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SUPERPROCESSES OF STOCHASTIC FLOWS!

By ZHI-MING MA AND KAI-NAN XIANG

Academia Sinica, Peking University and University of Lisbon

We construct a continuous superprocess X on M(R?) which is the
unique weak Feller extension of the empirical process of consistent k-
point motions generated by a family of differential operators. The process
X differs from known Dawson—Watanabe type, Fleming—Viot type and
Ornstein—Uhlenbeck type superprocesses. This new type of superprocess
provides a connection between stochastic flows and measure-valued pro-
cesses, and determines a stochastic coalescence which is similar to those of
Smoluchowski. Moreover, the support of X describes how an initial mea-
sure on R? is transported under the flow. As an example, the process real-
izes a viewpoint of Darling about the isotropic stochastic flows under cer-
tain conditions.

1. Introduction. Both measure-valued processes and stochastic flows
have been studied by many authors. Motivated by [9], [11] and [22], in this
paper stochastic flows arising from stochastic differential equations with a
finite number of driving Brownian motions are used to construct measure-
valued processes over R¢.

Let C2((R%)") be the set of all functions on (R?)* with bounded continuous
derivatives of orders up to and including 2. Define an operator A, for each
natural number %k as follows:

1 k d 072]0
Af(zy,...,2,) == af¥(z;,,z2.)——(21,..., 2
kf( 1 k) Zi,]zzlnqzzl ( i J)azlpo,)zz( 1 k)
E d
af
+ Z bp(zi)o,)_p(zb R Zk)?
i=1p=1 Z;

V f e C2((RH"), (2155 2;) € (RO, z; = (2, ...,2%) € R%.
We assume that:

(1.1) bP(-) is a bounded Borel measurable function on R¢, 1 < p < d.
(1.2) (@P9(-,-))1<p, g<a 1S @ nonnegative definite d x d symmetric matrix such
that

af?(z;, Zj) = apq(zj, z;) Y(z;, Zj) € (Rd)z

and a”9(-, -) is a bounded Borel measurable function on (R%)?, Vp, q.
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(1.3) The martingale problem for (A, CZ((R%)*)) is well posed and generates
a unique continuous strong Markov process on (R%)* with a weak Feller
semigroup (Vf’)tzo on the space of all bounded continuous functions on
(R

Denote the process corresponding to (Vf')tzo starting from (z4,...,2;) €
(R at time s by Y* = (Y 4(21),..., Y4(22))ess Then one can check that
{A}},>1 satisfies the following consistency property:

(1.4) Each r(r < k) components of Y* evolves according to the (4,, C3((R%)"))
diffusion process.

Furthermore, Y* = (Y,(z1), ..., Y(2})):=s can be viewed as the k-point
motion under the A; diffusion stochastic flow with interaction term (a?4(-, -))
(see [22]).

It is easy to check that

A1F(2) = Asf (2, 2)

for any f € C2((R%)?) and F(z) = f(z, 2), z € R%. In addition, if f(z, 2,) =
|21 — 24| for (21, 25) € O, x O,, where O, is the open ball centered at 0 with
radius 7(0 < r < 00) in R?, then

A2f(21,21)=0 for 21 € Or.
Particularly, if (21, 23) = |21 — 25/%, ¥(21, 25) € O, x O,, then
F(z1) =0, Ayf(z1,21)=AF(z)=0 Vz €O,.

Therefore (Y, (x), Y, (x)),~ is a martingale solution to (A,, C7((R%)?)) start-
ing from (x, x) at time s. Combining with the fact that (A, C3((R?)?)) gener-
ates a unique strong Markov process and the consistency of {A,};.;, we see
that A,-diffusion has the property that two particles have to stay together
whenever they meet. So the path space of Y* should be

Q, ={w= (0} ..., 0" € C([0, 0); (R))*)|w(t) = w/(¢)
for some ¢t and i # j = '(s) = w’(s) for s > t}.

Isotropic stochastic flows constructed by the reproducing kernel Hilbert space
method and generally perturbed isotropic flows satisfy the above conditions
(1.1)—(1.3) (see [9] or Section 8 in the present paper). See [22] for more exam-
ples which meet our conditions.

Let M(R?) be the set of all finite measures on R¢ endowed with the topology
of weak convergence. Write M, (R?) = {u € M(R?%)|u(R?%) = r} for r > 0, and
write My 4 (RY) = {n € My(RY)u = (1/k) L1 6,3 (21 -, 24) € (RD)*} for
k>1.
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Let (Y®) = (Yo,(¥1),---> Yo;(y2)) be the process corresponding to (Vf)tzo
starting from (y, ..., y,) € (R?)*; define

1 k
(15) Xi =4 L0
=1

Then it follows from Proposition 2.3.3 in [11] that X* = (X?%) is a continuous
strong Markov process on M; ,(R?) (cf. Lemma 2.1 below).

A main result of this paper is to show that there exists a unique weak Feller
extension X of the above X”* to a continious Markov process on the whole space
of M(R?). Moreover, we show that X is a new type of measure-valued process
differing from the known types of superprocesses. More precisely, we obtain
the following results.

THEOREM 1.1 (cf. Theorem 4.5 and Proposition 3.8 below). There exists a
unique continuous strong Markov process X = (X,) in M(R?) associated with
a weak Feller semigroup {T{},.o such that for each r and k, if the initial
value of the process is an atomic measure in M,(R?) distributing its mass
equally among k points yq, ...,y then the distribution of X coincides with
rX*, where X* is specified by (1.5).

REMARK 1.2. (i) The weak Feller property of {T'X} implies the uniqueness
of X; see Proposition 3.8(i1). Otherwise, one may have a different extension.
For example, one may construct a trivial extension by letting all nonatomic
measures remain fixed.

(i1) The analysis of the generator of X (cf. Sections 5 and 6) shows that X is
neither a type of Dawson—Watanabe process nor a type of Fleming—Viot pro-
cess. Also X is not an Ornstein—Uhlenbeck superprocess. Indeed Theorem 1.1
suggests a new type of superprocess. This new type of superprocess is closely
related to stochastic flows, and hence is of interest to be studied further. The
present paper is just a beginning.

