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MULTIDIMENSIONAL TRANSFORM INVERSION WITH
APPLICATIONS TO THE TRANSIENT M /G /1 QUEUE

By GacaN L. CHOUDHURY, DAVID M. LUCANTONI AND WARD WHITT
AT & T Bell Laboratories

We develop an algorithm for numerically inverting multidimensional
transforms. Our algorithm applies to any number of continuous variables
(Laplace transforms) and discrete variables (generating functions). We use
the Fourier-series method; that is, the inversion formula is the Fourier
series of a periodic function constructed by aliasing. This amounts to an
application of the Poisson summation formula. By appropriately exponen-
tially damping the given function, we control the aliasing error. We choose
the periods of the multidimensional periodic function so that each infinite
series is a finite sum of nearly alternating infinite series. Then we apply
the Euler transformation to compute the infinite series from finitely many
terms. The multidimensional inversion algorithm enables us, evidently for
the first time, to calculate probability distributions quickly and accurately
from several classical transforms in queueing theory. For example, we
apply our algorithm to invert the two-dimensional transforms of the joint
distribution of the duration of a busy period and the number served in
that busy period, and the time-dependent transient queue-length and
workload distributions in the M/G/1 queue. In other related work, we
have applied the inversion algorithms here to calculate time-dependent
distributions in the transient BMAP /G /1 queue (with a batch Markovian
arrival process) and the piecewise-stationary M, /G, /1 queue.

1. Introduction. In this paper we present an algorithm for numerically
inverting multidimensional transforms. We are motivated by the desire to
compute probability distributions of interest in queues and related stochastic
models, but of course there are many other applications. We even allow the
inverse transform to be complex-valued. However, in our error analysis we
exploit the fact that the modulus of our function has a known bound, so that
the algorithm is particularly appropriate for probability transforms (where
the bound is 1). This algorithm is evidently the first multidimensional
inversion algorithm in the queueing literature. However, we have learned
that a different multidimensional inversion algorithm intended for queueing
models has recently been developed in Russia by Frolov and Kitaev (1992).
Their algorithm evidently is similar to a multidimensional version of the
Post—-Widder algorithm in Abate and Whitt (1992a). Of course, there is
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substantial literature on numerical transform inversion, as reviewed in Abate
and Whitt (1992a). However, relatively little attention has been given to
inversion of multidimensional transforms; for some instances, see Singhal,
Vlach and Vlach (1975), Huntley and Zinober (1979) and Shephard (1991).

We consider both continuous variables (Laplace transforms) and discrete
variables (generating functions). We thus consider three types of two-dimen-
sional transforms: (i) continuous—continuous, (ii) continuous—discrete and
(iii) discrete—discrete. We also show how the formulas can be generalized to
more than two dimensions with any number of continuous and discrete
variables.

The multidimensional inversions obviously allow us to compute multivari-
ate probability distributions, as we illustrate here. However, the multidimen-
sional inversions also allow us to calculate time-dependent probability distri-
butions in queueing models that are not in steady state. As an example, in
this paper we invert the classical double transform expressions for the
transient workload and queue-length distributions in the M/G/1 queue; see
Takécs (1962). The special case of the M/M /1 transient queue length has
been widely studied in the literature; for example, see Abate and Whitt
(1989). We show that our algorithm in this case is comparable in speed and
accuracy to the numerical integration of the integral representation in Abate
and Whitt (1989). Moreover, our algorithm applies equally well to the case of
nonexponential service times, with no loss of speed or accuracy. In fact, we
have applied the algorithm here to calculate time-dependent distributions in
the transient BMAP /G /1 queue (with a batch Markovian arrival process) in
Lucantoni, Choudhury and Whitt (1994) and the piecewise-stationary
M,/G,/1 queue in Choudhury, Lucantoni and Whitt (1995a). We plan to
report on applications of the multidimensional inversion algorithm to other
important queueing problems in the future.

Our algorithm here is a multivariate generalization of the Euler and
lattice-Poisson algorithms in Abate and Whitt (1992a). We also introduce an
enhancement of those algorithms to be able to control simultaneously the
aliasing and roundoff errors. As in Abate and Whitt (1992a), we exploit the
Fourier-series method. The general approach goes back at least to Fettis
(1955); see Abate and Whitt (1992a) for a review. For the multidimensional
transforms, this means that we apply the multivariate version of the Poisson
summation formula, as given for the two-dimensional continuous—continuous
case in (5.47) of Abate and Whitt (1992a); also see Good (1962). The approach
is closely related to the fast Fourier transform (FFT). The idea is relatively
simple: Just as in the one-dimensional case, in the two-dimensional continu-
ous—continuous case we damp the given function by multiplying by a two-
dimensional decaying exponential function and then approximate the damped
function by a periodic function constructed by aliasing. We use the two
exponential parameters to control the aliasing error in this approximation by
the periodic function. The inversion formula is then the two-dimensional
Fourier series of the periodic function. This yields what we want, because the
transform values are the two-dimensional Fourier coefficients. Moreover, the
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two periods of the periodic function can be chosen so that the the two-dimen-
sional Fourier series is a series nested within a second series, each of them
being nearly an alternating series. Hence, we can efficiently calculate each
infinite series from finitely many terms by exploiting the Euler transforma-
tion (or summation). In practice, this usually means that it suffices to
compute 100 or fewer terms of each infinite series to achieve a truncation
error of the order 10713 or less; see Abate and Whitt (1992a), Johnsonbaugh
(1979) and Wimp (1981). When the inverse transform is real, as with proba-
bilities, the overall computation can be reduced by a factor of 2.

