NOTE ON REGRESSION FUNCTIONS IN THE CASE OF THREE
SECOND ORDER RANDOM VARIABLES

By CLYDE A. BRIDGER

The study of the correlation of two second-order random variables has re-
ceived the attention of several authors, among them Yule [1], Charlier [2],
Wicksell [3, 4], and Tschuprow [5]. Yule writes of them under the guise of
“attributes.” The study of three or more second order random variables has
lagged behind. In this note we shall examine the regression function of one
second order random variable on two others by considering the problem from
the point of view of Tschuprow’s [6] paper on the correlation of three random
variables.

A variable X that takes on m values z,, --- , £, with corresponding prob-
abilities p;, - - - , pm subject to the condition Z pi = 1 is defined as a random

variable of order m. (In particular, if X takes on only two values, z and z’
with probabilities p and ¢, where p + ¢ = 1, X is a random variable of second
order.) The system of values z and probabilities p constitute the law of distri-
bution of X. In the case of two random variables, X and Y, there exists a
joint distribution law, covering all possible combinations of X and Y, together
with their associated probabilities pii, - - - , Pmn the joint distribution law con-
tains all of the information regarding the stochastical dependence of X and Y.

The extension to more than two variables is immediate. Let p;;; represent
the probability of the simultaneous occurrence of the set of values z;, y;, 2
of three random variables X, Y, and Z; p;; , that of the simultaneous occurrence
of x;, y; together without reference to Z; p; , that of the occurrence of x; without
reference to Y or Z;etc. Then, we have relatlonshlps of the types Z Z Z Dijk

“ZZPW sz—lZpuk—p;k,zxpuk—szk—ZZh/=Pk

Slmllarly, let p(" be the probablhty of the sunultaneous occurrence of y; and
2. on the condition that X takes on the value z; ; pi”, that of the occurrence of
y; without reference to Z, on the same condition; etc. Then

Ep“’ Z pi? = Z Z P =1; Z pi = o pinl? = pi

pins” = pivle = pipi pi? = par; 20 pips” = pi; ete.

Denoting by E(z) or simply Ezx the expression ‘‘the mean value or mathe-
matical expectation of z,” we have my,, = EX’Y°Z" = Z Z > piezd vzt
k

In particular, the mean values of the distributions are glven by mx = EX
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E pixi, my = EY = Z piYyi, mz = EZ = E pxyx. Then we may write
b = BX — maf (¥ — my)*(Z — o) = Buloub = £ 5 2 pinlz — mx)
T g

(yi — my)’(zr — mz)". The quantities 4 may be identified as terms in the
expression for the moments for the sum of' three variables as follows: E(u + »
+ w)" = Eu" + nBu"" + .- + kEuv’w* + ... + Ew", wheref + g + h
= n. If n = 2, we have the variance of the sum of three variables given by
pe.. + 2un. + po. + 2w + 2u10 + w2, where the dots in the subseripts indi-
cate variables not considered. Thus u,.. refers to the second moment of the
distribution of the variable X about its mean, mx , without consideration of the
distributions of Y or Z. If every term of the expansion of the n-th moment of
the sum of three variables is divided by the quantity \/ps../p..%..2", the expan-
sion takes the “normal form.” The type term is 7y, = sron/V b2 2.9 2"
In the case of one variable, r; = u;/A/pf, 8071 = 0,75 = 1,73 = \/B1, 14 = Bs,
ete. In the case of two variables, ;. = rq = 0, 5. = r3 = 1, r;; = Pearson’s
product-moment coefficient of correlation, etc. Functions of parameters r will
serve to characterize the law of correlation among the variables.

By writing the expressions with superscript (i) to denote that the values of
the distributions of Y and Z are those which correspond to a fixed value z;
of the distribution of X, we have my® = (EY)®, m;® = (EZ), par'? = E(Y
— my®) times (Z — mz™), 1P = poa m/\/yf‘?” ff"‘. (Forg = h = 1,75
becomes the conditional coefficient of correlation between Y and Z for X = z..)
Thus it follows that we can study the correlation between Y and Z for each
value of X separately.

For second order random variables, some changes in notation can be made.
Let p. and p.- be the probabilities corresponding to the values z and z’, respec-
tively, of X; py and p, correspond to y and y’, respectively; p; and p.- correspond
to z and 2/, respectively. Also, let p., represent the probability of the simul-
taneous occurrence of z and y together without reference to the distribution
of Z, etc., and p.,, represent the probability of the simultaneous occurrence of
all three values, z, ¥, 2, of their respective distributions, etc. Then, p. + p.-
=py+ Dy = D+ P = 1; Doy + Do = Pz Paye + Pt + Payz + Py
= p. ; etc.

Let us set up a system of normal coordinates in which the values U; along

the U-axis are defined by U; = 2 =X those along the V-axis by V; = i~ mr
M2.. .2,
and those along the W-axis by Wi = = Mz et mg ™ represent the mean

\/M- 2

of the set of values of the Z distribution which correspond to the fixed pair of

values, (z;, y;), of the X and Y distributions. Then, in the new coordinate
. G

system, the same thing is given by M GO0 =M — Mz Now, the series of
2]

values My obtained by giving ¢ and j different values for the pair (U;, V)

determine what is called the regression function of W on U and V (or, in the
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original notation, the surface of regression of the distribution of Z on the distri-
o ) @)

butions of X and ¥). Similarly, the values of [My"?]® = T2_—™2 _ ibtained

Vi2

by fixing U and varying V in the set (U;, V;) determine what is called the
conditional line of regression of W on V for a fixed value of U. With these
definitions we shall consider the problem of finding a regression function of W
on U and V for three second order random variables.