(iii) For each k, if the initial value of X is an atomic measure distributing
its mass equally among & points, then the support of X evolves according to
the diffusion with the generator A, with the rule that paths in R? which meet
must coalesce. Thus the process X obtained here determines a stochastic coa-
lescence which is similar to those of [32] (see [1]) in some sense. Moreover, it
realizes a view point of Darling [9] that the real object of interest in stochas-
tic flows is not the family of mappings {Y}, but the way that an initial
measure on R? is transported under the flow. In particular, the framework
in this paper is applicable to certain isotropic stochastic flows constructed
by the reproducing kernel Hilbert space method. See Sections 7 and 8 for
details.

REMARK 1.3. We are grateful to the referee who pointed out that the frame-
work adopted here includes the case where the k-point motions are associated
with a stochastic differential equation on R?. An interesting extreme example
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is the case of independent Brownian motion. In this case atoms will a.s. not
collide provided d > 1. The referee conjectured that for independent Brownian
motion, the M(R%)-valued process will evolve by the atoms moving randomly
and the rest under the semigroup. We shall discuss this subject in a forthcom-
ing paper.

This paper is organized as follows. After some preliminaries in Section 2, we
construct the weak Feller semigroup on M(R?) and discuss some consequences
of the associated process in Section 3. Section 4 is devoted to showing the
continuity of the sample paths. Then we calculate the generator of X in Sec-
tion 5 and compare it to other known superprocesses in Section 6. The rela-
tion of our process to the stochastic coalescence is briefly discussed in Sec-
tion 7. Finally, in Section 8 we discuss some examples coming from isotropic
flows.

2. Preliminaries. Throughout this paper, we shall use the following

Fpo(n):=(u" 1)

notation:
M(R?%)  all finite measures on R? endowed with
the weak topology
My(R?)  ={pe M(RY)|u(R?) =1}
M{(M,(R%)) all probability measures on M;(R?)
endowed with the weak topology
C,(R%)  all bounded continuous functions on R?.
Co(R%)  all continuous functions on R? vanishing
at infinity
C?(Rd) all smooth functions on R¢ with
bounded derivatives of any order
Per(N) all permutations of {1,..., N}
Csym((Rd)”) all continuous symmetric functions from
R? x ... x R (n folds) to R
#  (RY)" - (RY)" is defined by (#x); = x,,; for
x = (x1,...,%,) € (RY)", m € Per(n)
(m, ) := / fdu  the integral of measurable function f with
respect to measure u on R?
1 n
Er (BRI > My(RY), By(zr,on20) = 20,
i=1
where &, is the unit measure centered at z;
My (R ={E.(21,---, 2)| (215, 2,) € (R)"}
u® = pox - x w(n folds),V u € M(R?)

V u e M(R?), bounded Borel
measurable function £ on (R%)".
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LEMMA 2.1. Let (Y¥) = (Yo,(31)s - .., Yo,(2)) be the process corresponding
to (Vf)tzo starting from (y1, ..., y;) € (R)*; define

(X7) = Er(Y7))

Then X* = (X}) is a continuous strong Markov process on M ,(R?).

PrROOF. The proof is similar to Proposition 2.3.3 in [11]. For the reader’s
convenience, we provide an outline.

(i) We have the following claim:
T{Coym((RM*)} = o{E,}.

In particular, if f € Cy((R?)*), then f is 0{Z,}-measurable.
(ii) For any 7 € Per(k) and any f € C2((R?)*), we have

(A(FNE (21, -5 21))
= (Ak(ﬁf))(z s e Zpo1g)

Paf
=5 Z Z apq(zw 1j’zﬂ'*1i) D q (z‘n'*lls---azﬂ'*lk)
i, j=1p,q=1 92141924
k d
+ Z pr(z 11) (Z 11,...,27,.71]3)
i=1p=1 2 11
1 k d (72f
=3 Yo > aPU ez, 2) ———— (21,05 21)
i, j=1p,q=1 92, 1,02, 1 ;

k d f
+i§¥bp(z _1,)52 (21, .-+, 23)

= (Apf) (2155 21)s

where (7f)(21, ..., 2,) = f(Z515 -+ +» 253 for any (24, ..., 2;) € (R?)*. Namely,
A, satisfies the exchangeable condition.

(iii) We now prove that (X k) is a continuous strong Markov process. In fact,
the continuity of (X¥) is obvious. Let

Fi(YF) = olYE s < t}, 7(XF) = o{XE s < t).

Then for any finite (7 (X*))-stopping time 7 and any positive number s, we
have
E[X!

T+S8

c ~|z<Xk>] E[E[X!,, € |7,(YM)]|7(X")]
E[E[X",, € |o(Y})]|7(X")]

T+S
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Noticing that A, satisfies the exchangeable condition, we get

E[XF e |o(YF)] = E[Ex(7YE,,) € |o(7YF)]

— E[E,(YE,,) € |o(7Yh)].
Thus
E[X),, e |7(X")] = E[X., e o(Xh)). 0

REMARK 2.2. Let R? be the one-point compactification of R%, M;(R%) the
set of all probabilities on R, and Cy(R%) the set of all (bounded) continuous
functions on R%. Then M,(R%) is compact in the topology of weak convergence
and

Co(REY) ={f +c| f € Cy(R?), cis a constant}.

Here and at other similar places, we view any f € Co(R?) as a function on
R4 by letting f(A) = 0.

Notice that there exists a countable subset {g;};.; of Co(R?) N CP(RY)
which is dense in Cy(R?) with respect to the uniform norm. Let {r;};.; be
the set of all rational numbers, then {f,},.1 :={g; +r; J = 1, Bk > 1} is
dense in C,(R%) with respect to the uniform norm. We may always assume
f1 = 1. We define for u,v € M;(R%),

o0

o) = 3 o (LA IF 1) = Fy 1)),

Then (M;(R%), p) becomes a compact metric space and the p-topology is com-
patible with the weak topology on M;(R%). If we consider M,(R?) as a Borel
subset of M 1(RZ) by identifying

M;(R?) = {n € My(R}) |n({A}) = 0}.

