A. I. KHINCHIN’S WORK IN MATHEMATICAL PROBABILITY!

By HaraLp CrRAMER

Unaversity of Stockholm

Alexander Iacovlevich Khinchin was born in 1894 in the Russian village
Kondrovo, of the Kaluga district, where his father wasthe chief engineer of a
paper factory. In 1911 he entered the University of Moscow, with which he
continued to be associated throughout his whole life, first as a student and later
as an academic teacher and research worker. He died on November 18, 1959.

The mathematical work of Khinchin covers a broad field, including the theory
of functions of a real variable, number theory, mathematical probability theory
and its applications to statistical physics, queueing problems and information
theory. In the present paper, it will only be possible to give a brief and incom-
plete review of his work on probability and its applications. However, it must
be emphasized that this is an artificial limitation, which makes it impossible to
give the reader an adequate idea of the remarkable internal unity of his work
in the various fields where he was active as a creative mathematician.

Khinchin’s earliest papers on probability appeared in 1924. During the 1920’s
and 1930’s he published more than fifty works on probability and its applica-
tions, including the remarkable monographs [65] and [92]. In order to appre-
ciate his work during this period at its full value, it is necessary to compare the
scientific standing and general character of mathematical probability theory
in 1920 and 1940.

About 1920, R. von Mises summed up a critical review of the situation in the
statement that ‘“to-day, probability theory is not a mathematical science.”
There was no satisfactory definition of mathematical probability, and the con-
ceptual foundations of the subject were completely obscure. Moreover, with
few exceptions, mainly belonging to the French and Russian schools, writers on
probability did not seem aware of the standards of rigour which, in other mathe-
matical fields, were regarded as obvious.

At the end of the 1930’s, the picture has radically changed. Mathematical
probability theory stands firmly established on an axiomatic foundation. It is
a purely mathematical discipline, with problems and methods of its own, con-
forming to current standards of mathematical rigour, and entering into fruitful
relations with other branches of mathematics. At the same time, the fields of
applications of mathematical probability are steadily and rapidly growing in
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number and importance. It is true that there are still (and this may apply
even today, in 1962) some ‘“pure” mathematicians who tend to look down on
the ‘“applied” science of probability. But this attitude will be bound to dis-
appear within a generation.

The tremendous development which thus took place in the twenty years from
1920 to 1940 was, no doubt, a joint effect of the efforts of a large number of
mathematicians and statisticians. However, it does not seem unlikely that
future historians will ascribe this development, as far as the mathematical side
of the subject is concerned, above all to the creative powers of three men: A. I.
Khinchin, A. N. Kolmogorov, and P. Lévy. In fact, it may be said that the real
turning point came with the publication in 1933 of the two famous monographs
by Khinchin and Kolmogorov, and the appearance in 1934 of Lévy’s paper on
an important class of stochastic processes.

Khinchin’s early work in probability was concerned with problems arising in
the theory of summation of independent random variables, such as the law of
the iterated logarithm, the law of large numbers, and the central limit theorem.
Generalizing and modifying this type of problems in various directions, he was
then led into other, more or less closely related fields. His works on topics such
as the summation of inter-dependent variables, the theory of infinitely divisible
distributions, stochastic processes with independent increments, and stationary
processes, thus show an organic connection between themselves and may, to a
great extent, be traced back to a common origin. The following brief analysis of
some of his works should provide sufficient motivation for these remarks.

In the papers [10], [14] and [28], published in 1924 and 1926, the celebrated
law of the iterated logarithm was stated and proved for the first time. It is
characteristic that the first-mentioned paper deals with a problem in number
theory, namely the frequency of digits in binary fractions, while in the two other
papers the same law is expressed as a statement on the frequency of successes
in a series of independent random trials. In his monograph [65], Khinchin points
out that this is only a change of terminology, since one is at liberty to express
the same underlying theorem in arithmetic or in probabilistic language. The
law as expressed in [10] and [14] was extended to more general cases by various
other authors, a fairly general statement being the following:

Let x;, z2, - - - be a sequence of independent and uniformly bounded random
variables, such that Bz, = 0 and Bz = o5 . Write yn = D 1 Tk, S0 = Dot 05,
and suppose that s, — « with n. Then the relation

lim sup S L
nso /25 log log s
is true with probability one. A more stringent theorem on the same lines has
since been obtained by Feller.

