NOTES

This section s devoted to brief research and expository articles, notes on methodology
and other short items.
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ORTHOGONAL POLYNOMIALS APPLIED TO LEAST SQUARE FITTING
OF WEIGHTED OBSERVATIONS

By Braprorp F. KiMBALL

1. Introduction. Let the independent variable be denoted by z, and let it
range over n consecutive integral values z; to z.. Thus z represents the
index-number of the ordered intervals at which observations are taken, where
the intervals are all of equal length, and an index-number is assigned in con-
secutive order to every interval within the range of investigation, whether ob-
servations occur in that interval or not. Let y. denote the observation measure
(usually referred to as observed value), if such observation exists. Let w, denote
the weight of that observation, with weight zero assigned where observations
are lacking.

To shorten the notation, summation over all values of z from z; to z, will be
denoted by the sign Z. If a subscript and superscript is used, the context will
indicate the variable to which the summation refers. The rth binomial coeffi-

cient will be denoted by (:)

A system of polynomials ¢.(z), r = 0,1, 2, 3, ... of degree r in z is said to be
an orthogonal system, for the purposes of this paper, if they satisfy the relations
=0 r#ES
1 Z Wzd’r(x)‘#a(x) '
# 0, r=8.
To construct the polynomials, one may write them in the form
#o(x) = fo(x) = constant
) o
¢’r(x) = fr(x) - ;0 hi¢i($) r=1,2, 3) .

where the h; are constants and the f,(z) are arbitrary polynomials of degree r.
It then follows from the conditions of orthogonality that

h = 22 Waf{2)oiz)
2 w. ()]
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Thus when the polynomials f,(x) have been chosen for all r, the system of
orthogonal polynomials for a given set of weights can be constructed and is
uniquely determined except for a constant factor [1].

By virtue of the relation (2) and the conditions of orthogonality (1), it follows
that

4) Zw.lp (@) = Zwdf(2)e.(x).

Define the function &(r, k) by

(5) ®(r, k) = Zwafr(x)dr(x), r=20123,.--
It follows from the relations (2) and (3) that

® oe) = 1a) = T 20D g0)

where it is to be noted that this summation is independent of =.
Define ¢, and Y, by

) ar = sz[‘f’r(a?)]z = Zw.f.(x)¢.(x) = &(r, ),
(8) Yr = szy@r(x)'

Then if u.(z) represents the polynomial solution of degrec r of the normal equa-
tions set up for observed values y. and weights w ,

Yo

Yr
9) u(z) = dn( ) + ¢z(x) +, 7 é+(2).
If E® denotes the welghted sum of the squares of the discrepancies between
the ordinates u,(z) of the fitted curve and the observed values y. , then [2],

Y2
(10) = 2D w.lul2) -yl = 2wyl — Z}) ok
The practicability of the use of orthogonal polynomials is thus seen to depend
upon whether the quantities ®(r, k) and Y, can be evaluated in a reasonably
simple manner.

The thesis of this paper is that if f,(z) is taken as the binomial coefficient <:;>,

one can effectively apply the method of orthogonal polynomials. This is made
possible by the use of factorial moments in conjunction with an adding machine
that prints cumulative totals.

In treating the same problem Aitken sets up the normal equations in terms
of factorials, but considers the explicit use of orthogonal polynomials imprac-
tical. He writes: ‘“‘the arbitrary nature of the weights stands in the way of
any analytical sophistication; orthogonal polynomials emerge, but are not of
great use; and the necessity of solving the moment equations cannot be circum-
vented” [3]. He prefers a determinantal method of solution of the normal
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cquations which the writer has found to be more involved from a practical point
of view, than the present method, although it is elegant from a theoretical
standpoint.

Thus although the present method is not new from the point of view of
theory, the writer has found that forms made up by the use of the technique
suggested below, offer an effective method for fitting polynomial curves to
weighted observations.

2. Simplification of the problem when f.(xr) = (f) Factorial moments S,
and M, are defined by

(11) S =2(")w., M =2(")wy. r=012---.
r r

These moments are not difficult to compute and are readily checked as com-
puted. Formula for ®(r, k) then becomes

(12) ®(r, k) =2 (f) W bi().

