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A DEGENERATE CENTRAL LIMIT THEOREM FOR SINGLE
RESOURCE LOSS SYSTEMS

BY CHRISTINE FRICKER, PHILIPPE ROBERT! AND DANIELLE TIBI
INRIA, INRIA and Université de Paris 7

Loss networks in heavy traffic under Kelly’s scaling are analyzed. In
the case of a single node and R classes of calls, a degenerate diffusion
approximation theorem around the corresponding fluid limit in an (R — 1)-
dimensional hyperplane is proved.

1. Introduction. Loss networks can be described as sets of queues (or links)
with limited capacity submitted to arrivals of jobs (calls). Each arrival (a call on
a route) requires several links at the same time. A call is accepted only if there
is enough room to accommodate it. These networks are described by Markov
processes on a finite state space. They are reversible and their invariant measure is
explicitly known.

This satisfactory picture of loss networks hides some important difficulties:
First, because of the geometry of the state space, the invariant measure is expressed
via a rather complicated combinatorial expression. It is then difficult to use it in
practice to get estimations of simple characteristics of the network like the loss
probability of a given call or the load of the network. Second, the transient behavior
of these networks is largely unknown. Kelly introduced a scaling parameter to get
simple asymptotic expressions for the invariant measures. The rate of the arrivals
is increased by some factor N as well as the capacity of the links. When N tends
to infinity, it is then possible to get the asymptotic loss probabilities and some
limit theorems for the invariant probabilities (see Kelly [8]). Hunt and Kurtz [7]
investigated the transient behavior of these networks. Despite these advances,
many aspects of the behavior of these networks remain largely unknown, even in
simple cases. The present paper establishes a nonstandard functional central limit
result for a simple model in heavy traffic.

The loss model studied in this paper has one link with the following
characteristics.

e The capacity of the link (or the maximal number of circuits) is [ NC |, where
N € N is the scaling parameter (introduced by Kelly [8]) and C € R, is the
renormalized capacity of the link. (|x] is the integer part of x € R.)
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e There are R types of calls (or classes of customers). Each call requires one
circuit on the link.

e The arrival process of class r customers is Poisson with parameter N A,.. Their
residence time in the network is exponential with parameter u,.

The quantity Ly ,(¢) denotes the number of class r customers in the system at
time ¢. The free circuit process (my(¢)) is defined by

R
my(t) = NC] =Y Ly (),
r=1

where m y (¢) is the number of empty places at time ¢.
It is known (Hunt and Kurtz [7]) that the sequence of processes

(Ly@) = (LN]’\;O); r< R)

converges to a deterministic limit, called a fluid limit, for the Skorohod topology in
the space of RX-valued right continuous functions with left limits [provided that
the sequence of the initial conditions (L y(0)) converges].

An important feature of these systems, noted by Kelly [8] and shown by
Hunt and Kurtz [7], is the averaging property; see Freidlin and Wentzel [4]
and Kurtz [10]. The free circuit process moves much more rapidly than the
process (L y(t)). As a consequence, its local equilibrium determines the short term
behavior of (L y(¢)). It can be roughly described as follows: if at some time ¢,

(Ln(®)=x=(x;; r <R),

at the time scale 1/N, the process (my(s)) is a N U {+o0}-valued Markov jump
process (7 (s)) that has transitions given by, for m € N U {400},

m+1, at rate U, x,,
m—1, atrate A, 1jp>1).

(1

Notice that the dynamic of the process is discontinuous when m = 0.

In this paper the perturbation around this fluid limit (which is an R-dimensional
process) is investigated. When the initial point of the fluid limit is in the interior
of the domain, it is easily shown that the components of the diffusion around the
fluid limit are locally independent and related to Ornstein—Uhlenbeck processes
(see Borovkov [2] and Kelly’s survey [9]).