However, the foregoing choice of the exponential parameters and the
periods does not allow us to control simultaneously the aliasing error and the
roundoff error. Therefore, we choose the periods such that every /;th term of
the first series and every /,th term of the second series are nearly alternat-
ing. Therefore, the first infinite series may be considered as the sum of [;
nearly alternating series and the second infinite series may be considered as
the sum of /, nearly alternating series. Then each alternating series may be
efficiently computed using the Euler transformation as mentioned previously.
The two exponential parameters of the two-dimensional decaying exponential
functions along with /; and [, allow us to control simultaneously the aliasing
and roundoff errors, thereby achieving an accurate two-dimensional algo-
rithm.

If one or both dimensions are discrete, then each such dimension corre-
sponds to the replacement of a continuous function defined over the nonnega-
tive real line by a series defined over the nonnegative integers. Ideas similar
to the continuous case apply to the discrete case, with the decaying exponen-
tial function replaced by a decaying geometric series and the Fourier series
replaced by a discrete Fourier series. An important difference in the discrete
case is that the discrete Fourier series, and hence also the corresponding
inversion formula, has only finitely many terms. Therefore, we can compute
all the terms and do not need to use the Euler transformation. However, if
the number of terms in the finite series is very large (several hundred or
more), then we use the Euler transformation in this case as well to speed up
computation.

The preceding ideas apply to arbitrary dimensions and any mixture of
discrete and continuous variables. Indeed, one important contribution of this
paper is the seamless combination of discrete and continuous variables.

Here is how the rest of this paper is organized. In Sections 2, 3 and 4,
respectively, we develop the two-dimensional inversion formulas for the
continuous—continuous, discrete—discrete and continuous—discrete cases. In
Section 5 we show how the formulas can be generalized to more than two
dimensions with any number of continuous and discrete variables. It is
significant that the overall algorithm for n dimensions reduces to the itera-
tive application of the one-dimensional algorithm » times, in any order.

In Section 6 we apply the inversion algorithm to specific examples associ-
ated with the M/G/1 queue. We illustrate each of the variants of the
algorithm in Sections 2—-4. We intend to indicate in a subsequent paper how
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to calculate moments and asymptotic parameters of time-dependent probabil-
ity distributions, extending the algorithm in Choudhury and Lucantoni (1994).

2. Two-dimensional inversion with continuous variables. In this
section we develop the variant of our algorithm to invert numerically a
two-dimensional Laplace transform. Let f(¢,,t;) be a complex-valued func-
tion of nonnegative real variables ¢, and ¢,, and let its two-dimensional
Laplace transform be

(2.1) f(sl,sz) = j;wLweXp(_(sltl + 85t5))f(21,82) dty diy,

which we assume is well defined; for example, see Ditkin and Prudnikov
(1962) or Van der Pol and Bremmer (1955). In (2.1), s; and s, are complex
variables with Re(s;) > 0 and Re(s,) > 0. We will show how to calculate
f(t,, t,) using values of f(sy, s5).

2.1. Developing the algorithm. We start by considering Fourier trans-
forms. Let F(¢,,t,) be a complex-valued function on R? with a well-defined
bivariate Fourier transform

(2.2) P(uy,u,y) = ffwf_i exp(i(t1u; + toug))F (¢, t,) diy diy.

[If F is a probability density function, then ¢ is its characteristic function;
see Feller (1971), pages 521-525]. Under regularity conditions, F can be
recovered by the Fourier inversion formula

1 © .0
(23) F(ty,ty) = m[_m]‘_wexp(—i(tlu1 + tyuy))p(uy, uy) du, du,.

In the Fourier theory, F and ¢ constitute a Fourier pair; see Champeney
[(1987), Chapter 8]. It is significant that (2.2) and (2.3) hold in great general-
ity provided the integrals are interpreted properly. In particular, F' need not
be bounded and continuous. The regularity conditions in the one-dimensional
case are discussed in Section 5 of Abate and Whitt (1992a). We will not
discuss the regularity conditions here.

We now exploit the two-dimensional Poisson summation formula

© °° 27 2wk
> Y F t1+—{,t2+——
; hy hy

-3} 0 h h
= X X — ¢ (Jjhy, khy) exp(—i(jhqt, + khyty)).

2
0 h=—w® 47T
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The left side of (2.4) is constructed by aliasing to be a periodic function of ¢,
and ¢, with periods 27! and h;?, respectively. (Aliasing means that the new
function is constructed by adding translated versions of the original function.)
Assuming that the series on the left in (2.4) converges and that this periodic
function has a proper Fourier series, the Fourier series is given by the right
side of (2.4). Hence, given that the aliased function on the left side is well
defined, the validity of (2.4) depends on the classical theory of Fourier series;
see Section 5 of Abate and Whitt (1992a) and Tolstov (1976). For our
inversion problem, the key point is that the Fourier transform values
¢(jhy, khy) from (2.2) appear as the Fourier coefficients in (2.4); see Abate
and Whitt [(1992a), (5.47)] and Champeney [(1987), page 163]. Note that the
right side of (2.4) can be regarded as a trapezoidal rule form of numerical
integration applied to the inversion integral (2.3).

