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ON CHERNOFF-SAVAGE TESTS FOR ORDERED ALTERNATIVES
IN RANDOMIZED BLOCKS'

By MApAN LAL Puri AND PranaB KuMmMArR SEN
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University of North Carolina at Chapel Hill

1. Introduction and summary. The object of the present paper is to generalize
the results of Hollander [4] (concerning rank tests for randomized blocks for
ordered alternatives) to Chernoff-Savage [1] class of tests which includes his test
as a special case. Allied efficiency results are also studied.

2. The proposed class of tests. Let X;;,2=1,---n,5 =1, ---, k, be inde-
pendent random variables with continuous cumulative distribution functions
(cdf)

(2.1) Fii(z) = P{X;; = g} = Fiw —b), j=1,-,ki=1--,m
where (b, ---, b,) represent the block effects. The problem is to test the null
hypothesis

(2.2) Hy:F;j(x) = F(z) (unknown), forallj=1,---k,
against the alternative

2.3) Hy:Fi(z) = Fo(z) = -+ S Fi(x),

where for at least one 2(= 1, - -+, k — 1), the strict inequality F; (z) < Fiy ()
holds for some . Let us write

(2.4) Xiw = Xiw — X, u<v=1 -, ki=1,--, n
and denote the cdf of X7 by Gu,(z). Consider the random variables

(2.5) TS = 0 Y n s Bra ZSn w<v=1 -,k

where Z{%, is 1 on 0 according as the ath smallest observation among |X f,u,,[,
i =1,--,n,is from a positive or negative X*, and E,, is the expected value of
the ath order statistic of a sample of size n from a distribution

(2.6) V@) = ¥(z) —¥(—2), =20,
=0, ‘ z < 0.
We assume that ¥ (z) satisfies the following assumptions (cf. [1] and [7]):

AssumpTioN I. ¥ () is symmetric about z = 0. .
AssumprioN I1. 07 D 2 i [Bnw © (a(n + 1) ™Z5, = 0,(n7?).
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Assumprion III. J (u) = ¥ (u) is absolutely continuous, and
O W) = |dJ® w)/du| £ Klu(l —w))%, =012,

for some K and some 6 > 0.
Then for testing H, versus H;, we propose to consider the following test
statistics

@.7) Vo= Douco TSV,

It may be noted that if ¥ (z) in (2.6) is uniform over (—1, 1), the statistic V.,
reduces to Hollander’s [4] Y-statistic. Also, if ¥ (z) is the standard normal dis-
tribution, V, reduces to normal scores type of statistic (Vs , say).

3. The asymptotic distribution of V', . Let us denote
(3.1) G (z) = (1/n) (number of X7, < ),

(3.2) HYW(z) = (1/n) (number of | X .| < )
=G () — G (—x—),z =0,
(33) Huw@) = GuE) — Gu(—2), r =0,
=0, 2<0, for' 1 = u < v £ k.

The distribution function Gy, (z), and hence H., () may depend upon n, (as
for example in (4.1)), but for the sake of convenience, this notation is sup-
pressed.

As in Chernoff and Savage [1], we write Ene = J, (¢/(n 4+ 1)), a =1, .-+, n,
and extend the domain of definition of J,,* () to (0, 1) by letting it have con-
stant value over [a/(n + 1), (@ + 1)/(n + 1)), @ = 1, ---, n. The main
theorem of this section is the following.

Taeorem 3.1. Under (2.1) and (2.6), V, suitably normalized converges in
law to a normal distribution.

Since V, is a linear combination of {72, 1 £ u £ v £ k} it suffices to prove
the following theorem.

TaeoreMm 3.2. If (2.1) and the Assumptions I, II and III hold, then, for fixed
Guw@),1 Su<v 2k WT% —alP,1 Susv =k (where ol s defined
in (3.5)) converges in law to a (5) variate normal distribution.