The interesting case is when the fluid limit is on the boundary of the domain
and stays on it for a while (otherwise it is similar to the previous case). In this
situation, a diffusion approximation picture turns out to be much more delicate to
obtain because of the reflection on the boundary of the process at the normal scale,
even for the simple model considered in this paper. It is interesting to note that one
does not get a reflected diffusion process in the limit as one might think at first
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sight. The perturbation around this fluid limit is shown to be a degenerate (R — 1)-
dimensional diffusion related to an Ornstein—Uhlenbeck process. One of the main
ingredients for the proof of the convergence is Proposition 2. Note that this is not
the only component: a central limit theorem for the time spent on the boundary
is also necessary, although somewhat hidden in our setting. An attempt to show
an analogous result in the case where the calls require several circuits reveals that
such a central limit theorem has to be shown. For the moment, we cannot prove
such a result.

2. A degenerate central limit theorem.

Notations and assumptions. It is assumed that, for x > 0, N, is a Poisson
process with parameter x, N, (dy) is the infinitesimal increment of the associated
counting measure and N, (]0, #]) denotes the number of points of this process in the
interval ]0, ¢]. With an upper index (ka), it denotes an i.i.d. sequence of Poisson
processes with parameter x. The renormalized capacity C can be assumed to be 1
without any loss of generality.

Heavy traffic is assumed, that is, if p, = A, /u,, forr <R,

R
(2) > o> L
r=1

This hypothesis implies that saturation of the queue occurs with probability 1.
Forl <r <Randt >0, Ly ,(¢) is the number of class r customers at time ¢
in the system. The initial conditions satisfy

3) lim Ly, (0) =1,
N—+00
forr=1,..., R with (,) eRﬁ,l_l o lg <.

The equations of evolution. It is easily seen that the process (Ly ,(¢)) has the
same distribution as the solution of the stochastic differential equation

t
LN,r(t) = LN,r(O) +/0 1{25:1LN,¢,(S—)<N}'N-N)W (dS)
(4) +00 ¢
-2 / <Ly, s N, (ds).
k=170

Forr =1, ..., R, the martingales associated to (L y_,(¢)) are defined by

t
N
MY (1) = /0 LS Lygtsmrem (Mo, (d5) = Ny ds),

+00 ¢
M3, (1) =~ Z/O Lk<L, - (M, (ds) — iy ds),
k=1
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and their increasing processes (see Ethier and Kurtz [3]) are given by

t
N
5) (MY ) (1) = N, /0 Lt L12m) 45

t
(©) M) 0 = s [ Ly )ds.
Equation (4) can be written as

Ly (t) =Ly, 0)+M.(t) + MY,(1)

(7) t '
+ N)»r'/o 1{2521 LN‘q(S)<N}ds — /,Lr'/o Ly (s)ds.

2.1. The fluid limits.  If (X n (7)) is a sequence of processes on R, one defines
the renormalized sequence of processes of (Xn (7)) by Xy () = Xy (¢)/N for
t>0.

It is well known (see Hunt and Kurtz [7]) that the process (ZN,_, (), r =
1,..., R) converges in the Skorohod topology to the fluid limit (/(¢)) = (I, (t); r =
1,..., R), which is the unique solution of the ordinary differential equation

e - . &
S AOY A A) = el (0, ) () =1,
1

®) 0L = .
b = Wl (1), if ) L) <1,
1
with ,(0) =1, A = Zf Ars = (W), a A b =min(a, b) and (-, -) is the usual
scalar product in RR. The dynamical system (/,(¢); r = 1,..., R) lives in the
region

i)z{yeRﬁ:y1+-..+yR§1}.
It is easily seen that condition (2) implies that

. - def. 7 Pr
©) Jim (1) £ i(00) = <Zf pk).
Therefore, 1(c0) is the stable point of (.(t); r =1,...,R) and it lies on the
boundary of £. See Zachary [13] for a general result on the stable points of fluid
limits of loss networks.
Denote

A={yeD:yi+--+yr=1}, AT ={yeA:{u,y) <Al

AT is the set of points of the boundary of £ at which the dynamical system is not
pushed into the interior of D.If (I,) € AT, equation (8) gives

Zl_;(()) = Z,Uvrl_r - ZMrI_r =0.
r r r
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2.2. A central limit theorem on AT. From now on, it is assumed that
condition (3) is satisfied and

(10) lim VN(Ly.,(0)—1)=nv,

with (v,) € RE,
(11) 1(0)=(U)e A" and v;+---+vg=0;

that is, the process (Ly (t); r =1, ..., R) is very close to saturation at the origin
when N is sufficiently large. B

Since [(0) € AT, it is easily seen that there exists some T such that [(s) € AT
for all s € [0, T], that is,
(12) Zl_,(s) =1 and sup (u, I(s)) < A.