Then M,(R?) equipped with the metric p is a separable metric space and the
topology induced by p coincides with the vague topology. But since any element
w in M;(R%) must have total mass 1, hence any vague limit in M;(R?) [not
in M(R%)!] is also a weak limit. Therefore the p-topology coincides with the
weak topology on M, (R?). Moreover, one can check that the closure of M;(R?)
in (M(RY), p) is just M,(R%).

Let Cy(M;(R?)) be the space of all bounded continuous functions on
M, (R?). For the further use we introduce its several subspaces:

(2.1 Cp(M(RY):={F; , | f € CL((RD"), n > 1},
(2.2) CX(M(RY):={F; , | f € Cr(R)"), n=>1}
and

(2.3)  C,(M{(R%):={F e Cy(M,(R?%); F is uniformly continuous}.
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LEMMA 2.3. CP(M 1(R%)) is an algebra and is convergence determining in
M1(M;(R?%)). Moreover, C;O(Ml(Rd)) NC,(M;(R?)) is dense in C,(M;(R?))
with respect to the uniform norm.

PROOF. We divide the proof into four parts.
(1) Noticing Fy ,(-)F g ,,(-) = Fj pim(-) for

h(xy, oo X)) =F (1,5 2,)8(% 015 -+ X))

and
Ff,n(') = Fr,n+m(') for r(xla ey xn+m) = f(xl’ ) xn)’

we see that C‘;"(Ml(Rd)) is an algebra.

(ii) Note (M;(R%), p) is a compact metric space and is the p-closure of
M,(R?%). Hence any F e C,(M(R?)) is uniquely extended to an element F ¢
C(M(R%)) [C(M(R%)): all the continuous functions on M;(R%)]. Moreover,
F — F is a one-to-one correspondence between C, (M;(R%) and
C(M(R3)).. _

(iii) Let C,, = {F € C(M,(R%))|F € C,(M,(R%)) N C¥(M;(R))}. Then
éup is an algebra and contains the constant function 1. Moreover {F; 1(-); n >
1} used in the definition of p is a subset of éup and {F; 1(-); n > 1} sepa-
rates the points of M;(R%). Therefore, by the Stone-Weierstrass theorem,
éup is dense in C(M;(R%)). Combining with (ii), we see that C‘;O(Ml(Rd)) N
C,(M{(R?%)) is dense in C,(M,(R?)).

(iv) Let P, P, € M{(M,(R%)), n > 1. Suppose that

(2.4) /FdPn - /FdP, n— o,

for all F e C;O(Ml(Rd)), then it follows from (iii) that (2.4) holds for all F €
C,(M(R%)). Thus C¥(M;(R?)) is convergence determining in M, (M;(R%)).
a

3. Weak Feller semigroup on M(R?). For F = Fi, € Cp(Ml(Rd))
[cf. (2.1)] and u € M;(R?), we define

(3.1) T.F; ,(n) = /V;}f(xl, o x)u(dxy ... dxy).

Note that by the consistency property [cf. (1.4)] and the fact that u is a prob-
ability measure, (3.1) is independent of the expression F = F, ,, and hence
{T; t > 0} is well defined on C ,(M(R?)).

LEmMMA 3.1. {T,; ¢t > 0} satisfies the following properties:

(1) TthFf,n(/J’) = Tt+st,n(M)‘
Gi) |TyFr o(n) — Fr o(w)| = 0, £ — 0.
GQiD) T Fr ull = 1Fp nlls
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where ||-|| denotes the uniform norm. If in addition each (Vf)tzo is strongly
Fellerian, then (ii) is strengthened by
G T Fr ()= Fs ()l = 0, t— 0.

ProoF. By (3.1), we have T, F; ,(u) = Fy»r (1), hence by the consistency
property (1.4),

TthFf,n(/"L) = TtFV;‘f,n(:u') FVZerf n(/"”) = Tt+st,n(/“L)’
which verifies (i). Also by (3.1),

T Fr () = Fr ()l < fIV”f flu™(dx) < S(l;p)n IVif(x) = F(=)l;

thus (ii) [resp. (ii)'] follows from the weak (resp. strong) Feller property of
{V?},~0- We now prove (iii). For a given u € M (R%), let uy = (1/N) Z?’zl )
where {z;} are independent random variables with the same distribution wu.
Then {uy} converges weakly to u a.s. by the large number law. Denote by
{Tf} the semigroup of X*, with the consistency property (1.4), for n < N, we
have

1
Tan(MN)—NN Z Vif(z)025,)

[Where f(yla"'ayN)Zf(yla"'ayn)]

(3.2) = NN Z V”f(zh,..., ~")
Jisen Jn=1
1 n
= Z Vif(zj,---,2;5)
J1reJn=1

=T Fy (un) = Fypp n(un)-
Let N — oo, since VZf € C,((R%)"), we have
(3.3) Tiva,n(MN) = T/Ff o(n) = Fypr o(n) as.
Thus by the contraction property of {T'},

(34)  |T.Fy(w) <limsup|TVF ,(uy)| < limsup | Fy | as.
N—o0 N—o0

Hence
I1T.Fr ol <1 F7

proving (iii). O
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LEMMA 3.2. There exists a unique kernel probability measure P,(u,dv)
from M,(R?) to M,(R?) such that

(3.5) T,F(u) = /F(V)Pt(,u, dv) forall F e C,(M1(R%)).

PROOF. Given u € M{(R?%),let uy = (1/N) Z?’zl 8., where {z;} are inde-
pendent random variables with the same distribution w. Denote the law of
XY (XY = ny) on My y(RY) ¢ My(R?) by P¥(u, dv). From (3.3), we can
check that

(3.6) /F(V)ng(,b, dv)— T,F(p) V¥ FeC,(M(R%)).

We claim that {P} (1, dv)}y~1 is tight in M,(M(R?)).
In fact, for any r > 0, let B, = {|x| < r} ¢ R?%. Then with the consistency
property of A,;, we have

fM1<Rd) PN (u, dv)v(BS) = P[(XN, BO)IXY = py]

1 N
=P [N 21 {Y0t<zi)¢3,}}

= P[Y(21) € B,].

