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NOTE ON COMPLETELY MONOTONE DENSITIES

By F. W. STEUTEL

Technische Hogeschool Twente, Enschede

1. Introduction and summary. In [2] it is proved that mixtures of exponential
distributions are infinitely divisible (id). In [3] it is proved that the same holds
for the discrete analogue, i.e. for mixtures of geometric distributions. In this
note we show that these results imply that a density function f(z) (or distribu-
tion {p.} on the integers) is id if the function f(2) (or the sequence {pa}) is com-
pletely monotone (cm). For the definition and properties of em functions and
sequences we refer to [1].

2. Completely monotone densities. Characteristic functions of the form
JE =ty ar ),
with F(04) = 0, are id (ef. [2]). It follows that densities of the form
(1) o e dF (2,

with F(04) = 0 are id.
Clearly, (1) is cm. On the other hand, if g(z) is a cm density function then
([1], p- 416) g(x) can be written as

g(z) = [5 e du(r),
with
Jog@)de = [TATdu(N) = [G AT du(n) = 1.

Therefore g(x) has the form (1), with dF(A) = A\ du()) and F(0+) = 0,
i.e. g(x) is a mixture of exponential densities, which is id. We therefore have
TaEOREM 1. All completely monotone densities are infinitely divisible.
RemArk. We may restrict ourselves to distributions on [0, « ), as the mono-
tonicity condition implies that the support of the distribution must be of the form
[@, ©) witha > — «, and a change of location does not affect the infinite divisi-
bility.
The em criterion is useful, because it is much easier to verify that a function
is em than to prove (directly) that it is a mixture of exponential densities.
Examples of densities satisfying this criterion are the densities proportional
to the following functions: (1 + z)™, 27 exp (z7), 2°7%¢ (0 < & < 1) and
exp (—2%) (0 < « = 1). It further follows that arbitrary mixtures of cm
densities are id (see also [1], p. 417).

Received 3 December 1968.
1130

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to [[&

The Annals of Mathematical Statistics. KGN ®

WWw.jstor.org



COMPLETELY MONOTONE DENSITIES 1131

3. Completely monotone sequences. In [3] it is proved that characteristic
functions of the form

Joan + 1 =€) dF()),

with F(0+) = 0, are id. Equivalently, integer valued random variables with
p. = Prob (X = n) given by

(2) pa = [5(1 = p)p" dG(p),

with G(1—) = 1, are id. The p, defined by (2) form a cm sequence. On the other
hand, if {p.} is a em probability distribution on the non-negative (see Remark
following Theorem 1) integers, then by Hausdorff’s theorem ([1], p. 223) the
pn are the moments of a finite measure p on [0, 1] with.u[0, 1] = pe.

We have

pn = [30" du(p) = [0 (1 — p)p" dF (p),
with F(1—) = 1, as
2o = [s(1—p)du(p) = [i" (1 —p)Tdu(p) = 1.

Therefore {p,} is a mixture of geometric probability distributions and hence we
have

TuaroreM 2. All completely monotone lattice distributions are infinitely divisible.

REMARK. It is easily seen that a completely monotone distribution {p.} on
an arbitrary, ordered point set {z.} need not be id.

Formally we may restate Theorems 1 and 2 as follows:

TrarorEM 3. If F(z) = fiwf(x)dx (or F(z) = Znéz Dn) Where f(z) (or
{pa} ) is completely monotone, then

—(d/dr) log [2.€e dF(x)

s completely monotone.
See [1], p. 425 seq.
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