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A NOTE ON RANDOM POLYNOMIALS
By RicHARD G. WooD

1. Introduction. We consider the real polynomial
ey Po(Z)=Z"—ao,n—lZ"_l‘f‘”"*‘(_l)';ao,o,
2 ao,n—k=Zi,<~-ikzilzi2"’zi,‘, lsksn,

the z; being the zeros of P,. Subsequently we will have coefficients a; ; and we
will write

3 4;= (ai,o, Ai15° " ai,r)'

The dimension 7+ 1 of the vector 4, will be known in each case from the context.

The case where A, is a real random vector is of some interest in statistical
communication theory. (1) is called minimum phase if all its zeros are in [z[ <1
One would like to know the probability that (1) is minimum phase. We will
indicate a constructive way of writing down this probability when the joint density
Sf(Ao) of the coefficients is known. It will be obvious that we are not restricted
to the unit disc but could in the same manner compute the probability that all the
zeros lie in any given set of reasonable configuration. It will be equally clear that
the complications severely limit practical applications.

2. Probability of minimum phase. We proceed now with the computation of
the probability that (1) is minimum phase. We consider only the case n = 2m+1,
the other case being similar. First, we prove a lemma of some independent
interest. Throughout the lemma and its proof only we use the notation

Pr(Z) = Zr_ar,r— 1 Zr—1+. ' .+(_1)rar,0‘
LeMMA. Suppose
(1) Pm+n(z) = Pm(z)Pn(Z)‘

Equating coefficients of like powers of z in (i) we may regard the equations expressing
the a,,., ;s in terms of the a,, ;’s and the a, ;’s as a transformation of variables from
the former to the latter. The Jacobian of this transformation is

(11) J= J(Am’ An) = |Pn(zl)Pn(22) e Pn(zm)|
= IPm(le)Pm(ZZI) e Pm(zn’)|7
where z, , ***, z,, are the zeros of P,,and z,’, * -+, z,/ are the zeros of P,.

PRrooOF. The last equality in (ii) is trivial.
The expansion of the determinant of the Jacobian is too hard. We make a
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sequence of transformations equal to the desired transformation and multiply
their Jacobians together. Define polynomials by the formulae

(Ll) Pm+n(z) = (Z_Zm)Pm+n— l(z)s
(L2) Pm+n—1(Z) = (Z_Zm—l)Pm+n—2(Z)’
(L.m) Pyir(2) = (2= 2)P(2).

In (L.1) we equate like powers of z and get a transformation from 4,,,, to
z,, and 4,,,,-,. The Jacobian of this transformation is easily computed directly
and is |P,,,+,,_ 1(z,,,)|. In (L.2) in a similar way we get a transformation from 4,,,,_ 1,
Zy 10 Amsn—2s Zm—1s Zn With z,, going into z,,. The Jacobian if |P,,1,-2(z,—1)|-
In(L.3) Apin—2sZme1> Zm 8O IO Apip—35 Zm—25 Zm—15 Zm» With z,,_, going into
Z,—; and z,, going into z,,. The Jacobian is ]P,,,+,,_3(z,,,_ 2)]. Finally, in (L.m)
Ayi1s Zms' 52, gO into A,, z,, ", z; with z; going into z;, 2 <j< m. The
Jacobian is [Py(z,)|.

Finally, we must transform from 4,, z,,,", z, to 4,, 4,, with 4, going under
the identity transformation and 4,, going under the elementary symmetric functions
in the z;. This Jacobian is well known and is

([Ti<slzi=z, 07" = F.
So the Jacobian of the transformation of the lemma is
FIT71 [Pin-fZme - = J.
But by definition, using (L.1) through (L.m),
Pm+n—j(Zm+l—j) = Pn(zm+1—j) H:":_jl (Zm+1—j_zm—r)~

Putting this back into J and canceling whatever we can proves the lemma.
In (1) n =2m+1 so we can write

)] Py(z) = 22m+1—ao,2m 22 *—0o,0 = (z—x)P(2),
Pi(z)=z""—ay -1 22"+ a0,

x and the a; ;s being real. P, is minimum phase if and only if [x[ <1 and P, is
minimum phase. From (4)

®) Go,0 = XAy, Qo,;=0a;,;-1+Xayj, 1£j52m—-1,
A0,2m = G1,2m-1+X.

According to the lemma the transformation (5) has the Jacobian

6) Ji(Ay, x) =[x =@y gy X2 Ay .

This being so, the probability we are calculating may be written

@) jK(O)f(AO) dagodag, " "dag,—,
= jt{ deK(1)f(Ao)J1(A1»x) dayo - da; om—1-
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A, in the right-hand side of (7) must be replaced by 4; and x through (5). K(0)
is the set in Ay-space wherein P, is minimum phase and K(1) is the set in 4,-space
wherein P, is minimum phase.

P, has the real factorization

(®) Py(z) = q2(2)Py(2), q2(2) = 22 =by 1 z2+b, 0,
Py2) = 22" =05 53 22"+ tay
From (8)
a1,0="b3,002,, ay,1 =bs00a51+by 1050,
® ay,;=03j-2+by 105 1+by0as;, 25j=2m-3
A1om-2="b30+b21022m- 302 2m-4>
A1am-1=bs1+a3m-3-
The transformation has the Jacobian (the lemma)
(10) J2(A43,B,) = lpz(U)P2(0)|

wherein B, = (b, 4, b,,;) and u and v are the zeros of g, .

P, is minimum phase if and only if ¢, and P, are. It is easy to see that g, is
minimum phase if and only if B, is in the triangle with vertices B, = (—1, 0),
(1, 2), (1, —2). Consequently, (7) may be written

(11) ,[1—1 dle— 1dby bao+1 db2,1IK(z)f(Ao)Jl(Anx)Jz(Az,Bz)daz,o ©day 3.

—bz0—1

K(2) is the set in 4,-space on which P, is minimum phase.

It is clear that we may deal with P, just as we dealt with P, in order to reduce
the integral over K(2) to an integral over B; and K(3). Because P, is of even degree
this process will soon terminate and we will be left with an iterated integral to be
evaluated by conventional means.

We have not tried to evaluate this integral in any useful cases and do not know
whether this procedure has any advantages over a sampling scheme for determining
the desired probability.