Since Y ,(z;) is an R%-valued random variable, we must have

lim sup sup/ PN (u, dv)v(B) =limsup P[Y ,(2;) ¢ B,] = 0.
r—00 N ‘M (R9) r—00
Thus the first moment measure sequence of { P} (u, -)} -1 is tight in M;(R?).

Recall that (cf. [11]) for any @ € M(M,(R?)), the corresponding first moment
measure @; on R? is defined by

QB) = [, . QUaRA(B)

for any Borel set B ¢ R?. Then by Lemma 3.2.8 in [11], and noticing M;(R?)
is closed in M(R?), we see that {P} (u, }n=1 is tight in M (M,(R?)).

Thus by Lemma 2.3 and (3.6), we conclude that { PN (u, -)}n=1 has a unique
weak limit point P,(u,-) in M;(M,(R?%)) which satisfies (3.5). The measur-

ability of w — P,(u, ) is obvious because T, F(un) is measurable in u for all
FeC,(M(RY). O

With the kernel probability P,(u,dv), we can now extend T,F to all
bounded Borel functions F on M;(R?) by setting

(3.7) T,F(p) = /F(V)Pt(u, dv).
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LEMMA 3.3. {T;};»0 is a weakly continuous Feller semigroup on
Cy(M1(R?)).

PROOF. The semigroup property follows from Lemma 3.1(i) and the mono-
tone class argument. By Lemma 3.1(ii1), (iii) and Lemma 2.3,

|T,F(u) — F(u)| — 0,¢£ — 0 for all F e C,(M,(R?)).

That is, P,(u, -) converges weakly to 8, when ¢ — 0.

Therefore, T,F(n) = [F@)Pu,dv) converges to F(u) for all
F e Cy(M{(R%)), that is, {T,; t > 0} is weakly continuous. Note that for each
n, {Vi;t > 0} is a weak Feller semigroup. Hence if F = F , € Cp(Ml(Rd)),
then

T F(p) = [ Vifdu" € Cy(My(R)),

which extends to all F € C,(M;(R?%)) immediately by Lemma 3.1(ii) and
Lemma 2.3.

Therefore, P,(u,-) is continuous in w w.r.t. the weak topology of M;(R%),
which implies the weak Feller property of {T;;¢ > 0}. O

REMARK 3.4. If each {V};t > 0} is strongly Fellerian, then by
Lemma 3.1(ii)’ and Lemma 2.3, the weak continuity is strengthened by
\T,F - F||— 0, t — 0 for all F e Cy(M(R?)).

We are going to extend the semigroup to the whole space M(R?). To this
end, we note that each m € M(R?) with m(R?) > 0 is uniquely expressed
as m = ru with r > 0 and u € M{(R?). Thus we may identify M(R?) with
{(0, 00) x M;(R%)} U {0}. We define

p(my, mg) = |ry — ro| + min{ry, ro} - p(u1, 1o)

for m; = rip; and my = ryuy [with the convention that 0 = Ou for arbi-
trary w € M;(R?)]. Then, using the fact that p is a metric on M;(R?) and
p(u1, we) < 1, one can check that p is a metric on M(R?) and its induced topol-
ogy coincides with the weak topology. For » > 0, we denote by J,.(un) = ru,
then J, is a measurable map from M;(R?) to M(R?).

We extend the kernel probability measure P,(u,-) to M(R?) by setting
(3.8) P,(m, B) = Py(, J;(B))
for m = ru € M(R?) and Borel set B ¢ M(R?). Here

P,(m,B) = Iz(0) ifm=0.

PROPOSITION 3.6. Let

(3.9) TXF(m) = /M(Rd) F()P,(m, dv)
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for bounded Borel function F on M(R?®). Then {TX},., is a weakly continuous
Feller semigroup on Cy,(M(R?)).

PrROOF. Clearly {T}},., is a semigroup. If F is a bounded uniformly con-
tinuous function on M(R?) w.r.t. the metric p, then one can easily check the
weak continuity and Feller property. Thus the weak continuity and Feller prop-
erty holds for all F € C(M(R?)) because the family of all bounded uniformly
continuous functions is a convergence determining class. O

REMARK 3.7. Note that M,(R?) is a Polish space with the weak topology
(not necessarily with the metric specified in Remark 2.2). By Kolmogorov’s
extension theorem, there is an M;(R¢)-valued Markov process (X,),., asso-
ciated to the semigroup {7T},.¢. For u € M;(R?) and m = rp, let X, = rX,
with X = u, then P,(m, -) specified in (3.8) is the law of X, and X = (X,),=o
is a Markov process on M(R?).

In the next section we shall prove that there exists a version of (X,).¢
which has continuous sample paths. For a moment we assume that we have
already taken such a continuous version. Then we may conclude the following
assertions.

PROPOSITION 3.8. Assume (X,)..o has continuous sample paths and let
X = (X,;)=0 be as in the above remark.

(i) For each r and k, if X, = (r/k) Zle 5, € M, (R?), then the distribu-
tion of X coincides with rX*, where X* is specified in Lemma 2.1. In par-
ticular, the support S = (8S,) of (X,) evolves according to the law of (Y*)
with initial value (y1, ..., v,) with the rule that paths in R? which meet must
coalesce.

(i1) The above property (i) and the weak Feller property implies the unique-
ness of (X;);o-

PrOOF. (i) Without loss of generality, we may assume r = 1. For F =
F;, € Cp(Ml(Rd)), following the argument of (3.2) and (3.3), we can show
that

1 k
Tth,n(V)szFf,n(V) Vv= EZ%,-'
i=1

This shows that the two continuous Markov processes (X,;) and
(XF) = (2,(YF)) have the same distribution. Thus the desired assertion fol-
lows from the behavior of (Z,(Y%)).

(ii) Suppose there is another M;(R%)-valued Markov process X' satisfies
the above property (i) and has the weak Feller property. For an arbitrary
w € M{(R%), let X, = puy be as in the proof of Lemma 3.1(iii); then the
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semigroup {7} of X' must satisfy that for any f € C°((RY)"),

T;Ff,n(/“LN) = vaFf,n(MN) = FV{’f,n(MN) a.s.