The strong law of large numbers belongs to the same order of ideas as the law
of the iterated logarithm. In [36] of 1928, Khinchin considers this law for the
case of inter-dependent variables. Using the same notations as above, and
writing
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n
Th = SUD| i—k|=n |Tst], th = 12 ™ ,

where 7, denotes the correlation coefficient of z; and z; , the theorem given in
[36] asserts that, if

Saln = O(0'™°)
for some ¢ > 0, then with probability one
limgseo (yu/n) = 0.

It will be seen that this contains, in the particular case when the z, sequence is
stationary, a proof of the strong ergodic theorem under fairly general conditions.

Among Khinchin’s contributions to the central limit theorem, we shall only
mention [79], where he gives a NS condition for the convergence to the normal
law of the appropriately normed sum of n independent and identically dis-
tributed random variables, as n — . If F(z) denotes the common distribution
function of the variables, the condition (found independently also by Feller
and Lévy) is

lim x2f dF(y)/f Yy dF(y) = 0.
Z->00 ly|>z lyl<=z

The continuous analogy to the cumulated sums of a sequence of independent
random variables is a stochastic process with independent increments. About
1930, some important particular cases of this class of processes were known.
Thus the Brownian movement process (with normally distributed increments)
had been studied by Wiener, while the Poisson process and some of its generaliza-
tions had been considered by others, including the present writer. The general
form of a process with independent increments was then established in 1932 by
Kolmogorov, under some restrictive assumptions, and quite generally in 1934 by
Lévy. In the monograph [65] of 1933, Khinchin gave an account of the properties
of the particular processes mentioned above, and also considered certain im-
portant processes with non-independent increments, which play an important
part in the mathematical treatment of diffusion problems. In this connection,
he was able to make use of the now well-known Kolmogorov equations, which
had then only recently been discovered.

An important part in the theory of stochastic processes with independent in-
crements is played by the class of probability distributions known as infinitely
divisible. A distribution is said to belong to this class if, for every n = 1, 2, - - - ,
it may be represented as the convolution of n identical distributions. Some of the
most important discoveries of Khinchin were connected with this class of distribu-
tions. Thus in [91] he proved the following beautiful theorem :

Suppose that for every n = 1, 2, ---,

Yn = xnl+xn2+ e +xnlcn,

so that ¥, is the sum of the k, random variables z,; , which are assumed to be
independent, and such that



1230 HARALD CRAMER

SUPk <, P{|xn] > ¢— 0

as n — oo, for any fixed ¢ > 0. A NS condition that a given distribution function
F(z) may be represented as the limiting distribution function of a sequence of
the form yy , 42, - - - is then that F(2) should be infinitely divisible.

This theorem forms one of the main starting points of the modern theory of
limit distributions for sums of independent random variables, as treated in the
well-known book by Gnedenko and Kolmogorov.

A particularly interesting subclass of the class of all infinitely divisible distribu-
tions is formed by the so called stable distributions. A distribution function
F(z) is called stable if, to any positive a1, a; , and any real b, , by, there corre-
spond a positive a and a real b such that

F(awxw + b)) * F(axx + b)) = F(ax 4 b),

where the sign * denotes convolution. Khinchin wrote several papers on stable
distributions and allied subjects. Particularly remarkable is the joint paper
[86], where Khinchin and Lévy gave the general formula for the characteristic
function of a stable distribution.

In the book [92], Khinchin developed the theory of infinitely divisible and
stable distributions, and their applications to the theory of limit distributions
for sums of independent random variables, as far as this was known in 1938,
when the book appeared. In particular, one finds here the theorem that the class
of all stable distributions is identical with the class of limiting distributions for
normed sums of the form (x; + z2 + -+ + 2.)/An — B., where the z;, are
independent and identically distributed random variables, while 4, > 0 and
B, are constants. An interesting detail, typical of Khinchin’s interest in function
theory and number theory, is the elegant example given on p. 35 of the book of
an infinitely divisible distribution connected with the Riemann zeta function.

Perhaps the greatest of all Khinchin’s achievements in probability theory was
his work on stationary stochastic processes and their applications to statistical
physics. During his investigations concerning the validity of various forms of the
law of large numbers for sequences of inter-dependent variables he was led to
consider, e.g., in [52] and [60], a certain type of dependence which he called
stationary, where the probability laws are in some sense invariant under a
translation in time. For sequences of stationary variables, the law of large num-
bers turned out to be closely related to the ergodic theorems of statistical me-
chanics, and Khinchin gave in [58] and [62] proofs of certain theorems generaliz-
ing the previously known ergodic theorems due to Birkhoff and others.

