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We study convergence rates of R%-valued algorithms, especially in the
case of multiple targets and simulated annealing. We precise, for exam-
ple, the convergence rate of simulated annealing algorithms, whose weak
convergence to a distribution concentrated on the potential’s minima had
been established by Gelfand and Mitter or by Hwang and Sheu.

1. Introduction. Many well-known stochastic algorithms enable us to
locate the zeros of a function A: R? — R? or the local (eventually global)
minima of a function V: R? — R. Such algorithms may be written as

(1'1) Zn+1 = Zn + yn[h(zn) + Tln+1] + o-ngn-&-l’

and we take A = —VV in the search for the minima of V.

The scale factors or gains of the algorithm (y,),-¢ and (o0,),-¢ are two
strictly positive deterministic sequences, decreasing to zero, and are freely
chosen. In many cases, A(Z,) is observable only up to a disturbance 7,_,
for instance, up to a Markovian disturbance [2] (if the function A is known,
then 71,,; = 0 Vr). The random noise (£,) might be a simulated sequence
of independent identically distributed random vectors; such a noise prevents
the algorithm from falling into useless “traps” such as saddle points or local
maxima of V when h = —-VV.

Our contribution is related to the rate of weak convergence of (1.1). We first
consider weakly disturbed algorithms in the presence of multiple targets, and
then simulated annealing algorithms.

1.1. Weak convergence rates in the presence of multiple targets. When the
gains (v,) and (o,) are chosen such that v(n) = vy, /02 is an increasing se-
quence with v(n)/Inn — +o0, (1.1) is said to be a weakly disturbed algorithm.

Weakly disturbed algorithms and their relationship with the ordinary dif-
ferential equation (ODE),

dz
(1.2) E(t) = hlz(t)],

have been widely studied, and we know many criteria that give almost sure
convergence of (Z,) to an attractive target z*, that is a zero of A, which is
asymptotically stable for (1.2). For such results, see [2], [6], [7] and [24].
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Once the convergence of (1.1) has been established, it is interesting to study
the rate of convergence of (Z,). Several results on the rate of weak conver-
gence have been proved, for instance, by Bouton [3], Kersting [21], Kushner-
Huang [25] and Nevel’son and Ha’sminskii [31], when it is known that the
sequence (Z,) converges with probability 1 to an attractive target of h. A
more complete bibliography on that subject can be found in Walk’s chapter of
[28]. Kaniovski [19] and Kaniovski and Pflug [20] have considered the case of
a finite number of attractive targets, under the assumption that the algorithm
almost surely converges to one of them.

More recently, the study of high-dimensional algorithms has increased in-
terest in almost sure asymptotic behaviors of algorithms, which are associated
with more complicated ODE (see [1], [6] and [10]), and we know that some
algorithms may have various limit sets (not necessarily reduced to a single
point), which are linked to the ODE (1.2); this case is called the case of multi-
ple targets. It has been seen by simulations that the probability the algorithm
converges to an attractive target z* is strictly positive, but the precise study of
the link between the initial value given to the algorithm and the probability
that (Z,)) converges to z* remains an open problem.

Our first aim is to extend the previous results on the rate of weak con-
vergence of (1.1) to the case of multiple targets. More precisely, z* being an
attractive target, our goal is to establish the weak convergence rate of (Z,)
towards z* given the event I'(z*) = {w; Z,(w) — 2z*}, and whatever the be-
havior of (Z,)) outside of I'(2*) may be. We shall assume that the probability
of I'(z*) is strictly positive, but not necessarily equal to 1. Moreover our as-
sumptions on (1.1) will be local assumptions [that is, assumptions required
only once (Z,) is sufficiently close to z*]. Thus, our assumptions are less re-
strictive than those found in [3], [18], [19], [20], [24], [30] and our results can
be applied, of course, to the case of multiple targets, but also to algorithms
obtained by truncation or projection.

Roughly speaking, assuming smooth regularity properties of 4 in a neigh-
borhood of z* (and whatever & might be elsewhere), we prove that, given I'(z*),

Jo)(Z, -2 = 1 (0,3),

with v(n) = v,0,2, = denoting the weak convergence, .#" the Gaussian dis-
tribution and 3 a covariance matrix.

1.2. Weak convergence rates of simulated annealing algorithms on RY.
Stochastic algorithms used in the search for the minima of a function
V:R? — R are gradient algorithms of the form

(13) Zn+1 = Zn - 7n[vV(Zn) + 7’n+1] + O-n‘frH—l’

(¢,) being a sequence of independent simulated random vectors with distri-
bution .#(0, I).

The gains (vy,) and (o,,) being chosen in the same way as in 1.1, (1.3) is an
example of a weakly disturbed algorithm and our previous result applies: z*
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being a local minimum of V, given the event I'(z*) = {Z,, — z*},

Jo)(Z, -2 = 7 (0,3).
This implies that, given I'(z*),
4v(n)[V(Z,) - V(z")]

= YT[D2V(2") + {1 V2DV (2)[DPV (") + (1] 2,

where v(n) = v, /0?2

2, Y is a d-dimensional random vector with distribution
A47(0,1), and ¢ depends on the choice of the gain v,. [In most cases, the
asymptotic distribution is the chi-square distribution with d degrees of free-
dom, denoted by x2(d)l.

However, it is often necessary to find the global minima of V, thus avoid-
ing its local minima. The basic idea is to increase the simulated disturbance
(0,€,41)- As a matter of fact, we know that if the gains (vy,) and (o,) are
chosen such that v(n) = y,0,2 is an increasing sequence, (v(n)/Inn) being
suitably bounded, then (Z,) converges weakly to a distribution concentrated
on the global minima of V. This is the framework studied by Gelfand and
Mitter [11], [12]; in this case, (1.3) is no longer a weakly disturbed algorithm,
but a simulated annealing algorithm.