Note that uy — p weakly a.s.; hence from the weak Feller property of {7},
we obtain

TiFf o(uy) —> TiFp o(p)  as, N — oo
Also from the weak Feller property of {V1},, we obtain that as N — oo,
Fvgf,n(,U«N) - FV;‘f,n(/'L) a.s.
Therefore,
T/th,n(/-'L) = Tth,n(/"L)'
With Lemma 2.3, we get
T,=T,

which shows that X’ and X have the same finite-dimensional distribution. If
in addition X’ has continuous sample paths, then the two processes have the
same law on the space C([0, o0); M;(R%)). O

4. Continuous M;(R%)-valued process. For a metric space E, we
denote by Dy all cadlag functions from [0, c0) to E. It is known that Dy
equipped with the Skorohod metric is a Polish space provided E is a Polish
space.

LEMMA 4.1. Let X" be as in Lemma 2.1. Denote by A* the generator of X*.
Then for F; , € C;O(Ml(Rd)) and uw=(1/k) Y%, 8, , we have

(4.1) A*Fp (m)=F 4 5 (1)

i’

PROOF. From the definition of the generator, we have

.1
AMFy o (w) = lim ZE[Fy o (XE) = Fp o(X)IXG = 1]

1 & 1

= 2 Jm oE[f(Yol(y))s- s Yoly,))

J1resJn=1

— ) 95)]
k

:_n Z Anf(yjl; 7yjn,)

J1sees Jn=
= (/J‘n7 Anf) = FA"f,n(/‘L)' O

Given u € M{(R?), let (X7),.o with X} = uy be the process specified at
the beginning of the proof of Lemma 3.2. We consider XV = (X N ) as a random
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variable takes value in Dy gey C Dy, (g¢) and denote by PV its distribution
on Dy, (rs)-

LEMMA 4.2. {PN}Nzl form a tlght famlly in DM](RZ)

PROOF. Define a function family on M;(R%) as follows:
C°°(M1(R ) ={Fgz .()lg =f +c, cis constant,
f € CF(RY)") N Co((R)")}-

It is easy to prove that C3(M I(R )) is an algebra and separates points in

M(My(RY)).
Let Fr, € C3(M 1(R%)). Denote by (Z,),., the coordinate process on
Dy, (rey- By the above lemma,

t
Fro(Z) = [ Faa(Z)ds, 120

is a PN-martingale for each N. Denote by EV the expectation of PV. Clearly
we have

sup EN [sup |FAnf,n(Zs)|j| < 00.
N s<t

Therefore, by Corollary 3.6.3 of [11], the family
PN o (Ff (Z) 7Y, N=>1

is tight in Dp, for each F, , € C7(M; (R%)). Note that M;(R%) is a compact
metric space. Hence by Theorem 3.6.4 of [11], {PN}y.; is tight in
Dy, ry- D

For a metric space E, we denote by C 5 the space of all continuous functions
from [0, o) to E.

LEMMA 4.3. {PN} converges weakly to a probability measure P,on Cy (g
such that its finite-dimensional distribution is uniquely determined by the
semigroup {T,.};~o specified in (3.7) and the initial measure
p e Mi(R?).

PROOF. Note that
T.,Fr,w)=TYF;,(v) VYveM, y(R?), n<N.

By Lemmas 3.3, 2.3 and 4.2, combining with the Markov property, {P"} is
convergent to P, on Dy (pe according to finite-dimensional distributions fol-
lowing from a standard method (cf. [11D).
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Let {f,}.>1 C C,(R%) be the family of functions used in Remark 2.2 for
the definition of the metric p. We define the following metric which is also
compatible with the weak topology on M I(Ri):

(4.2) d(u,v)=n§%<m /fnd,u—/fndv>,

where

a, = 2{max{2", 1+ b,}}'2,

d d
b = max{20f, (0 + [} 2 @ 0,0 al0) + 3 BRI F(2)
xeR p.q=1 p=1

+ fl(fl apq<x)aqfn<x>)2},

(0pg(+5 ) := 0o(:,-) is a nonnegative symmetric matrix with bounded entries
such that o(-,-)? = a(-, ), and J;f denotes the ith direction derivative of f,
diif = 3:(9;f).

Given u € M{(R?), let (X),., with XY = uy be the process specified
at2 (t}l;; )beginning of the proof of Lemma 3.2. Note that for any function f €
C; ,

N
/defV = (XN, f)= % 2 F(Yolz))),
=1

where (Y (x)), is an A;-diffusion with coeficients satisfying
assumptions (1.1)—(1.3).
By 1td’s rule, we can prove

F(Y o)~ £(2) = M) + [ Af (Yol ds
= M{(x)+ N/ (x),
where M { (x) is a martingale with
t d d 2
(M@ = [ 3 (X 0 (Vo) (Yo () d.
p=1 \g=1

[In the above we have taken the convention (o(z) := o(z, 2)).]
Let £, be as in (4.2); then

N
[ FadX — [ £,dXY = < S[Ml*(z) - M(z,) + NI*(2,) ~ NI (2]
j=1
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Since x” (p > 1) is a convex function on R,
p

[ oaxy - [ r,axy

N p
- {% S| M{"(2)) = MI(z)) + NI (2)) - Nﬁ"(Zﬂ\}

Jj=1
N

< LS Ml () - MEne)) 4 NI () - Ne(z)))?

= N —~ t J S J t J S J
J:

2r N

< 2 S M (2 — ME 1P + INF(2)) = NE(21P).