In order to control the aliasing error, we do exponential damping; that is,
if f is our original function of interest in (2.1), then we replace F(¢,,t,) by
the function f(¢,, tz)e‘(“1‘1+"2t2) when ¢, > 0, t, > 0 and 0 elsewhere. Then
d(uy, uy) = flay — iu,, ay — iuy) for f in (2.1), and the right side of (2.4) can
be expressed in terms of the Laplace transform values. If, in addition, we let
h, = w/(¢,l)) and hy = 7/(¢,l,), where 1,1, > 1, then (2.4) becomes

i i exp(—[ay(1 + 2jl,)t; + ay(1 + 2kly)¢,])

j=0 k=0
X (1 + 2jl,) ¢y, (1 + 2kly)t,)
(2.5) 1 e d jm  kw
— — + ——
T 4t J_Z_mk_f:w x| Tt
7 ym itk
f a, lltl > Qg l2t2 .

If, furthermore, we let a, = A, /(2¢,1,) and a, = A,/(2¢,1,), then we get

i i exp(—(Ayj +Agk)) (1 + 2jly)¢, (1 + 2k1y)t,)
j=0k=0

exp(A;/(21;) +A,/(21y)) & (_L(JW kw

2.6 = exp -+ —
(2.6) it J_Z_wk_z_w 0 lz)

~( A, gm A, ikﬂ')

X ,
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Note that we can rewrite (2.6) as f(¢,,t,) = f(t;,t,) — & where the value to
be calculated is

ml,tz):M - exp( ijw)

j= — 00

(2.7)

)»

2l1t1 k= —w»
[ A j A ik
)| fl— ¥ 22 2T
and the error is

e=e(ty,ty, Ay, Ay, 1y, 1,)

><{exp(Az/(le)) * exp( ikﬂ')

Y X exp(—(Ayj+AR))F((1+ 2j0,)t, (1 + 2kl,)t,).
j=0 k=0
not j=k=0

(2.8)

From (2.7) we see that the two-dimensional formula is the iterated one-
dimensional formula. In particular, if [, = [, = 1, then the expression within
the braces in (2.7) can be regarded as the one-dimensional Euler algorithm in
(5.26) of Abate and Whitt (1992a) with the one-dimensional transform re-
placed by the two-dimensional transform f. Moreover, the entire expression
(2.7) can be regarded as the one-dimensional Euler algorithm with the
one-dimensional transform replaced by the quantity in braces.

We regard ¢ in (2.8) as the error term, which will not be explicitly
computed. If |f(¢,,¢,)l < C for some constant C and all ¢,,¢t, [C =1 if
f(¢,,t,) is a probability], then the error can be bounded as

C(e—A1 4+ e A2 — e—(A1+A2))
(1- e_Al)(l — e 42)

In order to be able to exploit the Euler summation technique for nearly
alternating series, we rewrite (2.7) as

exp( A1/2l1) b

(2.9) le] < =~ C(e ™1 +e™4).

f(tl’tZ) = 21t ‘21 Z (_1)jeXP(_ij17T/l1)
Ji=lj=—®>
A, /(21 L o
(2.10) eXP(zjz/ti 2))k2_1k—2 (—1)*exp( —ik,m/ly)

xf

~ A’l ijlﬂ' ij’ﬂ' A2 ikl'ﬂ' ik'ﬂ'
2l,t;, Lty ot 2Lty Lyt ty ||

So far, we allowed f to be complex-valued. (Hence, |f| and |&| should be
interpreted as the modulus.) However, if f is real-valued, then we can reduce
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the computations by a factor of 2 by noting that £(5,, 5,) = i (81, 83), where §
is the complex conjugate of s. Then (2.10) can be expressed as

eXP(Al/(zll) + A2/(2l2))

F(ty,ty) =
Mt 1) 4t,lt,1,
~ Al A o lkl'ﬂ'
f( ) + 2 1) Re|ex ( )
21017 2851, kZ—l kzo( ’ P Ly
J{ A A, ikym ik
] S D i
2t,.0, " 2,1,  toly
Lo = j il ij17r tkym
+2 Y Y (-1)Re Z Y (-1)*exp +
=1j=0 ky=1k=0 0L
(2.11) WAL T G Ay m dkm
26,0, tl, b 2l tyl, it

ho = T
+2 Y Y (- l)JRe[exp( )