In the important paper [67], Khinchin then proceeded to consider a stochastic
process with continuous time, of the type which is now known as second order
stationary. In a slightly modernized form, he obtained in this paper the following
results. Let z(¢), for every real ¢, be a complex-valued random variable such that

Exz(t) =0, Ex(H)z(u) = r(t — u),
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and let it be assumed that the covariance function r(t) is continuous at ¢ = 0.
Then r(t) is a positive-definite function with the spectral representation

r(t) = f_w er dF (M),

where F()) is real, bounded and never decreasing. From this representation, an
ergodic mean value theorem for x(¢) is deduced.

These basic results of Khinchin had a great influence on the subsequent power-
ful development of the theory and applications of stationary processes. By the
work of Kolmogorov, Karhunen and others, it is now known that this theory
may be expressed as a chapter in Hilbert space geometry. In particular, the
above spectral representation of the covariance function, and the corresponding
representation for the random variable z(¢) given by the present writer, are
equivalent to certain Hilbert space theorems. The possibility of a probability
approach to these problems has opened up interesting lines of research.

Khinchin’s interest in the problems of statistical physics was by no means
limited to ergodic theory and the applications of stationary processes. In a
number of minor papers, and in the monographs [113] and [136], he developed
his ideas on the mathematical foundations of classical statistical mechanics, and
of quantum statistics. In both these fields, he emphasized the fundamental im-
portance of the mathematical tools provided by probability theory, particularly
the local limit theorems appearing in the theory of summation of independent
random variables.

The works [146], [148] and [149] deal with the theory of queues, and contain
among other things a very interesting analysis of certain generalizations of the
simple Poisson process. Finally, during his last years, Khinchin also studied the
theory of information and gave in [143] and [150] a clear exposition of the mathe-
matical foundations of this theory.

The work of Khinchin is so many-sided, and so rich in new ideas, not yet fully
explored, that it will certainly during many years continue to have a profound
influence on the development of the mathematical theory of probability.



