrROOF OF (a). Recalling (1.4), plugging X, into (2.3) and making use of
the stationarity of X,, we get

T(A) = 2AEo [X,(0)] = 2A f xm  (dx).
0
This together with (2.5) and (2.2) delivers (2.1), as desired. O

PrOOF OF (b). Clearly, F,(A) is differentiable on (0, co) and its derivative
satisfies

(2.7 F', . (A\)=—4F,_1(»),
giving that
(2.8) r.(a) = A I log F (A

. () = =5 = (log F,(1)).

Accordingly, relating I', and I'_, reduces to relating F', and F_,. By the change
of variables z = (2Ax) "', we have that
(2.9) F(0) =20 F_. (M),

which in conjunction with (2.8) delivers (b) for A > 0.

There remains the computation of T, (0) = —E [log P" [} < c0]]. When-
ever k > 0, X is either recurrent (x = 0) or transient to the right (i.e.,
X, — +o00 a.s.), implying that I', (0) = 0.

Now assume that k < 0. We know that for all r > 0 (see, e.g., [18]),

Jo eV dx
f; eV@ dx’

r eB(x)—Kx/2 dx

PY [f1<7.,]=

— W) Jo
/‘07'"71 eB(x)—Kx/Z dx ’

where B(x) = B(x+1)—B(1) is another Brownian motion. We take logarithms,
then expectations w.r.t. @ and finally the non-decreasing limit in r to find

T.(0) = —x/2.
Note that in the light of part (e), which is the most delicate part to prove
in this proposition and which we haven’t proved yet, (b) also holds for A < 0.
O

PROOFS OF (¢) AND (d). Taking logarithmic derivative of (2.1) and making
use of (2.7) lead to

(2.10) AT((A) = T, (0) (1 + 2 (T, (A) = T 1 (V).

Integrating both sides of (2.4) over the interval [0, r], taking expectations w.r.t.
@ and using the stationarity of X, we get

ANE o [X2(0)] + (k — 1) Eq [X,(0)] = 2
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where

FK—Z(A) _ FKFK—I()\)

Eq [Xi(O)]: F.()) = 4\2

Combining the last two equalities yields
k—1
2.11) L (Tea+ 557 ) =24,

which in conjunction with (b) delivers the first part of (¢). Clearly, making
k = 1/2 proves the second one. Now, substituting I',_; into (2.10) shows that
I', solves

(2.12) xy —2y? — ky = —4x
on (0, 00). As for the continued fraction expansion, it follows from (b) and (c).

We write

4X 8A

S VIOV RS E PV

and follow by iteration. O

PROOF OF (e). Let us first prove that (1.5) still holds for A < 0, at least
along the integers. Indeed, the strong Markov property together with (1.2)
imply that for all r, s > 0

EW [efATrJrslT ] — EW [eiATr17,<oo] EG),W [67A731

s <00 T$<OO] :

The second term of the rh.s. has the same law as EV [e™*"1, _] by the
invariance of @ under the action of {®, ;x € R}. Thus, taking logarithms,
then expectations w.r.t. @ entail (1.5) for all r, s rational.

We first prove (e) for k > 0, in which case we may drop the indicators in
(1.4). Recall that r is rational throughout.

Let o, =inf {t > 0 : #(¢) = r}. Thanks to It6—McKean’s representation [see
(1.1)] and the occupation times formula, 7, can be written as

7, =T(og)) = /_OO e VOIL (g,1:S(y)) dy

where {L(¢;x); t > 0, x € R} is the local time of #.
Let

el € /0 e VL (503 S(y)) dy,

and set

R%(x) ™ %L (050 S —x)), O<x<L
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Combining the (first) Ray-Knight theorem (see [18]) and a scaling argument
tells us that {R?(x),0 < x < 1} is a two-dimensional squared Bessel process,
starting from zero. Accordingly,

7_:ef =S(r) /Or e W R2 <S(’")S;r‘)s’(y)) dy.

The process R is independent of W and the superscript ref refers to reflected.

Indeed, if we assume W(x) = +oo for x < 0 (a reflection at the origin) 7,

reduces to 7 .

Now, 7, being stochastically greater than e , we get that for all A < 0 and
all r > 0,

I(A)=-Eq [% log EV [e_)‘Tr]i|

<-Eg |:% log EV [e)‘T:ef]] .

By virtue of the Cauchy—Schwarz inequality, we have

ot ( [ <S(r?g zr;o*(y)) dy>2
toc! r r)— 2
= ([o(53%) 8)

since R is stochastically greater than |4|.

At fixed environment, f[; @(W}dy is a centered Gaussian variable

with variance o%(r) given by

Y S(y)
=2 (- 5g5) @
As a result,

1
(2.13) I\ < —Eq [_ log EV [e—wem)z@,;)ﬂ ,
r

Z(a, b) being a gamma variable with density ﬁe*‘”abxb&lbo dx.

Clearly, whenever u > 1/2, E [e“Z(%’%)] is infinite. Thus, making r depend
on A in such a way that
(2.14) QAo (r) =1/2] > 0,

gives I', (1) = —oo for all A < 0 (and « > 0).
Let us now seek a suitable choice of r for which (2.14) is valid:

Q[-Aoyy(r) =1/2] = Q [/Or/zy< - %) dy > —1/4)\} ,

[ 5t/2) 1+2/Ar2].