Proor. We rewrite T as

B4) TW = [T + 1)7HE @)]d6S @) = ol + B + O
where
(35) ol = [T Huw@)]dGuw (@), T W) = limuw ™ (w);

0<u<l;
(3.6) B = [ J¥Huw @) G @) — Gu(@)]

— [CIH® () — Huy @)W Y[ Huo ()] dGus ()
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and the €% is uniformly o, (n™) (cf., [7]). Thus, the difference (n} (T$Y — &&?
— !B converges in probability to zero, for all 1 < 4 < v £ k. Hence, it
suffices to show that for any real 8., ,1 < u < v < k, not all zero, 2} D _uco 84BL"
converges in law to a normal distribution. Integrating by parts the first term on
the right hand side of (3.6), we obtain

(3.7) B{Y = (1/n) Xt Buy (XF);
(3.8) Buv (X":uv) = f:]o [C (x - X":uv) - Guv (x )]J*,[H“v (x)] dG“'U (_x)
— fgo [C ($ —l" X:,k,wv) - Guv (—x)]J*,[Hm’ (x )] dGW) (x)r

where ¢ (u) is 1 or 0 according as u is positive or not. Thus, using (3.7) and (3.8),
We can express D uco 3T as an average over n independent and identically
distributed random variables having finite absolute 2 + &', 0 < 8’ < 1, moments
(cf. [1]). The proof follows.

We now extend the proof of this theorem to the case where the asymptotic
normality holds uniformly with respect to Gy, (), 1 £ u < v £ k.

TaEOREM 3.3. If the conditions of Theorem 3.2 are satisfied, and the distribu-
tion functions Gu, (), 1 = u < v = k, are restricted to a set for which the variances
of Buy(Xtuw) are bounded away from zero, then the asymptotic normality of
AT — o, 1 £ u < v = kY holds uniformly with respect to G (z), 1 < u
<v k.

The proof of this theorem follows by applying Esseen’s theorem ([3], p. 43)
and proceeding exactly as in [1] or [6].

CoroLLARY 3.3.1. Under Hy in (2.2), {n[T% — 3 [iJ%@)da], 1 £ u
< v £k, has a (§)-variate limsting normal distribution with a null mean-vector and
a covariance matrix T = ((Tuo,rs)) Where

Tuvge = LAY, if w=r0=su*v,

(3.9) = @), if u=rovEso0ru®re=s1mu*uvr=s,
= -\ F), if u=svEroru=sv=r;u*vrs,
=0, if wu,v,r,sareall distinct:

(3.10) A = [0 (u) du;

(3.11) NEE) = (20 [Z TG @)IG @)]1dG* (=, y);

where J (u) = ¥ (u) and G* (z, y) is the joint cdf of Xt , Xtww (U 5 v 5% w)
whose marginals are G(x) and G(y) respectively under Hy.

The covariance terms (3.9) can be obtained in a straightforward manner
using (3.8), the relations J () + J(1 — u) = 0, J*w) = JG @ + u)), and
some routine computations.

REMARK. If J*(u) = u:0 < u < 1, (3.11) reduces to 4]\ (F/) — 1] where

312) AF)=PXi < Xo+ Xs — Xu; X1 < X5 + Xo — X1)



970 MADAN LAL PURI AND PRANAB KUMAR SEN

(when X, X, -+, X; are independent and identically distributed according
to F,) appears in the expressmn for the variance of Hollander’s [4] Y-statistic.

Thus, under Ho, n(V, 16) [5J7* (@) dx) has asymptotically a normal
distribution wﬂ;h Zero mean and variance 1()[A® + 2{(k — 2)/3}]\* (F)
where A* and \,* (F) are given by (3.10) and (3. 11), respectively. Since \,* (F)
depends on the parent c¢df F, the variance of V, also depends on F, even under
H, . Thus, as in Hollander’s [4] case, the test based on V,, is not distribution-free.

Let now R, 4, be the rank of X ., among Xt y e, Xﬁ,w yfora=1,---, m,
1=u<v =2k andlet

(B13) A =2k — 1)k — 2)] 7 Dk s D evetus L ;
where ’
(3.13) L. = (1/n) Xt Bupes Buryyy,  uEvEs=1, -0k

Then, it follows from the results of Puri and Sen [5] that \; is a translation-
invariant consistent estimator of \,* (F'). It also follows from their results that

(3.14) NE(F) £ 34°

where the equality sign holds only when J[G(z)] = az ie., ¥(z) = G(z/a),
with real a.

REMARK As remarked earlier, for the special case of Hollander’s Y-statistic,
A (F) reduces to 4[n (F) — %] where \(F) is defined in (3.12). Lehmann [5]
has shown that  (F') satisfies 1 < N(F) = 7/24 for all F. Whereas Lehmann has
not given any distribution for which X\ (F) attains the upper bound, our result
(3.14) states that if G (x) is uniform over (—a, a), a > 0, the upper bound 7/24
is attained. However, the authors are not aware of the existence of any cdf F (x)
for which the corresponding G (z) is uniform over (—a, a).