For convenience, write 8,y = Dzy — DPzDy, 025 = Dzs — DzPs, Oys = DPys — Dy Ds,
Qyz = PrPzyz — Dzy — Pzzy €2 = Pzyz: — PzyPs, Bys = Dz'Dz'ys — Dz'yDz's, 0y =
€ — Pybrs — Pebys = €, — P2bys — Psdzy = € — Pydus — Pidsy. Direct substi-
tutions into the several formulas developed above then gives us the represent-
ative forms to be used in subsequent calculations:

z = mx = pols — 2, @' —mx = —p.@ — 2.
Mmx = PT + pz,x', .. = 0’ re.. = 1’ .. = Pz — p,’
'\/pzpz'
1 b,
T4.. = - 3, ™. = —————————_”____._—, Te1. = T1.73..,
Pz Pz’ \/Pzpz' Py Dv

Tie. = Tu1.73., 7Ti. = Tu.T4., T2. = Tn.73.73. + 1,
re.Ta. = ra.(re. — 1), 7Ten = 75..7m + 7.,

Ti1 = T.3.Tm + 11, Tz = r.3Tm + Tu.,

0,,,. pz’ _pz
Tm = —— U, = U: =
\/pz Pz’ Py Py’ Pz Pe’ ’ \/pzpz' ’ PzP= '
. Ozz — €
Mw(ll) - €3 Mw(12~) = z8 7]
DPzy V D:e Dy’ ’ DPay’ '\/pspt’ ’
MW(ZL) - Oys — & , MW(ZZ-) - € — 0z — 5:1:,
Pzry \/P:p:' D=y’ '\/pspx'
(1. . )12 - Bz
[Mw(n )](l ) Qys [MW(ZI )](2 )
Pzy ‘\/pzs Dzs’ ’ P2y ‘\/pz’s Dz's’ ’

M2 —oys M2 —Bus )
(] Pzy V pz:pu', (M D2y’ \/pzr.pz';'

In the case of correlation of two second order random variables, a linear
regression function can always be found [3, 5]. Similarly, the conditional
regression functions in the case of three second order random variables can
always be taken as linear. If we take as the form of the regression function
of W on U and V the form My"? = aU; + bV; + cU:V; + d, wherea, b, c,d
are constants to be determined by direct substitution for U; and V; from the
distributions of X and Y, it is seen that linearity of all total and conditional
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regression functions is preserved. By total regression function, we mean the
regression of W on U or Won V.

Now consider the problem of finding a, b, ¢, d. The direct substitution pro-
vides us with four linearly dependent equations in four unknowns. Linear
combinations reduce the set to three, from which the relationship d = —ecry;.
is obtained. By building up the various terms in the equations through dividing
by the necessary values of p, the parameters r can be made to appear. Further
combinations now reduce the set to the following three:

2
= ara. + brie. + c(ree. — r11.)
ra = ar;. + b + Cra.

ra=a + bTu. + Crag.

The solution gives

T1a — 1.7 To1. — Tu.Tg.
a = — 2 — s c=a —a'c
1- . 1- 1.
T — ™1.T1a Ti2. — T1.721.
b = - —_ 5 =b — b'c
1- . 1-— T1.
2 .
¢c=(1—ru)rm — a're. — b'ra) + A, where

1 T11. Toi.

A= T11. 1 T12.
' 2
To1. Ti12. To2. — Tq1.

The regression function becomes
My = Ui + V'V, — clrm + a”’Us +b"V; — UsV,). If ¢ = 0 the surface
is a plane. Examination of the characteristics of r1;; shows that generally ¢ can-
not be zero. The vanishing of ¢ implies that special relations must exist between
pijx and pij, ik, Pik -

Two constants of considerable importance in the theory of correlation are the
multiple correlation coefficient and the multiple correlation ratio. For the
regression of W on U and V, the former is defined as Ry,.* = a’r1.1 + b’r.yy and the
latter as 7, = 2 2 pi{Mw"”]>. For planar regression, the difference n__,

1

1

— Ry ? must vanish. For others, the difference takes on values characteristic
of the regression function. To find the value it takes for our case, we set up
the value of 7__, from the regression function just given and subtract Ry,.%.

By direct substitution, we have n__, — Ry} = Z Z pij(aU; + bV ; — cU;V;

— erm)’ — a'ry — bra . Since Z Z iUl =1, 2 Z pii(UV Y = ra.,
[} ] t 7
etc., we find rather easily that

2 2 2 ”" "
-2 — Rn' =c¢ (7'22. —rn.) — a’ry. — b ..
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We can also obtain the same value of n__; — Ry;.? by direct substitution for
the four values of My“” in 5__, and subtracting Ry,.”. To actually obtain this
is a long laborious process complicated by the fact that so many alternate forms
for the answer are possible, of which only one is comparable with the value
previously found. The general procedure is first to set up from the definition

the expression K = p,p, n—_2 =

2 2 2 2
€ zz — €z Oyz — € € — 0z — Oy
z —_ + ry’ (_——) + z’ <—_’_‘” > + z'y’ ("—“’!‘) .
Peu (sz) Pev Dzy Pety Pzry Pety Pzry’

Then we build up each square by addition and subtraction so that it will con-
tain a 6,,, term. At the close of the process, we convert the whole expression
into the parameters r by dividing through by p.p.(p.p.p,p, )’ and substituting
from the list of representative forms given at the beginning of the paper. A
matter of rearrangement ncw gives the same result as before.

From the symmetry involved, we can say that, in the case of the correlation
of three second order random variables, the function representing the regression
of one on the other two has an equation in normal coordinates of the form
Mz = alU; + bV; — ¢UV; — c¢rmi, where a, b, and ¢ satisfy equations of
type
ara. + bre. + c(re. — mm.%)

rn=ar +b + cr.

Tm

rna=a + b?'u. + CT9y.
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