Q5 =s(2) =
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We have to choose r such that —Ar? > 2. Now, the last probability can be
rewritten as

S(r/2) e~ B2
Q frr/z eB(x)—B(r/2 —5x dx

(2.15) > Q [S(r/z)e-3<’/2> <2r(1+ 2/Ar2)]
r/2

since e B2 (S(r) — S(r/2)) is independent of {B(x);0 < x < r/2}.
The first term of (2.15) is greater than or equal to

Q| exp (Br/2) - Br/2)) =401+ 125)]

<1+ 2//\r2j|

which is positive if 7 is chosen such that —Ar? > 8/3 (> 2). As for the second
term of (2.15), it equals

Q |:/Or/2 exp (B(x +r/2)— B(r/2) — gx) dx > Zre"’/‘*}

which is nothing but @ [S(r/2) > 2re*’/*]. On the other hand, according to
Jensen’s inequality,

%su/z) > exp (% /Or/Z(B(x) ) dx)

the r.h.s. of which is a log-normal variable. As a result, the second term of
(2.15) is positive, proving (e) for k > 0.

Now take k < 0 and suppose that there exists Ay < 0 such that I' (1) >
—oo. Note that for all A < 0, I',(A) < +o0o since it is less than or equal to
—E[log PV[r) < 00]] =T (0) = —k/2.

Let n > 1, integer, be given. We have

EV [e’)‘o”l ] > EY [e”\oT"I

T?l<Tn<OO]

E®W I:e_)‘OTn+1 1

Ty <00

= BV [e M1

771<7n] TVL+1<OO:|

where we have used the fact that the event 7_; < 7, belongs to the o-field
7,  and thaton 1y <7,,7,=7_1+71,00, .
Taking logarithms then expectations w.r.t. @ and using (1.5) we get

(2.16) Eq[log EV [e ™11, _. ] < T\(Ag).
Now set [V =log EW [e~*"11

sequence {f Y —a"
since

+<r.] and " =log P¥[7_; < 7,]. Plainly, the
;n > 0} is both non-decreasing and non-negative. Moreover,

3 eV dy

PV[r <m]=20"—"",
[1 eV dy
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(see [18], page 278) and since for all 6 > 0,

b b
log 2b — g <Eg [log ﬁb V) dx} < log /717 Eq [eW(x)] dx
by Jensen’s inequality, E Q[aW] is bounded. Thus, the monotone convergence
theorem applies and the lLh.s of (2.16) approaches —I'_, (1) thanks to space
reversal invariance. But the first part of the proof of (e) (—k > 0 now!) tells
us that —I'_,(Ay) = +oo. In the light of (2.16), this contradicts the fact that
I'.(1y) < oo which completes the proof of (e). O

2.2. Proof of Proposition 2.2.

PROOFS OF (a) AND (b). By Jensen’s inequality, we get that for all A,
ra() = L),
Since I', (1) = —oo whenever A < 0 so is I'%(A). In addition, I',(0) =0 for « > 0
implying that I'“(0) = 0 for « > 0.

Now for k < 0, Kawazu and Tanaka [11] investigated the asymptotic be-
havior of the tail of the distribution of the maximum of X. They proved that
P[max,.o X(s) > r], which is nothing but P[7, < oc], decays exponentially
fast to zero as r tends to infinity in the following way.

THEOREM. As r tends to infinity, if k < —2,

K+2 k+1
P[7r<oo]~K+1exp 5 T

if Kk =-2,
P[r, < oo] ~ /2/m/T exp (—%),

if0 < k< -2,

2
P[7, < o] ~ const. r~3/?exp (—%r) )

The rate of decay being —I'%(0), we have proved (b). O
PROOF OF (¢). We shall prove that the limit in

1
[%(A) = — lim = log E[e ™1

T,<oo:|

exists for A > 0 and compute its value. According to Kotani’s lemma, the
previous limit can be written as

re(a) = - }Lrgoélog E, [exp{—2)\ /Or X, (s) ds”,
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m, being the invariant probability measure for X,. Define Z, = log X ,. Re-
calling (2.4), Z, solves the following (Smoluchowski) SDE:

dZ,(t)=dB(t) — V'(Z,(t))dt

with V(2) = 2 (21e® + ™% + 5z). Its infinitesimal generator is nothing but £,
[see the display above (1.1)]. On the other hand, the process Z, is stationary
(as X,), and its invariant probability measure is given by

V(@)

mi(dz) S mi\(d2) = 5o

dz, zelR

since [ e”V(®) dz = F ()), by the change of variables y = e*. Accordingly, Z,
is a symmetric diffusion and m? is reversing for the corresponding transition
probability function.

Let M,(R) be the set of probability measures on R and

1 r
Li(Z) = [ 82,0 ds.

Let V* = 1V'2 — 1V". The level sets {V* < R}, R € (0, c0) are compact.
Hence, Theorem 6.2.21 of [5] applies to {L,(Z,);r > 0} with 2 = R endowed
with the standard Euclidean structure and U = V. Namely, {L.(Z,);r >
0} satisfies a LDP on M{(R) with good rate function # given through the
Dirichlet form & by

S ) =2&(lgl, 1gl)
with

(g, 8) = %/Rg'z am’;

if dv = g?dm? (or also v « m*) and infinite otherwise.
Varadhan’s theorem (see [5], page 43) tells us that for all continuous,
bounded functional ¥, we have

1
lim —log E ,,. [erw(Lr(ZA))] = sup (Y(v) — F(v)),

r—-oor vm

or equivalently, performing the change of variables y = e,

lim " log E,, [ =550)] = sup (S(n) 4 (),
r—oor K LM,
for all continuous, bounded functional E, .7 (u) being nothing but #(u o exp).
Actually, proving a LDP for {L,(X,);r > 0} can be carried out directly
upon checking Varadhan’s hypotheses (see [26]). Reasoning on {L,(Z,);r > 0}
merely shortens the proof the rest of which will only deal with X ,. Throughout
the sequel, for notational convenience, L, will denote L,(X,).
Define ® : M;(R) — R as

