ON THE IDENTITY RELATIONSHIP FOR FRACTIONAL REPLICATES
OF THE 2" SERIES!

By R. C. Burron AND W. S. CoNNOR

National Bureau of Standards

1. Summary, The paper considers }4- fractional replication designs of the
factorial series with n factors each at two levels. The identity relationship for
such designs is often written in terms of a symbol I and collections of letters
which denote interactions among the factors. These collections may conven-
iently be called “words,”” and the number of letters in a collection, the “length”
of the word. The problem considered is that of the existence of an identity rela-
tionship which contains words of specified lengths.

It is known that the words of an identity, together with the symbol I, form an
Abelian group. The group contains sets of independent generators, and the
products of such generators. Necessary and sufficient conditions are developed
for the existence of an identity relationship for which the lengths of a set of
independent generators and their products are specified. Further, it is shown how
to construct such an identity relationship, and it is proved that the identity
relationship is unique, apart from renaming the letters.

For the more general case in which the lengths of the words are given—but
are not associated with particular generators and products—a necessary con-
dition is developed for the existence of the identity relationship. It is shown by
example that this condition is not sufficient.

2. Introduction. We shall consider the case of n factors each at two levels.
Let the factors be denoted by A, B, --- and consider a 14- fraction of the 2"
factorial design (n > r). The identity relationship consists of the symbol I
and 2" — 1 words, connected by equality signs, as follows:

I =A"B" ... = ... = A*"B" ...
where m = 2" — 1;a:, b, --- (j = 1, --- , m) take on the values 0 or 1; and
A® = B = ... = 1. We shall consider the case in which all n letters are present

in the identity relationship.
The product of any two words,

A%B% ... and  A%B™ ...,

is A%*twBbv ... where a, + a,, b, + b,, - - are reduced modulo 2; and
the product of any word with I is the word itself. The words of the identity re-
lationship, together with I, form an Abelian group, in which each word is its
own inverse.
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For a 14 fraction, the group contains r words which are independent genera-
tors. The product of any 7 (¢ = 2, - - -, r) of these generators is a word different
from all of the generators. To illustrate, consider n = 5 and r = 3. An identity
relationship is

I = ABC = CDE = AE = ABDE = BCE = ACD = BD,

where a set of independent generators has been underscored.

Before proceeding with our main argument, it is helpful to review some known
necessary conditions. For this purpose we shall let w; , - - - , w, denote the lengths
of the words. Brownlee, Kelly, and Loraine [1] state that the following conditions
are Necessary:

(1) 2hwi =27

(ii) Either the w’s all are even or 2" of them are odd.

(iii) When 2 of the w’s are odd, the words with even numbers of letters
must, with the identity I, form a subgroup of order 2"

(iv) If some w = n, the remaining w’s must be divisible into pairs such that
the total of each pair is n.

(v) If some w = 1, the remaining numbers must be divisible into pairs such
that the numbers in each pair differ by 1.

They then state that ‘“no other necessary conditions appear susceptible to
expression in simple general terms.”

These conditions do not require that the lengths of particular generators and
their products be specified. The problem which we shall solve does make this
requirement. We shall state necessary and sufficient conditions for the existence
of an identity relationship, for which the lengths of the generators and their
products are given. In addition, we shall prove that such an identity relationship
is unique, apart from the naming of letters; and we shall show how to construct
the identity relationship.

For the more general case considered by Brownlee, Kelly, and Loraine, we
shall derive an additional necessary condition, and shall show by example that
it, together with the above conditions (i), (ii), (iii), is not sufficient to imply the
existence of an identity relationship.

In addition to [1], some papers which treat fractional replicates and the re-
lated problem of block confounding are listed as references [2], -- -, [7].