Although convergence rates of simulated annealing type algorithms on fi-
nite spaces have been studied intensively, few results have been established
on the rate of simulated annealing on R?. This is our second aim and we prove
in particular that if Argmin V is a finite set and if V is a three times contin-
uously differentiable function such that D?V(z*) is invertible for any global
minimum z* of Argmin V, then

4 (n)[V(Z,) —inf V] = x*(d),

with v(n) = vy,/02 and inf V = inf,_« V(2). Thus the rate of weak con-
vergence of simulated annealing algorithms cannot be better than 1/v(n) =
¢ /Inn (where ¢ is a strictly positive constant), whereas the optimal rate of
weak convergence of weakly disturbed algorithm is known to be 1/v(n) = ¢/n.

A companion paper from Marquez [29] investigates convergence rates for
annealing diffusion processes.

2. Main results.

2.1. Weak convergence rates under local assumptions. We will look at
the d-dimensional stochastic algorithm (1.1) defined on a probability space
(Q, o7, ) with a filtration = (7, ),>-

Such a formula includes several types of weakly disturbed algorithms.
Refering to regression problems, let us call the “noise” a sequence of incre-
ments of a d-dimensional square integrable martingale, adapted to .7, for
instance a sequence of independent identically distributed random vectors.
The Robbins—Monro algorithm is obtained with n = 0, (£,) a noise and
v, = 0,. The Kiefer—Wolkowitz algorithm [22] introduces 2~ = —VV, (&,)
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being a noise and (7n,) a small residual disturbance. Finally, we may write
Nyl @S Npp1 = €,41 + Ipy1, Where (e,,) is a noise, and the residual term (r,)
allows Markovian disturbances in the framework of [2]. In order to study
unitarily all these situations, we set ¢, = &,.1 + (v,/0,)e,+1 and rewrite
(1.1) as

(2.1) Zn+1 = Zn+'}’n[h(zn)+rn+1]+0-n8n+l’

where (¢,) is a noise and (r,,) a residual term.

(A1.1) Assumptions about the function A: R? — RY,

1) h(z*)=0.

(ii) On a neighborhood of z*, h(z) = p(z —2*)H.(z — 2*) + O(||z — 2*||?) with
p: RY - [1,7] (p > 1) Lipschitz on {z; |z|| = 1} and such that p(tz) = p(z) for
all ¢ > 0.

(iii) H is a stable d xd matrix; that is, the largest real part of its eigenvalues
is (—L) with L > 0.

(Al.2) Assumptions about the disturbances (r,) and (¢,). For two con-
stants M > 0 and b > 2, almost surely,

E(8n+1|=9‘71)1{||zn—z*||5M} =0,

sup E (|l e,111°1%) 142, o <pry < 00,

n>0

E(v(n)”rn+1||21{HZ,L—z*||SM}) — 0.

Almost surely on I'(z*) = {Z, — 2z*}, E(3n+18,7;+1|7n) — I', where I' is a
positive definite deterministic matrix.

(A1l.3) Assumptions about the gains (y,) and (o,). Let y and o be two
positive functions defined on [0, +oo[, which decrease to zero. Let v, = y(n),
o, = o(n).

Let v = y/0o?; we assume that v is a function increasing to infinity, dif-
ferentiable and such that its differentiate v’ varies regularly with exponent
B—1> —1 (thatis, for any x > 0, v'(tx)/v'(¢t) — xP~1 as t — +o0; cf. [9], [33]).

Moreover we assume either (A1.3.1) or (A1.3.2):

(A1.3.1) y varies regularly with exponent (—a), 0 < a < 1;
(A1.3.2) For ¢ > 1, y(t) = yy/t with 2Ly, > B.

COMMENTS ON THE ASSUMPTIONS. (a) Assumptions (A1.1) and (A1.2) are lo-
cal. Given the convergence to z*, they easily apply to the case of multiple
targets as well as to projected or truncated algorithms (see, e.g., [4]).
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(b) The introduction of the function p in (Al.1) allows directional deriva-
tives, as in [20].

(c) Assumptions (A1.2) on the noise (¢,) and the residual term (r,) are
satisfied in the most usual cases, for example, for Robbins—Monro and Kiefer—
Wolfowitz algorithms, as well as for algorithms with Markovian disturbances.

(d) Assumption (A1.3) seems quite general, and Theorem 1 can be applied
to the usual gains vy, = 0, = yon™%, 0 < a < 1, as well as to slower gains
considered in [7], for instance to vy, = o, = (¢,/Inn), with ¢,—0 and v(n) =
(Inn)/c, satisfying assumptions (A1.3).

(e) Since v’ varies regularly with exponent 8 —1 > —1, nv'(n)/v(n) — B.

We deduce that
v(n) Y2 . B 1
[v(n— 1>} =1t +°(n>

and, in view of the definition of v,, under (A1.3.1), [v(n)/v(n — 1)]¥2 = 1+
o(7,); under (A1.3.2),

v(n) 1" B
=1 .
Set ¢ = 0 under (A1.3.1) and ¢ = B/2vy, under (A1.3.2). In both cases,

1/2
(2.2) [U(:}L(’i)l)} =14 {yn +0(vn):

THEOREM 1 (Convergence rate under local assumptions). We assume (Al.1)
to (Al1.3). Given I'(z*),

Jo)(Z, —2) = i,
where u is the stationary distribution of the diffusion
(2.3) dX,=[p(X,)H+ ¢{I)X,dt +T"*dB,

Moreover, this convergence is stable, that is, for any .,-measurable random
variable ¢, (¢,/v(n)(Z, — z*)) converges weakly, given T'(z*), to the product
measure of the distribution of ¢ and of u.

REMARKS. (a) Generally p = 1, and then u = .#(0,3) where .4 is the
Gaussian distribution and 2, is the solution of Lyapunov’s equation

(H+ (DS +3(HT +¢I) = -T.

(b) The stability of this weak convergence is new in this framework; it takes
its root from Feigin [8] or Touati [34].

2.2. Convergence rate of simulated annealing algorithms. Simulated an-
nealing algorithms are used to find the global minima of a function V: R — R.
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We split the problem into two different parts, the gradient VV being known
or observable only together with a disturbance.