D) = —21 [ x dp(x).
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Accordingly, the quantity of interest E,, [exp(—2A [y X,(s)ds)] can be writ-

ten as E,, [e®)]. Although ®(u) is not weakly continuous, we shall prove
that

lim ~log E,, et E] = sup (B() ~ 7 ().
pLm,

r—-oo r

A monotone convergence argument shows that ®(ux) can be written as the
infimum of continuous functions, ®,(u), namely

() = inf @, (u) = inf (22 [(x An)du(x)).
As a result, @ is upper semi-continuous and it follows from [6] that

lim sup —1ogE [ r&(L, )] < sup (P(p) — A ().

r—o00 nLm,

Let us now prove

(2.17) liminf S log E,, [er‘D(Lr)] > sup (D) — F(w)).
r—>oo r *

uLm,

Set
=inf{s > 0: X,(s) = x}.
By the strong Markov property,

E,. [exp {—ZA fo "X, (s) ds”
>E, |:exp {—2/\ /OVO X,(s) ds” E, |:exp {—2)\ /Or X,(s) ds” .

The first term of the r.h.s. does not depend on r, thus taking logarithms,
dividing by r and taking the liminf leads to

1
(2.18) liminf - log E,, [ef‘b@r)] > liminf = log E, [ "‘D@r)] .
r—»oo r ’<

r—>oo

On the other hand, although the drift coefficient of (2.4) is not Lipschitz-
continuous, it is easy to prove that if X} denotes the diffusion X, started at
x, the mapping x — X7 is both continuous and non-decreasing. Indeed, one
can write

X5() - X3(t) = (x — y)expU(2)

where
(2.19) U(t)=B(t) - = — 2/\/ (X3(s) + X2 (s))ds.

As a result, E[e"®I")] = sup,., E, [e"®Z)] so that the liminf in the rh.s.
of (2.18) is a non-increasing limit due to the subadditive theorem.
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Now, since ®,, is non-increasing in n and approaches ® as n tends to infinity,
we have

}Lngo % log E [e’q’(Lf)] = lim lim 1 log E, [e"l’n(Lr)]

r—»oon—oo r

— lim lim 11og E, [ercbn(L,)]

n—oor—oo 1

> lim lim 1log EmK [e’(D"(Lf)] .

n—oor—oo r

(Interchanging the limits in n and r is possible since we are dealing with
non-increasing limits.) Now since ®,, is continuous, non-positive and bounded
from below, Varadhan’s theorem entails

r—oo r

1
lim ~log &, [e™"E)] = sup (@,(x) - 7 (1)
nLm,

> sup (P(u) — A (1)),

puLm

®, being non-increasing in n. This completes the proof of (2.17).
We have proved that

rw=-  sw(nf e@@dni@ -1 P@dm).
g>0:/7, g2 dmi(x)=1 - -

which is nothing but (2.6) upon the change of variables y = e?, the definition

of h,and f = g?olog. O

PROOF OF (d). Recalling (2.5) we have

(2.20) h, (ﬁ) =2 x%h_ (x),

2.21) Z—i(x) — 4+ % - K: !

In this light,

= b (2)\ [ " xf ()h_(x)dx + é [ Y ffi(;)) h_(x) dx) :
= it ( [ & mas+ 5 [ LD n ) dy) ,

K

2+g>o:ft;‘3gh“=1( [ vehu()dy +

1L ,8%(y) 1
+§/0 y* 207) h(y)dy — 2 ), 8 (y)hk(y)dy>-
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We have made the change of variables x +— 1/2xA and used (2.20) in deriv-
ing the second equality above. On the other hand, mutiplying both sides of
(2.21) by yg/2, integrating over R_, then integrating by parts lead to the last

equality.
Now set
h F
e )= ) = Ty

the last equality following from (2.5). We express g /g in terms of f/f, which
easily follows from taking logarithmic derivative of (2.22), then substitute gk,
by fh,._s to get (d) for A > 0. Actually, in light of (a) and (b) we easily see that
(d) is valid for all A. O

3. Properties of the rate functions. We start this section with addi-
tional properties of both I', and I'? which will be of constant use in this paper.

3.1. Further preliminaries.

ProrosITION 3.1. T, is:

(a) increasing, strictly concave, analytic on (0, +o0) and the range of T, is
O, T )

(b) lim, o T (A)/V/A = 400, for 0 < k < 1/2, lim, (I, (A)/v/A = 0 for
1/2 < k < 1. [Recall that Ty 5(A) = v2A.]

PROOF OF (a). Thanks to Proposition 2.1 (b), I, = I'_, thus we may assume
k > 0 throughout and drop the indicator in the definition of I, (1.4). It is plain
that for all A > 0,

’ EW [Tle_)\-rl]
On the other hand, following [12], page 209, we have

E¥inl= [ as@ [ m(dy)

m being the speed measure of X, that is m(dy) = 2e="©) dy.
Therefore,

E[r]= 2]01 dax [ B [eW(x)fW(y)] dy

= 2/01 dx /_xoo ez (x-y) dy

. 4
S
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Accordingly, whenever k < 1, E[r,] is infinite implying that ', (07) = +o0
by virtue of Fatou’s lemma. Now, for k > 1 EY[r,] is integrable w.r.t. @ and
Lebesgue’s theorem proves that I, (0%) = E[r,].