- 0<s<T

Notice that in the case R = 2, one can take 7T = +oo (see Figure 1). This is not
the case in general, for R = 3, for example, but there is a region of A™ containing
[(00) [see equation (9)] such that if /(0) is in this region, then 7 can be taken as
infinity (see Bean, Gibbens and Zachary [1]).

In the following discussion, statements concerning the convergence in distribu-
tion of processes will refer to the Skorohod topology on the space of real-valued
functions on [0, T[ which are right continuous with left limits.

14
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FI1G. 1.  The fluid limits of a loss system with R = 2.
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PROPOSITION 1. When N goes to infinity the martingale
—N —N
(VNMY,@; r=1,....R), (VN My, @) r=1,...,R))

converges in distribution to ((B1,(y1,1)); 1 <r < R),(Ba,(y2.,(); 1 <r

< R)), where By,, By,, r =1,...,R, are independent standard Brownian
motions on R and forr =1, ..., R,
tw, 1(s))
=3, [ BT
0 A

t_
V2., (1) = 1y /0 L.(s)ds.

PROOF. The increasing processes of (\/ﬁﬁﬁ(t)) and (\/Nﬁgr(t)) are
given by

—N t
(13) NI )0 :)\,/O Lt Ty 45

R t_
(14) VN0 = e [ Tnrs)ds.

According to Hunt and Kurtz [7], when N goes to infinity, the right-hand side of
equation (13) converges in distribution to

, 1(s))
)\,r\/(.) T dS,

and the right-hand side of equation (14) converges to

r fotl_r(S)dS-
Forq,r e{l,..., R}, q #r, the processes
(MY, MY ) 0), (MY, M) @),
(M, My,)(0) and (M, My,)®)

are identically O since the martingales (M {vr (1)) and (Mévr (1)) are stochastic inte-
grals with respect to martingales associated with independent Poisson processes.

To conclude, a classical result is applied (see Theorem 1.4, page 339 of Ethier
and Kurtz [3], e.g.). The proposition is therefore proved. [

Fort < T, if Zxn(t) denotes the empty space in the queue at time ¢, that is,

ZN@)=N — (Ln1(t)+---+ Ly (1)),



A DEGENERATE CENTRAL LIMIT THEOREM 567

from relationship (7) one gets the identity

R
Zn@0) =Zy0) = Y (M}, (1) + M) (1))
(15) r=1

t t —
_A/O Lz 57201 ds+/0 (1, Ty ()) ds.
Condition (12) implies that
dist.

(Zn@); t<T)—0

as N goes to infinity. The following proposition shows that condition (11) entails
a stronger statement.

PROPOSITION 2. The process

_ N—-—Ly(t)—---—L t
(\/NZN(I);OSI<T)=( N1 N’R();0§t<T)
VN
converges in distribution to 0 as N goes to infinity.
PROOF. Since the limit (I(¢)) of the process (ZN,r(t); r=1,...,R) is

continuous, for € > 0 and 1 > 0 there exists Ny € N such that for N > Nj,
]P’( sup [(p, Ly (1) — (. [(1))] = n) <e.
0=<t<T

Condition (12) implies that there exists > 0 such that for ¢ > 0, there is Ng € N
satisfying the following inequality: for N > Ny,

(16) if J(N:{ sup (,u,fN(t))sA—n} then P(Hy)>1—e¢.

