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A NEW REPRESENTATION FOR A RENEWAL-THEORETIC
CONSTANT APPEARING IN ASYMPTOTIC

APPROXIMATIONS OF LARGE DEVIATIONS1

BY BENJAMIN YAKIR AND MOSHE POLLAK

Hebrew University

The probability that a stochastic process with negative drift exceed a
value a often has a renewal-theoretic approximation as a ª `. Except for
a process of iid random variables, this approximation involves a constant
which is not amenable to analytic calculation. Naive simulation of this
constant has the drawback of necessitating a choice of finite a, thereby
hurting assessment of the precision of a Monte Carlo simulation estimate,
as the effect of the discrepancy between a and ` is usually difficult to
evaluate.

Here we suggest a new way of representing the constant. Our approach
enables simulation of the constant with prescribed accuracy. We exemplify
our approach by working out the details of a sequential power one
hypothesis testing problem of whether a sequence of observations is iid

Ž .standard normal against the alternative that the sequence is AR 1 .
Monte Carlo results are reported.

1. Introduction. In many contexts, the probability a that the maximal
value of a stochastic process exceed a prespecified value is a quantity of
considerable importance. In risk theory it shows up as the probability of ruin,
in sequential analysis it appears in the form of error probabilities, in options
pricing it is the probability that an option will be exercised, in branching
processes it is the probability that the population size be large. Its value is
usually hard to fix precisely, and approximations are often called for. When
the stochastic process under study is the sequence of partial sums of iid
observations, renewal theory supplies practical formulas which in turn pro-

w Ž . xvide useful approximations. For an overview, see Siegmund 1985 . Renewal
theory has been developed for other processes, too}such as when the under-

w Ž .xlying observations are generated by a Markov chain Kesten 1974 or by a
w Ž .xtime series Lalley 1986 . However, in these cases the renewal-theoretic

results are not as useful as in the iid case, for, although they provide limiting
Ž .expressions which if evaluated could be used as approximations, these

expressions contain constants which, in contrast to the iid case, are not
amenable to calculation.

In this article we develop a different renewal-theoretic approximation for
the probability a . Our approximation, too, contains a constant which cannot
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be calculated analytically. However, this constant can be evaluated by Monte
Carlo. In principle, the constants appearing in the standard renewal-theoretic
form can also be evaluated by Monte Carlo. However, the standard represen-
tation suffers from difficulties involved in measuring the precision of the
Monte Carlo estimate, as renewal theory involves crossing a barrier which
tends to infinity, and in a given simulation it is not easy to evaluate the effect

Ž .of the discrepancy between infinity and the necessarily finite barrier used.
In contrast, the constant appearing in our representation does not involve a
barrier tending to infinity and can be evaluated by Monte Carlo to any degree
of prescribed accuracy.

In the following, we regard the sequential analytic problem of a power one
test of hypotheses. We chose this problem to exemplify our approach because
it is relatively simple in structure and because it is a basic underlying
building block for calculating the ARL to false alarm in changepoint prob-
lems. We describe our approach in Section 2. To illustrate the considerations
involved, we first consider an iid case of a power one test of a shift of a normal
mean. Then we apply our method to testing a null hypothesis that a sequence
of observations is iid standard normal against an alternative that the se-

Ž .quence is AR 1 . Monte Carlo results are reported.
Both of the examples worked out in this paper can be interpreted as the

probability of a stochastic process crossing a straight line boundary. With
appropriate modifications, the approach can be applied to more complex
problems such as repeated significance testing. These modifications entail
nonnegligible technical considerations, the spelling out of which would make
an already long paper even lengthier and would not add enough insight to the
basic understanding of the approach to justify their inclusion.

2. A rule of thumb. The changepoint problem deals with monitoring a
sequence of observations for a change from one probability regime to another.
With this as background, we envision the following.

Let Xs X , X , . . . be a sequence of observations. Let P , P be probability1 2 0 1
measures for X which have the same support for each finite sequence

Ž .X , . . . , X . A usually power one test of H : X; P vs. H : X; P is to reject1 n 0 0 1 1
Ž .the null hypothesis H if max L G A, where L s dP X , . . . , X r0 1F n-` n n 1 1 n

Ž .dP X , . . . , X and A is a prespecified constant. The level of significance of0 1 n
Ž .this test is a s P max L G A . By a well-known martingale argu-0 1F n-` n

w Ž . xment Ville 1939 , page 100 , a F 1rA. Renewal theory is often called upon
to obtain an approximation a f constrA as A ª `.

Let PŽk . be a measure under which X , . . . , X behave according to P and1 k 1
wX , X , . . . according to P in the sense that the distribution ofkq1 kq2 0

X , X , . . . conditional on X , . . . , X is the same as it would have beenkq1 kq2 1 k
Žhad X , . . . , X been distributed according to P and had attained the same1 k 0

.xvalues .
Such a situation is easy to describe if X are iid under both P and P , ini 0 1

which case PŽk . is the measure under which the first k observations are
distributed dP and the ensuing dP . Other cases of interest include a1 0
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transition from one Markov chain to another, one time series model to
another, and so on.

Note that

dPŽn. X , . . . , X rdP X , . . . , X , if n F k ,Ž . Ž .1 k 1 1 kL rL sn k Žk .½ dP X , . . . , X rdP X , . . . , X , if n G k .Ž . Ž .1 1 n 1 n

Define
M s max L rL ,Ž .k n k

1Fn-`

`

S s L rL .Ž .Ýk n k
ns1

Ž . Žk .In most cases of interest including all of those mentioned above if P is the
true distribution of the sequence X, then M will be attained at a time nk
close to k. In fact, the order of magnitude of L rL will be exponential inn k

< <y n y k , so that S will be finite. Furthermore, if k is large, L rL willk n k
< < Ž .contribute little to both M and S when n y k is large. Therefore, M , Sk k k k

Žk . Ž .under P will have a limit in distribution M, S as k ª `. Since M - S ,k k
it follows that M F S.