Since I', < T',_1, (2.10) together with Proposition 2.1 (c¢) imply that

r.(a 2

L= ===

Clearly, ', (1) tends to infinity as A — oo giving that lim,_  I" (1) = 0. We
have proved that the range of T is (0, W) for k > 0.

That I',, is increasing and concave is plain. Suppose that I', is not strictly
concave. It follows that it is linear on an interval, say (A;, Ag) with A; > 0.
Since it solves the ODE in (d) on (A4, A,), replacing y by a positive constant,
say c, leads to 4", (1) = —k 4 /k2 + 8(4 + ¢)A for all A € (Aq, Ay) (recall that
I', = 0). This contradicts the fact that I', is linear on (A, Ay). Thus, I', is
strictly concave, as desired.

Now recalling the definition of F,, (2.2), one easily sees that F', is analytic
on (0, 00). Indeed, for all A, > 0 we have

F.)=Y (4(A ;!/\o))n

n>0

Fxfn(/\o)7
F .()) being positive on (0, c0), (2.1) implies that I', is analytic on (0, c0). O

PROOF OF (b). First note that for all 0 < k < 1,
FlfK(/\)
o Fo () e
where c, is a positive, finite constant. Accordingly, combining (2.1) and (2.9)

gives that I, (1)/+/A behaves like A*~1/2 as A tends to zero. This proves (b). We
shall also need the following.

PROPOSITION 3.2. T'¢is:

(a) increasing, concave, lim,_, (I'%) (A*) = 0;

(b) (M) (07) = 400 for =3 < k < 1, (') (0%) = 4/(k — 1) for k > 1 and
(Fﬁ)/ (0") =4/(—k — 3) for k < —8. In other words,
4

(3.1 (%) (07) = (PESE

[We denote by f'(x*) (resp. f (x7)) the right-hand (resp. left-hand) derivative
of fin x.]

ProOF OF (a). That I'? is increasing and concave is plain. By concavity, we
get that for all A > 0.

re(A) —Te(0) _ L\
A .

T2 (%) <
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since 0 < I'? < T',. Having in mind part (c) of Proposition 2.1, we are done by
sending A to infinity.

PrROOF OF (b). We first show that for all k > 0,
(%) (0") = Elry] = ——
« TR T (k=1

By virtue of Jensen’s inequality, we have

1 —ar,1 - El7]
—Hlog[E[e i ;" =E[r;] Vr, A>0,

giving that (I'?) (07) < E[r,].
On the other hand, the quantity of interest is

() ’
}\1_1)1(1)T }\1_1)1(1”11)1&—— log E,, |:exp {—2)\/0 XA(s)ds}],

thanks to Kotani’s lemma. Following the reasoning in (2.19), one can prove
that the (positive) stationary solution of (2.4) is greater than or equal to (X9)*.
Thus, the last quantity above is greater than or equal to

1 r +
}\%}Lrglo—r—A log E,, |:exp{ 2)\/0 (X)) (s)ds”

= lim lim —rilog E, |:exp{ —2A /r(X)\)+(s) ds” ,
0

r—00 \—0

since both limits are non-decreasing. [This is true due to the concavity (in A)
and to the subadditive theorem.] Just as in (2.19) once again, X} > X3 for
Ao > A. This leads us to

(%) (0) = Jim ;gn ~ 1o By exp{ -2 [ (X, (90 s |

(3.2)
_ lim 2 B, (/ X (s)ds)

r—oo r

Now, the process X, being stationary, an ergodic result we learned from [16]
ensures that for all continuous bounded function!f,

% for F(X)(5)) ds —~ /f(x) hey(x)dx  asr— oo,

P.-a.s., thusin L1(P,), for all x > 0. Hence, setting f(x) = x* A M for M > 0,
taking the non-decreasing limit in M, and having in mind that the limit in r
is non-decreasing, we get that (3.2) equals I',(A()/Ay. We are done by sending
Ao to O to get E[7;].

We have proved (3.1) for k > 0. In particular, (l"ﬁ)/ (0")=+occfor0 <k <1
hence for —3 < k < —2, by the symmetry w.r.t. k = —1 conveyed by Proposition
2.2(d). All is left to prove is that (Fﬁ)’ (0") = 400 for —2 < k < 0.
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Making f = gh_, in (2.6) and using (2.21) together with the fact that

h/_K K h;)
A K(x) =3 + h—o(x)

entails

re (\)= inf <2A [ wf (x)da
£20:[2 f=1 0

+ %/Ooo xzf(x)(f?(x) - Z—i(x) - g)zd?C)’

00 1 oo ’ h, 2
x <2/\/0 xf (x)dx + 5/0 x2f(x)<f?(x) - h—z(x)) dx>.
Whenever 0 < k < 2, I'* (0) = x?/8 and
a K2 K a
e -5 = (1-5) 5.
Having in mind that (I'%) (07) = 4o, dividing by A > 0 then sending A to
zero reveals that (I'%,) (01) = 400 for —2 < —k < 0, as required. O

(3.3)

3.2. Proof of Proposition 1.1.

PrOOFS OF (a) AND (b). That J,(v) = J_,(—v) for all k and all v is a con-
sequence of the space reversal invariance. In this light, we may take u, v and
k non-negative throughout. Proposition 2.1(b) together with (1.3) imply that

(3.4) I (w)=I(u)+ /2,

which, according to the definition of J, (see Theorem 2), gives the second
equality in (a).