0<t<T

The process (Zy (t)) satisfies the stochastic integral equation

R t R +oo t
Zn =Zy©0) =Y fo HzwGoys0 N @)+ 3> fo LWLy, 6o M (ds),
r=1 r=1k=1

and it has the same distribution as the solution of the equation (with the same
notation Zy)

R
Zn@) = Zy(0) = Y /0 1 Zu(sy=0) M, v (dS)
r=1

+ N1<}0, N/Ot(u,ZN(s))ds]).

a7)
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The process (Zy(t)) can be viewed as the number of customers of an M/M/1
queue with the service rate AN and N(u, Ly(t)) as the 1nstantaneous arrival rate
at time ¢. The process (Z N (2)) is constructed with a coupling: Zn (0) =Zn(0) and

18) Zyt)=ZnO) =3 /0 L7ty 0) N (d5) + N1 (10, N(A = ne]).
r=1

The Poisson processes Ny, v, ¥ =1, ..., R, and N] in equation (18) are the same
as in identity (17).

The Markov process (Xy(t)) = (Z ~(t/N)) has the same distribution as the
number of customers in an M /M /1 queue with arrival rate A — n and service
rate A. If H(K) denotes the hitting time of the level K starting from O by this
process, it is well known that if « = (A —n)/A, the variable K H(K) converges in
distribution to an exponentially distributed random variable with parameter 7%/A
as K goes to infinity.

Equations (17) and (18) show that on the event # defined by relationship (16),
the inequality Zy (¢) < Zn (t) holds for all t < T'; thus for a > 0 and ¢ > 0,

]P’( sup «/ﬁfN(t)za) =]P’< sup Zn(1) zax/ﬁ)

0<t<T 0<t<T

<g¢ —HP’( sup Zn(@® 2a«/ﬁ>

0<t<T

=8—HP’ZN(0)< sup X;ﬂt)zaﬁ),

0<t<NT

where P, is the conditional probability P(-|X (0) = b). Hence, using the strong
Markov property of (X (¢)), one gets

P( sup W?N(Z)ZCI) §8+PZN(0)(H(|_CI\/NJ)§NT)

0<t<T

(19) <&+ Py 0(H(lavVN)) < HO))

+Po(H(lav'N]) < NT).
The classical ruin probability formula [or the fact that (1/«’ AHO)AH (lav'N Dyisa
martingale] gives that

1/k?N O — 1

P2y (H(lav/N]) < H(0)) = YT
K J—

This term converges to 0 as N goes to infinity since Zy(0)/~/N — 0 [see
condition (11)].
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The convergence in distribution of («KH(K)) implies that
Po(H(lav/N]) < NT) =Po(x “YN H(lav/N|) < Nc!“VNIT)
converges to 0 as N gets large. Inequality (19) shows that the variable
sup{v'NZy(t):0<t<T}

converges in distribution to 0 as N goes to infinity. The proposition is proved. [J

Define
~ _ . Ly, () — NI (¢)
Ly, () =~N(Ly,(t) —1(1)) = = 7 —.
According to relationship (7) the renormalized process satisfies, for r =1,..., R

and ¢ > 0, the identity

- - —N —N
Ly, (t) =Ly, (0) + MY () + M3, (1)

t r_
+)L,'/0 I{Zlefzv,k(S)d}ds_“’/O Ly ,(s)ds.

Equation (8) for the fluid limits and the assumptions on the initial state give that,
fort <T,

Ly (t) = Ly, (0) +VNM, ,(t) + VNM.,. (1)
(1. 1(s)) l(s)
@1) + A */_/ N Ivaw<n 48 =2 */_/

- Mr/ ZN,r(s) ds.
0

(20)

Using relationship (15), one gets
Ly, (0 =Ly, 0+ MY @)
(22)

r{u, LN(S))

Ay N(Z Zn(0)) L d
~ S IN(Zn 0 - Zy () +/( _ N,r<s>) s

where (MY (1)) = (MrN (t)) is the martingale defined by

23) MN@)=VN(M,, () + My, (1) - Zf (M} () + M5 ().

LEMMA 3. The sequence of martingales (M N@)) converges in distribution to
a degenerate R-dimensional Gaussian process (G(t)) of rank R — 1 such that

(24) Gt)=T"(B,(y1,,(t) +72,1)); 1 <1 <R),
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where (y1..(t)) and (y2,.(t)) are given in Proposition 1, (B,(t)) is a standard

R-dimensional Brownian motion and I" is an R x R matrix of rank R — 1, with
A A
Frrzl_Xa 1—1rz]:_X

forq#re{l,...,R}). The range of T is {y e RR : y; 4+ ... 4+ yr = 0}.

