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A SAMPLE FUNCTION PROPERTY OF MARTINGALES!
By D. G. AusTIN
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We show that if z, is an L; bounded martingale then Y, (2, — #._;)’ converges
almost everywhere. We refer to Doob’s book [1], Chapter VII, for background
material.

TeEOREM. Let - -+ x_y, %o, &1, - - - be a martingale, defined on some probability
space, such that sup, [ |t,| = K < ©. Then D e (2, — o)’ < ® almost
everywhere. :

Proor. Let E, = Niz<a [w; |2e(w)| < M), E = N, En, where M is a positive
real number. Define £, by

£ (w) = 2o (w) if |z.(w)| < M,
=0 if |z.(w)] = M.
Then
Jops Tatas = [5,_ @os = [5,_, &2s,
implying that
Jbucs (B — %01)’ = [,y (8" — £01) + 2 [, (@a@nc — Eufns).
Let N be a positive integer. Then
Dointen [y (B — E2s) = [u 1 B8 + D nn<w Jup 1o, En
— oy B
=m

Using @u—1 = £s—10n B,y , [, — £,| < |2./, and the fact that - - - |z_4], |20, - - - is
a submartingale, we have that

o0y @y = &aas) S M [5,_, [oa — |
=M [y 1m, [Tn — £l
SM [ 5|2l
S M [, iz, |24,
for all n < N, implying that
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Z]n]éN fE,,_, (xnxn—l - ﬁnfﬁn—l) = Mf lle = MK.
Therefore,

Il

JIE Zn (xn - xn—l)z Zn fE (ﬁn - ﬁn—l)z
é Zn fE,,_l (ﬁn - n—1)2
< M’ + 2MK < =,

and D, (2, — #,_1)® is finite almost everywhere on E. But for large M the meas-
ure of E is near 1 since, by the martingale convergence theorem, sup, |z,| < «
almost everywhere. This completes the proof.
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