3. The existence of an identity relationship with generators and products of
specified lengths. Let ¢, , 72, -+ , %, be sintegers such that 0 < 7; < 7. < -+ <
2, < r + 1. The 7th generator will be denoted by W(z) and the product of the
4;-th 75-th, - - - and 7,-th generator by W(z;, 43, - - - , %,). There are exactly 2" — 1
words corresponding to the 2" — 1 symbols (4, %2, - -+ , 7,). The numbers of let-
ters in the word W (s, - - - 1,) will be denoted by w = w(4; « - - 2,).

We shall find it convenient to introduce a symbol S to denote the entire collec-
tion of 2" — 1 symbols (¢; « - - 7,), a symbol O = O(¢; - - - 4,) to denote the collec-
tion of symbols which contain an odd number of indices from (7, - - - 7,), and a
symbol E = E(4 - - - 4,) to denote the collection of symbols which contain none
or an even number of indices from (4 - - - 7).
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Let n(0) and n(E) denote the numbers of symbols in O and E. It is readily
shown that

n(0) = 27,

3.1
@1 n(f) = 277 — 1.

We note that the distribution of a letter among the words of the identity is
determined by its distribution among the generators. Suppose that a letter occurs
in the s generators W (1), - - - , W(4,), but not in the remaining generators. Then
it occurs in all products which have an odd number of indices from among
%, +++, 1, . But there are 2" — 1 ways in which a letter may be distributed a-
mong the generators, and hence among the words of the identity.

We shall use the symbol ¢ = #(7; - - - 7,) to denote the number of letters which
occur in all of the s generators W(z1), - -+, W(4,) but not in the remaining gen-
erators.

For example, consider three generators W(l) = BCD, W(2) = ACDEF,
W(3) = ACF. We may illustrate with a Venn diagram which letters are common,
denoting the generators by the interiors of the circles in Fig. 1.

Since the #’s are the numbers of letters in the basic disjoint sets, it is obvious
that

(3:2) 2ost(i - i) = n.

It is also clear that any set of £’s which are positive integers or zero and satisfy
(3.2) corresponds to a constructible identity relationship involving n letters.

We shall now show explicitly how the #’s uniquely determine the w’s, and con-
versely the w’s uniquely determine the #’s.

From the definitions of £, w, and O, it follows that

(3.3) 0("2"‘ N t(jl c e jp) = w(il e Z-s).

w2

wW(1) B @)
‘ A (1) =1
12 =1
(3) =0
$(12) =1
t(13) = 0
4(23) = 2
t(123) = 1

W(3)

Fia. 1
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There are 2" — 1 such equations. These equations uniquely determine the w’s
from the #’s.

Let us now introduce a dummy variable ¢(0), which we define to be identically
zero. We may add ¢(0) to the left-hand side of (3.2) to obtain

(34) 10) + sty -+ 4,) = .
Multiplying (3.3) by 2, and subtracting (3.4) from the product, we obtain
35) = #0) + oG+ dp) — LatGr---js) = 2wG -+ 4) — n,
where

0= 0(---1) and E = E@; - 1,).

We observe that the matrix of coefficients in (3.4) and (3.5) is a Hadamard
matrix of order 2". Dividing these equations by 2”2, the matrix of coefficients
becomes an orthogonal matrix.

It is helpful to express the equations in matrix notation. Let ¢ denote the
column vector [t(0), ¢(1), - - -, ¢(12 - - - r)], z the column vector 27/ [n, 2w(1) —
n, ++, 2w(12 - - r) — n], and C' the matrix of coefficients in (3.4) and (3.5)
after division by 2"%. In this notation the equations may be written as

(3.6) Ct = z.

Because C is orthogonal, ™' = ¢’ and
C7'Ct = C'x,

3.7) t = C'z.

The typical equation in (3.7) is
(3.8) 20wl v Go) = 2pw( - gp) = 27 < 4).

These last equations uniquely determine the #’s from the w’s. If the w’s deter-
mine #’s which are positive integers or zero, and are such that their sum is n,
then the identity relationship can be constructed, and is unique, except for the
renaming of letters.

We may sum up in the following theorem.