1232 HARALD CRAMER

BIBLIOGRAPHY OF A. I. KHINCHIN

[1] “Sur une extension de l'intégrale de M. Denjoy,” C. R. Acad. Sci. Paris, Vol. 162 (1916),
pp. 287-290.
[2] “Sur la dérivation asymptotique,” C. R. Acad. Sci. Paris, Vol. 164 (1917), pp. 142-145.
[3] “On the process of integration of Denjoy,” Mat. Sb., Vol. 30 (1918), pp. 1-15.
[4] “Sur la théorie de I'intégrale de M. Denjoy,” Izv. Ivanovo-Voznesenskovo Polytech. Inst.,
Vol. 3 (1921), pp. 49-51.
[5] “On a property of continued fractions and its arithmetic applications,” Izv. Ivanovo-
Voznesenskovo Polytech. Inst., Vol. 5 (1922), pp. 27-41.
[6] “On the question of the representation of a number as the sum of two primes,” Izv.
Tvanove-Voznesenskovo Polytech. Inst., Vol. 5 (1922), pp. 42—48.
[7] “A new proof of the fundamental theorem in the metric theory of sets,” Izv. Ivanovo-
Voznesenskovo Polytech. Inst., Vol. 6 (1922), pp. 39-41.
[8] ““Sur les suites des fonctions analytiques bornées dans leur ensemble,” Fund. Math., Vol. 4
(1923), pp. 72-75.
[9] “Das Stetigkeitsaxiom des Linearkontinuums als Induktionsprinzip betrachtet,” Fund.
Math., Vol. 4 (1923), pp. 164-166.
[10] “Ueber dyadische Briiche,” Math. Z., Vol. 18 (1923), pp. 109-116.
[11] “Ein Zatz iiber Kettenbriiche mit aritmetischen Anwendungen,” Math. Z., Vol. 18
(1923), pp. 289-306.
[12] “On sequences of analytic functions,” Mat. Sb., Vol. 31 (1924), pp. 147-151.
[13] “Investigations into the structure of measurable functions,” Mai. Sb., Vol. 31 (1924),
pp. 265-285.
[14] “Sur une théoréme général relatif aux probabilités dénombrables,” C. R. Acad. Sci. Parts,
Vol. 178 (1924), pp. 617-619.
[15] “Ueber einen Satz der Wahrscheinlichkeitsrechnung,” Fund. Math., Vol. 6 (1924),
pp. 9-20.
[16] “Einige Sitze tiber Kettenbriiche, mit Anwendungen auf die Diophantischen Approxima-
tionen,” Math. Ann., Vol. 92 (1924), pp. 115-125.
[17] “On a question in the theory of Diophantine approximations,”” Izv. ITvanovo-Voznesenskovo
Polytech. Inst., Vol. 8 (1925), pp. 32-37..
[18] “7Zwei Bemerkungen zu einer Arbeit des Herrn Perron,” Math. Z., Vol. 22 (1925), pp.
274-284.
[19] “Investigations into the structure of measurable functions, I1,”” Mat. Sb., Vol. 32 (1925),
pp. 377-433.
[20] “Ueber die angeniiherte Auflésung linearer Gleichungen in ganzen Zahlen,” Mat. Sb.,
Vol. 32 (1925), pp. 203-219.
[21] “?;u‘ Theorie der Diophantischen Approximationen,” Mat. Sb., Vol. 32 (1925), pp.
277-288. ‘
[22] “Bemerkungen zur metrischen Theorie der Kettenbriiche,” Mat. Sb., Vol. 32 (1925),
pp. 326-329.
[23] “Bemerkungen zu meiner Abhandlung ‘Ein Satz iiber Kettenbriiche mit aritmetischen
f‘&nwendungen,’ ” Math. Z., Vol. 22 (1925), p. 316.
[24] “On the Petersburg game,” Mat. Sb., Vol. 32 (1925), pp. 330-341.
[25] “Ue'ber Konvergenz von Reihen, deren Glieder durch den Zufall bestimmt werden”
(written ]_ointly with A. N. Kolmogorov), Mat. Sb., Vol. 32 (1925), pp. 668-677.
[26] “I{eber die Anwendbarkeitsgrenzen des Tschebycheffschen Satzes in der Wahrscheinlich-
keltsrechn.ung,” Mat. Sb., Vol. 32 (1925), pp. 678-687.
[27] “Zu; (;rée’?;;ichen Theorie der diophantischen Approximationen,” Math. Z., Vol. 24 (1926),
pp. 706-714.
[28] “Ueber das Gesetz der grossen Zahlen,” Math. Ann., Vol. 96 (1926), pp. 152-158.



KHINCHIN ON MATHEMATICAL PROBABILITY 1233

[29] “Ueber eine Klasse linearer diophantischer Approximationen,” Rend. Circ. Mat. Palermo,
Vol. 50 (1926), pp. 170-195.

[30] “Ideas of intuitionism and the struggle for the subject in contemporary mathematics,”
Vestnik Kommunist. Akad., Vol. 16 (1926), pp. 184-192.

[31] “Recherches sur la structure des fonctions mesurables,” Fund. Math., Vol. 9 (1927),
pp. 212-279.

[32] “Ueber diophantische Approximationen héheren Grades,” Mat. Sb., Vol. 34 (1927), pp.
109-112.

[33] “Diophantine Approximations,” Trudy All-Russian Math. Congress (1927), pp. 131-137.

[84] Great Theorem of Fermat, Gosizd., 1927, GTTI, 1932 (2nd ed.).

[85] Fundamental Laws of the Theory of Probability, 1927; GTTI, 1932 (2nd ed.).

[36] ““Sur la loi forte des grands nombres,” C. R. Acad. Sci. Paris, Vol. 186 (1928), pp. 285-287.

[37] “Objection d’une note de M. M. Berzin et Errera,” Acad. Roy. Belg. Bull. Cl. Sci., Ser. 5,
Vol. 14 (1928), pp. 223-224.

[38] “Strong law of large numbers and its significance in mathematical statistics,” Vestnik
Stat., Vol. 29 (1928), pp. 123-128.

[39] “Begriindung der Normalkorrelation nach der Lindebergschen Methode,” Izv. Ass.
Science-Research Moscow Univ., Vol. I (1928), pp. 37-45.

[40] “Ueber die Stabilitit zweidimensionaler Verteilungsgesetze,” Mat. Sb., Vol. 35 (1928),
pp. 19-23.