Thus since ¢o(z) = 1, ®(r, 0) = = (:;) w, = 8, and hence

(5 _e(1,0 _ S
ate) = (3) - 20D o -2

Again
_ T _ Sl _ FAY R _ Sl
o, =2 (7) (e = §) = 2 (0)(0) v - 52 ()
- (r+1)s,+1+rs,—§3_s'.
)
Hence

= a1, 1) = 2s.+(1 - ﬁ)sl.
5

A recursion formula for ®(r, k) may be obtained by expanding ¢x(z) in formula
(12) by means of (6). Thus

o0, = (YD) e - £ 2 (7) mo]

> (:c)( ) "i‘ t1>(r, 0)®(k, z)

=0 qs

(13)

The first term can be easily expressed as a linear combination of binomial coeffi-
cients, and thus as a linear combination of moments S;.
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The formula for Y, can be broken down as follows:
= Z wzyz = M 0y

(14) Y, = Z WY 9:(2) = Z 'wzyz( ) Z (I,(r’ ) [Z oy $i(2)]

- Mr Z Q(r, ‘l) Y‘

=0 Qs
Thus
S
Yy =M, — -s-:Yo,
Yz = Mz— ?-Q—'I)Yl b <&JQYQ, ete.
Q1 Qo

3. General technique of computation. In determining the best fitting poly-
nomial of degree r, the ratios ®(r, ¢)/g: are seen to play an important part.
In a form for calculatlon these quantities should receive simple designations
such as b; for a second degree curve, c; for a third degree curve, etc. Suppose
they are designated by R; for a curve of degree r; then

(15) ¢(a) = ( ) 3 Rlo)
(16) Yr = Mr - E RgY,-

t=0
(17) qr = E (f‘) wy — g R;tb(r, 1)

and in determining ®(r, k) for k = 0, 1, 2, -.. r — 1, formula (13) may be
written:

(18) & k) =Y (f)(:) w, — 'ij Ri®(k, 9).

The fact that these quantities R; appear as multipliers in so many of the
fundamental formulas greatly simplifies the mechanics of the calculation, espe-
cially when a calculating machine is used.

In final determination of polynomlal curve the differences of the polynomial
at z = 0 are readily determined since the leading term of each orthogonal
polynomial is a binomial coefficient and thus

r—1

A*¢,(0) = — 2 R:A*¢:(0),
(19) #(0) ‘;o #(0) k=1,2,3...,7r—1

Af¢'(0) = 1.
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Since the effectiveness of the method depends upon the availability of an
adding machine which records a cumulative subtotal, the determination of the
curve from the differences at the point » = 0 is not a hardship and indeed
affords a quick and accurate means of setting up the curve for purposes of
plotting and checking.

w(0) = 22 ¢1(o) + o m(o) H, e qu'qb,(o),

@0)  AMu) = Y4 Y"“A"ml +, e, + Lakg00),
qk Qr+ q-
Y
A" u,(0) = =L,
wl ) qr

The advantage of the use of orthogonal polynomials becomes particularly
apparent when error formulae are to be used. The formula for the sum of the
squares of the discrepancies, denoted by E?, is given above (formula (10)).
The estimated variance V of the weighted observations.about the fitted curve
is thus E*/(n — r — 1) where n is the number of values of  used in fitting
and r is the degree of the curve fitted. Recalling that the matrix of the normal
equations is of the diagonal form with diagonal elements ¢, ¢q1, - -, ¢- it
follows that the coefficient Y3/qr of ¢x(x) in the expansion of u.(r) has the
variance V /gy .

Furthermore the variance of the ordinate of the fitted curve u.(x) at a point
due to sampling variations in the determination of the coefficients of the curve,
under the assumption that the weights and values of the independent variable x
do not involve errors, has the simple form

Variance of u.(z)

(21) at point z = V['f’%‘c) LA 4’1(”) e+ ¢r(fv):|

f

since the covariances of the orthogonal polynomials are zero [4].
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