The authors would like to thank Professors D. Basu and P. Puri for providing
the following simple proof of the following note.

Note. The difference of two independent and identically distributed random
variables cannot have a uniform distribution, say, over (—1, +1).

Proor. Let X and Y be independent and identically distributed, each
having the characteristic function ¢(¢). Then the characteristic function of
X — Y is ¢(t)¢p(—1) = |$(t)|*> which is real and non-negative. On the other hand,
the characteristic function of the uniform distribution over (—1, 4+1) is (sin £)/¢
which can have negative values.

Thus, an asymptotically distribution-free test may be based on the asymptotic
normality of

@.15) wVa — 3G) [i7"@)dal/BEHAT + 12 — 2)/3)A0,
using the right hand tail as the critical region.

4. Asymptotic efficiencies. We shall now consider the asymptotic efficiency
of the V-test relative to Hollander’s [4] Y-test as well as the other tests considered
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by him. For this, we consider a sequence of admissible alternatives { H,} specified
by

(4.1) H,:Guw@) = Gl — nlcw — u)), 1su<v gk,

where ¢ is a non-zero constant. We recall that the Pitman-efficiency of a test
Ty relative to another Ta(,y can be computed from

(42) er,r, = liMuaw { (/d8)Es(Treny) | 00 (d/d8)Es(Tatr) | 0—0}”
00" (Taem ) /00" (Trimy)

where § = cn*. Furthermore, the likelihood ratio test considered in ([4], p.
868) which incidentally is equivalent to the one in ([2], p. 830) is based on the
statistic

(4.3) t=0/66
where
b =6k’ — 1) Do Xew — X)), Xow = 2 tma Xiu/n

and 65 is the appropriate estimate of the standard deviation of 4. Then, assuming
the regularity conditions which allow differentiation under the integral sign, we
find that

(4.4) ev.e = 20" (k + 1)B* /(84> 4+ 2(k — 2\, (F)],
where
4.5) B = [2, (d/dz)J[G@)]dG(z), J()=T"'@w): 0<uc<]l,

A® and \,* (F) are defined by (3.10) and (3.11), respectively, and ¢” is the vari-
ance of Xi, . (As a special case, if ¥* (z) is uniform over (0, 1), (4.4) agrees with
the asymptotic efficiency of Hollander’s [4] Y-test). Now, from (3.14) and
(4.4), we obtain

(4.6) ev.: = 20°B*/A”

Since, 2¢” is the variance of X7., whose cdf is Gy (z), the right hand side of
(4.6) agrees with the efficiency expression of the Chernoff-Savage [1] test rela-
tive to student’s ¢-test. Hence, if we take ¥ (z) in (2.6) as the standard normal
distribution, it follows from (4.6) and [1] that

(4:.7) inf(;gg eye, t é 1,

where G is the class of all continuous cdf’s. Hence, the use of normal scores
results in a test which is asymptotically at least as efficient as the test (4.3).

Another statistic very closely related to Hollander’s [4] Y-statistic has been
proposed by Doksum [2]. This is shown to be slightly more efficient than Y.
In the same manner, we may consider the following modification of our V,.
We define T2 asin (2.5) for 1 £ u < v £ k. Also, let TS = (1/n) >n_y Ena
— T for1l < u < v £k, and conventionally let 7% = 0,1 < u < k. Let then
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TS = (1/k) >4 TS, 1 £ u £ k. Define TH® = TSP — T8 for1 < w <
v = k, and the statistic

4.8) VX = Do Th™.

The asymptotic normality of V,* again follows from Theorem 3.3, and some
routine computations show that the asymptotic relative efficiency of V,* with
respect to V, is

(4:9) Cyx vy = k(k + 1)_1
@AY+ 20k — 2NE)/ AT+ B —20SE) =z v

by virtue of (3.14), and this holds for all Ge G and all J = ¥* satisfying the
Assumptions I, II and III. In a similar way the efficiency results regarding the
Va-test and V,*-test relative to the tests by Jonkheere and Page considered by
Hollander [4], may be obtained. For intended brevity, the details are omitted.

Finally, we may also refer to some optimum nonparametric rank order tests
for ordered alternatives based on aligned observations considered by Sen (1968).
This procedure is different from that considered in the present paper but the
efficiency results are closely related to each other.

5. Acknowledgment. The authors wish to express their sincere thanks to
Professor Wassily Hoeffding for very helpful suggestions and criticisms.
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