ON THE DUALS OF SYMMETRIC PARTIALLY-BALANCED
INCOMPLETE BLOCK DESIGNS!
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1. Summary. It is shown that, under certain hypotheses, the dual of a sym-
metric partially balanced incomplete block design with m associate classes is
also a PBIB design with m associate classes and all parameters the same as
before. In the case m = 1, and in the case that the design is group divisible, these
hypotheses coincide with assumptions previously known to be sufficient to
ensure duality. To show that some hypotheses are needed for duality, an example
is given of a group divisible design whose dual is not a group divisible design.

2. Introduction. Let v, 7, 1, =+ , N, p5;(, 5, k=1, -+, m), A1, -+ , Ambe
given non-negative integers. Let J be the square matrix of order v, each of whose
entries is 1, and let I be the identity matrix of order ». A symmetric PBIB design
with m associate classes [1], and parameters v, - - - , A, is a squaré matrix N of
order v, each of whose entries is 0 or 1, such that there exist m symmetric matrices
K,, -+, Knu, each entry of which is 0 or'1, with

(2.1) NN" =rl 4+ 27 \K,,

(2.2) J=I+ Y mwK,,

(2.3) K} = nd + Z’,’;l piiK, , i=1,-,m,
(24) KK;=KK;=2\apiiK,, 4,j=1,-+,m,i5j.

Our object is to obtain sufficient conditions under which N7 is a PBIB design
with m associate classes and the same parameters v, - -+ , A, as N. We suspect
these conditions can be substantially weakened, but the problem of weakening

the conditions is open.
Let A be the square matrix of order m given by

m .
Q5 = —Am; + Z xsp‘;c ) ?5.7
=
(25) -
@i = — Mg+ D ops
J=1

We will also consider a matrix B with m + 2 rows (—1,0,1, ---,m) and m
columns. We define
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ba,;i=1

bo,j = )\j
(2.6) bi; = Zl:)\spi:c; Lj=1,-",mi#j
b,-,-=r+/2_1>‘sp§., t=1,-,m

TaEOREM. If
(2.7) 14| # 0, and

(2.8) the greatest common divisor of the <m ;: 2) determinants of order m con-
tained in B is 1,

then N” is a PBIB design with m associate classes whose parameters are identical

with the corresponding parameters of N. »

8. Proof of the theorem. The proof will be developed in a sequence of lemmas.

Lemma 1. |[N| # 0.

This has been shown in [3] to be a consequence of (2.7).

LEMMA 2. NJ = JN =1rJ.

Proor. We know NJ = rJ; so N 'J = (1/r)J. We also known from (2.3)
that K;J = n;J. If we multiply (2.1) on the left by N* and on the right by J,
we obtain N”J = ¢J, for some c. This says that all columns of N have the same
sum; this common sum must be r, since the sum of all column sums of N = the
sum of all row sums of N = rv. Hence JN = rJ.

Next, define the matrices L, = N'K,N, s=1, -+ ,m. Then Lemma 2
immediately implies

Lemma 3. If K(s =1, - -+ ,m) s replaced by L,, and N and N” are inter-
changed, then (2.1)—(2.4) are satisfied.

It follows that all we need prove is that the matrices L, are symmetric, with
entries 0 or 1. ,

LemMA 4. The matrices L,(s = 1, - -+ , m) are symmetric.

Proor. From (2.1) and (2.4), NN'K, = K,NN” . Thus, L; = N'K,(N")™ =
N7KN =L,.

LemMaA 5. The matrices L, are integral.'

Proor. From (2.2), we have

(3.1) J-I=31;.

Jj=1

Multiply (2.1) on the left by N ! and on the right by N to obtain

(32) N'N —rI = Z;ijj.
J=
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Next, multiply (2.1) on the left by N™" and on the right by K;N. The result is

m

(3.3) NTK,-N—n,-)\iI=Z(ra,:j+2)\,p{f,>Lj, i=1---,m.
8=l

j=1

Notice that the coefficients of L; on the right hand sides of (3.1)~(8.3) are
precisely the coefficients of (2.6).

Let A be the vector of m + 2 components which are the entries in position
(¢, u) of the left sides of (3.1)—(3.3). Let ;. be the vector with m components
whose jth component is the entry in position (¢, ) of L;. Then Ay = By .
It is well known that (2.8) implies that y., has integral components.

LEMMA 6. The entriesin L;(1 =1, --- ,m) are 0 or 1.

Proor. Denote the entry in position (Z, u) of L; by L:(¢, u). It follows from
Lemma 3 and (2.3) that

(3.4) ; Li(t,u) = nw.

By Lemma 3, Lemma 4, and (2.3), we have
(3.5) > (Lt u))* = Tr(L?) = na,
t,u

sinceTr L; = Tr K; = 0. But the only way (3.4) and (3.5) can be reconciled with
Lemma, 5 is for each L;(¢, ) to be 0 or 1.
Clearly, Lemmas 3, 4, and 6 prove the theorem.

4. Remarks. If m = 1, (2.7) reduces to r > A, and (2.8) is automatically
satisfied, since one of the 3 determinants of order one is 1. This is the result of
[4]. If we have a group divisible design which is nonsingular, then [2] the condition
(r* — Aw, Ay — \2) = 1 implies (2.8).

As was shown by Connor at the end of [2], (2.7) and (2.8) are undoubtedly
too strong, and they are certainly not necessary. On the other hand, the theorem
needs some hypotheses. Here is a group divisible design for which neither of the
hypotheses nor the conclusion of our theorem hold:

1111 0000
0000 1111
1100 1100
N = 0011 0011
1010 1 010
0101 0101
1 0 01 1 001
0110 0110

Another interesting question is (assuming our hypotheses): is the assocation
scheme corresponding to N” permutationally equivalent to the association
scheme corresponding to N? In other words, does there exist a permutation
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matrix P such that P"'K:P = L;, (i =1, --- , m)? All our proof gives is the
result N'K,;N = L;.
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