J1=1j=0

+ Z i( 1) eXp( (ijlw ikﬂ))

ki=1k=0

+ + —

( A, i ijfzr A, ik iqu)]}

Note that (2.11) contains infinite sums of the form S = X};_,(—1)a,,
where a, is real or complex. Also, (2.10) contains infinite sums of the form
Y;_ _.{(—D*a,, which can be written as the sum of two separate sums over
the nonnegative integers. Section 6 of Abate and Whitt (1992a) explains the
Euler transformation for computing infinite sums of the foregoing form when
a, is real; also see Davis and Rabinowitz (1984), Johnsonbaugh (1979) and
Wimp (1981). Specifically, the Euler sum with parameters n and m is given
by

m-—1
E(m,n) =8, +(-1)""" ¥ (-1'2 ¢ ke,
k=0

(2.12) i( )2 s
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where
J

(2.13) S;= ¥ (-1*a,
k=0

Aa;=a;,; —a; and A* is obtained by k-fold application of the forward-dif-
ference operator A. '

Unfortunately, we do not have general error bounds associlated with the
computation E(m,n). As reviewed in Abate and Whitt (1992a) and
Johnsonbaugh (1979), it is known that if

(2.14) (-1)"A"a,,, is decreasing in k for £ > 1,
then

A Ayt
(2.15) |[E(m,n) — 8| < o =|E(m,n) — E(m — 1,n)|

and an upper bound on the error in Euler sum can be obtained by computing
E(m,n) and E(m — 1,n). In case a, is complex and both its real and
imaginary parts satisfy condition (2.14), then (2.15) also gives a bound for
complex Euler sums. However, in general, it is difficult to verify condition
(2.14). Our numerical experience shows, though, that unless we compute the
inverse transform near a discontinuity, usually E(m, n) computes S with an
error of the order of 10713 or less with the choice n = 38 and m = 11, that is,
requiring the computation of only 50 terms. In contrast, a straightforward
computation of the infinite series by truncation after K terms would often
require K to be 10,000 or more.

As in Abate and Whitt (1992a), we use |E(m,n) — E(m — 1,n)| as an
estimate of the error produced by applying Euler summation.

2.2. Error control in the inversion algorithm. There are three sources of
error in the inversion algorithms (2.10) and (2.11). We now explain them and
show how to control them. The error term & in (2.8) and (2.9) can be
interpreted either as an aliasing error, since the periodic function on the left
side of (2.4) is constructed by aliasing, or as a discretization error, since the
right side of (2.4) can be interpreted as a trapezoidal rule form of numerical
integration. For the rest of the paper, we refer to & only as aliasing error.
This error may be reduced by increasing the parameters A, and A, in (2.9).
For example, if C = 1 (as in probability applications), then we can limit || to
10~% by choosing A; = A, = 19.1 and limit it to 10™** by choosing A, = A,
= 28.3.

The second source of error comes from approximating each infinite series
in (2.10) and (2.11) by a finite number of terms. We call this the truncation
error, even though we do not do straightforward truncation. As explained
earlier, unless we attempt to compute the inverse transform near discontinu-
ities, we can usually reduce the truncation error to 10712 or lower by using
the Euler summation technique with about 50 terms. As previously indicated,
we estimate the truncation error using |E(m, n) — E(m — 1, n)|.
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The third source of error is roundoff error, which is primarily due to
multiplying large numbers by small ones. Specifically, the quantity
exp(A, /21, + A,/21,)/(41,t,l,t,) appearing in both (2.10) and (2.11) can be
large. However, there are four parameters to control it: A;, A,, [, and [,.
Since we have already used A, and A, to control the aliasing error, we use [/,
and [/, to control the roundoff error. [The one-dimensional Euler algorithm in
Abate and Whitt (1992a) did not use any parameter like /; and [, and hence
could not control the roundoff and aliasing errors simultaneously.] Table 1
shows how the quantity exp(A, /21, + A,/21,)/(41,¢,1,t,) decreases (thereby
decreasing the roundoff error) with increasing /, and /, (assuming ¢, = ¢, =
1). We consider two cases with aliasing error bounds of 107 and 1072,
respectively. This bound fixes A, and A, (assuming A, = A,) and we change
11,1, to control the roundoff error. Note that the cost of reducing the roundoff
error is the increase in computation time which is proportional to the product
of I, and /,. For any choice of I, and /,, we choose A; and A, such that the
aliasing and roundoff errors are about the same order of magnitude. Our
numerical experience indicates that with /, = [, = 1 we can usually achieve
an overall accuracy of 5 or 6 digits, and with I, =1, = 2 we can usually
achieve an overall accuracy of 10 or more digits. This is based on a double-
precision arithmetic (i.e., about 16-digit precision). For two-dimensional in-
version, usually I, = I, = 2 is adequate. However, in order to achieve high
accuracy with higher dimensional inversions (to be described in section 5), we
may need bigger /; and /,. In Choudhury, Lucantoni and Whitt (1995a) we
solved a problem with two- and one-dimensional inversions, but the inver-
sions were nested, thereby effectively amounting to an n-dimensional inver-
sion, where n could be as large as 22. We could accurately solve that problem
by choosing each [; to be 7.

3. Two-dimensional inversion with discrete variables. Let p, , be
a double sequence of complex numbers defined on the pairs (n,,n,) of
nonnegative integers, and let G(z,, z,) be its two-dimensional generating
function, which we assume is well defined; that is, paralleling (2.1), we have

(3.1) G(21,23) = L X Pan,2125"
n;=0ny=0

We will show how to compute p, , using the values of G(z,, 2,).