Ž .In most cases of interest including all of those mentioned above the limit

1
I s lim log L dPH n 1nnª`

exists. Define
1 M

2.1 l s E .Ž .
I S

Arguments in subsequent sections will justify the following:

RULE OF THUMB. In most cases of interest,

2.2 AP max L G A ª l as A ª `Ž . ž /0 n
1Fn-`

so that for large A,
l

a f .
A

Ž .We suggest that the representation 2.1 is useful from a practical point of
view, since usually one wants to be able to evaluate l to any desired degree of

Ž .accuracy. The limit I can usually be obtained analytically. Although E MrS
is in general analytically intractable, it is readily amenable to simulation:
0 - MrS F 1, and one can usually give theoretical bounds on the exponential

Ž < < .decay of L rL as n y k becomes large . In the non-iid case, this is ann k
improvement over the renewal-theoretic results available at present, which

Ž .at best yield the existence of a limit l in 2.2 , but do not provide means for
wits calculation. Its approximation by Monte Carlo as A ª ` by the left side
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Ž . w Ž .xof 2.2 or even by importance sampling cf. Siegmund 1976 leaves open the
question ‘‘When is A large enough?,’’ so that one doesn’t have a handle on the
accuracy of the simulation.

Ž .Insight into the relation between E MrS and the renewal-theoretic con-
stant can be gained by noticing the following heuristic argument, which is
due to Siegmund. Given a large m, the expression

max L1F nF m nŽk .E mÝ Lns1 n

Ž . Žis almost independent of k. Some dependence is introduced by negligible
.boundary effects. It follows that

m1 max L1F nF m nŽk .E MrS ; EŽ . Ý mm Ý Lns1 nks1

1
s E max L ,0 nm 1FnFm

Ž .which is known to be asymptotically as m ª ` equivalent to the traditional
representation of the constant as the Laplace transformation of the over-

w Ž . xshoot. See Hogan and Siegmund 1986 , Lemmas 3.3 and 3.4.
At first glance, our ‘‘rule of thumb’’ admittedly looks mysterious. The

Ž .intuition behind 2.1 is basically technical. The classical renewal-theoretic
argument regarding the asymptotics of the significance level of a sequential
test entails a change-of-measure component. This enables studying a tail

Ž .probability of the original measure in terms of the behavior of a central part
Ž .of a distribution the transformed measure . Therefore, it is natural to look

for a suitable measure to which the problem under study can be transformed.
In the classical iid setting, the behavior of Zq , the ladder increment ofn

the log-likelihood process, is independent of lq s Ýny1Zq. Hence, the dis-ny1 is1 i
tribution of the overshoot can be represented as a convolution of the re-
newal measure and the distribution of a single ladder increment of the log-
likelihood process

`a
q

q2.3 P Z G a q y y x f x dx ,Ž . Ž . Ž .ÝH 1 lny 1
0 ns1

Ž . q
qwhere f x is the density of l and y ) 0. This fails when the depen-l ny1ny 1

dence structure is more complicated. Therefore, it is reasonable to look for an
w ` Ž .xqalternative to the renewal measure Ý f x dx, one which will enablens1 lny 1

a separation between local behavior and long-term characteristics of the
process.

When studying the changepoint problem, a measure which shows up quite
` Žn. w Ž .xnaturally is Ý P cf. Yakir 1995 , whose likelihood ratio with respect tons1

PŽk . is Ý` L rL . Therefore, it is natural to attempt to use this measure tons1 n k
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separate local behavior and long-term characteristics of the process. So

` `
Žk .P max L G A s E | max L G A LÝ Ýž / ž /0 n n n

1Fn-` 1Fn-`ks1 ns1

` max L rL | max L G AŽ .1F n-` n k 1F n-` nŽk .s E =Ý `Ý L rL max Lns1 n k 1F n-` nks1

`M | max L G AŽ .1F n-` n Žk .; E = dP ,ÝHS max L1F n-` n ks1

Ž .which is reminiscent of 2.3 in terms of separating local and long-term
behavior. The content of this paper is to make this argument rigorous.

The basic ingredients of the proof are asymptotic independence between
large blocks of observations, local central limit theorems regarding log-likeli-
hood ratios and large deviations arguments. Although the examples we work
out entail normal observations, the arguments should hold in general.

Ž .Nonetheless, a full proof of 2.2 seems to require a case-by-case treatment. In
Section 3, we give a proof for an iid case, which can be taken as a blueprint
for the basic ideas. In Section 4, we deal with a more complicated case, which
we believe exemplifies the problems arising in the general case. We conjec-
ture that our rule of thumb is valid in most cases which possess the
aforementioned basic ingredients. Clearly, the rule won’t work always: if
the dependence is too strong}such as when all observations are identically
the same}the result is wrong. In intermediate cases, such as interchange-
able sequences, appropriate modifications to our rule should hold.

3. An iid case. In this section, we exemplify our approach by considering
a power one test of a shift of a normal mean. The considerations involved are
prototypical to more complicated problems.

Let X , X , . . . be a sequence of observations. Let P be a measure accord-1 2 0
Ž .ing to which these observations are iid N 0, 1 and let P be a measure1

Ž .according to which they are iid N m, 1 . Let

dP X , . . . , XŽ .1 1 n
l s logn dP X , . . . , XŽ .0 1 n

n
2s m X y m r2Ž .Ý i

is1
n

s Z ,Ý i
is1

so that l is the log-likelihood ratio statistic based on n observations andn
Z is the log-likelihood ratio statistic based on the ith observation. Let I si
E Z s m2r2.1 i
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The null hypothesis P is rejected in favor of P if0 1

3.1 max l G a.Ž . n
1Fn-`

where a s log A. The significance level of this test is given by

P max l G a ,ž /0 n
1Fn-`

which we want to approximate by calculating the limit

lim eaP max l G a .ž /0 n
aª` 1Fn-`

Using the notation of Section 2, we formulated the theorem.

THEOREM 3.1.

1 M
a3.2 lim e P max l G a s l s E .Ž . ž /0 n I Saª` 1Fn-`

PROOF. The proof will require the following lemmas.