[41] “Ueber die angeniherte Auflosung linearer Gleichungen in ganzen Zahlen,” Mat. Sb.,
Vol. 35 (1928), pp. 31-33.

[42] “Theory of numbers; outline of its development from 1917-1927,” Mat. Sb., Vol. 35
(supplementary issue) (1928), pp. 1-4.

[43] “The role and character of induction in mathematics,” Vestnik Kommunist. Akad., Vol. 1
(1929), pp. 5-7.

[44] “Sur la loi des grands nombres,” C. R. Acad. Sci. Paris, Vol. 188 (1929), pp. 477-479.

[45] “Sur une généralisation des quelques formules classiques,” C. R. Acad. Sci. Paris, Vol. 188
(1929), pp. 532-534.

[46] “Ueber ein Problem der Wahrscheinlichkeitsrechnung,” Math. Z., Vol. 29 (1929), Pp.
746-752.

[47] “Ueber die positiven und negativen Abweichungen des arithmetischen Mittels,”” Math.
Ann., Vol. 101 (1929), pp. 381-385.

[48] “Ueber einen neuen Grenzwertsatz der ‘Wabhrscheinlichkeitsrechnung,” Math. Ann., Vol.
101 (1929), pp. 745-752.

[49] “Ueber Anwendberkeitskriterien fiir das Gesetz der grossen Zahlen,” Mat. Sb., Vol. 36
(1929), pp. 78-80.

[50] “The teachings of von Mises on probability and the principles of statistical physics,”
Uspehi Fiz. Nauk., Vol. 9 (1929), pp. 141-166.

[51] “Die Maxwell-Boltzmannsche Energieverteilung als Grenzwertsatz der Wahrscheinlich-
keitsrechnung,” Trudy Sem. MGU Teor. Veroyatnost. i Mat. Statist., Vol. 1 (1930), pp.
1-11.

[52] “Sulle successioni stazionarie di eventi,” Giorn. Ist. Ital. Attuari, Vol. 3 (1932), pp.
267-272.

[63] ““Zur additiven Zahlentheorie,” Mat. 8b., Vol. 39 (1932), pp. 27-34.

[54] “Ueber eine Ungleichung,” Mat. Sb., Vol. 39 (1932), pp. 35-39.

[55] “Sur les classes d’événements équivalents,” Mat. Sb., Vol. 39 (1932), pp. 40—43.

[56] “Remarques sur les suites d’événements obbéissants & 1a loi des grands nombres,” Mat.
Sb., Vol. 39 (1932), pp. 115-119.

[57] “The mathematical theory of stationary queues,” - Mat. Sb., Vol. 39 (1932), pp. 73-84.

[58] “Zu Birkhoffs Losung des Ergodenproblems,” Math. Ann., Vol. 107 (1932), Pp. 485-488.

[69] “On the mean time of non-attendance of stations,” Mat. Sb., Vol. 40 (1933), pp. 119-123.



1234 HARALD CRAMER

[60] “Ueber stazionire Reihen zufilliger Variablen,” Mat. Sb., Vol. 40 (1933), pp. 124-128.

[61] “Ueber ein metrisches Problem der additiven Zahlentheorie,” Mat. Sb., Vol. 40 (1933),
pp. 180-189.

[62] “Zur mathematischen Begriindung der statistischen Mechanik,” Z. Angew. Math. Mech.,
Vol. 13 (1933), pp. 101-103.

[63] “Gram’s determinants for stationary series” (written jointly with A. O. Gelfand),
Uchenue Zapiski Moscow Gov.. Univ., Vol. 1 (1933), pp. 3-5.

[64] “The method of spectral reduction in classical dynamics,” Proc. Nat. Acad. Sci. U.S.A.,
Vol. 19 (1933), pp. 567-573.

[65] Asymptotische Gesetze der Wahrscheinlichkeitsrechnung, Springer, 1933; ONTI, 1936.

[66] “Zur matematischen Begriindung der Maxwell-Boltzmannschen Energieverteilung,”
Uchenue Zapiski Moscow Gov. Univ., Vol. 2 (1934), pp. 35-38.

[67] “Korrelationstheorie der stationiren stochastischen Prozesse,” Math. Ann., Vol. 109
(1934), pp. 604-615; Uspehi Mat. Nauk, Vol. 5 (1938), pp. 42-51.

[68] “Eine Verschirfung des Poincaréschen ‘Wiederkehrsatzes,”” Compositio Math., Vol. 1
(1934), pp. 177-179.

