TRANSFORMATION OF NON.-NORMAL FRE-
QUENCY DISTRIBUTIONS INTO NORMAL
DISTRIBUTIONS*

By

G. A. BAker

This investigation is undertaken for two reasons: (1) there
has been a demand on the part of some statisticians for an analytic
method of transforming non-normal distributions into normal
distributions ; and, (2) a non-normal distribution and the trans-
formation necessary to transform it into a normal distribution
serve to specify the distributions in random samples of estimates
of the parameters of the original distribution in terms of the
distributions of estimates of the parameters of a normal distribu-
tion in random samples. In this way valuable approximations to
the distributions of the parameters of the original non-normal
population may be secured.

PART 1

TRANSFORMATIONS OF FREQUENCY
DISTRIBUTIONS

Consider a non-normal frequency distribution represented by
f(x) dx where the origin is taken at some central point, say the
mode, mean, or median, or near one of these points. and the scale
is, or apprpximately is. the standard deviation of the distribution.
We seek a function, ¢/, such that fcx)d x transformed by the
transformation, x= #(«),
becomes.a normal distribution of total area Yz7 , mean zero and
standard deviation unity, i.e.

* Presented at the May, 1932 meeting of the Illinois section of the
American Mathematical Association.

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to o)

L2

The Annals of Mathematical Statistics. FIEGIE ®

WWww.jstor.org



114 NON-NORMAL FREQUENCY DISTRIBUTIONS

2

n f[ cp(u,ﬂ. 9)'(“,) du = e_; L:lu..

In a previous paper' expressions similar to (1) were regarded as
differential equations which can be solved exactly in certain special
cases. In the case of (1) it seems preferable to regard
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¢) fLo)] Pu)=e °

as an identity in w . If it is assumed that f and ¢ are functions

that can be represented by Maclaurin’s expansions, which is a

reasonable assumption regarding ’( and ¢ if £ is near normal,

the two members of (2) can be expanded and the coefficients of

corresponding powers of L can be equated thus determining ¢ .
Suppose that
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1 Transformations of Bimodal Distributions, Annais of Mathematical
Statistics, Vol. I, No. 4, Nov. 1930.
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The corresponding formulas for determining a function to
transform a normal distribution of total area YZ7, mean at zero
and standard deviation of unity, into a given non-normal distri-
bution are as follows, (The As are the coefficients in the .expan-
sion of the given non-normal distribution and tle B's are the
coefficients of the transforming function.)

'BI=A°) 'BzzﬁL Bzi*%z

B:=%A+5B B+ B8+85B-38
B-5A+385++8B++B8883,
-$85-% 68+ 5,
Bsh i BG+3 BB+t B8
‘ aﬁlﬁwéq-fz -55'8
+8°85-% 68+ B

These formulas give very simple results for the expression
of the first few terms of the transforming function, ¢, in terms
of the coefficients of the given function. If the coefficients in the
expansion of ¢ rapidly approach zero so that only a few terms
are needed for a good approximation the method outlined should
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be effective. Edgeworth® has discussed at some length the trans-
formation or “translation” of narmal distributions into non-nor-
mal distributions and has given several methods of determining
the coefficients of the transforming function. The formulas pre-
sented here are more simple but their practicability can be demon-
strated only by numerical results in special cases. For practical
pufposes the left-hand member of (6) need represent the right-
hand member accurately only in the interval, say -2 fufz .

ILLUSTRATION

For example, consider
99 -10x

fxy=.9929(1+%) e
which is skewed noticeably in the positive direction but which is
of a type that approaches a normal distribution as the skewness
approaches' zero. Then

A, = 929 B = 10072
—.1000 B,= 051
A, =—4887 B,= 0050

>
I

Ay = 0823 B,=-— 0080
Ay= 142 B = 0004
A, =— 0270

2Bowley, A. L.-F. Y. Edgeworth’s Contributions to Mathematical
Statistics, pp. 65-78.
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TasLE I