LEMMA 3.1. Given « ) 0, there exists a finite constant c ) 0 such that

3.3 lim eaP max l G a F «r2,Ž . 0 nž /2aª` n-2 arm yc a'

3.4 lim eaP max l - a, max l G a F «r2.Ž . 0 n nž /2aª` 1Fn-`nF2 arm qc a'

? @ Ž .PROOF. Let x denote the integer part of x. In order to show 3.3 ,
consider the stopping time of the power one SPRT:

� 4N s min n: l G a .n

Using the usual technique of turning P -calculations into E ,0 1

2 a
a 'e P max l G a s E exp y l y a | N - y c aŽ .Ž .0 n 1 Nž / 2ž /2 mn-2 arm yc a'

F P max l G a1 nž /2n-2 arm yc a'

2Var lŽ .@1 ?2 ar m yc a'F ,2 4ac m r4

where the last inequality follows by applying Doob’s inequality to the P -1
martingale l y nm2r2. Finally,n

2 '2Var l 2 a y m c aŽ .@1 ?2 ar m yc a' s ,2 4 2 4ac m r4 ac m r4
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which can be made as small as desired, uniformly in a, by choosing a large
enough c.

Ž .The claim 3.4 can be shown in a similar way. Indeed,

2 a
a a 'e P max l - a, max l G a s e P q c a - N - `0 n n 0ž / 2ž /2 m1Fn-`Ž .nF 2 arm qc a'

2 a 'F P q c a - N - `1 2ž /m

2F P l - aŽ .@1 ?2 ar m qc a'

2'cm a r2
s F y ,

2ž /'' 2 a q cm a

and the proof of the lemma follows. I

Ž . � < < 4Denote by J k, t the set of integers i: i y k F t . Define the set of indices
2 Žk .'Ž .J s J 2 arm , c a . For any k g J consider the changepoint measure P

given by

X , X , . . . , X ; iid, N m , 1 ,Ž .1 2 k

X , X . . . ; iid, N 0, 1 .Ž .kq1 kq2

In the next lemma the measure P is transformed to the measure Ý PŽk ..0 k g J

LEMMA 3.2.

| max l G aŽ .ng J nŽk .P max l G a s EÝž /0 n � 4Ý exp l .ngJ ng J nkgJ

PROOF. The log-likelihood ratio of PŽn. to P , based on the complete0
sequence of observations, is l . Hence the likelihood ratio of P to Ý PŽn. isn 0 ng J

� 41rÝ exp l . Ing J n

Next we turn to the investigation of the term

| max l G aŽ .ng J nŽk .E � 4Ý exp lng J n

as a function of k and a. Given k, it will be shown that this term can be
approximated by a similar term for which the set of indices J is replaced by

Ž . ŽŽ 2 . .the set J k, t , t s 32rm k 1 log a.



B. YAKIR AND M. POLLAK756

2 'LEMMA 3.3. Let « ) 0 be given. Then for all 2 arm y c a q t F k F
2 '2 arm q c a y t it is true that

| max l G aŽ .ng J na Žk .e E � 4Ý exp lng J n

| max l G a «Ž .ng J Žk , t . na Žk .F e E q and� 4Ý exp l ang J Žk , t . n
3.5Ž .

| max l G aŽ .ng J na Žk .e E � 4Ý exp lng J n

1 | max l G a «Ž .ng J Žk , t . na Žk .G e E y ,� 41 q « Ý exp l ang J Žk , t . n

provided that a is large enough.

PROOF. On the one hand,

| max l G a | max l G aŽ . Ž .ng J n ng J Žk , t . na Žk . a Žk .e E F e E� 4 � 4Ý exp l Ý exp lng J n ng J n

q PŽk . max l ) max ln nž /
ngJ Ž .ngJ k , t

| max l G aŽ .ng J Žk , t . na Žk .F e E � 4Ý exp lng J Žk , t . n

q PŽk . max l y l ) 0ž /n k
n)kqt

q PŽk . max l y l ) 0 .ž /n k
1Fn-kyt

On the other hand,

| max l G a | max l G aŽ . Ž .ng J n ng J Žk , t . na Žk . a Žk .e E G e E� 4 � 4Ý exp l Ý exp lng J n ng J n

1 | max l G aŽ .ng J Žk , t . na Žk .G e E � 41 q « Ý exp lng J Žk , t . n

`
Žk . � 4y P exp l y l G «r2Ý n kž /

nskqtq1

kyty1
Žk . � 4y P exp l y l G «r2 .Ý n kž /

ns1
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Notice that
n¡

Z , n ) k ,Ý i
iskq1~l y l sn k k

y Z , n - k ,Ý i¢
isnq1

and for large enough values of n y k,

n 2m
Žk . 'P Z ) y n y k s 1 y F m n y k r4Ž . Ž .Ý iž /4iskq1

4 exp y m2r32 n y kŽ .� 4Ž .
F .'m 2p n y kŽ .

3.6Ž .

Ž .The sum of these probabilities over n, n ) k q t, is o 1ra . This observa-
tion leads to the conclusion that for large enough a,

` « «
Žk . � 4P exp l y l G - .Ý n kž /2 2 anskqtq1

Similar derivations give bounds to the other probability terms under consid-
eration and the proof of the lemma follows. I

Ž .REMARK. The lemma, with appropriate changes in the definition of J k, t ,
2' '< <is valid also for k such that c a y t - k y 2 arm F c a .

One can rewrite the term

| max l G aŽ .ng J Žk , t . na Žk .e E � 4Ý exp lng J Žk , t . n

in the form

� 4max exp lng J Žk , t . nŽk .E exp y l q max l y l y aky t n kytž /½ 5� 4Ý exp l Ž .ngJ k , tng J Žk , t . n

=| l q max l y l G a .ky t n kytž /
Ž .ngJ k , t

It can be seen that the term, in this form, is an expectation of the product of
two random variables. The first random variable,

� 4 Umax exp l y l Mng J Žk , t . n k ks U� 4Ý exp l y l Sng J Žk , t . n k k
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is positive and bounded by one. Its distribution, under PŽk ., is independent of
k and of l . The second random variable is an exponent, over a set, of a sumky t
of two independent variables l , which has a normal distribution, andky t

Ž .max l y l , which is nonnegative.ng J Žk , t . n kyt

LEMMA 3.4. Let « ) 0 be given. Then, for large enough a,

| max l G a | a q t G max l G aŽ . Ž .ng J Žk , t . n ng J Žk , t . na Žk . a Žk .e E F e E� 4 � 4Ý exp l Ý exp lng J Žk , t . n ng J Žk , t . n

«
q .'a

PROOF. From the alternative form in which the term was rewritten it can
be concluded that

| max l ) a q tŽ .ng J Žk , t . na Žk . yte E F e . I� 4Ý exp lng J Žk , t . n

� Ž .4The process variable l y l : n g J k, t has a positive drift up to timen kyt
k and a negative drift thereafter. In the next lemma we show that its
maximum is of a controllable order.