2.2.1. When the function VV is known. Here we consider the gradient
algorithm

(2.4) Zn+1 = Zn - )’nVV(Zn) + a-n‘fnJrl

under the following assumptions.

(A2.1) Assumptions about the function V. V:R¢ — R is twice continuously
differentiable and we have the following:

(i) V(z2) - +oo when |z|| = +oc;
(ii) |[VV|* — AV is bounded from below;
(ii)) 0 < liminf |[VV(2)|?/V(2) < limsup||[VV(2)|?/V(z) < +oc when
llz]| = +o0;
(iv) VV is globally Lipschitz;
(v) {VV = 0} has a finite number of connected components;
(vi) E(V(Zy)) < +oo.

(A2.2) Assumptions about the simulated noise. (§,) is a simulated se-
quence of independent random vectors with normal distribution .#°(0, I), and
independent of Z .

(A2.3) Assumptions about the gains (,) and (o,). We add one of the fol-
lowing assumptions where A is a strictly positive constant, depending on V
[see comment (b)].

(A2.3.1) (i) vy is decreasing and varies regularly with exponent (—«) where
% <a<l.
(i) v is increasing to infinity, continuously differentiable, concave, and
varies slowly.
(iii) For ¢ large enough, v(¢) <[c- (1 — a)]In¢ with ¢ < 1/A.

(A2.3.2) For ¢ > 1: (i) y(t) = yo[t(In¢)"]"1/2 with m > 2.
(i) o(t) = o[tV (In¢) 2D,
(iii) yo/0g < 1/A.

(A2.3.3) For ¢ > exp(1): 1) y(¢) = yo/t.
(i) o(t) = ap[tIn(Int)]" V2.
(iii) yo/02 < 1/A.

COMMENTS ON THE ASSUMPTIONS. (a) Assumption (A2.1) implies that the
Gibbs probability measure G,, whose density with respect to Lebesgue mea-
sure is gy , = ¢, exp[—V/7], exists for any 7 > 0 (cf. [18]).

(b) The constant A, depending on V, is accurately described in [16] and [18].
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THEOREM 2.

(i) Rate of convergence in probability: under assumptions (A2.1)—(A2.3), for
all r > 0,

Slip E(v(n)[V(Zn) —inf V]l{[V(Zn)—inf V]>r}) < 0.

(i1) Rate of convergence in expectation: if we add the assumption that there
exists a constant py > 0 such that, on a neighborhood of Argmin V, py(V(z) —
inf V) < |VV(2)|?, then

sup E(v(n)[V(Z,) —inf V]) < co.

REMARKS. (a) The convergence of simulated annealing algorithms only re-
quire assumptions (i), (i), (v), (vi) of (A2.1), |[VV(2)| — oo as ||z| — oo,
(A2.2) and (A2.3). Thus our assumptions on the function V seem quite restric-
tive (and are in particular stronger than those of [11], [12] or [29]). However it
proves that annealing algorithms converge very slowly since their convergence
rates cannot be better than 1/v(n) = €/1Inn. Such rates of weak convergence
are disappointing for practical purpose; further studies should focus on accel-
erating this optimization process.

(b) If Argmin V is known to be included in a compact set, we can weaken
the assumptions on V. To this end, we replace V by a function that equals V
on the compact set and satisfies the strong assumption (A2.1) for large | z||.
Such a procedure is easier than a projection on a suitable compact.

(c) The condition py(V —inf V) < |[VV|? is fulfilled if D?V is positive
definite on Argmin V (hence Argmin V being a finite set). It is also fulfilled if V
is regular enough on a neighborhood of the connected components of Argmin V.

THEOREM 3 (Weak convergence rate and small deviations). Under assump-
tions (A2.1)«(A2.3), and if a — g(a) = [exp[—aV(x)] dx varies regularly with
exponent (—m), 1 > 0, we have the following.

(i) Weak convergence:
40(m)[V(Z,) —inf V1= ¥(n. }),

v(m, %) denoting the Gamma distribution whose density with respect to the
Lebesgue measure is proportional to e”*/2x" 1, _o:.
(i1) Small deviations: for any real function f increasing to infinity,

1 gy s @O @]
lim S o) ln|:P(V(Zn) nf V > o) )} 2r.

REMARKS. (a) The condition that a — g(a) = [exp[—aV(x)]dx varies
regularly with exponent (—7) is a technical assumption, which is fulfilled
in the three cases considered by Hwang [15]. These cases, which ensure the
weak convergence as 7 — 0 of the Gibbs distribution G, to a probability G,
concentrated on Argmin V, are the following.
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Case 1. Argmin V has a strictly positive Lebesgue measure. In this case
G, is the uniform distribution on Argmin V, n = 0 and y(%, 1/2) is the Dirac
measure in zero.

Case 2. V is a three times continuously differentiable function and D2V (z*)
is invertible for any z* € Argmin V. Then Argmin V is a finite set and G is
proportional to the measure

Y [det D2V (z*)] Y?s,.,

z*eArgmin V

8, denoting the Dirac measure in z*. Here n = d/2 and y(n, 1/2) is the
chi-square distribution with d degrees of freedom.

Case 3. V is a three times continuously differentiable function, Argmin V
has a finite number of connected components, each component being a smooth
manifold. Moreover, for all points of these manifolds with the highest dimen-
sion, the “second order partial differential of V with respect to smooth normal
coordinates” is invertible (see [15] for a precise statement based on regular
local coordinates of V). In this case, G concentrates on the highest dimen-
sional components, and n = (d — v)/2, v being the highest dimension of the
regular components.

(b) Assumption (A2.3.2) gives the optimal convergence rate 1/v(¢) =
1/(cInt) for any ¢ < 1/A, whereas (A2.3.1) leads to 1/v(¢) > 2/[c(In¢)] and
(A2.3.3), which corresponds to the framework studied by Gelfand and Mitter
[11], gives a very slow rate (1/v(¢) = 1/[cIn(In ¢)]).

(c) For the simulated annealing diffusion, Marquez [29] establishes large
deviation principles. For the discrete time algorithm, residual terms prevent
us from obtaining such results. See [23] for large deviations results on the
escape time from a neighborhood of Argmin V.