Comparison of the ordinates of the normal function, function
with skewness of .2, and the skewed function transformed‘by the

transformation X = (0072 W +.0511 u*# 0050 u’-.0080 w”
u Normal Function Transformed’[ Normal |Normal minus
curve* |with Skew 2] skew curvet| minus transformed
skew curve| skeéw curve
2.0 .053991 .049243 .0576 .0047 .0036
1.8 .078950 .076810 .0910 .0021 0120
1.6 .110921 .112956 .1327 .0020 .0118
1.4 .149727 .157043 1715 .0073 .0218
1.2 .194186 .206951 .2099 .0128 .0157
1.0 .241971 .259120 .2505 0171 .0085
0.8 .289692 .308958 .2897 .0193 .0058
0.6 .333225 .351538 .3366 .0183 .0033
0.4 .368270 .382453 .3776 .0142 .0093
0.2 .391043 .398583 .3907 .0075 .0004
0.0 .398942 |  ,.398859 .3989 .0001 .0000
0.2 .391043 .383157 .3906 .0079. .0005
0.4 .368270 .354545 .3688 .0137 .0005
0.6 .333225 .316273 .3299 " .0170 .0033
0.8 .289692 .272360 .2842 .0173 .0055
1.0 .241971 .226714 .2323 .0153 .0097
1.2 .194186 .182641 .1803 .0115 .0139
1.4 .149727 .142563 .1319 .0072 .0178
1.6 .110921 ..107939 .0908 .0030 .0202
1.8 .078950 .079354 .0717 .0004 .0073
2.0 .053991 .056702 0452 0027 .0088

* These columns were taken from Luis R. Salvosa’s tables, Annals of
Mathematical Statistics, Vol. I, No. 2, p. 64 et seq.
1 These values were calculated by interpolating in the above mentioned

tables.

The ordinates of the normal curve, f(x), and f(x) trans-
formed by the transformation determined by the first four B’
are compared in Table I.

The ordinates of the transformed distribution are much
nearer those of the normal curve over an interval that includes
seventy-five per cent of the frequency but for the rest of the
range considered the agreement is not so good. These facts indi-
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cate that more terms of the transforming function must be taken
in order to secure close results for large values of Ju| .

It is difficult to set up a rigorous criterion as to the number
of Bs necessary to define adequately the transforming function,
but the following considerations are of value in this connection.

Suppose that f¢x) may be adequately represented in the
interval a¢x{ € by 7 terms, ie.

{(x): A;:"A‘ol*Asz"'“'"Arhxm:

and that sz is large enough so that the first s terms of the ex-
pansion of the normal function give an adequate representation
of it. This is clearly possible since the expansions with which
we are dealing converge uniformly in the open interval. Then the
first 7z £5 may be determined so that the first 22  terms of
Fx)dx transformed by the transforming function determined
by the 7e /35 are identical with the first 2z  terms in the
expansion of the normal function. In addition there will remain
certain terms which may cause a serious discrepancy. For j(x)d x
becomes

A;(B,+2@lu+---)+ ABurB ds - NB+2Bws.-)+

”
o+ /lm (B,u.-f-@’z wpe) (@ +282a. +)
Let us assume that all BL.Q =0, ¢ >m, and investigate the
terms in W of degree higher than m .

Since the first terms of f(x)dx transformed contribute few
terms involving «”, n)m., and the higher order terms have
small coefficients, it is to be expected that if 772 Gs are used a
good result will be obtained, at least for moderate values of w .

Some skewed distributions that differ considerably from
normal may yield a rapidly converging sequence of Bs , that is in
case there is a natural relation of this kind existing between the non-
normal.and normal distributions.

The main reason for investigating the possihility of an easily
determined transforming function that will transform a non-



120 NON-NORMAL FREQUENCY DISTRIBUTIONS

normal distribution into a normal distribution is the fact that the
distributions in random samples of estimates of the parameters
of the non-normal distribution can be expressed in terms of the
transformation and the sampling distributions of the parameters
of the normal distribution into which the non-normal distribution
is transformed. This proposition is developed in Part II.