TrreorEM 1. For a 147 fractional replicate of a 2" factorial design, let the numbers
of letters in the words of the identity relationship be w(1), w(2), - - -, w(r); w(12),
w(13), -« -+, wir — 1, 7); -5 w(12 - - ), where (1), (2), -+, (r) refer to a
set of independent generators and (12), (13), -+ (r — 1, 7); «--; (12 --- 1)
to their products. With respect to any one of these 2 symbols (iy - - - 4,), the re-
maining symbols divide into a collection O = O(3; - -+ 1,) of 27 symbols which
have an odd number of indices in common with the given symbol, and a collection
E = E( -+ 1,) of 277" — 1 symbols which have none or an even number of indices
in common with the given symbol. If the w’s satisfy the 2" — 1 equations

Sow(y e+ jp) — Drw(y e gp) = 27 (G - - - i),
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where Y ot + Set = n in the sense of tmplying ’s which are positive iniegers
or zero, then the identity relationship exists. Conversely, if the identity relationships
exists, then the equations are satisfied. Furthermore, knowledge of the t's is sufficient
to construct the identity, and the identity corresponding to a set of 's is unique, apart
from renaming the letters.

4. A necessary condition. We now return to the more general problem of the
existence of an identity relationship having words of given length, but without
the specification of the lengths of particular generators and their products.
We shall develop a necessary condition for the identity relationship to exist.

From (3.6) we have

(4.1) C'Ct = x'z,
and because ¢! = C,
t't = 2z,
Dw =273+ ad).
Thus, there must exist n or fewer positive integers—the non-zero #’s—which
add to n and satisfy (4.2).

We may consider the special case in which the variance of the w’s is a mini-
mum. The variance of w is defined by

Viw) = [2 0" — (XZw)i/ @ -]/ @ - 1)
=272 — 1) -2/ (@2 — 1)

Now V(w) is a minimum when ) # is a minimum—i.e., when Y_ ¢ = n. In this
case (4.2) becomes

(4.4) >wt = 27nn + 1).

(4.2)

(4.3)

We may sum up in a theorem and corollary.

TaEOREM 2. For a Y4+ fractional replicate of a 2" factorial design, let the numbers
of letters in the words of the identity relationship be wy , -+ , W, , wherem = 2" — 1.
Then a necessary condition for the identity relationship to exist ts that there exist n
or fewer positive integers whose sum is n and whose squares add to 27D w* — n’.

CorOLLARY. If the variance of w is a minimum, then it is necessary that
Swt=2"nn + 1).

We shall show by example that this condition, together with conditions (i),
(i), (iii) are not sufficient conditions. Conditions (iv) and (v) do not apply
in the example.

Let n = 9 and r = 4. Let the distribution of w’s be as follows:

Frequency
7
6
2

g o 8
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For this distribution, Y, w = 72 and Y w’ = 360. Thisdistribution has minimum
variance, and satisfies the corollary. In addition, it satisfies (i), (i), and (iii).
To see that it satisfies (iii), we have only to write the following identity:

I = ABCD = ABEF = ACEG = CDEF = BDEG = BCFG = ADFQG.

We shall show that the necessary -conditions of Theorem 1 are not satisfied.
To do this, we shall make a unique identification of the w’s with the generators
and their products.

Let us choose w(l) = 7 and w(2) = 7. Then because two odd lengths imply
an even length, w(12) must be 4. We choose w(3) = 5, which implies that
w(13) = w(23) = 4, and w(123) = 5. Finally, we choose w(4) = 5, which com-
pletely determines the remaining products. The w’s are as follows:

wl) =7 w12 =4 w123) =5 w(1234) = 4

w(2) =7 w(13) = w(l24) = 5 .
w@) =5 wl4) =4 w134) =5
wié) =5 w23) =4 w234) =5
w(24) = 4
w(34) =

Now

Zw—2w=4

o(1) E(1)

which by (3.8) implies that ¢{(1) = %. Accordingly, the identity relationship
does not exist.
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