Jj=1

Taking p = 3, by Holder’s inequality, we obtain

o0 1 2 oo 1
d(XY, XY) < (Z m) (Z 373

3
n=1Qn 1Qn

[ f2dx? — [ £,dXY

)

=1 fn f 3
<o X g 2 1M () — MEn(z))]
Jj=1

n=1Qn

+ INf"(Zj)—Nf"(ZjNS})’
where ¢ = 23(3X%; 1/a)*)2.
Taking expectations at both sides of the above formula, and using the
Burkholder-Davies—Gundy inequality and the consistency of {A;},.;, we
obtain

EV(d(X), X{')°)

* 1 N1
SC<Z 3/2_Z EN{|M5"(ZJ)_M§"(ZJ')|3
N (z)) N§n<zj>|3})
1
= o & B M) - M)
n=10n

N () Ngfn(zl)i:”})

= o3 g [, PUME o)~ ML Yoo() = ]t

n=1Qn

+ [ PINE ) = NI Yoo = 2] o)
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< c(Z 5 sup [ P[IMI" (x) — MI» ()Y go(x) = ]

n=1 an xeRd

+ P[|Nf”(x) — NIn(x)P|Y go(x) = x]})

IA

=1
c(Z m{ﬁbi/zu —s?+ b3t - s|3})
n=1Qn

X1 b+ b3 s 4/
<o X ga PR P v - sf)
n=1Qn Qn

IA

1
o X —grealle = v 11— 5)

n=1Qn
3 3/2
=cs(|t — s’ v |t —s|*?),

where ¢, ¢y, c3 are constants. With the convergence we have just proved, we
get

E,(d(Z,, Z,)°) < cs(|t — s’ v [t = s]%),
where E, is the expectation related to P, and (Z,) is the coordinate process
on Dy gey. Now by Kolmogorov’s continuity criterion, we see that (Z,) has a
continuous realization on Cy g¢). So far we have proved the lemma. O
LEMMA 4.4. Suppose u € M;(R?). Define
o =inf{t|Z, ¢ M,(R%)}.
Then
P {0 <o} =0.

PROOF. In order to obtain P, [0 < oo] = 0, it suffices to prove

(4.3) lim Pﬂ[ inf (Z,, fn)] -1 VO0<T <o

n—o00 0<s<T

Here T is constant and f, € Co(R?) N C°(R?) such that

_ L x| =m,
f"(x)_{O, |x| > n+ 1.

In fact, if P,[o < oo] > 0, then we can choose T' € (0, co) satisfying
P,[oc <T]>0.
Note that on [0 < T,

inf (Z inf Z.(R%) < 1.
02?5T< s,fn>§og§T sS(RY) <
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Then we have that
. . . d
lim PM[ inf (Z,, fn)] < PM[Ogsz Z(R )] <1,

n—oo 0<s<T

which contradicts (4.3).

Now we are in the position to prove (4.3).

On Dy RY)s the Skorohod topology is weaker than the local uniform topol-
ogy; but when Z € Cy (e, a sequence {Z"}, C Dy gey converges to Z for
the Skorohod topology if and only if it converges to Z locally uniformly (refer
to [21], Proposition 1.17, page 292, for a similar proof). By this fact, on C M,y (RY)>

the Skorohod topology is just the locally uniform one. Note that {P¥}, con-
verges weakly to P, on Cy ge). We see that infy_,_7(Z, f,) is a bounded
continuous function on €y r¢) and

. N . _ .
Am P [oé?gfﬁzm f)] = Pﬂ[oé?gfﬁzm £
However, by the consistency, we have

N . N .
P [Ogyzs, f)]= P [OngfTZs(Bn)]
N T
. [Ys(2;)eB,]
= P| inf “1Po(z1)eBl
int e

N 1
> P — inf I
= LZI Notr [YOS<zi)eBn]}

=P [oi;gT I [YOS(zl)eBnl]

- /Rd P, I:O;l’slgT I[Yos(x)GBn]]M(dx)

> [, Pulra = Tlu(dx).
where P, is the law of (Y ,(x)), B, = {x € R%||x| < n} and
7, = inf{¢[Yo,(x) & B, }.
Therefore,

lim inf PH[ inf (Z,, fn)] > liminf [ P,[r, > T]u(dx)
n—oo n—oo Rd

0<s<T

> [ liminf P,[r, > T]u(dx) = 1.

Rd n—o©

This proves (4.3). O

THEOREM 4.5. Let (X,),~( be the coordinate process on C M,(réy- Then there
exists a unique family of probability measures {P,}, ey, (re) 01 Cyp (ray such
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that (X,)o becomes a continuous strong Markov process associated with
{T'} 0

PROOF. With Lemmas 4.3 and 4.4, we conclude that (X,) (X, = u €
M,(R%)) has indeed a M,(R?)-valued continuous version. Let P, be its law on
Cum,(re)- Then {P,},cu, (re) is the desired family of probabilities. By a routine
argument (cf.,, e.g., Sharp [30], Theorem 7.4(v), page 31), the strong Markov
property of (X,) follows from the Feller property and the continuity of sample
paths. The uniqueness of {P,}, .y, (re) follows from Proposition 3.8(ii). O

From the above proof, we have the following.

PROPOSITION 4.6. For the metric specified in (4.2), X has an a-Hoélder con-
tinuous version on Cy (ge) for a € (0, %)

REMARK 4.7. As we did in Remark 3.7, for u € M{(R?) and m = ru, let

X, = rX, with Xy = p, then X = (X,),.o is a continuous strong Markov
process on M(R?) associated with the Feller semigroup {77 },.,.

5. Generator of X. Denote by A with domain D(A) the (weak) generator
of (X). That is,

(61 AF() = lim 1E,[F(X,) - F(Xy)] = lim 1 [T,F(u) ~ F(w)]
and
D(A) = {F € C,(M1(R))| AF(n) exists for all u € M;(R%)}.
LEMMA 5.1. If F = F; , € CX(M,(R%)), then F; , € D(A) and
(5.2) AF; (1) = F ¢ o(p)
PROOF. Let F = F; , € C¥(M;(R?)). Then

'TtF(M)—F(M)_
t

= oy

FAnf,n(M)‘

LVIF - D) - Al (dx) — 0.