On the other hand, part (c) of Proposition 2.1 tells us that I'; 5(A) = V2A.
As a result, I;,5(u) = 1/2u which in turn implies that J;,,(v) = v2/2. This
delivers (b). O

PROOFS OF (¢) AND (d). Suppose first that « > 1. According to Proposition
3.1(a), the range of I' is [0, 4/(x — 1)]. Hence, the mapping A > I',(A) — Au is
decreasing for u > 4/(x — 1), in which case I,.(uz) = I',(0) = 0. Consequently,
J(v)=0forall 0 <v <(k—1)/4 and

J(0)=dJ (0")=J (0")=0 Vk>1.
For 0 < k < 1, the range of I, is R*. Let A(x) denote the maximizer of
A — T (A) = Au. Clearly, A, (u) = (1“;)_1 (v) and may we write
J(v) = vl (A (1/v)) — A (1/0),
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due to the definition of /. Since both I', and v — 1/v are analytic on (0, co),

the analyticity of J, on {v > (k — 1)*/4} is guaranteed.
For notational convenience, we will deal with

o) = 2 (1) = (1) (/)

throughout. Accordingly,

(3.5) J (V) = I (1 (V) — (V).
Straightforward calculations tell us that
(3.6) J (V) = T (v)),
o) _ 1T
6D T R ) R

Since p,(v) tends to zero as v — 0, (3.5) together with (3.6) entails J,(0) =0,
J.(07) = 0. Moreover, (3.7) implies that J, is strictly convex on (0, c0). Now
differentiating (2.12) w.r.t. x then taking x = u,(v), (3.7) becomes

N (V)
(3.8) J(v) = v2(1 — k 4+ 4(v — Tep(v))))

For 0 <k <1,

" 1 I‘LK(U)
A P

as v — 0. Using (2.10) at A = u,(v), it follows that as v — 0,
1®) Dl (©)

u? v
and
: I2(p(v))
rT ~ AT
Tlme(0)) ~ s S
Accordingly,
~ K2 T2 (v))
(3.9) J (V) ~\g T/ ——.
( ) A—0 1 — K MK(U)

Proposition 3.1(b) provides us with the behavior of I',(1)/+/A as A approaches
zero. Accordingly, J,(0%) = +oo for 0 < k < 1/2 and J,(07) =0 for 1 > « >
1/2.

The remaining cases xk = 0 and « = 1 are related. Indeed, since J,(0) = 0,
we have

750" = tim D) (< por o))
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On the other hand, parts (¢) and (d) of Proposition 2.1, (2.10) and a few lines
of elementary calculations yield

I';(A) 1.
— ~A—0 _Zroro()\)-

. 3
(T3 (1)
The last two equalities in conjunction with
’ 3
,, (M)
J(07) = —lim ~———"—

v=0 Ty(p1(v))

prove the connection. Now, (2.12), (3.6) together with (3.8) may be rewritten
as

Jo(v)

Jo(v) (1 +4(v — To(no(v)))) = )

(14 2(To(po(v)) — I'_1(10(v)))) -
Accordingly, if J,(0") exists it equals either zero or +o0o. Assume J,(0") to
be zero. It follows that {I',[';(v)}, and hence {I'’3(x)/v}, are bounded in the
neighborhood of zero which contradicts the fact that

LT

=4+T,(N)

increases to infinity as A | 0. Furthermore, it is easy to see that {I',[,(v)}
tends to infinity as u | 0. Thus, J,(07) = 400 in which case J,(07) = 0,
and the proof of Proposition 1.1. is complete. The proof of Proposition 1.2 is
now clear. Parts (b) and (c) follow from Proposition 2.2(d), the definition of
J? together with the space reversal argument. On the other hand, we saw in
the proof of Propositioin 2.2(a) that I'? < T',.. This implies (a) for v > 0 hence
for v < 0 thanks to space reversal invariance once again. As for the proofs of
(c) and (d), they follow from (a), (b) and Proposition 1.2(c). Finally, (e) follows
from (b) and (¢). O

We close this section with an important remark.
REMARK. A variational formula linking annealed and quenched rate func-

tions was obtained in [3] via a min-max theorem. Recalling the definition of
I?2, we have

I%(u) = sup (I(A) — Aw)
A>0

~+00
= sup < inf (2)\/ xg(x)dx
0

120 \ g20:/" g=1
1 / h, 2
L g _ M —_
+8/0 x g(x)(g hK) (x)dx )\u)),



1194 M. TALEB

as in (3.3). Recalling (2.21), one can not exchange the sup and the inf in the
above expression since it gives +oo. An interesting reason why a min-max
theorem can not apply is that [3] assumed that the local drifts are bounded
away from —1 and +1, which is not a-priori the case in our framework.

4. Proof of Theorem 1.
The upper bound. Kotani’s lemma tells us that
1 1
—~log EV [e7" 1 ==
Tlog BV [e 1, ] = [ Un(s)ds,

Q-a.s., for all A > 0 and r > 0. The diffusion U, being positive-recurrent, the
r.h.s. converges both @ a.s. and in L(Q) to I',(A). Since every compact set of
R, is nested in a closed interval [0, a] for a certain a > 0, it suffices to prove
the upper bound on [0, a]. For all arbitrary A > 0, we have

1
lim sup — log P [2 < a] < —(T(A) — Aa) < —I(a),

r—oo r

using Chebychev’s inequality, (1.3), together with the fact that I, is non-
increasing. This delivers the upper bound on compact sets of R,. We now
turn to:

The lower bound. The proof will be given in two steps. We first prove the
lower bound along the integers, and then fill in the gaps. Let
TO == 0,
T,=7,—Tp_1 vn >0,

with the convention that co — co = oo in this definition, and
| _
(4.1) Y, s = { e (u 6,u+6)}.