(d) Part (i) of Theorem 3 can be used to compute confidence regions with a
given error, whereas part (ii) can be used to compute larger confidence regions
with an error converging to zero with a rate close to [v(n)]~2".

For our complementary result on the weak convergence rate, we add the
following assumption, which corresponds to the second case considered by
Hwang [15], thus to 7 = d/2 in Theorem 3.

(A2.4) Additional assumptions on the function V.

(i) For any z* of Argmin V, D?V(z*) is positive definite (hence Argmin V
is a finite set).
(i1) V is a three times continuously differentiable function.

THEOREM 4. Under assumptions (A2.1) to (A2.4),

(2w JoVV(Z)) = X Go25.0.4(0.1D?V(2)),
z€Argmin V

A denoting the Gaussian distribution and ® the product of measures.
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2.2.2. When the function VV is observable only together with a disturbance.
In this case, we consider the gradient algorithm

Zn+1 = Zn - 'Yn[VV(Zn) + Tnt+1 + 8n+1] + Un§n+1

defined on ({2, .7, #) equipped with a filtration .7 = (.%,),,~o with the follow-
ing assumptions.

(A3.1) Assumptions about the function V. We take up assumption (A2.1).

(A3.2) Assumptions about the gains (y,) and (o,). We assume either
(A3.3.1) or (A3.3.2).
(A3.3.1) We take up (A2.3.1) with % <a<l1;
(A3.3.2) We take up (A2.3.3).

(A3.3) Assumptions about the disturbances (¢,) and (r,). Disturbances
(¢,) and (r,) are adapted to ; E(e,117,) = 0; sup, E([|le,11]%.7,) < +oo;
sup, n°E(|r,111%1,) < oo, with 8 > 1 — a.

(A3.4) Assumptions about the simulated noise (¢,). The random variables
r,.1 and ¢, are independent given 7, ; £, is independent of .7, with dis-
tribution .#7(0, I).

(A3.5) We take up (A2.4).

THEOREM 5. Under assumptions (A3.1)-(A3.4), Theorems 2 and 3 can be
applied to (Z,). Under the additional assumption (A3.5), Theorem 4 can be
applied to (Z,).

REMARK. If we search for the local minima of V, we use the weakly dis-
turbed algorithm Z, ., = Z, —v,[VV(Z,)+ 1,1+ €,,1] and, in view of Theo-
rem 1, the optimal weak convergence rate is obtained when the gain vy, = v,/n
is chosen. But if we search for the global minima of V, we use the simulated
annealing algorithm Z, ., = Z, — v,[VV(Z,) + r,o1 + €p41] + 0,é,44, for
which the optimal gain is no longer vy, = y,/n. As a matter of fact, a slower
gain vy, = y,/n% 2/3 < a < 1, and the corresponding gain o, give a better
convergence rate for the simulated annealing algorithm.

3. Proofs. We first give two preliminary results in Section 3.1, which are
proved in 3.2 and 3.3. Theorems 1, 2, 3, 4 and 5 are proved in Sections 3.4,
3.5, 3.6, 3.7 and 3.8, respectively.

3.1. Preliminary results. To investigate the weak convergence of
(y/v(n)(Z, — z*)) in the framework of Theorem 1 or of ,/v(n)VV(Z,) in
the framework of Theorem 3, we first need to establish the tightness of both
sequences. In order to unitarily study these two situations, we give a result
of tightness in 3.1.1 (Proposition 6) based on an auxiliary Lyapunov function,
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that is, a function V: R? — R, twice continuously differentiable and such that
V(z) - 400 when | z| — +oo. According to the considered problem, we shall
apply this result, either letting V be defined by V(z) = ||z||? or letting V be
the function whose global minima are searched.

Let Y, . = /v(n)(Z,,;—2*) in the framework of Theorem 1. We have then

Yo =y 02, = 2 + 2 [ o2, + o0rn ]| + Virena

Since h(Y,) = /v(n — 1)h(Z,) + 1,1 on the neighborhood of z*, (r,) being a
“small” generic disturbance, we deduce that

_ | v(n) v(n)
Yn+1 - \/v(n — 1) Yn + 7n|: U(I’L — 1) h(Yn) + U(n)rn+1] TV Yn€nt1-
But \/v(n)/v(n — 1) = 1+ v, +0(y,), thus Y, is given by a recursive relation,
which looks like

(31) Yn+1 = Yn + 'Yn[gYn + h(Yn) + rn+1] + Yné€n+1-

We say that (3.1) is a strongly disturbed algorithm. The weak convergence
of such an algorithm is studied in Section 3.1.2 (Theorem 7) by taking up
the method of the differential stochastic equation, employed by Bouton [3]
and Kushner and Huang [25], [26]. But applying this method directly to the
strongly disturbed algorithm will also be helpful in studying the weak conver-
gence of Y, 1 = /v(n)VV(Z,,,) in the framework of Theorem 3.

We introduce some provisional assumptions for those preliminaries (Prop-
sition 6 and Theorem 7), more restrictive than our basic assumptions given
in Section 2. Then to prove the results stated in Section 2, we shall use some
trucation arguments in order to be able to apply the preliminary results.

3.1.1. Tightness. We take up the algorithm (2.1). The following assump-
tions ensure the tightness of (Z,).

(AT.1) Assumptions about the disturbances (r,) and (¢,).

(i) Z,is F-measurable and the sequences (r,) and (¢,,) are adapted to 7;
(i) E(ep41],) =0, V n; sup,.o E(|e,11]%) < 003
(i) Sup,o E( 7 1]12) < co.

(AT.2) Assumptions about an auxiliary Lyapunov function. There exists a
function V: R? > R*, differentiable and such that V(z) — +oo when ||z|| —
+o00, with the following conditions:

(i) VV is globally Lipschitz;
(i) There exist two constants ¢ > 0 and C > 0 such that V z € R?
(VV(2), () < —aV(2) + C and [VV(2)|2 + | A(2)|* < C(L+ V(2));
(i) E(V(Z,)) < oo.