LEMMA 3.5. Let « ) 0 be given. Then

Žk . ' 'P max l y l ) « a F «r a .n kytž /Ž .ngJ k , t

� 4 Žk .PROOF. The process exp l y l is a P -martingale of mean one. Hence,n k

Žk . ' 'P max l y l ) « a r2 F exp y« a r2 .� 4n kž /Ž .ngJ k , t

The random variable l y l has a normal distribution andk kyt

2'« a y tm
Žk . 'P l y l ) « a r2 s 1 y F ,Ž .k kyt 'ž /2m t

which converges to zero at a rate faster than 1ra. I

Lemmas 3.4 and 3.5 can be summarized by saying that the term

| max l G aŽ .ng J Žk , t . na Žk .e E � 4Ý exp lng J Žk , t . n
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'Ž .can be approximated, up to an o 1r a term, by

� 4max exp lng J Žk , t . nŽk .E exp y l q max l y l y aky t n kytž /½ 5� 4Ý exp l Ž .ngJ k , tng J Žk , t . n

=| a q t G l q max l y l G a;ky t n kytž Ž .ngJ k , t
3.7Ž .

'max l y l F « a .n kyt /Ž .ngJ k , t

This expectation will be approximated by conditioning on the values of
� 4 � 4max exp l y l and Ý exp l y l and then integratingng J Žk , t . n kyt ng J Žk , t . n kyt

over the values of the independent random variable l . This randomky t
variable has a normal distribution. The approximation will result from the
following lemma.

LEMMA 3.6. Assume that

X ; N nt , ns 2 , n s 1, 2, . . . .Ž .n

'Ž . Ž .Let n s n a be a sequence of integers where n y art r a ª y as a ª `
Ž . Ž .and let m s m a and t s t a be two sequences of real numbers that are

'Ž . Ž .o a with t a ª ` as a ª `. Then

'lim a E exp y X q m y a | a q t G X q m G aŽ . Ž .Ž .n n
aª`

3't t
2s exp y y2½ 5' 2s2p s

uniformly for y in a compact set.

PROOF. The density of X at x is given byn

21 x y ntŽ .
f x s exp yŽ . 2½ 5' ' 2ns2p s n

221 1 at x y a n y art
s exp y y .2½ 5ž /' ' ' '2nsn 2p s t a a

However, arn ª t , hence

3't t
2'lim a f x s exp y yŽ . 2½ 5' 2saª` 2p s

w xuniformly in x, for x for in the range a y m, a y m q t .
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The integral

aymqt
exp y x q m y 1 dxŽ .Ž .H

aym

converges to 1. The proof of the lemma follows from standard convergence
arguments. I

From Lemma 3.6 we conclude that the PŽk .-conditional expectation, given
U U Ž .M and S , of the ingrand in 3.7 can be approximated by the termk k

23'M t t k y artŽ .k
exp y .2½ 5'S a2s2p a sk

The unconditional expectation becomes

23'M t t k y art constŽ .k 1Žk . 2E exp y - exp yconst ? c ,� 422½ 5' 'S a2s2p a s ak

'where c a is the radius of the interval J, the interval of indices centered
Žk .w xabout art . Notice, moreover that E M rS converges, as k increases, to ak k

w xconstant we denote by E MrS .
Next we return to the summation, over k in the set J, of the approximated

terms. Summation is approximate to integration against the counting mea-
sure. When we transform the variable of integration k to the variable

'Ž .y s k y art r a we get that

| max l G aŽ .ng J na a Žk .e P max l G a s e EÝž /0 n � 4Ý exp lngJ ng J nkgJ

23'M t t k y artŽ .
s 1 q O « E exp yŽ .Ž . Ý 2½ 5'S a2s2p a skgJ

3'cM t t
2s 1 q O « E exp y y dyŽ .Ž . H 2½ 5'S 2s2p syc

3r2M 1 ct
s 1 q O « E 2F y 1 .Ž .Ž . ž /ž /S t s

Finally, letting « ª 0, in which case c ª `, we can conclude that the limit l
of ea times the tail probability can be represented as

M 1 M 2
l s E s E . I2S t S m

( )4. A more complicated example: testing H : X; iid N 0, 1 vs. H :0 1
( )X; AR 1 . In this section we show our rule of thumb to hold for testing H :0

Ž .X; iid N 0, 1 vs. H : X is an autoregressive sequence with p s 1 and with a1
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known autoregression parameter u . Apart from this problem being of interest
in its own right, the proof of the rule of thumb in this case is an example for
the type of considerations, beyond the blueprint proof of Section 3, which are
required for more complicated cases.

Let X , X , X , . . . be a sequence of observations. Let P be the measure0 1 2 0
Ž .according to which these observations are iid N 0, 1 , and let P be a measure1

Ž .according to which X ; N 0, 1 and X s u X q e for i G 1, where e are0 i iy1 i i
Ž . < <iid N 0, 1 and are independent of X , and u - 1. Define0

n ndP X , . . . , XŽ .1 0 n 2 2l s log s u X X y u X r2 s Z ,Ž .Ý Ýn i iy1 iy1 idP X , . . . , XŽ .0 0 n is1 is1

1 u 2

I s .22 1 y u

Let M, S be as in Section 2.

THEOREM 4.1.

1 M
alim e P max l G a s E .ž /0 n I Saª` 1Fn-`

The proof of Theorem 4.1 follows the lines of the proof of Theorem 3.1. The
differences which have to be taken into consideration are the nonnormality of
Z and the dependence between l and l y l . A conditioning argument willi k n k
take care of the problems caused by this dependence, and the asymptotic

n Ž .normal limit of the density of Ý Z standardized as well as large devia-is1 i
tions arguments will be substituted for the normality of Z . We will sketchi
the proof in this section. Some of the formal details are relegated to the
Appendix.