TABLE 1
Controlling the round-off error by the choice of I, and I, (here we assume that t, = t; = 1)
Aliasing ( )/(4lltll2t2
Error 21, 212
Bound A, (=Ay) l=1=1 l,=1,=2 l,=1,=3
10-8 19.114 5 x 107 8.8 x 102 16.2

10712 28.324 5 x 101! 8.8 X 104 350
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As in Section 2.1, we start by considering general Fourier transforms. Let
a, ., be a sequence of complex numbers on the pairs (n,, n,) of integers and
let &(uq, uy) be its discrete Fourier transform, where

(3.2) d(ug,uy) = X )y @, €XP(1(uny + Uyny)).
ny=—® ng=—®
Paralleling (2.4), we obtain the discrete Poisson summation formula

feel oo
Z Z an1+jm1,n2+km2

Jj=-= k= —o

63 =— T %

1M o —my/2 k= —my/2

2

my/2-1 my/2-1 27,_] 2k
( my My )

( ( 2mjn, 2mkn, ))
X exp| —1 + .
m, my
The left side of (3.3) is constructed by aliasing to be a bivariate periodic
sequence with periods m; and m,, respectively. We assume that m, and m,
are even positive integers. The right side of (3.3) is the two-dimensional
discrete Fourier series of the periodic sequence on the left. In order to control
the aliasing error, we assume that a, , is defined in terms of our original
sequence p, , by

(3.4) @y, = {

where r; is a real number with 0 <r; <1 for i = 1,2. The term rfiry? in
(3.4) constitutes a geometric damping, paralleling the exponential damping in
Section 2. With (3.4), the generating function G in (3.1) is related to the
transform ¢ in (3.2) by

d(ug,uy) = G(rlei"l, rye?).

From (3.3), after some manipulations, we get p, ,,

n n
Pnn,T1iry?, forn; >0,n, >0,

0, otherwise,

Pn,n, — € Where

B 1 ml/z“'-l 2wijn,
= exp| —
Pra,na myret - —my/2 P m,

1 27t —2mikn
(3.5) X{ Y exp(—m—2)

M3T3” ke Sy my
21rij 2mik

X G| r;, exp , 'y €XP ,
my my

feel

Jmipkm
Z pn1+jm1,n2+km2rl 1r2 2.
k=0
—k=0

and

(3.6)

Y
I

e(mqy,my,ry,75) =

it

J
no

o+

J
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If |pn1,n2| < C, then

37 . C(r{" +ry2 —rirg) c
. = C(rim + r).
S o= (1 =r")(1—r3) (ri i)

Assuming that m, = 2/,n, and m, = 2l,n,, we can rewrite (3.5) as

1 I,-1 n;—-1 ’;jl
7 = 1)’ e
Proome = 91 177 JZ—:O J—Z—nl( ) xp( L )

1 ly—1 np—1 ’TTikl
. X 1
(3.8) {2l2n2r”2 r X (- )eXp( i )

0k=—ny 2
Gl ox wi(Jj, + 117) - ox wi(ky + Iyk)
1 €Xp _——llnl » 'y €XP —12n2

and the upper bound in (8.7) as C(r2hm + p2lenz),

If p, ., is real-valued, then it is possible to reduce the computations by a
factor of 2 by using the fact that G(r,e'*1, rye’:)= G(rie™ "1, rye”"2), but
we do not show that expression.

Note that (3.8) can be considered as an iterative application of two one-
dimensional algorithms. When [, = [, = 1, formula (3.8) is the two-dimen-
sional generalization of the lattice-Poisson algorithm in Abate and Whitt
(1992a, b). We use I, and [, to be able to control simultaneously the aliasing
and roundoff errors.

Paralleling Section 2, the aliasing error is controlled by reducing C(r2i™
+ r2tem2) while the roundoff error is controlled by reducing the factor
1/(4lylynnyriirye), using the four parameters I, l,, r, and r,. Since (3.8)
has only finite sums, there is no truncation error. However, if n, and n, are
very large, then we can also use the Euler summation. The sums in (3.8) are
expressed as nearly alternating series with this in mind.

4. One discrete and one continuous variable. Now let the function of
interest be f(¢, n), where ¢ is a nonnegative continuous variable and n is a
nonnegative integer. We wish to calculate f(¢, n) by numerically inverting the
two-dimensional transform

(4.1) f(s,2) = [ L f(t,n)e 2" dt
0 n=0
As before, we work with Fourier transforms. For this purpose, let F(t, n)

be defined for real ¢ and integer n and let ¢(u,, u,) be its Fourier transform,
that is,

(4.2) d(uqg,uy) = fw i F(t,n)exp(i(u,t + uyn))dt.

