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In a paper published in this journal the writer has developed
a simple differential operator method for expressing any sym-
metric function of thei#) variates x,, x,, --- - - ,X,as a rational,
integral, algebraic function of the power sums s,, S,,--.s, where
wis the weight of the symmetric function and

Sk-z.'x,/'( = x,k4 xekf ceee # x,.,k-
The transformation to moments is then simply a matter of
recognizing that 7u, =5, if « is the k th moment of the r7vari-
ates with respect to the origin from which they are measured. If
the origin is at the arithmetic.- mean of the » variates the prime may
be dropped and then 7w, = s, .

In the above mentioned paper the variates x; are of the serial
distribution type, but, of course, not necessarily integers. The
extensions to the case of more than one set of variates and to
frequency functions now suggest themselves. It is the purpose of
this note to discuss these problems simultaneously.

Suppose that two sets, of [¥ivariates each, x,, x,,:- -, X,
and Y Yyi ,are givenand that x;,y. (=12, ....,7) are cor-
responding pairs. Modifying the partition notation used in the
previous paper the symmetric function to be considered may be

written in the form (@, %a,* - - - - 57 45,72 . )j.e. the

sum of all such terms as

e a a 2 ., Gz C oy b,
x, xz e e znl Z”L*, xr’l*," yl ‘y‘
b, b,
(] 2 .. 2 .
* Ym, Ym,+1 Y, + g

1 Symmetric Functions and Symmetric. Functions of Symmetric Func-
tions, Vol. II. No. 2 (May, 1931), pp. 102-149,

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to [

L2

The Annals of Mathematical Statistics. RINKOIS ®

WWWw.jstor.org



SYMMETRIC FUNCTIONS §7

where
a/'az’ajl..., b]:é;%: PR 77,'772' TI’, -..ﬁ7/, 77,, 7,

are positive integers and where
@,> @gray;>-->0.

7 F T+ Tig b s ET7, $ M+ Mg # oo -

eg. (3%2.451) <(332.451)-2 xf yﬂﬁy‘-‘&{ Y, i'#/4k. Obvious-
ly the order of the parts in the bipartite notation will be important,
corresponding parts being equidistant from the left of their respec-
tive sections of the partition. The double partition will be said to
be of weight wy=a,7,+a, 7, + @, 7,+ . ... in X and of weight
Ve =877, + bymy + by, +..-iny. There will be no loss of
generality if it is assumed that w/, 2 wj;.

By a procedure similar to that employed in the first chapter
of the paper already referred to, it may be shown that any sym-
metric function of the type defined above can be expressed as
rational, integral, algebraic function of the symmetric functions

s, , S S -

1" iz Sz w, W,

2

where
h Kk
Shi ‘é Vi s hed& e, W, k=l 2 - vy

Moreover, the terms of this function will be isobaric of weight v
in x, isobaric of weight w,iny, and hence isobaric of weight
W, +u; in x and y together.
e. g. Multiply s, by itself:

2 2 2 FIRY
Su=(X Y, + 2 %, + - - +275y,)
4 2 2.2
Ig’);x’,...)

+ 2
w (% 2]y eyl *3{“7“":-%&*”
2,2
:542 *2/2 '1 ).

(21,12): (3‘21 - 34")/2,
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each term being of weight 4 inx, 2 in y, and 6 in x.and y together.
It is possible then to write

” ” m, , 7. m
/a za L b/ ,sz .abs J.._)

ffsl/l,sllr Y 3"‘/', Ty, SM%)Ef

where £ stands for a rational, integral, algebraic function of the
sums (or product moments) S, , (= 1, wp, jel,- o vy,
isobaric as explained above. Suppose that a new pair of variates
Xy sy "%, Yag =/ BTE introduced. Obviously s, becomes s,/
+¢,5’ Hence applying Taylor’s Theorem ¥ becomes

£oluBd, +<By»r - *4‘/5’0"7 #oen -+¢“",6’“‘d“;%)f

'f{"ﬂd”*'(ldzdlz Y I .4..,‘,‘. .dl/+ ..... *““I‘dw ) é,

. ‘
+Q'ld” *@p{d,‘-f- .- +¢/‘6Ja"/ P e e *4“:'6%61/“;%)%@!
all other terms being identically zero, where &, » a/d,-j»and az/"
lal(/as‘k-j-' “.Il-o..lv‘/,' ./'gll.-.' w"

Using the multinomial theorem and collecting coefficients of o« ‘,6 J
the above expression may be written in the form