[69] “Fourierkoeffizienten lings Bahnen im Phasenraum,” Mat. Sb., Vol. 41 (1934), pp. 14-16.

[70] Chance and the Way Science Treats It, ONTI, 1934.

[71] “Eine arithmetische Eigenschaft der summierbaren Funktionen,” Mat. Sb., Vol. 41
(1934), pp. 11-13.

[72] “The theory of probability in the pre-revolutionary Russia and in the Soviet Union,”
Front Naukt © Techniki, Vol. 7 (1934), pp. 36—46.

[73] Continued Fractions, ONTI, 1935; GTTI, 1949 (2nd ed.); Prague, 1952.

[74] “Su una legge dei grandi numeri generalizzata,” Giorn. Ist. Ital. Attuari, Vol. 6 (1935),
pp. 371-393.

[75] “Metrische Kettenbruchprobleme,” Compositio Math., Vol. 1 (1935), pp. 361-382.

[76] “Neuer Beweis und Verallgemeinerung eines Hurvitzschen Satzes,” Math. Ann., Vol. 111
(1935), pp. 631-637.

[77] “Zur metrischen Kettenbruchetheorie,” Compositio Math., Vol. 3 (1936), pp. 276-285.

[78] “Ein Satz iiber lineare diophantische Approximationen,” Math., Ann., Vol. 113 (1936),
pp. 398—415.

[79] “Sul dominio di attrazione della legge di Gauss,” Giorn. Ist. Ital. Attuari, Vol. 7 (1936),
pp. 3-18.

[80] “Metric problems in the theory of irrational numbers,” Uspehi Mat. Nauk, Vol. 1 (1936),
pp. 7-32.

[81] “A new derivation of a formula of P. Lévy,” Bull. Moscow Gov. Univ., Vol. 1 (1937),
pp. 1-5.

[82] “On the arithmetic of distribution laws,” Bull. Moscow Gov. Univ., Vol. 1 (1937), pp. 6-17.

[83] “On a property of characteristic functions,” Bull. Moscow Gov. Univ., Vol. § (1937),
pp. 1-3.

[84] “Invariant classes of distribution laws,” Bull. Moscow Gov. Univ., Vol. 5 (1937), pp. 4-5.

[85] “Examples of random variables satisfying stable probability laws,” Eull. Moscow Gov.
Univ., Vol. 5 (1937), pp. 6-9.

[86] “Sur les lois stables” (jointly with P. Lévy), C. R. Acad. Sci. Paris, Vol. 202 (1937),
pPp. 374-376.

[87] “Ueber die angenéherte Auflésung linearer Gleichungen in ganzen Zahlen,” Acta Arith.,
Vol. 2 (1937), pp. 161-172.

[88] “Ueber singuldre Zahlensysteme,” Compositio Math., Vol. 4 (1937), pp. 424-431.

[89] “Abschitzungen beim Kroneckerschen Approximationensatz,”’ Bull. Inst. Math. Tomsk,
Vol. 1 (1937), pp. 263-265.

[90] “Ucber Klassenkonvergenz von Verteilungsgesetzen,” Bull. Inst. Math. Tomsk, Vol. 1
(1937), pp. 258-262.



KHINCHIN ON MATHEMATICAL PROBABILITY 1235

[91] “Zur Theorie der unbeschriinkt teilbaren Verteilungsgesetze,” Mat. Sb., Vol. 44 (1937),
pp. 79-119.

[92] Limit Distributions for the Sum of Independent Random Variables, GONTI, 1938.

[93] “Two theorems about stochastic processes with increments of a certain type,” Mat. Sb.,
Vol. 45 (1938), pp. 577-584.

[94] “Zur Methode der willkiirlichen Funktionen,” Mat. Sb., Vol. 45 (1938), pp. 585-589.

[95] “On unimodular distributions,” Izv. Tomsk Math. Inst., Vol. 2 (1938), pp. 1-7.

[96] “The theory of damped spontaneous effects,” Izv. Akad. Nauk SSSR, Ser. Mat., Vol. 3

(1938), pp. 313-332.
[97] “Introduction to irrational numbers; material for the use of teachers,”” Narcompros
RSFSR, 1938, pp. 9-12 [reprinted in Mat. v Skole, No. 3 (1939), pp. 32-34].