20 M. PELLETIER

(AT.3) Assumptions about the gains (y,) and (o,). We assume either

(AT.3.1) or (AT.3.2).

(AT.3.1) (i) (y,) is a regular gain with exponent (—a), 0 < a < 1.

(i) 02 = v,/v(n) where v increases to infinity and varies regularly with
exponent B > 0.

(AT.3.2) (i) For t > 1, y(¢) = v/t with vy, > 0.

(ii) o2 = vy,/v(n) where v increases to infinity and varies regularly with
exponent B, 0 < B < ay,, a being defined in (AT.2).

PROPOSITION 6 (Tightness). (i) Under assumptions (AT.1) and (AT.2),
sup E(V(Z,)) < oo.

n>0
(ii) Under assumptions (AT.1)~(AT.3), and if sup,-, E(v(n)|r,1]?) < oo,
then there exists R, 0 < R < oo, such that

sup U(n)E(V(Zn)]‘{V(Z,,)ZR}) < o0

3.1.2. Weak convergence of strongly disturbed algorithms. We consider the
strongly disturbed algorithm

(3.2) Zn+1 = Zn + Vn[h(Zn) + I‘n+1] TV Ynni1

We make the following assumptions.

(AS.1) Assumptions about the function 4. Function A: RY — R? is Lip-
schitz.

(AS.2) Assumptions about an auxiliary Lyapunov function V. There exists
a function V: RY — R*, differentiable and such that we have the following:

(i) VV is Lipschitz;
(ii) There exist two constants @ > 0 and A such that V z € R¢
(VV(2), h(2)) < —aV(2) + A and |[VV(2)|* + |2(2)[I” + [I2]* < A(1 + V(2));
(i) E(V(Zy)) < +o0.

(AS.3) Assumptions about the disturbances (¢,) and (r,). For a set of
trajectories Q, € %, of strictly positive probability, we have the following
almost surely on (:

(i) E(e,11]7,) =0

(ii) There exists a constant b > 2 such that sup,. E(|l&,.1]°7,) < oc;

(iii) E(sn+1sf+1|,9‘“n) =c¢, = C(Z,)+A, with C Lipschitz from R to the set
of positive symmetric matrices; there exist two constants A; and A, such that
0 <Ay < ApinC() < ApaxC(4) < Ay, AninC(+) [respectively, A,,C(-)] denoting
the smallest (resp., the largest) eigenvalue of C(-) and E(||A I1g,) — O;

(iv) The sequence (r,,) is the sum of two sequences (rn )) and (rsl )) adapted
to 7, and such that sup,., E(||rn 1?) < oo, E(||rn [ -1qg,) — 0 and (rf )—0
a.s. on ().
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(AS.4) Assumptions about the gains (vy,). > v, = +oc.
Set s, = Y }_o Y- We define the continuous process (Y,);., interpolation
of the sequence (Z,), by

(3 3) Yt = Zn + (t - Sn—l)[h(zn) + rn+1] + (t - Sn—1)1/28n+1
' for ¢t € [s,,_1, s,]

and the family of processes (Y®),_, by Y¥=v,,

THEOREM 7. Under assumptions (AS.1)-(AS.4), the sequence (Z,) con-
verges weakly, given O, to w, where u is the stationary distribution of the
stochastic differential equation (SDE)

(3.4) dX,=h(X,)dt+CY*X,)dB,.
Given Q, the family of processes (Y ) converges weakly to the solution of (3.4)

with initial distribution .

REMARK. Assumptions (AS.2) imply that the SDE (3.4) is geometrically
recurrent, and if (X7) is the solution of (3.4) such that X, = x, then there
exists a constant ¢ > 0 such that

(3.5) |P(X} e )—pn| <€p'[l+V(x)] withO<p<1
(see [6] or [30]); the condition 0 < A; < A,;,C(-) can be replaced by this
property.

3.2. Proof of Proposition 6 stated in 3.1.1.
3.2.1. Proof of the first part of Proposition 6. Let B > 0 be a generic con-
stant. Since VV is globally Lipschitz, we have, by Taylor’s formula,

V(Zui1) < V(Z2,) + (VV(Z,), Zopr — Z) + B| Zss — Zo |
V(Zn1) < V(Z2) + va(VV(Z,)s h(Z,) + Ft) + 00 (VV(Z,1), £011)
+ BR[| RZ)|* + a1+ 02 £0sa] %)

with (VV(Z,), (Z,)) < —aV(Z,) + A and |(Z,)|% < A[1+ V(Z,)].
Since E[(VV(Z,), &,.1)] = E[E(VV(Z,), £,,1)|7,)] = 0, it follows that

E[V(Z,,1)] = (1= ay,)E[V(Z,)]+ Ay, + v, E[(VV(Z,), 1, 1)]
+ Bya[AL+ E[V(Z,)]) + E(I70 1)) + 07 E(l 8041 ]1)-
However, for any « > 0,
« 2 1 2
IV + ol

Aa
2

|<VV(Zn)’ rn+1>|

IA

2

>

IA

1
L+ V(Z)I+ 57
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thus

BIV(Z, )1 = [1- (o= 5 - 00w ) [BLV(2,)
L
o(n)

Since sup, [E(|r,11)] < +00, sup,[E(|e,1]12)] < +o0 and (y,) — 0, we
deduce that for all a;, 0 < a¢; < a, there exists n, such that V n > n,,

E[V(Zn+1)] = (1 - alyn)E[V(Zn)] + O(Yn)

Hence, by a standard lemma (see, e.g., [6]), sup,, E[V(Z,)] < oo.
3.2.2. Proof of the second part of Proposition 6. First we prove that for all
d and a4 such that 0 < 6 < ay < a, there exists R, 0 < R < +oo such that,

setting s, = >"7_o Vs
E(V(Zm—l)l{V(ZnH)zR}) = O(sup{exp(—(a2 —8)s,); P(n)})
with p(n) = exp(—(as — 8)s,) XT_o exp((as — 8)s;)y;/v(,j). Since exp(—(az —
8)s,) = O([v(n)]™!), we prove then that p(n) = O([v(n)] ™).
Set 0 < 6 < ay < a, and r > 0 such that
(3.6) V(z) > r implies (VV(2), h(2)) < —ayV(2).