LEMMA 4.1. Given « ) 0, there exists a finite constant c such that if c ) ce «

«
a4.1 lim e P max l G a F ,Ž . 0 nž / 2aª` n-arIyc a'

«
a4.2 lim e P max l - a, max l G a F .Ž . 0 n nž / 2aª` 1Fn-`n-arIqc a'

SKETCH OF PROOF. This is along the same lines of the proof of Lemma 4.1,
n Ž 2 . n 2except that the P -compensator of Ý Z is u r2 Ý X . The variances of1 is1 i is1 iy1

n Ž Ž 2 . 2 . n 2 Ž .Ý Z y u r2 X and Ý X are O n . Iis1 i iy1 is1 iy1

In the following three lemmas the moment generating function of the
log-likelihood statistic is investigated, both under P and under P . The basic0 1
ingredients of the proof}asymptotic independence between large blocks of
observations, local central limit theorems regarding log-likelihood ratios and
large deviations arguments}are later shown to hold, using properties of the
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moment generating function. The problems of dependence of l , l y l andk n k
the nonnormality of Z can thus be overcome. The proofs of these lemmas isi
by somewhat lengthy calculations.

LEMMA 4.2.

n

E exp g Z X , XÝ1 i 0 nq1½ 5ž /is1

gr2n j`Ł d gŽ .is1 i X js exp 1r2 gm S mŽ . Ž .Ý n1r2 ž /½ 5n g q 1Ł 1 q g d y 1 rdŽ .Ž . js0Ž .is1 i i

where

p j
2d s 1 q u y 2u cos , j s 1, . . . , n ,j ž /n q 1

y1
S s s ,Ž .n i j n=n

X
m s m , . . . , m ,Ž .1 n

with

¡ 2 < <1 q u , i y j s 0,~s s < <yu , i y j s 1,i j ¢
0, otherwise,

and

1 y u 2 X0i 2 nq2yi nq1yi nq1yim s u y u , u y u .Ž .i 2 nq2 ž /X1 y u nq1

LEMMA 4.3. Let m, S be as in Lemma 4.2. For small enough g there existsn Xw ` Ž Ž .. jŽ . j x Ž 2 2 .a constant v ) 0 such that m Ý gr g q 1 S mF v X q X .js0 n 0 nq1

Ž 2 . Ž 2 . Ž .LEMMA 4.4. Let X ; N 0, t where 0 - t - 1r 1 y u , X ; N 0, 1 for0 i
i s 1, 2, . . . all be independent. Let s be such that

2 2 2 2'1 q u s q 1 q u s y 4u s ) 0.Ž .
Then

n
2 2E exp s u X X y u X r2Ž .Ý iy1 i iy1½ 5

is1

nr2
2

F O .
2ž /2 2 2 2� 0'1 q u s q 1 q u s y 4u sŽ .
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LEMMA 4.5.

| max l G aŽ .ng J nŽk .P max l G a s E .Ýž /0 n � 4Ý exp lngJ ng J nkgJ

The proof is verbatim as with Lemma 3.2.

LEMMA 4.6. Let « ) 0 be given and let c be as in Lemma 4.1. There exists
'1 - g - ` such that if t s g log a then for all arI y c a q t F k F arI q

'c a y t, it is true that

| max l G a | max l G a «Ž . Ž .ng J n ng J Žk , t . nŽk . Žk .E F E q� 4 � 4Ý exp l Ý exp l ang J n ng J Žk , t . n

and

| max l G a 1 | max l G a «Ž . Ž .ng J n ng J Žk , t . nŽk . Žk .E G E y� 4 � 4Ý exp l 1 q « Ý exp l ang J n ng J Žk , t . n

provided that a is large enough.

SKETCH OF PROOF. This is along the lines of the proof of Lemma 3.3,
Ž . Ž .verbatim until 3.6 and 3.6 replaced by a large deviation argument which

utilizes Lemmas 4.2 and 4.4.

Ž .REMARK. Lemma 4.6, with appropriate changes in the definition of J k, t ,
' '< <is also valid for k such that c a y t - k y arI F c a .

One can rewrite the term

| max l G aŽ .ng J Žk , t . na Žk .e E � 4Ý exp lng J Žk , t . n

in the following form:

� 4max exp lng J Žk , t . nŽk .E exp y l q max l y l y aŽ .ky t n kytž /ž /� 4Ý exp l Ž .ngJ k , tng J Žk , t . n

=| l q max l y l G a .Ž .ky t n kytž /
Ž .ngJ k , t

This is an expectation of the product of two random variables. The first is

� 4 Umax exp l Mng J Žk , t . n ks ,U� 4Ý exp l Sng J Žk , t . n k

which is positive and bounded by 1. Its conditional distribution under PŽk .,
given X s 0 and X , is independent of l and does not depend on k. The0 kyt kyt
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Ž .second random variable is an exponent on a set of a sum of two variables,
Ž . Ž .l and max l y l , which are conditionally on X indepen-ky t ng J Žk , t . n kyt kyt

dent.
In the next lemma we assume that t s g log a, with g as in Lemma 4.6.

LEMMA 4.7. Let e ) 0 be given. Then, for large enough a,

| max l G a | a q t G max l G aŽ . Ž .ng J Žk , t . n ng J Žk , t . na Žk . a Žk .e E F e E� 4 � 4Ý exp l Ý exp lng J Žk , t . n ng J Žk , t . n

«
q .'a

The proof is verbatim as with Lemma 3.4.
� Ž .4The process variable l y l : n g J k, t has a positive drift up to time kn k

and a negative drift thereafter. In the next lemma we show that its maximum
is of a controllable order.