For a function F on M(R?), we define for u € M(R?) and x € R?,

SF(n) _ d |
5/.L(.')C) = %F(IU“_'_ SSx)i

e=0,
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provided the derivative exists. It is easy to see [11] that for F' = F, , with
f € CP((RY)™), we have

8F (1)

il S Z f(x X, x x,) [T m(dx;
1o 0> ] 1> J+ls > *n ILL( xl)’

Su(x) / i#j

62Ff,n(lu“)

Su(x)ou(y)

= Z/f(xl,...,xj,l,x,le,...,xk,l,y,ka,...,xn) [T m(dx;).
J#k i#j, k

THEOREM 5.2. For F = F; , withn>2and f ¢ CP((RY)™), we have

8F(u) ~, &F(n)
AF(u) = [ A 5y (00 2 / By W (ddy)

52F(M)
+[ A S samony D) Y e My(RY,

where A, A, are the diffusion parts of A;, A,, respectively.
ProOOF. With Lemma 5.1, we have

AF(u) = F g p.0(0) = [ Af dp”

-3 5 @l <>

i, j=1p,q=1

£ 5 ) p<x1, o) Wy )

i=1p=1

n d 2
:Z/[% > aP(x;, x;) &fq( oo Xp)

pog=1 ox &

Y bh) f(xl,...,xn)}w(dxl---dxn)

p=1

3 > 0, x)- s q<x1,...,xn>]un<dx1-~dxn>

i#Jj p,q=1
n 1 d &2](‘
= /|:§ Z apq(xi,xi)ﬁ(xl,...,xn)
i=1 p,q=1 Ix; Ix;

" Z b7 L, (xl, oox)| (Tt Jucax,)

ki
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+ - Z/ Z apq(xj,x) p& q( Xiyenrs Xy)

laéJ p,q=1
< (I ) (s
ki, j
OF ()
=[A
[ A 5 (@)
1 d 2f
+_Z Z {apq(xi7xi)—(x17"'7xn)
2 iaﬁj/p, g=1 dx} ox]
Pf
+ apq(xj’ x])W(xla ey xn)

ai(xg x ) —2L )}
aPi(x;, x:)———=(%1,..., %
! Jé’xf&x‘; 1 "

<( 1 widxp) Ju(@xds,)

k#i, j
2

1 d A2f
D) 2/ Zl{apq(xi, xi)m(xb ces Xy)

+aP(x; x)&z—f(x x )}
P ) G e

< (T wdy) )u(@xdsy)

k#i, j

_ 5F(M) 5 OF(p)
= Ay 190+ | Ry )

8 F(u)
2/ (5M( )5M(y)>(x)ﬂ2(dxdy)' =

6. Comparison with other superprocesses. (I) Suppose that {Y;},. is

an M(R?) or M,(R?) valued Markov process. Denote by { P,} ., the semigroup
of Y = {Y,},-¢. For F in an appropriate domain D(L), the generator (L,) of

Y or {P,}:- Thas the following form [11]:

_ IO & F(p)
LtF(M)—/Rd L(t,pn,d 8 (x) 2/Rd)2 mQ(t,M,dx,dy),
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where L(t, -, -) generates a deterministic evolution on M(R?%) (M;(R?)) and
Q(¢, u, dx, dy)

is a symmetric signed measure on R? x R? satisfying
Jpo TRt s d,d) 20 ¥ [ € Cy(RY).
If we specialize L(t, u, dx) and Q(¢, u, dx, dy), then we can obtain Dawson—
Watanabe superprocesses and Fleming—Viot processes, respectively [11].
(a) Dawson—Watanabe process:
L(¢,v) = Lv+ R(¢, v), v e D(L),
Q(¢, p, dx, dy) = c(x)6,(dy)u(dx),

LF ) = [, L 5 Yt

P F(p)
3 o O s M)

where L is the generator of a Feller semigroup on C,(R?) which describes
the spatial motion, R(-, -) satisfies certain regular conditions and is called the
interaction term.

(b) Fleming—Viot process:

L(¢,v) = Lv + R(t, v), v e D(L),
Q(t, p, dx, dy) = y(x)(8,(dy)w(dx) — p(dx)u(dy)), v >0,

LF ) = [, Lt 5 Yt

82F (1)
x)(8,.(d dx) — pu(dx)u(dy)).
= s 33y Y0 O(@)a(dx) = w(dx)u(dy)
In strict sense, (a) and (b) should be called the Dawson—Watanabe process with
interaction term and Fleming—Viot process with interaction term, respectively;
the usual Dawson—Watanabe process or Fleming—Viot process corresponds to
the case when R = 0.

(IT) The homogeneous Ornstein—Uhlenbeck superprocesses based on R? can
be described as follows (see [12]).
Let {V,},.o be a semigroup associated with a Feller process on R?. Define

P,(u, -) as a Markov transition function in M(R?) such that
[ Puu.dv)v,f) =, V,f) V¥ [eCyR).
M(Rd)

We say (Pum,-)) is a supertransition function over (V,);0.
(P(1s *))i>0, yem(rey 18 an Ornstein—Uhlenbeck supertransition function in
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M(R?) if for any f € C,(R?),

A, f) _ t
G1) [ 0 Pl dn)e 00 = exp|V/=T < o, Vif = —5 [ Q(V./) ds}.
Here @ is a positive semidefinite quadratic form on M(R?).

Conclusion. Comparing with Theorem 5.2, we see that the generator A of
X differs from both the types (a) and (b) of (I). Furthermore, X has interaction
term A, that generally cannot be determined by a semigroup of a Markov pro-
cess on R?. Comparing with (6.1), we see that X is not an O-U superprocess.

In a word, X or X is a new type of superprocess. This new type of superpro-
cess is closely related to stochastic flows, and hence is of interest to be studied
further. The present paper is just a beginning.

7. Stochastic coalescence of X. The process X determines a stochastic
coalescence which is similar to those of [32] (see [1]) in some sense.

When the initial value of the process X is an atomic measure distributing
its mass equally among % points yq,..., y, € R, if we divide mass 1 into r
fragmentations,

Xt({YOt(yil)})’ cee Xt({YOt(yi,)})
at time ¢, where

{Yo(yipll<l<r,1<iy<---<i, <k}

is the set of all distinct points among {Y o;(y;)}1<i<#, then we can see X cor-
responds to a stochastic coalescence.

More generally, when the initial value of X is an atomic measure, the pro-
cess X corresponds also to a stochastic coalescence.