For any R such that r < R < oo, let ¢: R — [0, 1] be a twice continuously
differentiable and increasing function such that ¢(x) =0V x €] — oo, r] and
d(x)=1V x € [R, +o0l.

Let us define ¥: R? — R* by W(z) = $[V(2)]V(2); then

V¥(z) = ¢[V(2)[VV(2) +[¢'[V(2)IVV(2)]V(2).
Since VV is Lipschitz and V(¢ o V)(2) = [¢'[V(2)]VV(2)] equals zero as soon
as V(z) € [r, R], VV is Lipschitz.

By assumptions (AT.2), [VV(2)||? < A[1 + V(z)], thus there exists a con-
stant C; such that V(z) > r implies |[VV(2)||? < C,V(2). Since ¢'[V(2)] =
¢[V(2)]=0if V(2) < r and ¢'[V(2)] =0 if V(2) > R, we deduce that there
exists a constant C, such that |V¥(2)|2 < C,W¥(z). We also have, V z € R?,

(V¥(2), h(2)) = #[V(2)[(VV(2), h(2)) + [¢'[V(2)]V(2)(VV(2), h(2)),
thus, using (3.6),
(VI(2), h(2)) < —a;,V(2)$[V(2)] - as[V(2)*$' [V (2)]

< —a;V(2)9[V(2)].

n own)[l Bl + E(Hemu%].

We finally deduce that
3.7 (VW(2), h(2)) < —ay¥(2).
By Taylor’s formula, V¥ being globally Lipschitz,
2
W(Zpi1) = W(Z,) +(VV(Z,,), Zpy — Zy) + B1|Zyn = Z, |-
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Using (3.7),
E(W(Z,11)) = (1= agy, ) E[V(Z,)] + v, E[(VY(Z,,), 711)]
+ O(E[ | A Z)|" + 72wl + o[-
However,

2

>

3 2 C 2 C
(VW ran)| = 2 AVVED + Ll = 09(Z0) + s

thus

45
+ OV E[IIM(Z,)]*]) + O(a).

E[W(Z,,1)] < [1— (ag — 8)7, E[V(Z,)] + [C"*yn n 0<v3>}E<nran2>

Since E[|h(Z,)|?] = O(1 + E[V(Z)]) = O(1) and E(||r,.,|?) =
O([v(m)]™h),

Therefore, using a standard lemma of stabilization (see [6], for instance), and
since ¥(Z,,1) > V(Z,,1)1(y(z,.,)-r}> We finally obtain

E(V(Z,:1)lv(z,.,)=ry) = O(sup{exp(—(as — §)s,), p(n)}).
We assume first (AT.3.1). Let s(¢) = fot v(s) ds. We have

— 5)s(t)(D)
o dt,
) exp ((ay — B)0)

o olsin] -

Let x such that 0 < x < 1; since # > v[s~1(¢)] is increasing,

p(n) ~ expl (s ~ 8)s(m)] [ U

p(n) ~ exp[—(a; — 8)s(n)]

T — o)t 1 o
[ s = ey fy o= ond

1 T
+ ST /Tx exp((ay — 8)t) dt;
[ el =0)) 5, _ expl(e = H)T)
o v[sTi(?)] ~ (ag — 8)v[s71(0)]
exp((ag — 0)T)
(ag — &)v[s~H(Tx)]
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It follows that
[exp((az - (s):r)]1 /T exp((az = 8)t) . _ exp((az = 9)T(x — )v[s™(T)]
v[s™H(T)] o v[s7H(t)] B (ag — 8)v[s~1(0)]
v[s™(T)]
(ag = 8)v[s~1(Tx)]
Since ¢ — v[s~!(¢)] varies regularly with exponent 8/(1 — «),
) exp (ag — 8)T)1™ (T exp((ay — 8)t) x~B/(1-a)
hrfi‘i"[ ols ()] ] T R
Thus p(n) = O([v(n)] ™).

We assume now (AT.3.2). Since B < avyy, there exist a, and 8 such that
0<é<ay<aand B < (ay—8)yy, <ayy, and we have

n $laz—8)y—1
— —(ag—8)vo >z
p(n) o[n fo G dt}
Since v varies regularly with exponent 8 > 0,
(ag=8)yo =1 T plag—8)yy—1
|:T 0:| / t 0 df — 1 .
u(T) 0 v(?) (ag—8)vo— B
Thus p(n) = O([v(n)] ™).

lim
T—oo

3.3. Proof of Theorem 7 stated in 3.1.2.
3.3.1. Some truncations. We denote (), y the set of trajectories of (), such
that

sulgE(||sn+1Hb|9;)5N and sug(“rf)||2)§N.
n> n=

Since () is almost surely equal to Uy (), y, it is sufficient to prove the theorem
given (), y for any N such that P(, ) > 0.

According to a method used by Lai and Wei (see, for instance, [27]), the first
step of the proof of Theorem 7 consists in modifying the algorithm, without
changing it on () y, in order to obtain everywhere

2) 12
E(s,.1|7,) =0, su;O)E(naanbm)g N and sug(”r;)H )<N.
n> nz
This is achieved by replacing r? by R | <Ny and taking £, =

Ent1 1Bn , with

B, = {E(8n+1 '%L) =0 and E(HSHHHb ‘9‘;) = N}

In the proofs given in Sections 3.3.2, 3.3.3 and 3.3.4, we shall assume that
these truncations have been made.
3.3.2. Tightness of (Y®). Y® may be written as

Y@ — Y, + H® 4 R 4 5
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with Hy=Ry=0, =0, H"” =H,,,—~H,,R" =R,.,—R,, 0/ = 0,1 — 0,
and, for ¢ € [s,_1, S, ],

H,=H, + (t—s,1)(Z,),

Rt = Rs,,,l + (t - Snfl)rn+1’
1/2
oy =0, + (t — Sn_l) Enyil-
Let C; be a generic constant.

