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1. Summary. A previous paper [1] has given a method of approximating the
distribution of a quadratic form in normally distributed variables by means of
convergent Laguerrian expansions. In the case of an indefinite quadratic form,
however, the method was restrictive in that it might be difficult to obtain the
semi-moments required in computing the coefficients of the expansion. The
present article circumvents this difficulty for positive values of the argument of
the distribution function, when the number of positive or the number of negative
eigenvalues is even, and also yields convergent expansions for the distribution
function involving Laguerre polynomials. The proposed method has the further
advantage that no moments or semi-moments need be calculated.

2. Introduction. Suppose the random variable X = (X;, X;, ---, X,) has
the probability density function

) p(z) = @m) ™" 0" exp(—}a02’),

where 2Qx’ is a positive definite quadratic form. It is required to find the distri-
bution of XQX’, where @ is any n X n symmetric matrix. A linear transformation
permits the problem to be posed as follows. Find the distribution function F(x)
of > 7 N\:X7, where the \’s are real numbers and X has the probability density
function

@ f@) = @m™" exp(—3az’).

A special case of this problem, with the \’s positive and satisfying the re-
striction (in the above notation)

(3) M<%Z>\j, k=12 -, n,
1

was considered’ by Bhattacharya [2], who expressed the probability density as
a convergent series in Laguerre polynomials. The present article employs a
similar but more general method for expanding the cumulative distribution
function, without restriction (3) and also without the restriction that all the
\’s be positive.

3. Distribution of a positive-definite quadratic form. Suppose A1 , A2, -+« , An
are all positive, and set
(4) o; = )\,’ - 5\,
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1 The author is grateful to L. Herbach for bringing this reference to his attention.
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where X is an arbitrary number satisfying the inequality

5) A > 3 max ;.
The characteristic function of Y 7 A;X? may be written as

o) = (1 — 2i0~2 ]I (1 - _2"&'_‘_>_m
=1 1 — 24At ‘

Since
2ia; t
1 — 24\t

<], J=1,2,n
for all values of ¢, ¢(¢) may be expanded as the product of n power series. Thus
(6) #(t) = 2 a(—2it)(1 — 2ike)™"*,

k=0 R

where a is the coefficient of #* in the expansion

fI Zuo:a;:ﬂ;r‘, B = (—%)(—'% -1) "" ("‘% -1+ 1) = (_%)i (27)

j=1 i=1 2! 1

Explicitly, a; may be written as
ar = B Za’ﬁ + B ﬂlE_Za a; + B ﬂzzzak"zaf
+ Br2 B2 " an + Brs Be mZZEa. afoy 4 -e-*

1<l i<i<l

)

Thus

a =1, a =31;a;, (123 ¥a.+ﬂf22man
as = B ; a} + B ﬂlz’:‘zaf a; + ﬂiz;ga; ajar,

and so on. Application of the inversion formula [3]

®) P =) - L o0,

noting that the series in (6) is uniformly convergent for all values of ¢, yields

1 (=2i)k1 — 2i)™* i
F(z) 2 1«k=0 f t dt.

These integrals may be evaluated by use of the following identity in z, obtained
by applying the inversion formula (8) to the characteristic function of a x*
distribution with 2k + n degrees of freedom.

11 e — o)™ 1 * et e

3" 3mi i U = mrT (/2 T ) o




124 JOHN GURLAND

This is differentiated k times, yielding

" (=2it)"(1 — 2ikg) ™2 kg ik

dt = T(n/2 + k) _d_>k—l o
dx ’
left side converges uniformly. But from the theory of Laguerre polynomials [4]

(9) (i >m e = mle "2 LY (x), ¥y> -1

which is valid for £ = 1 and for all values of x = 0, since the integral on the

dx
Hence

_ 1 f (=2t — 2y D) L
2mi ! Tk +n/2)~ %

and the distribution function of Y i \;X? may be written

1 R et 2 = (k) P PLe P (/28)
(@) = 27T (n/2) fo e d + ,; @ Ik + n/2) Qnizy ktni2

z = 0.

It is, of course, evident that a similar argument can be used to obtain an anal-
ogous expression for the probability density, F'(x).

4. The difference of two independent x° random variables. Before considering
the distribution of an indefinite quadratic form in the next section, it is necessary
to refer to the distribution of a difference of two independent x” random variables.
Let X and Y have the probability density function

p(x’ y) = (1/c)e-—(2+v)IZx(h/Z)—Iy(lzﬁ)—l’ z > 0, y> 0,

where ¢ = 2177221 (£,/2)T(f2/2). The joint probability density function of ¥
andV = X — Yis

1/e)e™ "y + o)y >0, v+ y > 0.