LEMMA 4.8. Let e ) 0 be given. Then

«
Žk . 'P max l y l ) « a F .Ž .n kytž / 'Ž . angJ k , t

SKETCH OF PROOF. This is along the lines of the proof of Lemma 3.5, using
Ž .a large deviation argument instead of the normality of l y l whichk kyt

utilizes Lemma 4.2 and 4.3.
Lemmas 4.7 and 4.8 can be summarized by saying that the term

| max l G aŽ .ng J Žk , t . na Žk .e E � 4Ý exp lng J Žk , t . n

'Ž .can be approximated, up to a o 1r a term, by

� 4max exp lng J Žk , t . nŽk .E exp y l q max l y l y aŽ .ky t n kytž /ž /� 4Ý exp l Ž .ngJ k , tng J Žk , t . n

'=| a q t G l q max l y l G a; max l y l F « a .Ž . Ž .ky t n kyt n kytž /Ž . Ž .ngJ k , t ngJ k , t

This expectation will be approximated by conditioning on the value of X ,ky t
U � 4 U � 4M s max exp l y l and S s Ý exp l y l and thenk ng J Žk , t . n kyt k ng J Žk , t . n kyt

Ž .integrating over the conditionally independent random variable l . Weky t
will need the following two lemmas.

� 4 ŽLEMMA 4.9. Suppose X is a sequence such that the density of X yn n'. Ž . Ž .nt r s n converges to the N 0, 1 density uniformly on compact sets. Let
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Ž . Ž .m s m a and t s t a ª ` be two sequences of real numbers that areaª`' 'Ž .o a . Then, for n s y a q art ,

'lim a E exp y X q m y a | a q t G X q m G aŽ . Ž .Ž .n n
aª`

3't t
2s exp y y .2ž /' 2s2p s

The proof is analogous to that of Lemma 3.6.

LEMMA 4.10. Conditional on X , the PŽk .-conditional density of theky t
ky t 2'w Ž .x w xrandom variable Ý Z y t k y t r s k y t , with t s 1rI and s sis1 i

2 Ž 2 . Ž .u r 1 y u , converges to the N 0, 1 density as a ª `. The convergence is
uniform on compact sets.

SKETCH OF PROOF. The integral of the absolute value of the characteristic
ky t 'w Ž .x w xfunction of Ý Z y t k y t r s k y t is finite, by virtue of Lemma 4.2is1 i

and Lemma 4.3. I

From Lemmas 4.9 and 4.10 we can conclude that the PŽk .-conditional
Ž U U .expectation conditional on M and S ofk k

UMk U U U 'exp y l q M y a | a q t G l q M G a; M F « aŽ .Ž . Ž .ky t k kyt k kUSk

can be approximated by
2U 3'M 1 t t k y artŽ .k

exp yU 2ž /' 'S a2sa 2p sk

Žk .Ž U U .with t and s as in Lemma 4.10. Notice that E M rS converges, as kk k
Ž .increases, to a constant we denote by E MrS .

Next we turn to the summation, over k in the set J, of the approximated
terms. Summation is approximated by integration with respect to counting
measure. When we transform the variable of integration to the variable

'Ž .y s k y art r a we get that

| max l G aŽ .ng J na a Žk .e P max l G a s e EÝž /0 n � 4Ý exp lngJ ng J nkgJ

2artqc a' 3'M 1 t t k y artŽ .
f E exp yÝ 2ž /' 'S a2sa 2p sksartyc a'

2'cM t 1 y
f E exp y dyH 2 3ž /'S 2 s rt2p syc

M 1
ª E as c ª `

S t
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and so

M 1
alim e P max l G a s E . Iž /0 n S Iaª` 1Fn-`

5. Monte Carlo. Using the notation of Section 4, we know from Theorem
4.1 that

1 M defalim e P max l G a s E s l.ž /0 n I Saª` 1Fn-`

Table 1 gives an idea of the rate of convergence, where the Monte Carlo was
done by the importance sampling formula

a � 4e P max l G a s E exp a y l ,ž /0 n 1 N
1Fn-`

� 4where N s min n: l G a and E denotes expectation with respect to P .n 1 1
� 4Hence exp a y l was simulated under P , and Table 1 represents theN 1

means and standard errors for a s j log 10, j s 1, . . . , 6, based on 100,000
Ž Ž . 2simulations, when u s 0.7. The value u s 0.7 corresponds to I s 1r2 u r

Ž 2 .1 y u s 0.48 f 0.5, which is the information in the iid hypothesis testing
Ž . Ž .problem of H : X ; N 0, 1 vs. H : X ; N 1, 1 where, by the way, l s0 i 1 i

.0.5604 .
Clearly, although the convergence is not slow}by a s 2 log 10 it seems

that it is within 10% of the limit}evaluating the limit by this method is
problematic, as it is not clear how large a value of a one should choose.

Ž .Evaluating l directly by simulating MrS produces a much more reliable
Ž .estimate: 0.4261 as the mean and 0.0010 as the standard error see Table 2 .

Clearly, precision to two significant digits is not achieved if ea - 105.
Using the methods of Lemma 4.4 to get bounds on the moment generating

function of the log-likelihood statistic, one can achieve exponential bounds on
likelihood ratios and thus bound the expression

UM M
E y E ,US S

TABLE 1
� 4Means and standard errors of exp a y l based on 100,000 simulations made under P forN 1

u s 0.7 and for various values of a

a 2 3 4 5 6e 10 10 10 10 10 10

Mean 0.4921 0.4605 0.4474 0.4384 0.4356 0.4327
StdErr 0.0009 0.0009 0.0009 0.0009 0.0009 0.0010
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TABLE 2
Ž .Ž U U . Ž .Means and standard errors of 1rI M rS and numbers of observations 2 t q 1 on which

MU , SU are based, for various values of u

u 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Mean 0.9174 0.8342 0.7527 0.6711 0.5921 0.5120 0.4261 0.3296 0.2057
StdErr 0.0012 0.0012 0.0012 0.0013 0.0013 0.0012 0.0010 0.0008 0.0004
2 t q 1 40001 10001 4001 2001 2001 1001 1001 1001 1001

U U Žwhere M and S are computed from a process of 2 t q 1 observations t to
.each ‘‘side’’ and one in the middle . We chose t to bound this expression by

y7 Ž .Ž U U .10 , and ran 100,000 replications of 1rI M rS for each of u s
0.1, 0.2, . . . , 0.9. The results are entered in Table 2.

ŽIt should be noted that l is symmetric in u . This can be seen by showing
that the joint moment generating function of the 2 t q 1 summands making

U U 2 .up M and S is a function of u .