(1+80, +48°Dy+ -8By )f

where

I:DII =y,

Dlt dll;

| Dy = dly,

Dy * g 2
.p,, eda e di/z,
(1) L Dy < dy,

[ D“ bl du-

Dyy = deg +a,,d,q,
Dy = dgz + ) Ay,
L Dy, = dyn
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D/_f d/jv
D "t la*d,z /2,
gd + d2+a/,2421+d /6
-p4z * gz *d// y +af /2,
D, =4y,
S e s
i, ‘z/z d‘.s./'s o
Z ’[:1...Iw ,
k! k! kJ oo ’ 2
where /(t,+k l +k_,i3+ e =g,
k _/’ k]-/j* ..... a/"
‘I ’ 12: y Ty, //l./.Zn/_'g) Y k/' kz' k]:“being pOSitiVC in'

tegers. The inverse relation is given bv

v+l 4 A k.
- -1)! ’ .D’z D™
o, -z (0 o-0i0)

L3ds

/«,/ k,./ &,/

where ‘.g/’-...'w,’ ./.3/:""1‘4,2)
k1, 4'(’2::2 +'{'313+ ceee =4,
KiJy + Kadz +kegjg+ - =/,
kl*kz"'k:* ........ =V

L)y b, Ly, -, 1oder g s "', 4} 4’_,, --- being positive in-

tegers.
The effect of the new variates, Aon

7, 72, 2, m, 777 m,
(al'azza‘,-"--. b/ ’bz zbj 5.

is to replace this symmetric function by
@ a,’2a)7. .. b"",b m‘b .

+a%8 % e G G 6,726,

+q,azﬁ 3/a ™, n,-la,n_,_ L. b’”',bz 777,°1b ”,
Hence replacing by(a"’az’!'a 2 8,75, b, .

1*“‘ﬂ-0// rx 8 Du*"‘ /d

f-c‘,d/D - a,” a,za bm’ N T BB

cee

.), then
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=(a™ a%a,”. .. b )

- -l
Ll I R P B sl R VR T

2

- 7 -/
+¢a‘ﬂb‘/alﬂla'z”‘ d,”’- .. b,'m'b,mﬂ'v é'm,. . .)+

Equating coefficients of like terms in « and @it is seen that
Da,b,(a, a,”- b/m'écm'.b! )

1, ey, -/

Dy, s, @"’a,”‘é,”’ BB )
@)
c(a q’b/ < 'blm,bzmx‘ b"ﬂ, .. 7),
etc, and
Dhile"as=agk - - - 6,72, ””b,"’: D=0 if both

/7 and kare not among @,, @y, @,, -+~ and 4, b,,8,, - - -
respettl've ly. Hence also ‘

LDz A 4:‘ 5 L. t’b.’ kbk (@ GBI
if 7,,2,,2,, - : - 4 are not all respectwely less than or equal to
7%, 75, 77, - -+, 74 and also respectively less than or equal to 777,
77,7, ;mpwhere &, 8, 2, - - - -, £, are positive integers or
zeros; that is, if even one of the values of Z is greater than the cor-
responding 77 or m then the effect of the operation is to give zero.
This last property of the D operators is important not only in
minimizing the work of computation as will be seen in the illustra-
tions given below, but will be of fundamental importance in the
theorem to be stated in the closing paragraph of this paper. It
should be noted here that the multiplication of the operators is com-
mutative.

To illustrate the application of the operators consider:
ay(211%)=c, 2,3, + <2 5, Where ¢, and ¢, are constants to be
determined. These are the only terms which satisfy the weight
conditions. Operating on the left with ZJ and on the right with
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, gives (1.1) x¢,s,,, ie s, sc s, hence c, = 1.
Operating on the left with D,, and on the rlght with &, +a{,a§,
gives O= ¢, +c,, hence Cp=-1 and thus (217 ).311 S, -5z

(3211- C) Sp9*Co 5538, #Cy 55/ S,, 7 CySqp Sy + Cs 54,3“

2 3

#C6 %41 51y * C793253 * Co 53/ Sy 51/ +C9 Sy -
These are the only terms which satisfy the wexght conditions. If
the expressions for all the symmetric functions of lower weights
are known then to determine the constants it is sufficient to operate

on the left with

‘Dlll'Dzji'Q/vQ[,'DJ/: D,, and on the right with theii
respective equivalents in terms of ¢. However if the expressions
for the symmetric functions of lower weights are not known then

it is perhaps simpler to operate with
dg.a). 4, dy,d,d, 4,4 d,, d,,d

122 Loys 117 52+ Dy Gz Fgy Ly s
@), ds,, @ gon the right and with their respective equivalents in
terms of D on the left. &,,and L, give O=c,s,, and hence

