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1. Summary. The charts presented in this paper are designed to facilitate
the estimation of the number of observations per treatment required for analy-
sis of variance tests of specified power. They are intended for use by experi-
menters dealing with fixed treatments effects. With these charts the experi-
menter may answer the following question: How many observations must I
use per treatment to obtain a power of P; against alternative hypothesis H, ?
Charts are presented for use with tests of treatments effects involving two to
five levels of the treatment variable. The charts are strictly valid only for the
completely randomized design; however they may be applied with relatively
little error to tests of treatments effects in the randomized block and factorial
designs, the latter employing a within-cells estimate of error variance.

2. Nature of the charts. Charts are presented for « equal to .05 and .01 and
k, the number of levels of the treatment variable, equal to 2, 3, 4 and 5. The
charts are entered with the parameter A, which is defined as follows:

_
A = /‘/2 (wj = p)?
ka?

where p; is the mean of treatment population j, u the mean of the combined
treatment populations, ¢* the population error variance, and k the number of
treatments. The value of n, the number of observations which will be required
per treatment for a test of specified power, is read directly from the ordinate
of the appropriate chart. It is assumed that the same number of observations
will be used in every treatment. The relation of A to ¢, the parameter custom-
arily employed in the definition of the power function of the F-test, is simply

A = ¢V

3. Historical development. The first extensive tables of the power function
of analysis of variance tests were published by Tang [5]. The tables given by
Tang are designed in such a way that for fixed values of «, ¢, fi (degrees of
freedom for treatments) and f> (degrees of freedom for error) the probability of
a Type II error may be determined. The interval of tabulation of Tang’s tables
is .50, however, which is not sufficiently fine for accurate interpolation.

Following Tang’s procedure, Lehmer [3] tabulated the values of ¢ for ¢ =

Received December 17, 1957; revised January 31, 1958.
871

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to éﬁ%%
The Annals of Mathematical Statistics. IIEGIE ®

WWWw.jstor.org



872 LEONARD S. FELDT AND MOHARRAM W. MAHMOUD

.05 and .01, P = .7 and .8, over a wide range of f; and f. These tables are
quite complete within the power range considered, however they can not be
conveniently used in the planning of experiments. From the tables the experi-
menter can tell only that a projected test will have a power less than .7, be-
tween .7 and .8, or greater than .8 against a specified alternative.

Pearson and Hartley [4] presented families of power curves for various com-
binations of a, fi, and f: which make possible a direct estimate of the power of
analysis of variance tests. These curves, like the tables of Tang, are entered
with the parameter ¢. For any given experimental setup, the power of the test
may be read directly from the ordinate of the curve. These charts are well
suited to the evaluation of the power of any given test. They can not be easily
employed, however, to indicate the value of n which should be adopted in order
to secure a specified power. For this purpose, the experimenter must adopt the
relatively inefficient approach of making repeated approximations until the
value of n has been estimated with sufficient accuracy.

Fox [2] contributed charts which facilitate the determination of sample size.
These charts were constructed from the tables of Tang and Lehmer and are
essentially graphs of constant ¢ for varying values of f; and f. . By a method
of successive approximations, the value of n may be determined for a fixed
value of « and a fixed value of P against a specified alternative. These charts
are somewhat more convenient than the curves of Pearson and Hartley for this
purpose, but they are somewhat laborious to use because of the iterative nature
of the method of approximating n. Also, the charts do not extend below f; = 3.
For experimenters dealing with fixed treatments effects, this limitation con-
siderably restricts their usefulness.

Duncan [1] published a special condensation of the Pearson and Hartley
charts. He plotted on a single set of axes the values of ¢ corresponding to P =
.50 and .90 for various values of f; and f, . Separate charts are presented for a =
.05 and .01. Having f; and f, on the same chart facilitates computations which
involve both of these elements. For use in planning experiments, however,
these charts are subject to the same weaknesses as those of Pearson and Hartley

Though several types of charts and tables of the power function of F-tests
have been published, none permits a direct, non-iterative approximationt for
the number of observations required for a test of specified power. The charts
presented in this paper make possible such an approximation for experiments
which include 2 to 5 levels of the treatment variable.

4. Construction of the charts. Each chart presents, for « = .05 and 01, a
family of five curves which correspond to the following values of P: .5, .7, .8,
9 and .95. The number of observations per treatment (n) is plotted on the
ordinate, the value of X is plotted on the abscissa.