If it is assumed that f; is an even integer, say 2m, then we may apply the binomial
expansion and integrate out y to obtain the probability density of V.

m—1
ECTrpe o
¢ = h 2
p(v) = 1 m—1 1 ®
= (m b ) ¢ f ey dy v=0
C h=0 h - /

Let K = [0 p() dv = [1/B(f1/2, £2/2)] fl ; (1 — wy"*w'¥* dw, which is

available from tables of the incomplete Beta function. Now we apply inversion
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formula (8) to the density p(v) to obtain

11 9{ dt
2 2m ) (1 — 21 4 2ine) o
m—1 2z
(10) k+1y (™ 1) T+ f/2) | & o, 2 0;
C h=0 h 0
= 1 m—1 m — 1 2z )
(11) = ) f e dy f eyt gy z =0
C h=0 h —o0 —v
First, in the case x = 0, the kth derivative with respect to z of (10) yields
-1 ¢ 2 (_24ke)* dt
2re J (1 — 201 + 202 ¢
gy T T = 207+ 2080

m—1
= _1 E <m h 1) 2"‘_"I‘(h + fz/Z)G_ZK,(:_).l_h, =1, k= 1, r = O,

where K,,(2) is a polynomial of degree p defined by (d/dx)%"z" = ¢ °K, (z)
From the definition of Laguerre polynomials (cf. (9) above), the K-polynomials
have the relation? to Laguerre polynomials

Kpo(@) = qia" L2 (x), p—q> —1

The restriction p — ¢ > —1 is no drawback, however, since 2°K, ,(z) =
2K, ().

Now, in the case x = 0, we assume that f, is an even integer, 2m’ say. Before
differentiating (11) we note that

2z ® 3}
(%{ [_ - 8—'0/21)'"—1—" dv [_ e—vyh+m'—1 dy} = —z(z x)m-l—-h f yh+mp_1 dy’

—2z

©

and define J,,(x) by (d/dz)* | ey’ dy = €*J,4(x). (For ¢ =1, J,,isa
—2z
polynomial of degree p.) Then the kth derivative of (11) can be written as
_ 1 (90" _dt
2 ] (1 — 2i\)"(1 4 20y

z m—1 -1 k—1 -1 . (2
SE0 1 () Dot | (i) P NN B |

C h=0 r=0,

(13)

The J-polynomials are related to the K-polynomials (and hence to the Laguerre
polynomials) by

Taat@) = (=27 5377 (17 1) K@)

3=0

2 This relation was kindly pointed out to the author by the referee.



126 JOHN GURLAND

6. Distribution of an indefinite quadratic form. Suppose

nl nit+ng
XQX' = 2 MX:— 2 MXi,
1 ni1+1
where A\; > Ofori=1,2,--- ,n,and n = n; + ny,. We may assume that X

has the probability density f(x) of (2). Define a; and A as in (4) and (5), respec-
tively. Then the characteristic function ¢(f) of XQX’ can be written as

_ o ny it —1/2 ni+ng < Ytas >—l/2
_ . ‘—7”/2 no/2 _ 7 J
(1 — 200 ™%(Q + 2:0) H(l T %tx) j-Ian Lt rom)

As in Section 3, this may be expanded as a product of n power series to give

0 k
¢(t) = 2 2 a;bey(—2it)(1 — 2itN) ™ 2it)* (1 + 2ih) T
k=0 j=0

which is uniformly convergent for all values of ¢. Here ay is expressible as in (7)
with n, replacing n. Analogously, b; may be expressed as

nitng

bk=ﬁk'2+ a.+Bk_xﬂxzza'i“a,+ﬂk_222a"“2f
1= 1
fori=m+1, m+2,---, m+mandj=m+1, m+2,---, m+n..

Applying the inversion formula (8), the distribution function may be written

- @it)"e ™ dt
F(z) = § 2— Z Z (—-1)’ a]bk—] f (1 = 2ath) ™2+ (1 + 24gn) "2/ ¢

Tl k=0 ;=0

In virtue of (12) this becomes, for x = 0,

m—1 _ ) z/)_\
F(z) = K + 1 b (m l) r (h +£2> / 2 g
C h=0 2

0

S 5 ENTRP S > (i)

k=1 j=0 h=0

m—h X
-2 <h ) m—1—h, k—1 <2—x) ,
where 7; is an even integer, say 2m.
For z < 0, (13) is applied, with n, = 2m’, to give
12 (m =1\ [ —vpmorn htm’—1
F($)=E}§< A [we o™ dv[e”ym dy
—zl2)\ o k m—1 k—1 _ _
Z Z ( 1)J+ka] bk—] —k E Z <m 1> <k 1>

k—1 j=0 h=0 r=0 r

T
'Km—l—h. k—1—r <2)\> Jh+m —1, r (gi) .
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The additional assumption n; = 2m/’, stated above, is needed here only for the
purpose of evaluating

—-x/i ]
[ e dy ‘[ e N dy = I, say.
By change of variables we may write

-z/i N
2 m—1—h — h ’+1
[ e—-'vl vm dy / € (z—'v)(z — v) +m’+ dz
© 0

h+m'—1 r —z/A
- E (_I)t <h + m 1> F(h + m' — t) f ev/2vt+m—l dv.

=0 t ©

I

This can now be evaluated with the aid of tables of the incomplete Gamma
function.

6. Conclusion. Although the distribution function of a positive definite
quadratic form is approximated by a relatively simple Laguerrian expansion,
the distribution of an indefinite quadratic form gives rise to a more complicated
expansion involving Laguerre polynomials. This is, of course, due mainly to
the fact that the weight function corresponding to the orthogonal system of
Laguerre polynomials is zero for negative values of the argument. On the other
hand, Gram-Charlier series, although convenient for asymptotic expansion
theory, do not converge for a sufficiently wide class of distribution functions
(ef [1]). ‘

The present article has dealt essentially with the question of convergence,
and has shown how to construct a series involving Laguerre polynomials which
actually converges to the distribution function. An important question not
considered in this paper is how rapidly these Laguerrian expansions converge.
Some results along these line are now being prepared for publication.
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