By conditioning on the event

[lﬁl:: rw {72 = Al}a

1<i<n

and calling P"-¥ the conditional probability given A we get
1 1 1

(4.2) ~log PV [Y, 5] = —log P"M[Y, ;] + =log PV [AY],
n : n : n

for all 8 > 0. For M large enough, define A\¥(u) as the unique A solving

EW,M [Tle—/\ﬁ]
Eq EVM[en] |7
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We follow next a change of probability by setting
dPV-M e AT,
dPW.M - - EW,M[eﬂ\IK‘l(u)rn]

n

for each n. According to Proposition 3.1, the range of I', is (0, c0) whenever

|k| < 1. In this case, for all u > 0 there exists a unique A, (u) = (F'K)fl (v)
and we need not truncate by M. It suffices to perform the previous change of
probability with PV and () replacing PV-# and A¥(u) respectively. This is
no longer true for |x| > 1 and u > 4/(|k| — 1), and we are done by truncating.
Note that A¥(u) < 0. The first term of the r.h.s of (4.2) is greater than

1 1. .
43)  —log E"M [e*Aﬁ“um] + 2 () +8) 4+~ log PV MY, 5]

Set
Y (A\)=—Eq[log EV [e "1, _y]].

The T, ’s remaining independent under PV-¥ the first term of (4.3) may be
written as

1
(4.4) = Y logEY [e*Wu)TqTi < M].
1<i<n
The law of W being ergodic under the action of 0, (4.4) approaches
Eq [log EY [e*W(”)’llfl < M]] = T (A (w) — Eq [log P [ < M]]
as n — oo. Following the same pattern, we have
PY[AY]= ] PYIT,<M]= [] P*V[r <M],
1<i<n 1<i<n-1
and the ergodic theorem implies that @-a.s.,
1
lim —log PV [AY] = E [log PV [, < M]].
n—-oo n

Next we prove that @ a.s.,
(4.5) lim P M [y, ;]=1 Vv&>0.

n—oo
The ergodic theorem once again implies that
1 _5 1 5 1
—EP n)=— ¥ BT T)=- ¥ EM[n]
n " j<i<n l<i<n—1

which tends to Eq[Epwu [71]] = u by the definitions of PV-M and AM(u).
Moreover,

g™ [(% _ g [%])4} = EP"" {(1 > T - EPW‘M[TL-]>4} < 3fg4,

1<i<n
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where we have used the T'; ’s independence under PW-# so that (4.5) follows
from Borel-Cantelli lemma.
Having proved (4.5), it follows that @ a.s.,

lim lim inf £ log PV [Y, 5] = MM (u)u — Ty(AY (u))

5—-0 n—oc© n

> —sup (T¥(\) — Au) = —Iy(w).
A

Let I*(u) = limsupy,_, o Iy («). By definition, I,(x) > T(0) > 0 giving that
I*(u) = 0. Moreover, I,,(u) < oo for large M, so is I*(u). Hence, the level sets
{A:TM()\) — Au > I'*(u)} are non-empty, compact, nested sets implying that
their intersection contain some A* < co. By Lebesgue’s monotone convergence,
we get

logI' ,(A*) = A}im log TM(A*) > X*u + I*(u),
giving that —I*(u) > —sup,(I',(A) — Au) = —I () by Proposition 2.1(e) and
(1.3).

All that is left to do is fill in the gaps. For the r’s lying in the gap, that is,
forn<r<n+1,

PV 7, e (r(u — 8);r(u +98))]
> PV [r(u—28) <7, <Th <r(u+d)]
> PV [r(u—25/2) <7, <r(u+8/2)]PV[0 <1, —71, <rd/2]
> PV [n(u—6/4) <1, <n(u+8/2)]PV[0<T,., <nd/2],

for n large enough, and the statement follows from

1
(4.6) lim —log PY[0 < T, <né]=0.

n—oo N

For all A > 0, we split {e™*"»17 __} into two parts depending on whether or
not T, > né, so that

EV[e?1y ] < PY[T, <nd]l+e PV [co>T, > ns].
Thus,
PYV[T, <nd]=E" [e"nlp _]—e .
On the other hand, the ergodic theorem yields

lim © > log E®W [em*11

n—oo N

o] = Eqlog B [e71,_]] > o0,

1<i<n
®-a.s. Since

EW [e_)\Tann<oo] — EG),Z,lW [e—/\711

‘rl<oo] ’
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we have

lim 1 log EV [e*"14 _ ] =0,

n—oo N

@-a.s. In other words, @-a.s., for all & > 0, and n large enough EW [e727"] >
e ®" giving that for £ < A8,

1 1
0 > liminf —log PV [T, < né] > liminf — log (e7" — e"‘a”) > —\8,
n—oo n n—-oo n
which implies straightforwardly (4.6) by sending A to zero. O

5. Proof of Theorem 2. First note that, @ a.s., at frozen environment W,
the family of the distributions of X (¢)/¢ is exponentially tight. Indeed, thanks
to space reversal invariance, all we need to check is

lim lim sup % log PV [X(t) > ut] = —cc.
U=0 500

Pick u > 0. Clearly, {X(¢) > ut} C {r,; < ¢} so that

(5.1) lim sup % log PV [X(t) > ut] < —ul, (1/u),
t—00

where we have used the upper bound for 7,/r. Recalling the definition of I,,
(1.3), we have

_uIK (1/u) = _urk()\O) + AO;

for all Ay > 0. Since I', (Ay) > 0, the rh.s. of (5.1) tends to —oc as u — oo, as
required. Section 3 guarantees that J, is convex and that J,(0) = 0. By virtue
of Theorem 1, this delivers the upper bound on compact sets of R, (z > 0),
hence on all compact sets thanks to the space reversal invariance hence on
closed sets thanks to the exponential tightness.