The numerical calculations for the coordinates of the points on the curves .7
and .8 were carried out from the tables of Lehmer; the calculations for the re-
maining curves were based on data read from the charts of Pearson and Hart-
ley. The three basic steps in the calculations were as follows:
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(1) Determine (from table or chart) pairs of values for ¢ and f, for specified
value of P, f; and a.
(2) Solve f; for n from the relationship » = 1 + f5/k, where k is the number
of treatments and n the number of observations per treatment.
(3) Divide ¢ by v/n to obtain A.
The pairs of coordinates, n and \, were then plotted and smooth curves fitted
through these points.

6. Example. An experimenter wishes to investigate the legibility of two
common styles of handwriting: manuscript and cursive. These styles, which
constitute the two “levels” of the treatment variable, are to be compared for a
population of fourth grade children. The measure of legibility to be employed
is based on the number of regressions in the eye movements of adult readers as
they read a standard passage written in one or the other of these styles. Previ-
ous research with this measure has given rise to an error variance of 10.00, an
estimate which may be taken as a population value for this purpose. The com-
pletely randomized design is to be used. For a difference of 3.0 between the
population means, the experimenter wishes the power of the F-test to equal
.90. The .05 level of significance has been adopted.

For this situation

- /2w = /A5 4 (15)
A= = (T A47.

Entering Figure 1 with this value, and using the curve for P = .90, a = .05,
we read the required number of observations per treatment to equal 24+ or 25.

n
P=5 [7.
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Fia. 3. Curves of constant power (P) for the test of main effects with k=4.

In this example the difference between the population means and the error
variance were separately specified. It is often the case, however, that the al-
ternative hypothesis can be defined as a proportion of the error variance. For
example, the experimenter might desire a certain power against the alternative
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In this case

/2= o
A oo 1 32.
The value of A is thus specified without an explicit statement of the absolute
differences between treatment population means.

6. Note. Steps 2 and 3 in the derivation of these charts are based on the re-
lationship which holds between f; and n for the completely randomized design.
Since this relationship varies from one experimental design to another, these
charts are strictly valid only for thé completely randomized setup. For pre-
cisely accurate determination of the value of n in any other design, a unique
set of charts for that design would be required. Charts for the randomized
block design, for example, would be based on the relationship

fo=(k—1n—-1)
or

fa
(k—1)

Charts for the test of the factor with k levels in the & X & factorial design would
be based on the relationship

n=1+
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S = k(n — k)
or

n=h+%.

However, from charts specifically constructed for each of these designs it
was found that when k(n — 1) = 20 the relationship between X and = is al-
most identical for all three designs. Little inaccuracy results from the applica-
tion of charts based upon the relationship which holds for the completely ran-
domized design.

The relatively small error involved in using the present charts for planning
randomized block and factorial experiments is demonstrated by the values in
Table 1. In this table the appropriate numbers of observations are indicated
for selected experimental conditions involving the three types of designs. The
values of n for the randomized block and factorial designs were derived from
the charts specially constructed for these designs. It may be seen that in every
instance the value of n read from charts constructed for the completely ran-
domized design is only slightly smaller than that read from charts specific to
the other designs. The underestimate is less than one observation in almost

TABLE 1

Comparative Values of n for Completely Randomized, Randomized
Block, and Factorial Experiments (e = .05)

"
¢ P » Completel Randomi
Sompletely sxdomised |4 x b Fatora
2 .5 .525 8.0 8.9 8.2
.358 16.0 16.9 16.1
.257 30.0 30.9 30.1
.181 60.0 60.7 60.0+
.95 .967 8.0 9.1 8.2
.657 16.0 17.1 16.1
.473 30.0 30.9 30.0+
.333 60.0 60.5 60.0+
4 .5 .450 8.0 8.6 8.8
.308 16.0 16.3 16.2
.220 30.0 30.1 30.0+
.156 60.0 60.0 60.0+
.95 770 8.0 8.6 8.8
.632 16.0 16.5 16.3
.382 30.0 30.3 30.04
.270 60.0 60.0+4 60.0
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all cases. Therefore, for the practical purpose of approximating the necessary
number of observations per treatment in randomized block and factorial ex-
periments, it would seem sufficiently precise to use values read from the present
charts.
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