Let u =321 0,0, € M{(R?%), a; > 0, Y a; = 1. Note that for each natural
number 7, there is a one-to-one map from C([0, o), R?)" to C([0, c0), (R%)")
as follows:

((‘U1(t))t30a R (wn(t))tEO) - (wl(t)> R wn(t))tzo'

Thus for any natural number sequence (i, ..., i,), the law of
(Yorl3i)s s Yol i, )) oo

can be viewed as a probability on C([0, c0), R%)".
Now by the consistency of the stochastic flows and Kolmogorov’s extension
theorem, we can see that there exists a unique probability P on

E = C([0,0), RY)™ = {w = (w1, wy, . ..)|w; € C([0, 00), R}V i}
under which (w; (?), ..., ; (£));>o evolves according to the law of

(YOt(yil)s cees YOt(yin))tzo

for any natural number sequence (i1, ..., i,).
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Define a process Y = (Y )~ on E as follows:
Yt(w) = Zaic‘iwi(t) Vi> 0, wekE.

Then we can easily see that Y has the semigroup {7';; ¢ > 0} on Cp(Ml(Rd))
and the same distribution as the process X = (X,);-o with X = u.
Therefore the process X corresponds to a stochastic coalescence.

8. Examples arising from isotropic flows. An isotropic stochastic flow
on R?, denoted by U = {Y,(x); 0 < s < t, x € R%}, describes the motion
of a particle dropped in an isotropic mean zero Gaussian field. Here Y (x)
denotes the position of time ¢ (> s) of a particle which is at x at time s.
The mutual variation for the motion of two points under the flow is to be
given by

8.1) d(Y (), Y5,(2)) = bY(Y o(y) — Yu(2)) dt,

where b: R? — {symmetric d x d nonnegative definite real matrices} is the
covariance tensor of U. The isotropic condition on U is

(8.2) b(x) = GB(Gx)G ¥ G e 0(d),

where O(d) is the group of real orthogonal d x d matrices, and G’ stands for
the transpose of G. We always suppose that 5(0) is the identical matrix, b(x)
is continuous, and all entries in b(x) converge to 0 as |x| goes to co. It is known
that the covariance tensor b(-) has to be the following form (cf. [5, 9, 34]). For
d=1,

(8.3) b(x) = /Rl V1w F(dy),

where F(-) is a probability measure with F(dy) = F(—dy), and with no atom
at 0.
For d > 2, for x # 0,

(8.4) b?(x) = (BL(|x) — By(|x)xPx?/(|x[*) + By(|x[)8%¢,

where

o[ g9(r J
B = 4| [ 225 - 242D o s

o o 5 0(r
+(d- 1)/0 %&?%(d@},

I r
Ba(r) = Ad | (‘j%(d/?@l(ds)

o g_9y2(rs)  Jg,e(rs)
e - G Jeuan)

Ay =217221(d/2),
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and o/, denotes the Bessel function of the first kind of order m, and ®; and
®, are any positive finite measures on (0, c0) such that

[©1((0, 00)) + (d — 1)P4((0, 00))] =

SHEE

Let (Yo;(¥1), ..., Yo:(¥%)) be a motion of £ points in R? under a stochastic
flow satisfying (8.1). This must be a diffusion process with generator A, where
for any smooth function f on (R%)%,

d 2

1 & J
(8.5) Akf(zl,...,zk)zi Z Z pq(Zj—Zi)Wf(Zl,...,Zk).
j=1 i Jj

q:

The above observation suggests a way of constructing isotropic flows via mar-
tingale problem methods. To this end, denote by D, the set of k-tuples of
distinct points in (R?). Note that (), is the path in R? having the property
that two particles have to stay together whenever they meet. It is known that,
for d > 2 and for every choice of measures ®; and ®,, and for every s > 0
and z = (21,..., 2;) € Dy, there is a unique probability measure P , on (),
under which the canonical process {(Y(2;1), ..., Y4 (2;)), t > s} is a diffusion
process on (R%)* with zero drift, such that the mutual quadratic variations
satisfy (8.1). Moreover the map (s, z) — P , is measurable and the family
{P; .} is the strong Markov. The same conclusions hold when d = 1, provided
F specified in (8.3) is not atomic with a finite number of atoms. See [9] and
references therein for details of the above results.

The {P; ,; s > 0, z € D;} are referred to as the law of the k-point motion.
They have the obvious consistency property in the sense that the law of any
k components of the n-point motion (k2 < n) has the law of k-point motion.

Given some strong conditions on the moment of Y (x) — Y, (y) for fixed
t > sas y — x, one can construct a stochastic flow of continuous mappings
(Totoki’s theorem; cf. [14]).

When the measures ®; and ®, have finite second moments, then b(-) has
two order-continuous derivatives. Using the reproducing kernel Hilbert space
method under this condition, one can construct an isotropic stochastic flow by
solving a Lipschitz type It6 stochastic differential equations (see [2, 5, 9, 24]).
By Theorem 6.3.4 in [33], we can get a stochastic flow satisfying the conditions
in the introduction.

However in general a stochastic flow may fail to be spatially continuous.
Harris [19] constructed a stochastic flow of monotone (hence spatially mea-
surable) mappings in R!. But in R? for d > 2, the only result was given by
Darling [9] who constructed a stochastic flow of mappings by the martingale
problem approach, which were not shown to be spatially measurable, from a
consistent set of laws for k-point motions.
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Though {A, +¢I,,},-1 satisfies conditions (1.1)—(1.3) for each & > 0, where
I, denotes the kd x kd identity matrix, it is a pity that the Feller property
of A,-diffusion generally is not known at present for each k.

In a survey paper [9], Darling proposed a problem from the point of view
that the real object of interest in stochastic flows is not the family of mappings
{Y,,} but the way that an initial measure on R? is transported under the flow.
It is stated as follows.

PrROBLEM ([9], Problem 2.5). Given the generators {A;; £ > 1} for all the
k-point motions, which are consistent, construct a Markov process {X,} in
M(R?) such that for each k, if the initial value of the process is an atomic
measure distributing its mass equally among % points, the support of {X,}
evolves according to the diffusion with the generator A, with the rule that
paths in R¢ which meet must coalesce.

The main results of this paper (see Proposition 3.8 and Theorem 4.5) are
applicable to certain isotropic stochastic flows constructed by the reproducing
kernel Hilbert space method, which realizes the above point of view.
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