—®p=—0w
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The bivariate mixed Poisson summation formula is

n+km)

h ©  m/2-1 2wk 2k
= — Z Y d)(jh, T )exp(—i(jht+ i n))
- m m

27rm k= —m/2

The left side of (4.3) is constructed to be periodic by aliasing. The right side is
a Fourier series with respect to the variable ¢ and a discrete Fourier series
with respect to n. In order to control the aliasing error, we do
exponential /geometric damping as follows:

—at,.n
(4.4) F(t,n) - {f(t,n)e rt, fort=0,n20,
0 otherwise,
where a > 0 and 0 < r < 1. Then ¢(u,,u,) = fla — iu,, re'*2). Letting h =
m/(tl}), m = 2l,n and a = A/(2tl,), after some manipulations on (4.3), we
get f(¢,n) = f(t,n) — &, where

_ exp(A/21 * T
Femy = SRALZI) 5 (e[ BT
2Lt T 1,
R ik
4,
2 X{zlznrz kZ—Ok—Z—n( Y exp( Ly )
F A G T mi(k, + l,k)
20t Iyt ¢ P lyn
and
(4.6) e= ), ) e Arhrf((1+2jl)¢t,(1+ 2kl,)n).

Jj=0 k=0
not j=k=0

Now the aliasing error can be bounded by
C(e—A + r212n _ e—Ar2lzn)
(1 _ e—A)(l _ r2l2n)
assuming that | f| < C. The computations in (4.5) can be reduced further by a

factor of 2 if f(¢, n) is real, but we do not show the resulting expression.
Both the aliasing and roundoff errors may be controlled by the parameters
A, r, l; and [,. The infinite sum may be efficiently computed by the Euler

summation technique. If n is very large, then the Euler summation technique
may be used on the finite sum as well.

(4.7) 2| < = C(e A + r2hny,

5. Arbitrary number of dimensions. The formulas in Sections 2-4
easily can be generalized to an arbitrary number of dimensions. Let f(t) be a
complex-valued function of a vector t = (¢,,...,¢;) of [ nonnegative real



MULTIDIMENSIONAL TRANSFORM INVERSION 731

variables. We allow the variables to be either continuous or discrete (integer).
Let T, be a variable indicating the type of variable k, that is, T, = 1 if ¢, is
continuous and T), = 2 if ¢, is discrete. For 1 <k <, let I, be the appropri-
ate integral or sum operator for the variable ¢, that is, let

focdtk, ika=1,
0

(5.1) Ik = ©
Z 5 if Tk = 2.
£,=0
Let s =(sy,...,s;) be the vector of [ complex transform variables. For
l<k<llet
5.2) ty) ¢ L
(& S P T )

Then the multidimensional transform of f can be expressed as

l l
(5.3) ﬂs)=(glijuo£lagshtw.

Then the multidimensional inversion formula can be defined recursively. For
this purpose, let A, and r, be positive constants, [, a positive integer and
lrl < 1. For 1 <k <, let j, be the k-vector (j,...,j,) associated with the
l-vector j = (j;,..., ;). Similarly, for 1 <k <!, let p, be the k-vector
(p1,-.., p,) associated with the l-vector p = (pq,..., p)).

Then the inversion formula is f(t) = f(t) — &, where f(t) = F, ;. 5, and for
1<k<l,

eAr/2L 1 © ip,T
k
x 2: ( 1)JkeXP( )Iﬁ,ﬁ,ﬁu

2t,1, P iy L
T, =1,
(54) Fpo1jp, = -1 t,-1
-y Y ( p’“")F
exp fo
2lktkrk Pr=0 jp= —t, l Bdi e
if T, =2,
where
(5-5) Fz,f,,ﬁ, = f(g),
with £ = (£,..., &) and
A ip, i,
B Py Wk , T, =1,
(6.6) & = wi( Py + LiJy)
r, exp| ——— kA | e =9
Lty



732 G. L. CHOUDHURY, D. M. LUCANTONI AND W. WHITT

The error term e is then given by [in the notation of (5.3)]

(5.7) e= oL s [1a)

Ji=0 j;=0
not j;= - =j;=0
where 7 = (74,..., 1),
(5.8) Tk :tk(1+2jklk)
and
5 eJrhi if T, =1,
(5.9) Pu = r2liede ST, = 2.

If | f(t)] < C for all allowed values of t, then

(5.10) <é=~ Z Y,

where

(5.11)

e_Ak, . if Tk = 1,
VT pun e, = 2.

Note that the continuous and discrete variables in the formulas here can
be ordered in an arbitrary way. Also note that the results of Sections 2—-4 are
all special cases of the formulas in this section. As before, if f is real-valued,
then it is possible to reduce the computations somewhat, but the formulas get
complicated.

6. Numerical examples. The main motivation for our work was the
desire to compute probability distributions of interest in queueing models. In
this section we provide a few examples associated with the M/G/1 queue.
For the most part, the transforms can all be found in Takéics (1962). Some
additional details can be found in Lucantoni, Choudhury and Whitt (1994).

6.1. The busy period: Duration and number served. We start with the
joint distribution of the number served, N, and the duration, X, of a busy
period in the M/G/1 queue. Let G,(n) = P(N = n), Go(x) = P(X < x) and
G(n,x) = P(N =n, X < x). We define the one- and two-dimensional trans-
forms

(6.1) &(2) - 2 2"Gy(n),
(6.2) fo e dGy(x),
(6.3) G(z,s) = Z fwe_”z” d,G(n,x).

n=0"0
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Note that G(s) = G(1, s) and G(2) = G(z, 0). Numerically, it is easier to work
with the Laplace transforms of the complimentary cumulative distribution
functions rather than the cumulative distribution functions (CDFs) them-
selves (because there is less aliasing error). Therefore, we invert the trans-
forms G°(z, s) and G°(s), where

(6.4) Ge(z,s) = i fwe‘“z”Gc(n, x) dx,
n=0"0
(6.5) G(s) = f:e—sng(x)dx,

G(n,x) = P(N = n, X > x) and G5(x) = P(X > x). It can be shown that
- 1 _ \ .
(6.6) G°(z,s) = ;(G(z) - G(z,9)),
A 1 A
(6.7) G°(s) = ;(1 - G(s)).