[98] “Complex numbers” (written jointly with P. I. Dorf), Mat. v Skole (1938), pp. 39-47.

[99] “On the addition of sequences of natural numbers,” Mat. Sb., Vol. 48 (1939), pp. 161-166.

[100] “On the local growth of homogeneous stochastic processes without future,” Izv. Akad.
Nauk SSSR, Ser. Mat., Vol. 4 (1939), pp. 487-508.

[101] “Fundamental concepts of mathematics in secondary schools,” Mat. v Skole, No. 4
(1939), . pp. 4-22; No. 5 (1939), pp. 3-10.

[102] “Many-sided realistic education of Soviet youth,” Mai. v Skole, No. 6 (1939), pp. 1-7.

[103] “On the teaching of mathematics,” Molodaya Gvardia, No. 9 (1940), pp. 142-150.

[104] Fundamental Mathematical Concepts and Defimittons in Secondary Schools, Uchpedgiz,
1940.

[105] “On the addition of sequences of natural numbers,” Uspehi Mat. Nauk, Vol. 7 (1940),
pp. 57-61.

[106] “On mathematical definitions in secondary schools,” Mat. v Skole, No. 1 (1941), pp. 1-10.

[107] “On the concept of the ratio of two numbers,” Mat. v Skole, No. 2 (1941), pp. 13-15.

[108] “On additive methods of statistical mechanics,” Dokl. Akad. Nauk SSSR, Vol. 33 (1941),
pp. 438-441.

[109] “The mean value of summable functions in statistical mechanics,” Dokl. Akad. Nauk
SSSR, Vol. 33 (1941), pp. 442-445.

[110] “On intermolecular correlation,” Dokl. Akad. Nauk SSSR, Vol. 33 (1941), pp. 487-490.

[111] “Laws of distribution of summable functions in statistical mechanics,”” Dokl. Akad.
Naouk SSSR, Vol. 34 (1942), pp. 61-63.

[112] “Sur un cas de corrélation a posteriori,” Mat. Sb., Vol. 54 (1943), pp. 185-196.

[113] Mathematical Foundations of Statistical Mechanics, GTTI, 1943; New York, 1950.

[114] “On an ergodic problem of statistical mechanics,” Izv. Akad. Nauk SSSR, Vol. 7 (1943),
pp. 167-184.

[115] “Convex functions and evolution theorems of statistical mechanics,” Izv. Akad. Naouk
SSSR, Vol. 7 (1943), pp. 111-122.

[116] Eight Lectures on Mathematical Analysis, GTTI, 1943, 1948 (3rd ed.); Ukrainian ed.,
1948.

[117] “On a problem of Chebyshev,” Izv. Akad. Nauk SSSR, Ser. Mat., Vol. 10 (1946), pp.
281-294.

[118] Elementary Iniroduction to the Theory of Probability (written jointly with B. V.
Gnedenko), 1946; 1957 (4th ed.); Warsaw, 1952, 1954; Bucharest, 1953; Prague, 1954;
Budapest, 1954; Berlin, 1955; Pekin, 1958; Paris, 1960.

[119] “Onformalism in the teaching of mathematics,” Izv. Akad. Pedagog. Nauk RSFSR, No. 4
(1946), pp. 7-20.

[120] Three Pearls of Number Theory, GTTI, 1947, 1948 (2nd ed.); Ukrainian ed., 1949; Berlin,
1950; Rochester, N. Y., 1952; Tokyo, 1956.

[121] “Two theorems connected with a problem of Chebyshev,” Izv. Akad. Nauk SSSR, Ser.
Mat., Vol. 11 (1947), pp. 105-110.

[122] “Limiting case of Kronecker’s approximation theorem,”” Dokl. Akad. N auk SSSR, Vol. 56
(1947), pp. 563-565.



1236 HARALD CRAMER

[123] “On & general theorem in the theory of Diophantine approximations,” Dokl. Akad.
Nauk SSSR, Vol. 56 (1947), pp. 679-681.

[124] “A transfer theorem for singular systems of lincar equations,” Dokl. Akad. Nauk SSSR,
Vol. 59 (1948), pp. 217-218.

[125] “On the theory of linear Diophantine approximations,” Dokl. Akad. Nauk SSSR, Vol. 59
(1948), pp. 865-867.