APPENDIX

Ž . � 4PROOF OF LEMMA 4.1, EQUATION 4.1 . Let N s min n: l G a :n

eaP max l G a0 nž /
n-arIyc a'

's E exp y l y a | N - arI y c aŽ .Ž . Ž .1 N

F P max l G a1 nž /
n-arIyc a'

n 2 n 2X Xiy1 iy12 2's P ' n G arI y c a , 2 Z y u G a y uÝ Ý1 iž /ž /2 2is1 is1

2n 'X Ic aiy12'F P ' n F arI y c a , 2 Z y u GÝ1 iž /ž /2 2is1

2n 'X Ic aiy12q P a y u -Ý1 ž /2 2is1

2 ar Iyc a 2'Var l y u Ý X r2ž /1 ar Iyc a is1 iy1'F 2 2I ac r4

arIyc a' 2 'X Ic aiy12q P a y u -Ý1 ž /2 2is1
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where the last inequality follows from applying Doob’s inequality to the
P -martingale l y u 2Ýn X 2 r2.1 n is1 iy1

22n nXiy12Var Z y u s E u X X y u XŽ .Ý Ý1 i 1 iy1 i iy1ž / ž /ž /2is1 is1

2 2n n u
2 2 2s u E X e s u E X F nÝ Ý1 iy1 i 1 iy1 2ž / 1 y uis1 is1

and

arIyc a'2 'u Ic a
2P X ) a yÝ1 iy1ž /2 2is1

arIyc a'2 'u 1 Ic a
2F P X y ) .Ý1 iy1 2ž /ž /2 21 y uis1

Note that

n n iy1 2 2 nq21 1 u y u
2 2 jE X y s u y s y ,Ý Ý Ý1 i 2 2 2ž / 2ž /1 y u 1 y u 1 y uŽ .is1 is1 js0

Ž n 2 . Ž .which is bounded in 1 F n - `, and that Var Ý X s O n . Therefore,1 is1 iy1
by Chebyshev’s inequality,

arIyc a'2 'u Ic a O aŽ .
2P X ) a y F .Ý1 iy1 2 2ž /2 2 I ac r4is1

Ž .Hence, choosing c to be large enough yields 4.1 . I

Ž .PROOF OF LEMMA 4.1, EQUATION 4.2 .

eaP max l - a, max l G a0 n nž /
1Fn-`n-arIqc a'

a 's e P arI q c a - N - `Ž .0

F P l - aŽ .1 ar Iqc a'
ar Iqc a 2 2 2 ar Iqc a 2' 'Var Ý Z y u r2 X Var u r2 Ý XŽ . Ž .Ž . Ž .Ž .1 iq1 i iy1 1 is1 iy1F q2 2 2 2I c ar4 I c ar4

O aŽ .
s 2 2I c ar4

where the last equality follows from the same considerations as given above.
Ž .Choosing c to be large enough yields 4.2 . I
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Ž ŽPROOF OF LEMMA 4.2. Without loss of generality, let X ; N 0, 1r 1 y0
2 .. Ž . Žu , X s u X q e for i s 1, . . . , n q 1, e ; N 0, 1 iid. Denote Xs X ,i iy1 i i 0

.X. . . , X , X . E Xs 0. Direct calculations show thatn nq1 1

1 u ??? u nq1

n1 u 1 ??? u
. . . .cov X s s SŽ .1 nq22 . . . .1 y u . . . .� 0

nq1 nu u ??? 1

Define

Sy1 s Sy1 : 1 F i , j F n .� 4Ž . i j11 nq2

Generally, if

A A11 12y1A s B , A s ,ž /A A21 22

w y1 xy1then A y A A A s B . Therefore11 12 22 22 11

y1 y1 y1<cov X , . . . , X X , X s S s S .Ž .1 1 n 0 nq1 11 n

Ž .The eigenvalues of this matrix are obtained from Anderson 1971 6.5.4, and
are d , i s 1, . . . , n.i

Now

1 u i u nq1
1X i nq1yiX , X , X ; N 0, .Ž . u 1 u0 i nq1 21 y u � 0� 0nq1 nq1yiu u 1

Since, if

G GX 11 12Y , Y , Y ; N a, ,Ž .1 2 3 ž /ž /G G21 22

then

Y y a2 2y1<E Y Y , Y s a q G G ,Ž .1 2 3 1 12 22 ž /Y y a3 3

it follows that

y1
nq1 X01 u2 i nq1yi<E X X , X s 1 y u u , uŽ . Ž .Ž .1 i 0 nq1 nq1ž / ž /Xu 1 nq1

s m .i
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Now,

n

E exp g Z X , XÝ1 i 0 nq1ž /ž /is1

g X X ynr2yg r2 y1r2y1< < < <s S exp y x y m S x y m q gr2 x x 2p SŽ . Ž .Ž . Ž .H n n nž /2
1 X y1= exp y x y m S x y m dxŽ . Ž .nž /2

< y1 < Žgq1.r2
Sns 1r2y1g q 1 Ý y g IŽ . n n

2
g q 1 g q 1Ž . y1X Xy1 y1 y1 y1= exp y m S m q m S gq1 S yg I S mŽ .Ž .n n n n nž /2 2

gr2n j`Ł d g gŽ .is1 i X js exp m S m . IÝ n1r2 ž /ž /2 g q 1d y 1 js0inŁ 1 q gis1 ž /ž /di

PROOF OF LEMMA 4.3. Denote by A the 2 = 2 matrix

2n i 2 nq2yi i 2 nq2yi nq1yi nq1qiu y u u y u u y uŽ . Ž . Ž .
.Ý 2i 2 nq2yi nq1yi nq1qi i 2 nq2yi� 0u y u u y u u y uis1 Ž . Ž . Ž .