It is well known that G(z, s), G(s) and G(z) satisfy the functional equations

(6.8) G(z,s) =zﬁ(s+)t—)\é(z,s)),
(6.9) G(s) = h(s + A — AG(s)),
(6.10) G(z) = zh(1 - AG(2)),

where /(s) represents the Laplace—Stieltjes transform of the service-time
CDF; see Takacs (1962). We compute the transforms iteratively. In Choud-
hury, Lucantoni and Whitt (1995b), we prove that all the iterations converge
(even when server utilization is greater than 1) if we start them at 0. We
invert the one-dimensional transforms using the algorithms in Abate and
Whitt (1992a) and the two-dimensional transform using the algorithm in
Section 4.

In Figure 1 we plot, in log scale, the conditional busy-period distribution
P(X > x|N = n) = G°(n, x)/G,(n) for n = 1, 5 and 25 when the arrival rate
is 0.8 and the service-time distribution is gamma with mean 1 and shape
parameter 1/4. Then the squared coefficient of variation (SCV, variance
divided by the square of the mean) is 4. We also show the unconditional
distribution P(X > x). Note that the conditional and the unconditional busy-
period distributions are quite different.

Also note that the conditional distributions are not straightforward to find
by alternate means. In particular, the conditional busy-period distribution is
not the n-fold convolution of the service-time distribution. However, in the
special case of deterministic service times, the conditional busy-period distri-
bution is just a point mass at n times the constant service time. This case is
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0

1K

=n)
P

logyg P(X>xIN

-4

| ! | | 1

!
0 10 20 30 40 50 60 70 80
busy period length x

F1c. 1. The conditional busy-period distribution P(X > x|N = n) in the M/G/1 queue, in log
scale, as a function of n when the arrival rate is 0.8 and the service-time distribution is gamma
with mean 1 and SCV = 4.

difficult to invert numerically since the inverse transform is discontinuous.
However, we have considered the E, (Erlang of order k) service-time distri-
bution with 2 up to a few hundred and observed that as % increases, the
conditional busy-period distribution approaches that of the point mass men-
tioned previously. This provides a check on the algorithm. We have also
calculated the distribution of number served conditioned on the length of the
busy period, but we do not show that here.

6.2. The transient queue-length distribution. Next we consider the tran-
sient queue-length distribution in an M/G/1 queue. Let Q(¢) represent the
queue length at time ¢ (including the customer in service, if any). Let there be
a departure at time ¢ = 0 and at that instant let there be i, customers in the
system. Let Y; (n,?) = P(Q(¢) = n|Q(0) = i,). Consider the two-dimensional
transform

(6.11) Y, (z2,5) = Zf Oe—StaniO(n’t) dt.
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It can be shown that
Zht(1 - h(s+ A — Az))

Y, (z,s) = (s + A= A2)(z — h(s + A — A2))
(6.12) )
(2 = Dhio(s)h(s + A — Az)
z—h(s+A-Arz)
where
(6.13) Biyo(s) = s+ A — AG(s)

and G(s) is defined in (6.2) and obtained iteratively using (6.9); see Takécs
(1962) and Lucantoni, Choudhury and Whitt (1994).

Using the results in Section 4, we invert the transform in (6.12) and get
the transient queue-length distribution. In Figure 2 we plot this distribution
in log scale at ¢ = 5 with i, = 10 for three different service-time distribu-
tions, each with mean 1: M (exponential), E, = I, (Erlang or gamma with
SCV =1/4) and I'; ,, (gamma with SCV = 4). We note that greater service-

0
1k
ol

=
i -
)
S -3
[+
=
> L
Qo
—4}
-5k
-6 ! ! 1 1 |

0 4 8 12 16 20 24
queue length number n

FiGc. 2. The transient queue-length distribution P(Q(5) = n|Q(0) = 10) in the M/G /1 queue, in
the log scale, as a function of the service-time distribution when the arrival rate is 0.8 and the
mean service time is 1.



736 G. L. CHOUDHURY, D. M. LUCANTONI AND W. WHITT

time variability causes a greater variability in the queue-length distribution
as well.