=0 % and D/f give 0=Zc6'a” and g, =0 . a/’ andD‘z give
O=6cgs,, and ¢, =0, Similarly &, d, o, and -D, D D,

give co=l. &, dypand Dy (D -5 D )give ¢, =-1. d,, d,,and

D;f/2kive cs+0. dydy,and D, (D, -1, D,-DS /2)
giveCy=-1d, d,,and D, (D,-7), D, -D, D,, ) give cz =~ 1.

S T4/ I/

dandDD -D D -D.D-DD +Z},.D”DD

3.0 -8, 8, -8, 8,-0, 8,
+2D, D, D, +D, /2 give c,=2. Hence (3211 )=Zs°3

%5251~ Sa2%21 ~S32 53 * S22 S

Suppose that y, =1, k=1,2, ----, n. Then s;; is simply s,
and Dy, d;; have no meaning except when./+/ and then D;; and
dj; become the operators J; and & respectively, of the earlier
paper.

The operator relations for any number of sets of correspond-
ing variates are now obvious. For instance, in the case of 3 sets
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X, ¥, %; the result is

h, I/ A,
D' 'Z d‘/;./k d“ .zj k d‘. ,. k e
ik _L__L_Z_R’_&_/Z T Ay #3: 7 P

Pty + Ppiysbgiy+ - - - “f,
hijl"' a/z*h.’jg* e ‘j:
bk + By kgt hykys - - - <k,

byig.dy, s fulgelye o Ke kg Kyy oo o0 Py Big By,
being positive integers , w;, wg,withe weights inxy= respective-

ly of the symmetric function ,
L4 (i j_k
dijk =0/ ds;jk . Sijk =L *¢ Wz

Returning now to the case of two variates x andy, suppose
that x; takes on only integral values for /=12, . . . . ,77and that
y; = F(x;)where f(x;) is thought of as the frequency cor-
responding to x = x; If, further, =Gty - - - .= 1
then the operators developed in this note give the expressions for
@%“bBc V.. .)of the earlier paper when each serial z,-" is re-
placed by x;%7(x;) More generally, let y; = f(xpA4 x; represent
the frequency of x in the interval Ax;. If x takes on only in-
tegral values then of course Ax; =1 ,i=12,...., ., n.
Consider

n ., e
(32_11)=§ XFF ) () Ax;p Bx;, ifj,
Il
=Ez x“-’f(x;)Ax,-. 3’::,1 xff(xj)ij —Ele F2(x)Ax;.

If the lower and upper bounds for x are respectively @ and 4 then
in the limit as » becomes infinite and the maximum Ax;, /=}2,, 7,
approaches zero, the last summation on the right approaches zero,
f (x)being an ordinary frequency function. Thus in this limiting
case
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—~
X T

(32.11)= "zf Fx;)f(x;)dx, dx;, (#/,
a Ja
b b
/ 2 Flx;)dx; / xff/xj)a’tj.
a a

In genererl‘l under these limiting conditions, any summation LZJ £ ker
(x;)A x; approaches zero, if r is greater than 1, k and r~ being
positive integers. For let £, be the maximum A x; for specified
7 Now xJ f (x;)SMfori=12,....,m Hence
7 — 7 _r 17 -7

k r i -,' < r r
‘Z.:: x[ f (I‘)Ax‘ = Mé,;[]xL §M€" ‘Zzlﬁx‘ = M{.ﬂ (b-d)
which approaches zero with &,,. This establishes the well known
statement that, the values of x being independent,

brb rb
oo %%, %k : c ) . - dy. Q.
‘[/‘; Zz‘.’ 22 2 Fla; )z ) f/z‘k)a’x‘/dzgz 2

b b b
=/x2’ ffl’i,)dx[, /xZ‘fﬂr‘-z)afxiz .. /z‘a: f(xik)dzik.
a a a
For, under the above lmntmg condmons, all those terms which
contain 3 sum s, 2 x'f /x,)A x, with k& greater than 1 must
vanish. By the last property of the D operators given in (2) it is
seen that there is always only one term which does not contain such

anspk; and from this term arises the product of the definite in-
tegrals.