PROOF. The convergence is a straightforward application of Proposition 1 and
the continuous mapping theorem. [

PROPOSITION 4. Under the conditions
Jim Ly O/N=lp,  lim (Ly,0) = NI)/NN =,

where the vectors | = (I,) and v = (v,) are such that 1(0) = (I,) € AT and
v+ -+ vp =0, if T >0 is such that the fluid limit 1)) belongs to AT
for 0 <t <T, then the vector (ZN,r(t), r=1,...,R; 0<t <T) converges in
distribution to the process (Z (t)), which is the solution of the stochastic differential
equation

(25) dL(t) =dG(t) + A - L(r) dt
or, equivalently, is defined by

- t
(26) L(t)= / e"I44G(s) + e Av,
0

where (G (t)) is the Gaussian process defined by equation (24), v = (v,) and A is
the R x R matrix
Ar

o
App = (X - 1);1,, and Apq = A

Hq
forq #r.
PROOF. For a process X with values in RR and § > 0, wx(8) denotes the
modulus of continuity of (X, (¢)) on the interval [0, T],
wx(8) = sup sup{|X,(t) — X,(s)|:0<s<r<T,t—s <8}

I<r=<R
The sequence of process
(L) =(Ln, (1), r=1,...,R; 0<1<T)

is tight and any of its limiting points is continuous. To prove this assertion, it is
sufficient to show that for any ¢, n > 0 there exist § and Ny such that the inequality

P(wz, (8) =€) <n
holds for N > Ny (see Ethier and Kurtz [3]).
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Letr [0, T]. If

Grn () sup sup{|Ly.,(s)]:0<s <1},

1<r<R

then equation (22) gives the relationship

t
G () < Ky + 2R 1 / G (s)ds
0
with

Ky= sup sup (ILy,O)+vVNZy(s)+IMYs)) and p.= max .

1<r<R0O<s<T

From Gronwall’s inequality one gets the bound
27) G (1) < Kye*F!

for 0 <t < T. Using again equation (22), the inequality

P(wg, (8) > &) <P(wyn (8) > ¢/3) + ]P><2 sup (VNZy(1)) > 8/3)

0<t<T

(28)
+PQRu,GN(T)8 > ¢/3)

is derived. Since the sequence of processes (M N (1)) converges and its limit is
continuous (Lemma 3), there exist some N and §p such that the relationship

P(wyn (80) > €/3) <n/3

holds for N > Nj.
From Proposition 2 one gets that there exists N; so that if N > Ny, then

]P’<2 sup (VNZy(t)) = 8/3) <n/3.
0<t<T
Condition (10) and Propositions 1 and 2 show that the sequence of random
variables (K y) is tight; thus there exists some constant Co > 0 such that for N > 1
the inequality P(Ky > Co) < n/3 holds.

Now if N = Ny VvV N; and

—2RuT

§ =234 N e ,

6CoR
then for N > N, inequality (28) gives the relationship

P(wz, (8) > &) <n.

Thus the sequence of processes (Z N (1)) is tight and any of its limits is continuous.
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If (E(t)) is a limit of (ZN(t)), using relationship (22), one gets that (E(t))
satisfies the stochastic integral equation

(29) L,(z)=U,+G,(z)+/ > ArgLy(s)ds, r=1,...,R.
0
q=1

Equation (25) is therefore satisfied. The range of A is
5={y€RR:y1+m+yR=0}

and since (G (¢)) is a Gaussian process in 4, the above equation can be rewritten as
a classical nondegenerate linear stochastic differential equation in 4. In particular,
there is a unique strong solution (see Ethier and Kurtz [3] or Rogers and
Williams [11]). It is easy to check that the process (Z(t)) defined by equation (26)
verifies relationship (29). The proposition is proved. [