PART I

DISTRIBUTION OF THE ESTIMATES OF THE
PARAMETERS OF NON-NORMAL
DISTRIBUTIONS

Suppose that a variable x is distributed as f(x)dx where
§¢x) is such that it can be transformed into a normal distribution
by means of a quadratic transformation,

(1) x=ay+ty”"
Then £(x)dx becomes
(2) flay+by'Nasrz ¢y) dy

where y is normally distributed.
The total of a sample of » x5 drawn at random from f(x) is

(3) (X +% +X+ -0+ X,),
which by virtue of (1) becomes

@) alg gt ) e bt ).
The coefficient of a in (4) is an estimate of the total of a sample
of # of a normally distributed variable and the coefficient of & is
an estimate of the second moment about a fixed point of a nor-
mally distributed variable which can be written as an estimate
of the standard deviation squared plus the estimate of the mean
squared. Thus (4) can be written as

2
na 7 +76(T+ ﬁ‘)}
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where the bar over 72 and 6~ denotes estimates of these para-
meters by means of samples. The distributions of 7% and & are
known and are independent. If the mean of distribution (2) is,

taken to be zero, then # is distributed as proportional to e
and y:ai‘n‘f&ﬁz is distributed as proportional to

L. nl@zby+ralairyby )

-T -
G5) € 26 ~2 g ygeo

Va +,4€—7 > 2t

The distribution of #72 is. except for a constant factor,

" - &=
ni -%3

a

(6) Z e oS F&oo

if n=2,

If two variables, x and Y ,are distributed as f(x,g) dx-dy ,
then the probability that a value of @ (X, y)= v
is in dv is given as the surface area of the cylinder @ (%4)=v be-
tween 2=£(xy) and Z=0 times dvr.?

In this case the probability function of v'= g{-i— . is pro-
portional to

Vo4 n (a’+26y +aVa*r4ty)

Py

7) < -(v-y)

5 Varaty 9

Put (y = ax+fx and (7) becomes

~a /gty

L 7-3
2% 7% x “Z 2
8 e e . [lﬂa.x-@xﬂ dx) ‘:é'glf\(oo
L
—a-VaZuylv
206 .

3 Baker, G. A.—Random Sampling from Non-Homogeneous Popula-
tions, Metron, Vol. V111, No. 3, Feb. 1930.
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If f(x) can be transformed into a normal distribution by
means of a cubic transformation.

9) X = ag_+#g"+c;3
then (3) becomes

(10) a (% -/-;tf----f‘l/n) + #fjijj--*y;)+‘-'Cj,3‘j’f*""i:)

. . — 2 _3 _2.__ g__:.
which can be written as n(am +#ﬁ+cm +3CTm+ T }

Hence the means of samples of z are distributed as proportional

to
k 5
s , S -nx_ n v-ax-bx-cx’
[v—ax-ﬂx-cx ?e z T 3cx+ b
. 3cxX +6
ﬂ’

(11)

'F 2. z >
\/(3cx.+6’-) + (6% r6bex 285+ abr3cv) d
2 , x
(Gex+4)

>

where % /3 represents the interval or intervals for which
V-ax- X~ cx® and 3cx+ 6 have the same signs and
V varies from — 00 to + 00 .

Suppose that the*given frequency distribution can be trans-
formed into a normal distribution by the transformation

x=aq+ #—5','

and consider the expression for the estimation of the standard
deviation squared of the z-distribution from a sample of 72,

2
G Clemioexi) | [nrmr ex)
” g2
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which becomes

(13) [@yreyrrlagrtg)] [{“Mf)*~f(aygﬁl_l; ]
n ' T

where Y is normally distributed. In terms of the estimates of the
mean and standard deviation of the (gs (13) can be wrntten as

28 7 T ab Ty T
Hence the estimates of the standard deviations of the original

population will be distributed as proportional to

F - [ - (@’ 4abx) + V@S vabxr4tx) + 3 &‘VJ
/ e 462

N — 7
. [ —@tHabxtyf) s }} (@p4abxt46E) +8 8>, J

(14) s

\/’+ [—-(40618@30 + (a.f-t/q.@-xf-'f&x)(‘/af-f-aﬁ-ﬂ 4
26> Y6 Y ooy dabrrgC) t 8 6 Y@ vabx+983*)*+ 86V x,

where v varies from 0 to +oc0 .

The distributions of the estimates of other parameters and
the distributions of the estimates of the mean and standard devi-
ation for different transformations can he expressed in terms of
the distributions of the mean and standard deviation of the re-
sulting transformed normal distribution but it is obvious that the
process becomes complicated.