Let ¢ > 0 and 6 > O be given. By splitting the event {¢ (1 —¢) < 7, < ¢}
into two parts depending on whether or not |X (t)— tu| < td we get

PV[t(1—e) <7, <t] < PV[|X(¢) - tu] < t8] + mys
where
mee=PV[|X(t) —tu| > t&t(1—e) <7, <t].
We have

O0<s—7y <te O<s<te

pe. < PV [ sup | X(s) —tu| > t8i| = POuW [ sup |X(s)| > ta]
= POV 7,5 ATy < te] < POV [7,5 < te] + POV [7_,5 < te].
The lower bound follows from Theorem 1 so long as we prove

.. 1
lim lim sup - log , , = —o0,
=0 500 t ’
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which reduces to

1
(5.2) lim lim sup n log POV [1,5 < te] = —o0,

e=>0 500

thanks to space reversal invariance. For all A > 0,

1 1
lim sup n log P%«W [1,5 < te] < Ae + lim sup n log E}) [exp (—ATi(uss))]

t—o00 t—o00

due to Chebyshev’s inequality. The last formula together with the identity
EV [e*/\mwa)] —EV [e*/\nu] Eth [e*)\"z(wm] ,

(where we have dropped the indicators, for brevity) give

1
lim lim sup —log POuW 1,5 < ts] < —8T (A).

e>0 (500

At fixed 6 > 0, the latter bound tends to —oo as A goes to +oco0. O

6. Proofs of Theorems 3 and 4. We saw how one can transfer LDP for
the hitting times to the positions in the quenched framework. The same is
true in the annealed case and the argument differs very little from that used
in the proof of Theorem 2. We begin this section by showing how Theorem 4
follows from Theorem 3.

PrROOF OF THEOREM 4. A glance at the proof of Theorem 2 shows that we
are done by rewriting the same lines with P, I'® and I¢ replacing P%W, T,
and I, respectively. The only difference comes from the proof of (5.2), with P
instead of P®«W which is even simpler in the annealed case: all we need is
Chebychev’s inequality and the definition of I'¢. O

PROOF OF THEOREM 3. Upper bound. The upper bound follows straightfor-
wardly from Chebychev’s inequality as in the proof of Theorem 1.
Lower bound. For all u > 0, set

A (w) =inf{\ > 0;(T'%) (A) < u}.

Having in mind Proposition 3.2(a), (Fi)/ (A1) approaches 0 as A tends to infin-
ity and the above definition makes sense. Now, since I'? is concave, its right-
hand derivative is right-continuous so that

M) =0 & (T9) (0%) < w.

Thus, A (z) > 0 iff u < (I'%) (0%). For |k 4+ 1| < 2, the latter holds for
all u since, in this case, according to Proposition 3.2(b), (I'*)(0%) is infinite.
Concavity once again, shows that A > I'%(A) — Au is non-decreasing for 0 <
A < A,.(u) and non-increasing for A > A, () so that

Ii(u) = Ti(A () — A(w)u.
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The proof of the lower bound is organized as follows: in the case where
A.(u) > 0 we prove the lower bound by performing a change of probability
under which 7,./r approaches u as r tends to infinity. Otherwise, the proof
will be carried out directly.

Suppose first that |« + 1| < 2, or that © < (I') (0%). In both situations
A.(z) > 0 and we define [’ by

dl],j) eii‘x(u)fr

—, = . 1
dP'7  FleAwn1_ _ 1"

<o0o*

Keeping with the notation (4.1) of Section 4, we write
P[Y, ;] = eMre-d [efﬁk(umlnm] BIY, ]

As in the quenched case, all we need to prove is that

(6.1) lim lim P[Y, ;] = 1.

8—~>0r—o0

Making use of Chebychev’s inequality coupled with the concavity of I'?, we get
that for all A, §, ¢ > 0 and r sufficiently large,

Br, > r(u+8)] < exp—r [/\ (u +8— (I ((Xk(u) D)) - 28))] :
Blr, < r(u—6)] < exp—r [)\ (—u 48+ (I ((;\K(u) ) - 28))] :

If we manage to render the aboye exponents negative for £ small enough, (6.1)
follows. From the definition of A, (u) we get

(T2 (A(@)*) = w = () (A(w)),

Moreover, I'? being strictly concave, its right-hand (resp. left-hand) derivative
is right-continuous (resp. left-continuous) and decreasing. It follows that for
all 8 > 0, one can pick A in the vicinity of 0 in such a way that

u=5= [ (A +0*) =@ (Aw)*) <u,
u= (T ((Ae@)) = @) (Aw) = 1)7) <u+s.

Accordingly, taking ¢ small enough delivers (6.1) and hence the lower bound
in this case.

For [k +1| > 2 and u > (Fi)/ (0%), A (z) = 0 and the above reasoning no
longer applies. In this case, I¢(z) = I'%(0) and we shall directly prove that

1
lim lim inf = log P [% e(u—95,u—+ 5)] > —TI'%(0),
r

6—0 r—oo

P being the averaged probability @[ P"[.]].
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Suppose first that x > 1 and take > (I'?) (0+) = 4/(k—1). For all £, 8 > 0,
we have

(6.2) Eq[PV[Y,5]]z2 e Q[PV[Y,s] =],
due to Chebychev’s inequality. According to Theorem 1, @ a.s.,

lim inf log PY[Y, 5] > —1.(u)=0
r—-oo r ’

for all u > 4/(k — 1) and all § > 0. More accurately, the non-increasing lim;,
of the L.h.s. is > 0 so that the above inequality holds for all § > 0. Moreover,
the liminf is a limit. As a result, for all 6 > 0, the probability term in the r.h.s
of (6.2) approaches 1 as r 1 oco. Since I'%(0) = 0, and ¢, 6 are as small as we
please, the lower bound is proved for k > 1 and u > 4/(x — 1).

