NOTES

T his section is devoted to brief research and expository articles and other short items.
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A NOTE ON THE POWER OF A NON-PARAMETRIC TEST

By F. J. Massgy, Jr.
Unaversity of Oregon

1. Introduction. Let z; < 23 < -+ < z, be the ordered results of n inde-
pendent observations of a random variable X which has a continuous cumulative
distribution function F(z). The following test for the hypothesis that F(z) has
some specified form, say Fo(z), has been suggested by Wolfowitz [1].

Form the cumulative distribution of the sample and obtain the maximum
deviation of this from Fy(z). Thus if

S(z) =0 when z < 7y,
= :; when z; < =z < Ty,
=1 when z, < z,

the test statistic used would be
d = max | Fo(z) — Sa(2) | V/n,

and the hypothesis would be rejected if d is large, say larger than d. which is so
chosen that the probability of a type I error is a. The limiting distribution
(asm — ) of d has been tabled [2], and a short table of the distribution of d
for various small values of n (n < 80) has been given [3].

The purpose of this note is as follows: 1. A lower bound for the power of the
test is given. 2. This test is shown to be consistent against any continuous alterna-
tive F(z) = Fi(z), where Fi(x) # Fo(z). 3. The test is shown to be biased for
finite n. 4. An indication of similar results for a two sample test.

2. Lower bound for the power function. Let A = max | Fo(z) — Fi(z) | and

let xo be a value of z such that A = | Fo(xzo) — Fi(x0) |. The probability that
d > d. is certainly not less than Pr{~/n| Fo(xto) — Sa(x0) | > de}. This is the

same as
da da
1—-Pr {Fo(xd) - < 8.(xo) < Folzo) + 77—’},

which, since S,(zo) is the proportion of observations falling less or equal to x,,
is given by the binomial probability law.
If F(x) = Fi(z) the probability of an observation being less than zy is F1(o).
Since Fo(xs) = Fi(xy) &= A the above probability can be written as follows:
440
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1 — PriFi(zo) = A — do/V/n < Sa(xe) < Fi(xo) &= A + do//n}
=1— Pr{£A — do/Vn < Sale) — Fi(zs) < £ A + du//n}
=1 = Pr{(—de = AVR)/VFi@) ([ = Fi(zo) < (Salze) — Fi(x0)) V/n/
VFi(@o) (1 — Fi(0)) < (da = ANV0)/VFi(@) (1 — Fi(zo))}-

A is fixed. It has been found [3] by observation for samples of size <80 that
d. actually decreases in size as n increases. For sufficiently large n both

—do &= A1 and de = AV

have the same sign and the law of large numbers indicates that the above prob-
ability approaches zero and the expression approaches unity.

The last expression above can also be used as a lower bound of the power of
the test for finite n.

For large values of n this probability is given approximately by the normal
distribution. Thus we can write for large n;

Az
power > 1 — f et dt,
A ™
where
M o= (=de = AVR)/VFi(w) (I — Fi(z0))
and

N = (da = AVR)/VFi(o) (1 — Fi(x0)) -

If n is so large that A\; and X\, are of the same sign and sufficiently different
from zero we can replace F1(xo) by % and not decrease the value of the integral.
In this case we might use as a working formula

A= 2("d¢ =+ A\/’;Z,),
>\2 = 2(da + A'\/ﬁ)
Since
1 Mo,
1 — ___f —t2/2
V2n e dt

approaches one as n tends to infinity, the power, which is larger, must also ap-
proach one, and thus the test is consistent.

To demonstrate the biasedness of the test for fixed n consider the following
picture.
The Fo(x) is shown as a heavy line and an alternative F;(z) as a dash-dot line.
Fi(zx) coincides with Fy(x) except between the point 2¢= a and z = b. If S,(x)
falls outside of the indicated band at any point we agree to reject the hypoth-
esis F(x) = Fo(x). If F(x) = Fi(x) the S.(x) has no chance of being outside
the band between £ = a and z = ¢, less chance between x = ¢ and z = b than if
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F(z) = Fy(x), and the same chance for x larger than b. This indicates that the
probability of rejecting F(x) = Fo(z), if actually F(z) = Fi(x), is greater than
the probability of rejecting F(x) = Fo(x) if this is actually true. Thus the test
is biased.

3. Two sample test. Let S.(z) and Sp(z) be the cumulative distributions ob-
served for samples of sizes n and m from two populations having continuous
cumulative distribution functions F(z) and F’(x) respectively. Under the as-
sumption that F(zx) = F’'(x) the limiting distribution (as n and m tend to in-

1.0

Fic. 1.

finity) of d’ = (0™ 4+ m™")™ max,| S.(x) — Sn(z) | has been found and tabled
[4], but the distribution of this statistic for small » and m is not known.

Suppose we wish to test the hypothesis that F(x) = F'(z) at level of sig-
nificance o and agree to reject this if d’ is larger than d. , where d_ is the value
which would be exceeded a proportion a of the time if the hypothesis is true.
The values of d% are not known for small samples but are for the limiting case [4].

The same argument as in Section 2 gives a limiting lower bound to the power
of the test in terms of

A = |F(x) — F'(z) |,
where z, is the value of 2 which maximizes | F(z) — F'(z) |, to be

l—fh 1 e g
A V2r ’
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where

A Y 1,1 Fxo)[l — F(zo)] | F'(zg)[1 — F'(z0)]
)\1-< da/‘/n—l-m:}:A)//‘/ - + -~

and

r ’ 1 1 F(x)[1 — F(xo)] F’(-o)[l"F,(O]
>\2—<da‘/;t+;n—.iA>//‘/ = n . + - m x)'

Since this lower bound approaches one as n and m approach infinity the power
also approaches one and the test is consistent.
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ON OPTIMUM SELECTIONS FROM MULTINORMAL POPULATIONS'

By Z. W. BirnBauMm aAND D. G. CHAPMAN®

University of Washington

1. Introduction. Let Y;, Y3, ---, Y, be scores in n admission tests such as
those used in educational institutions, personnel selection, or testing of mate-
rials, and let these scores be used as a basis for selecting a sub-population IT*
from an initial population II. This selection is usually performed in such a
manner that an achievement or performance score X has a distribution in IT*
which shows some required improvement over the distribution of X in II; such
an improvement may for example consist in changing the expectation E(X) of
X in II to a pre-assigned value E*(X) in IT*. Among all selection procedures
based on Y1, -+, Y, and achieving the required improvement of the distribu-
tion of X, it appears desirable to find those which retain as large a portion of II as
possible. It will be shown that under certain assumptions the linear truncations
studied in an earlier paper [1] are such optimal selections.

2. Selection, truncation, linear truncation. Let the frequency of individuals
with the scores (X, Y1, -+, Yo) be F(X, Yy, -+, Y,) in Il and

1 Presented at the New York meeting of the Institute of Mathematical Statistics on
December 27, 1949.
2 Research done under the sponsorship of the Office of Naval Research.