In Figure 3 we concentrate on the gamma service-time distribution and
show the transient distribution at ¢ = 1, 5 and 100. The steady-state distribu-
tion is also shown. Note that the transient behavior is quite different from the
steady-state behavior. Also note that the transient tail decays faster than the
steady-state tail (the latter is known to be asymptotically geometric in this
case). It is interesting to note that at ¢ = 100 the transient and steady-state
distributions are very close for small n, but at large n the transient tail
decays much faster than the steady-state tail. ’

The special case of M/M/1 transient queue length has been studied
extensively and several algorithms have been proposed. Abate and Whitt
(1989) recommend using Theorem 1 of Takéacs [(1962), Section 1.2, page 23],
which gives Y;(n,t) as a finite integral. We implemented this algorithm
using a fifth-order Romberg integration, as described in Press, Flannery,
Teukolsky and Vetterling [(1988), Section 4.3]. (This is the familiar trape-
zoidal rule with adaptive choice of interval length.) Using double precision
arithmetic, we observed that for the example in Figure 2, this algorithm
agrees with our numerical inversion algorithm up to 11 or more significant

0
-1
-2
s t = oo, steady state
c
1 k
S -4f
a
e
8 -5}
_6 -
_7 -
-8 ! | ! ] ! { ! ] 1 |
0 20 40 60 80 100

queue length number n

FiG. 3. The transient queue-length distribution P(Q(¢) = n|Q(0) = 10) in the M/G /1 queue, in
log scale, as a function of time t when the arrival rate is 0.8 and the service-time distribution is
gamma with mean 1 and SCV = 4.
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places. Also, the two algorithms are comparable in speed (both took a few
seconds on a SUN 2 workstation to compute 10 points of the distribution). Of
course, the transform inversion algorithm works for general service-time
distributions as well without any loss of speed or accuracy. (We are unaware
of alternate algorithms in the M/G/1 case.) We also observed that the
algorithm based on integration has problems (gets too slow or inaccurate) if ¢
is very large or if the server utilization is close to or exceeds 1. The transform
inversion algorithm did not have problems in any of these cases. (Of course, it
is possible to address the problem in the integration-based algorithm by fine
tuning it based on the properties of the integrand, but we did not do this.)

6.3. The transient workload distribution. Next we consider the transient
workload distribution in an M/G/1 queue. Let W(¢) represent the workload
(remaining service time of all customers in the system) at time ¢ and let
W(t, x) be its CDF. Consider the two-dimensional transform

(6.14) D(¢,5) = [ [ et d,W(t, x) dt.
070
It can be shown that

) {BA())" = sBoo(s)
(6.15) w(&,s) = §—s+z\—)\ft(s) ’

where i, is the initial queue length (assuming that there has been a depar-
ture at ¢t = 0) and p; ((s) is as given in (6.13). We actually invert the double
transform

(6.16) D°(£,5) = [ [ e e We(t, x) dxdt,
070
where W¢(¢, x) = 1 — W(¢, x). It can be shown that
1 @(¢,s)
1 7 =— - =2
(6.17) w(§,s) Y .

We do the transform inversion using the continuous—continuous variant of
the algorithm in Section 2. In Figure 4 we plot the transient workload
distribution at times # = 2, 10 and 50, assuming that the system starts
empty at ¢ = 0. The service-time distribution is gamma with mean 1 and
SCV =4 and the server utilization is 1.5, so that W(z) » » as ¢ — .
However, the transient workload is finite and Figure 4 shows how it pro-
gresses with time.

6.4. The conditional queue length at arrivals. We conclude with a dis-
crete—discrete example to illustrate Section 3. For this purpose, let @; be the
queue length observed by (just prior to) the jth arrival. We shall calculate the
conditional probability

(6.18) P =P(Quim = klQ, =1)
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=0)

t=50

P(W(t) > x| W(o)

30 40 50 60 70
workload value x

FiG. 4. The transient workload complementary CDF P(W(t) > x|W(0) = 0) for the unstable
M/G/1 queue with arrival rate 1.5 and gamma service-time distribution with mean 1 and

SCV = 4.

in the M/M/1 queue. The double transform of p{};’ is given in Theorem 4 of
Takacs [(1962), page 28]. We observed that there are two typographical errors
in the formula. After correcting these, we get

P(z,0) = }. ) pipelo”
n=0*%k=0
_g(o)[u— (At p)z]e
[z —g(o)][ 1 - Azwg(w)]
(1-2)[n— (A +pg(w)]lg(«)]™!
[1-g(w)l[z -g(@)][ 1 - r20g(w)]’
where A is the arrival rate, u is the service rate and

(6.20) £(o) = (A+M)_‘/(2):\: W’ ~ 4o

Figure 5 plots, in log scale, the conditional probability distribution of the
queue length observed by the (n + 1)st customer given that the first cus-
tomer saw 10 in the queue (including the one in service). We consider four

(6.19) -
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0
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"3k
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- \\\
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queue length number k

Fic. 5. The conditional probability of queue lengths at arrival epochs, P(Q,, ., ; = k1@, = 10), in
the M/M /1 queue as a function of k and n when the traffic intensity is p = 0.8.

cases: n = 2, 10, 100 and «. The transient distributions approach the steady-
state distribution as n gets large. It is interesting to note that the distribu-
tion drops to zero (shown by dotted line) whenever % exceeds (r + 10). This is
because there cannot be more than (n + 10) in the queue at the arrival
instant of the (n + 1)st customer since the first arrival found 10 in the
system.

We can also study this conditional distribution in the more general M /G /1
case using Theorem 11 of Takécs [(1962), page 70], but we do not do that.

Acknowledgment. Our algorithm here builds on work on one-dimen-
sional algorithms by Joseph Abate. We thank him for showing the way.
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