Step 1. The truncations made in Section 3.3.1 enable us to apply Proposition
6, and we get sup,.o E(| Z,|?) < sup,-¢ E(V(Z,)) < oo.

We deduce that sup,.q E(||Y,[|*) < sup,.q E(V(Y,)) < cc. Therefore, given
Qo n, (Y,) is tight, and V is integrable with respect to any distribution v,
which is a closure point of (Y,) for the weak convergence (and the moment of
order 2 is finite). @

2

Step 2. On Q y, r»° — 0 a.s and the modifications made in Section 3.3.1
ensure that (rg)) is bounded; thus, E(||r§lz)||1QOVN) — 0.

Finally, E(|r, | 1o, ,) — 0, and E(sup,_p | R\ |1, ,) — 0; (R™) converges
to zero. ’
Step 3. The condition sup,.o E(||A(Z,)||?) < co implies that

(3.8) E(|H™ - HY2) < C,(r — ).

Since H") = 0, the family of processes (H®) is tight. The inequality (3.8),
and thus the tightness, remain true given () y.

Step 4 The condition sup,. E(]|&,||®) < co ensures, by Burkholder’s in-
equality, that

(3.9) E(lor” — o |P) = Cy(r — )2
with /2 > 1. Since U(()u) =0, the family of processes (o*)) is tight. The in-
equality (3.9), and thus the tightness, remain true given () .

By Steps 1 to 4, the family of processes (Y®)) is tight given €, y. We
shall prove that (Y(®)) has a unique closure point for the weak convergence
in Section 3.3.4, but we first need some previous results established in 3.3.3.

3.3.3. Previous results. We first prove that, for 0 < T < oo,

(3.10) lim E(sup QQN) =0.

u—00 t<T

t
Y /0 Y)Y ds

In view of (3.10),
E(|H - H"|*| y) < C1(r - t)*,

Set m such that v,, ; <u < v,,, m - 4o00. The function A being Lipschitz,
for u large enough,

E(sup

u+t
Y / h(Y,)ds
t<T u

Q0,N> < C,T sup /vz,

k>m

which implies (3.10).
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We now prove

(3.11) lim E[(of" — o) (Y, at(j))lfjsk)lﬂw] -0

u—o0

and

r+u
lim E([(o?‘) — o) ot — T — / C(Ys)ds}
(3.12) e

X d)((YEJu)’ O-t(;t))1<j<k)1ﬂo,N> =0.

We consider 0 < £y <ty <--- <, <t <r and ¢ a continuous and bounded
real-valued function defined on (R2?)

Let u be large enough to have s, ; <u < s, with y,_; +v, < (¢ —¢,). Let
¢,-1 be a bounded .7,,_;-measurable random variable. We have

E((or = oo ((Y1, 01z jep) €p 1) = 0.

We take s, <t+u<s,ands, ;<r+u=<s,.
Let d ; be defined by d,, = SVm =V (E+u) = s,_1,dy = /v, form < k <n,
andd, =/(r+u)—s,_jord,=r—38,1—+t—5,;if n = m. Then

E([(Uﬁu) - Ufu))(0£u> - (rt(u))T — Z d?cii|¢((Y§_l;), o-t(_:t))1<j<k)§p1> =0.

Now set ¢, = P({)y y|7,); the bounded martingale (¢,) converges towards
1g, ,» almost surely and in expectation. Thus, V p,

liin_)s;}piE((o-ﬁu) - O't(u))(b((Yg?), U’f?))lfjgk) 190,N)|

J

S Clm{E(Ilﬂo)N - gpflib/(bil))}(bil)/b

from which we deduce (3.11).
We prove in the same way that

tim ([ (01— o)~ )" - ¥ e [o((¥4 o1,y ) =0

u—>oo

And, C being Lipschitz, we deduce (3.12).

3.3.4. Convergence of (Y®). Let G be the set of continuous functions from
R, to R2?, equipped with the metric of uniform convergence on compact sets.
The G-valued family (Y®), ¢®) is tight, given Q y. Let & be the Borel o-
algebra of G. Let (u(n)) be an increasing sequence such that, given (, ,

(Y gmm)) = @, @ probability on (G, £).

We denote by v = ([X,(w), Sy(w)];=0) a point @ of G and by %, the o-field
spanned by (X, S,),;.
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Let0 <t) <ty <--- <t <t<r.Given{) y, ([Y(u(n)) (u(n))]1<1<k, o'(u(n))
o )) converges weakly to the distribution of ([j( S, ]1S j<k>St,Sy) on

(G, #, Q). The relations (3.9), (3.11) and (3.12) imply
EQ((SF - St)¢((th’ Stj)lgjsk)) =0;

Bo([(5, - 506, = 807 = [ C(X)ds]0((X,,:5.),10) ) =0

On (G, #,Q), (S;);=0 is a square-integrable continuous martingale; it is
adapted to (£;);~¢, and its increasing process is (fot C(X,)ds)o-

We deduce that dS, = CV?(X,)dB,, where (B,),., is a Brownian motion.
From (3.10),

(H" ™), o = ( fo "n(x) ds)

t>0

Thus,
t t
X,=Xo+ [ (X,)ds+ [ CV*(X,)dB,
0 0

where (B,),-( is a Brownian motion adapted to (-%,),-.

Let a probability on R?, v, be a closure point for the weak convergence of
the distributions, given () y, of (Y,),o. According to Step 1 of Section 3.3.2,
there exists a sequence u(n), increasing to infinity such that Y,y = v (given
Q. n) and »(V) < +o0.

Let u be the unique stationary distribution of (3.4). In order to conclude the
proof of Theorem 7, it is enough to prove that any closure point for the weak
convergence conditional on € y of (Y (")) is a solution of the SDE (3.4) with
initial distribution u.