[126] “Dirichlet’s principle in Diophantine approximations,” Uspehi Akad. Nauk, Vol. 3
(1948), pp. 1-28. ‘

[127] ‘“Quantitative formulation of the approximation theory of Kronecker,” Izv. Akad. Nauk
SSSR, Ser. Mat., Vol. 12 (1948), pp. 113-122. :

[128] “On some applications of the additional variable,” Uspehi Mat. Nauk, Vol. 3 (1948),
pp. 188-200.

[129] ‘“Regular systems of linear equations and the general problem of Chebyshev,” Izv. Akad.
Nauk SSSR, Ser. Mat., Vol. 12 (1948), pp. 249-258.

[130] “On fractional parts of a linear form,” I'zv. Akad. Nauk SSSR, Ser. Mat., Vol. 13 (1949),
pp. 3-8.

[181] ““The sirplest linear continuum,” Uspehi Mat. Nauk, Vol. 4 (1949), pp. 180-197.

[132] “On -ue analytical apparatus of statistical physics,” Trudy Mat. Inst. Akad. Nauk SSSE,
Vol. 33 (1950), pp. 1-56.

[133] “Statistical mechanics as a problem of the theory of probability,” Uspehi Mat. Nauk,
Vol. 5 (1950), pp. 3-46.

[134] “On sums of positive random variables,” Dokl. Akad. Nauk SSSR, Vol. 71 (1950),
pp. 1037-1039.

[135] “Limit theorems for sums of positive random variables,” Ukrain. Mat. Z., Vol. 2 (1950),
pp. 3-17.

[136] The Mathematical Foundation of Quantum Statistics, GTTI, 1951; Berlin, 1956.

[137] “On the distribution of laws of ‘occupation numbers’ in quantum statistics,” Dokl. Akad.
Nauk SSSR, Vol. 78 (1951), pp. 461-463.

[138] “On some general theorems in statistical physics,” Trudy Mat. Inst. Akad. Nauk SSSR,
Vol. 38 (1951), pp. 345-365.

[139] “Elements of number theory,” in Encyclopedia of Elementary Mathematics, GTTI, 1951,
Vol. 1, pp. 255-353.

[140] “On classes of equivalent events,” Dokl. Akad. Nauk SSSR, Vol. 85 (1952), pp. 713-714,

[141] “Method of arbitrary functions and the fight against idealism in the theory of prob-
ability,” in the collection Philosophical Problems of Contemporary Physics, ed. Akad.
Nauk SSSR, 1952, pp. 522-538; French translation: “Questions scientifiques V,” in
Editions de la Nouvelle Critique, Paris, 1954, Vol. 1, pp. 7-24.

[142] “Soviet school of the theory of probability,” Chinese Math. J., Vol. 1 (1952), pp. 1-7.

[143] “Concept of entropy in the theory of probability,” Uspehi Mat. Nauk, Vol. 8 (1953),
Pp. 3-20; Bucharest, 1955; Berlin, 1956; U.S.A., 1957.

[144] A Short Course of Mathematical Analysis, GTTI, 1953, 1957 (3rd ed.); Bucharest, 1955;
Pekin, 1957.

[145] “Andrei Nikolaevich Kolmogorov [on his fiftieth anniversary]” (written jointly with
P. S. Alexandrov), Uspeht Mat. Nauk, Vol. 7 (1953), pp. 177-200.

[146] ‘“Mathematical methods in the theory of mass service,” Trudy Mat. Inst. Akad. Nauk,
Vol. 49 (1955), pp. 1-123; Pekin, 1958.

[147] “Symmetric functions over multidimensional surfaces” (a contribution to the memorial
volume to Alexander Alexandrovich Andronov), Izdat. Akad. Nauk, SSSR, 1955, pp.
541-574.

[148] “Series of random events without future,” Teor. Veroyatnost. ¢ Primenen., Vol. 1 (1956),
pp. 3-18.

[149] ““On Poisson sequences of random events,” Teor. Veroyatnost. © Primenen., Vol. 1 (1956),
pp. 320-327.



KHINCHIN ON MATHEMATICAL PROBABILITY 1237

[150] ““On fundamental theorems of information theory,” Uspehi Mat. N auk, Vol. 11 (1956),
pp. 17-75. i

[151] “The first acquaintance with probability theory” (written jointly with A. M. Yaglom),
in Children’s Encyclopedia, ed. Akad. Pedagog. Nauk RSFSR, 1959, Vol. 3, pp. 211~220.