2.3. Stationary behavior. We conclude with some remarks on the invariant
distribution of (Ly(?#)). If Ly(oo) denotes some random variable that has
a distribution stationary with respect to (L (?)), then

dist.
Ly(0) = ((ZN1y--  ZNR) | ZN1 + -+ Zy.r < N),

where Zy 1, ..., Zn, g are independent Poisson random variables with parameters
Np1, ..., Npg, respectively. It is elementary to prove that, as N tends to infinity,
Ly(0c0)/N converges in distribution to [(00), the stable point of the fluid limits,
defined by equation (9). By using the central limit theorem and the fact that the
empty space in the link converges, as N tends to infinity, toward a geometrically
distributed random variable (see Kelly [8]), it is easily seen that (Ly(c0) —
NI(c0)) / VN converges in distribution to a Gaussian random variable Z(oo) with
zero mean and covariance matrix K = (K;;; 1 <i, j < R) defined by

(30) Kii:&<1—ﬁ> and  K;; =20
p p p

for 1 <i,j <R,i#jand p=p; + ---+ pg. For central limit theorems of
the stationary distributions of loss networks, see Kelly [8], Hunt and Kelly [6],
Hunt [5] and Whitt [12].

The matrix K is clearly singular (K - 1 = 0) with rank R — 1. Since the matrix K
is symmetrical and nonnegative, it is easily seen that there exists some R x (R — 1)
matrix H such that K = H - H' (H' is the adjoint of H) and the range of H is the
hyperplane # = {x : x; +- - - +xg = 0}. The variable L(00) can then be expressed
as H - W, where W is a standard (R — 1)-dimensional Gaussian vector.
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PROPOSITION 5. The diagram

1 _ oo (1 _
<TN(LN(t) - Nl(t))) Emat (ﬁ(LN(oo) - Nl(oo)))
(31) N—>+ool N—>+ool
(Z(t)) SN E(oo)

commutes, that is, the invariant distribution of (i (1)) is a Gaussian distribution
with zero mean and covariance matrix K defined by equation (30).

PROOF. It is not difficult to see that one can assume that the fluid limit is
already at equilibrium, that is, /(0) = [(0c0), so that [(t) = [(c0) for any > 0. In
this situation, the stochastic differential equation (25) becomes

dLt)=T-D-dB@t)+ A-L(t)dt,

where D is the R x R diagonal matrix such that D;; = \/2A;/p, I" and A are
the matrices defined in Lemma 3 and Proposition 4, and (B(f)) is a standard
R-dimensional Brownian motion. [For i =1, 2 and r € {1, ..., R}, the quantity
vi.r(t) defined in Proposition 1 is A,¢/p.] R

The infinitesimal generator of the Markov process (L(¢)) is given by the second
order differential operator

1 3 f

(32) QNHE) =3 Y S )+ (A-x, V)

ij
1<i <R 0x; 0x;

for a twice differentiable function f on R¥ with compact support. The diffusion
coefficient ¥ = (¥;;; 1 <i, j<R)=T- D?.T!is given by

22X Y 20N

Zi,’=— 1 —— and EiJ':——

0 A p A
for 1 <i # j < R. To prove that the distribution of L (00) 1s indeed the invariant
distribution of (L(¢)), it is sufficient to prove the identity E(Q2(f)(L(c0))) =0
holds for any twice differentiable function f with compact support or that
(33) E(Q(f)(H - W) =0

holds (see Ethier and Kurtz [3], page 290). For w € RE=1 define ¢o(w) =
f(H - w). Then the following identities are easily checked:

(34) (a¢ (w): lsifR—l):<%(H-w); 1§€§R>-H,

ow; 0xy
9% .
(7(10); 1<i,j SR—1>
dw; dw;

(335)

3 f
:H’~< (H-w);lgﬁ,ng)-H.
0xp 0X;,
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Since the range of matrix A is also hyperplane #, there exists some square
matrix ¥ of dimension R — 1 such that A - H = H - W. Trite calculations show the
relationship

>=-2A-K=-2A-H-H' =-2H -V -H',

which implies, together with relationship A - H = H - W (again) and equations (34)
and (35), that

92
QNH == P g / () + (VB (w), ¥,

1<k,f<R-1

Identity (33) to check then becomes

> v, (82—¢<w> — g w))

| <k 1=R—1 R owy dwy owy,

X exp(—— Z w3 )dwl -~ dwp_1 =0,

i=1

which is trivial to verify. The proposition is proved. []
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