All is left to treat is the case where k < —3 and u > 4/(—«k —3). Once again,
the proof hinges upon a change of probability which, this time, modifies the
environment’s drift. Recall that W(x) = B(x)— kx/2 where B is a @-Brownian
motion and let Q denote the probability under which B is a Brownian motion
with drift —1. Accordingly,

K+ 2

W(x) = B(x) — x

under @ where B is a @-Brownian motion. Before moving to the proof of the
lower bound, we shall need the following.

CLAIM. Forall ¢,6 > 0,

PY[Y, 7. <7_.,] onlydependson {W(x);—er <x <r}.

PROOF. Given the quantity between brackets above, it suffices to show
that {X(¢AT.AT_,,);t > 0} depends only on {W(x); —er < x < r}. Using the
It6—Mc-Kean’s representation, (1.1), we may write

XEAT A1) =S (@B (TN OAT 1) AT H7_y)))
=S (2(T ')A TSy A OS(—er))) 5

since 7, = T'(cog(,)). Proving the claim amounts to proving that if we replace

W by another continuous potential, say W°, which is equal to W on [—er, 7]
and constant elsewhere,

(63) X(t NTp N T,S,.) = SO_1 (:@ (TO _1(t) AN 0'30(,.) VAN O-SO(fsr))) ,

where S° and 7° denote the scale function and the time-change defined in
Section 1 with W° replacing W. This is valid for the following reason.

For all s < o,y A 0g(_.r), # belongs to [S(—er), S(r)] on [0, s]. Since W =
W% on [—er,r], S = S° on [—er,r]. Thus, for all 0 < u < s, S™H(%,) =
S%-1(%,) giving that T'(u) = T° (). Taking s = T~1(¢) delivers (6.3) and
ends the proof of the claim. O
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We are now ready to prove the lower bound. For all £ > 0 and all 6 > 0, we
write

Eq[PV[Y,5]] = Eq[PV[Y, 57 <7 ]

A\ —1
d
z EQ |:<£) PW [Yr,ﬁ; T < T—rs]j| ’

1
= EQ |:exp <B(7‘) - B(—ST‘) + %l") PW [Yr,ﬁ; Tr < Tra]:| 5

where we have used the fact that PV[Y, 5; 7, < 7_,,] only involves {W(x),
—er < x < r} so that

dQ r 1
a0 _exp{—/_srdB(s)— E/st}.
The expression P[V; A] denotes the P-probability of V on the event A.
For all n > 0, set

w def ~w
Qr - Qr,S,s,”q

= {B(r) — B(—er) = —r(1+2e); PV [Y, 557, < 7_,.] = erum(u)m}_

Thus,

PIY, )= expr (-2 5 L)~ 1) Q[0

1+« 3 A
—expr (T3 - Ge -1 Q[0Y],
thanks to (3.4). Now, observing that

I_. o(u)=0 for u=>4/(—k—3),

and recalling that for k < —3, —I'%(0) = (1 + «)/2, the lower bound is guaran-
teed if we prove that

lim Q[0)] =1,

r—oo

for n, 8, ¢ > 0 small enough. Clearly,
QY] = Q [PW [Y, 57 <T_,] = e_r(I“Z(“)H’)] -Q [é(r) — B(—er) < —ar] .

Since the last probability term converges exponentially fast to zero as r tends
to infinity, it suffices to prove that

lim § [PW [Y, 7 <70] > e—r<1K+2<u>+n>] _1,

r—oo
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for all &, 17, 6 > 0 small enough. This is indeed the case if we show that Q a.s,

1 2
(6.4) liminf = log PV [Y, 57, < 7_,.] = —I,.o() = K;L ,
r-oo r ’
for all £ and & > 0 small enough. Let us check (6.4).
By virtue of the strong Markov property, we have
w([Tr _ .
p [r e(u—6,u+6);r < 7_8,]
>PV[r(u—-98) <t <r(u+6)<r_,]
> PV (r(u—298)<r, <r(u+8)]PY[r_,, > 2rs.

Theorem 1 tells us that for all 6 > 0, @ a.s.,

lim inf © log PV [Y, 5] = —I.(u),

r—>o0 r

or equivalently since under Q, W is a Brownian motion with drift —(« +2)/2,
e | W
liminf = log P" [Y, 5] = —I,,2(u),
r-oo r ’

Q a.s. Note that the liminf in (6.4) is less than or equal to

1 2
lim = log P" [r, < 0o] = —T,,5(0) = "‘5 .
r—oo r

Thus, the liminf is actually a limit. Accordingly, we are done so long as we
prove that

(6.5) lim PY[r

r—o0

> 2ré] =1,

—&r

for all £, 6 > 0 small enough.
Indeed, for all A > 0 and all u > 0, Chebychev’s inequality yields

P (7. < 2r8] < B [ o]
< 2O W [e‘“f”]
< r(@Ao—e(l_(M=p)) Q as.

for r large enough. We have used Kotani’s lemma together with the space
reversal invariance in deriving the last inequality. Taking u and A such that
w < I'_.(Q), the last quantity decays to zero if 6 and ¢ are such that

r_.(A) —
S < SM,
21
which delivers (6.5). The proof of the lower bound is complete upon first send-
ing & to zero, so that the above constraint is satisfied, then ¢ and finally n. O
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