Hence,

221 y u X0X
m m s X , X A .Ž .0 nq12 nq2ž / ž /X1 y u nq1

Now, max x
X
Ax equals the largest eigenvalue of A, which is in our case5 x5s1

a q a . Therefore11 12

221 y uX 2 2m m F X q XŽ .0 nq1 22 nq2ž /1 y uŽ .
n

2i 2 nq2yi i 2 nq2yi nq1yi nq1qi= u y u q u y u u y u .Ž . Ž . Ž .Ý
is1
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Now

n 2 2 nq2 2 nq4 4 nq4u u y u q u2i 2 nq2yi 2 nq2u y u s y y 2nuŽ .Ý 2 21 y u 1 y uis1

and
n

i 2 nq2yi nq1yi nq1qi nq1 2 nq2u y u u y u s nu 1 q u .Ž . Ž . Ž .Ý
is1

X Ž 2 2 .Therefore there exists a constant j ) 0 such that m mF j X q X . The0 nq1
j w Ž Ž .. Ž 2 .x jmaximal eigenvalue of S is 1 y 2u cos p nr n q 1 r 1 q u . Hencen

j2uX j 2 2m S m F j X q X 1 y cos p nr n q 1Ž .Ž .Ž .n 0 nq1 21 q u

and so for small enough g there exists v ) 0 such that
jj j` `g g 2uX j 2 2m S m F j X q X 1 yŽ .Ý Ýn 0 nq1 2ž / ž /g q 1 g q 1 1 q ujs0 js0

F v X 2 q X 2 . IŽ .0 nq1

PROOF OF LEMMA 4.4. Denote by FF the sigma-algebra generated by theny1
first n y 1 observations and let b - 1r2. Then

n
2 2 2E exp bX exp s u X X y u X r2 FFŽ . Ž .Ýn iy1 i iy1 ny1ž /ž /

is1

ny1 2Xiy1 y1r22s exp s u X X y u 1 y 2bŽ .Ý iy1 iž /ž /2is1

1 s2
2 2= exp u y s X .ny1ž /ž /2 1 y 2b

Denote

u 2 s2

f b s y s .Ž . ž /2 1 y 2b

Ž .The solutions to the equation f b s b are

22 2 2 2'1 y u s " 1 q u s y 4u sŽ .
b s .1, 2 4

Clearly,

22 2 2 2'1 y u s y 1 q u s y 4u sŽ .
Žn.f b ª b s as n ª `. IŽ . 1 4
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PROOF OF LEMMA 4.6. On the one hand

| max l G a | max l G aŽ . Ž .ng J n ng J Žk , t . nŽk . Žk .E y E� 4 � 4Ý exp l Ý exp lng J n ng J n

F PŽk . max l y l ) 0 q PŽk . max l y l ) 0 .ž / ž /n k n k
n)kqt 1Fn-kyt

On the other hand,

| max l G a 1 | max l G aŽ . Ž .ng J n ng J Žk , t . nŽk . Žk .E y E� 4 � 4Ý exp l 1 q « Ý exp lng J n ng J Žk , t . n

` kyty1« «
Žk . Žk .� 4 � 4G yP exp l y l G y P exp l y l G .Ý Ýn k n kž / ž /2 2nskqtq1 ns1

Notice that
n¡

Z , n ) k ,Ý i
iskq1~l y l sn k k

y Z , n - k ,Ý i¢
isnq1

that for fixed h ) 0 and large enough a,
` «

Žk . Žk . � 4P max l y l ) 0 F P exp l y l GÝž /n k n kž /2n)kqt nskqtq1

` n 2u
Žk .F P Z ) y n y kŽ .Ý Ý iž /4nskqtq1 iskq1

and
kyty1 «

Žk . Žk . � 4P max l y l ) 0 F P exp l y l GÝž /n k n kž /21Fn-kyt ns1

kyty1 k
Žk .F P Z - h k y n .Ž .Ý Ý iž /

ns1 isnq1

w < <Ž < <.x Ž .By virtue of Lemma 4.4, for 0 - s - 1r u 2 y u , there exists C s such
that

n 2u
Žk .P Z ) y n y kŽ .Ý iž /4iskq1

Ž .nyk r2
2exp yu sr2� 4

F C sŽ .
22 2 2 2� 0'1 q u s q 1 q u s y 4u s r2Ž .ž /

- C s j nykŽ .j
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for some 1 ) j ) 0 and s ) 0. Thereforej

` n 2 tq1u j
Žk .P Z ) y n y k - C s .Ž . Ž .Ý Ý i jž /4 1 y jnskqtq1 iskq1

Ž . Ž .Note that log 1 q y y 1 q 1r 1 q y G 0 for all y ) y1, with equality iff
y s 0. It follows that

gr2nd Ł dŽ .is1 i
log 1r2ndg ž /Ł 1 q g d y 1 rdŽ .Ž .Ž .is1 i i gs0

n1 1
s log 1 q d y 1 y 1 q ) 0.Ž .Ž .Ý i2 1 q d y 1Ž .iis1

Furthermore,

gr2nŁ dŽ .is1 i
log 1r2nž /P 1 q g d y 1 rdŽ .Ž .Ž .is1 i i

n 1 2f g log 1 q u y 2u cos p xŽ .ŽH2 0

2g u y 2u cos p xŽ .
ylog 1 q dx .2ž /1 q u y 2u cos p xŽ .

Hence, there exist r ) 0, s ) 0 such that, using the notation of Lemma 4.2,

n

E exp ys Z F exp yrn .Ž .Ý1 iž /
is1

It follows from Lemma 4.2 that

k
Žk .P Z - h k y n F exp y r y hs k y n .Ž . Ž . Ž .Ž .Ý iž /

isnq1

Choosing h small enough completes the proof of Lemma 4.6. I

� 4 Žk .PROOF OF LEMMA 4.7. The process exp l y l is a P -martingale ofn k
mean one. Hence,

'« a
Žk . 'P max l y l ) F exp y« a r2 .Ž . Ž .n kž /2Ž .ngJ k , t

By virtue of Lemmas 4.2 and 4.3, in a manner similar to the proof of Lemma
4.6, it follows that for s ) 0,

Žk . ' 'P l y l ) « a r2 F exp sr t y s« a r2 . IŽ . Ž .Ž .k kyt
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PROOF OF LEMMA 4.10. The unconditional asymptotic distribution of
ky t 'Ž Ž . . Ž . Ž . Ž .Ý Z y k y t t r s k y t is N 0, 1 by virtue of Anderson 1971 .is1 i
By virtue of Lemmas 4.2 and 4.3, the conditional asymptotic distribution is

Ž � Ž 1r4.4 .the same apart from the set X ) o n , which becomes negligible .ky t
To conclude the proof, one needs to show that the absolute value of the

Ž .characteristic function x l is integrable. By Lemma 4.2, for small enough
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for an appropriate positive constant. I
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