Let ¢: R — R be continuous and bounded. For any ¢ > 0, (Yum)-t)n=0
is tight, given (), y, and there exists a subsequence (w(n)) of (u(n)) such
that Y, = v (given Qq y), where v;(V) < oco. Given O y, (Y®(M=0)
converges weakly to (X,);-¢, the solution of (3.4) with initial distribution »;.
Then, it results from (3.5) that

E(d)(Yw(n))]-S)O,N) _
P(Q,N)

< |E, (¢(X) — ()]

'EVI(MYELUM)_”)I“"'N) ~ E($(X,))

P(Qo, n)
with |E, (¢(X,)) — u(¢)| = O(p*) where 0 < p < 1 since »(V) < oco. Thus
[v(d) — w(d)| = O(p?) for all ¢ > 0 and v(p) = u(p). Hence v = p.

3.4. Proof of Theorem 1. First we show in Section 3.4.1 that the weak
convergence rate of (Z,) can be obtained by proving the same rate for a locally
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similar sequence (Z ). Then we prove the tightness of / m(i —2z") in
3.4.2, which will finally enable us to apply, in 3.4.3, Theorem 7 to the strongly
disturbed algorithm defined by Y = /v(n) v(n)(Z —z").

3.4.1. Definition of(Zn). We can choose M as small as we want in (A1.2).
Once M is fixed, set I'y =I'(z*) N {sup,. y | Z, — 2*|| < M}.

To prove the weak convergence of \/v(n)(Z, —z*) given I'(2*), it is sufficient
to prove it given 'y for all N.

For a given N, let (Zn)nzN be defined by ZN = Z N1z |<my> @nd

Zn+1 =Z,+ YnF(Zn) + [O'nanJrl + '}’nrnJrl]l{Hanz*HgM} ifn> N,

where F(z) = h(2)1{,_<my — K(z — 2*)1y,_ |}, With a constant K > 0
to be specified later on.
The sequences (Z,)),-y and (Zn)n>N agree on I'y. Thus, we only have to

prove the weak convergence of \/ v(n)(Z — 2*) given I'y.

3.4.2. Tightness of ([v(n)]l/z(Zn —z*)). Let us show that, if M has been
chosen small enough, then, for a suitable K,

sup E(v(n)| Z, — 2*||?) < oo,
n>N

Zyy -2 =[I1+v,p(Z, - 2")H|(Z, - 2")
+ Yl W(Z,) = p(Zy = 2VH(Z,, = 217, opemny
+va[=p(Z, = 2)H = KI)(Z, — )7, _oponry
+[Oneni1 + Yania] 1z, 2=y

Set ¢ > 0, and let @, be an invertible matrix such that @, HQ;' = H, is a
matrix whose diagonal terms are the eigenvalues of H, the terms below being

0 or ¢, and the other ones equal to zero. For S, = Qt(Zn — z*), we have
Suir = [I+v,p(Z, = 2*)H,|S, +va[-p(Z, - 2")H, — KI|S, 15 .
+Yn Qt[h(Zn) - p(Zn - Z*)H(Zn - Z*)]l{HZn—z*llSM}

+ [0, Qiens1 + Vn Qtrn+1]1{HZn—z*H§M}'

For A and 6 such that 0 < A < 2L and 0 < 6 < 2L — A, there exists ¢,
0 < t < 1, such that for n large enough, n > ny, V x € RY,

|1+ vap(0)H,|” < [1- (A+8)y,].
According to (Al.1), there exists M satisfying (A1.2) such that
|z — z*| < M implies |h(2) — p(z — 2*)H(z — z*)| < C1|z - 2* HZ
and such that
Hz —zF H < M implies H h(z) —p(z—2")H(z — z*)” <c|z-z*|,
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with ¢| @,|||Q;||”* < 8/4 and C; > 0. Finally, we choose K > 0 such that
y'[-p(x)H,— KI]y<0 V¥yeR% VxeR

Then for any n > n, ny large enough,

E(ISual?) = (1= [4+ 5 == 00 | ) EQS,17)

+ O(02E (804117142, 2 <a1}))
+ O(')’nE(||rn+1||21{||Z,;Z*HSM}))a

with an arbitrary & > 0. For n large enough, we have

B(IS,al?) = (1= An)E(IS, 1)+ 0( 22 ),

from which we deduce that sup, E[v(n)|S,1]?] < oo
Finally sup, E[v(n)||Z,.1 — z*|?] < co.
3.4.3. Application of Theorem 7. Let Y, ;= \/v(n)[Z,,1 — 2*]; we have

(3.13) sup E[||Y,]?] < oo

The expression 17” +1 may be written in the following way:

(3.14) Yvn-&—l = i;n + 'Yn[aI + p(Zn - Z*)H]i;n + ’Yn;:n-k—l + 7n5n+1:
Wlth gn+1 = 8n+11{HZn—z*||§M} and Wlth

(2) (3)
n+1 =1u, Y + \/U(n) Tpi1 T Tpp + n+1]

(&,) deterministic sequence converging to 0,
1 > * o4 *
ron=[MZ,)~p(Z,~2)VH(Z, - 2 Nz, <ary

(2) > * > *

roe = [=p(Zy =2V H = KI|(Z, = 207 ooy
®

Pt = Tni gz, 2 <my-

We verify now that the strongly disturbed algorithm (3.14) fulfills the as-
sumptions of Theorem 7.
Assumptzons (AS 1) are fulfilled. According to the properties of the function
(Z -2z = p(Y ), and the function f: z — [al + p(z)H]z is Lipschitz.
Aulezary Lyapunov function. The Lyapunov function V: R? — R defined by
V(z) = ||z||? fulfills the assumption (AS.2) with @ = « — L.
Properties of (7). According to (3.13) and since (u,) — 0,

sup E[(@, |V, )] <00, B[@, ¥, I1r,] 0.
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According to the choice of M in Section 3.4.2, we have ||r£llJ21|| <CiZ, -
Z*“zl{HZn—Z*HSM}’ and, applying (3.13), we deduce that

sup B[ (o |21 ) ] = sup, Efutn)| 2, 7] < o
E[<\/v(n)||rn€rl”> ] <C E[\/v(n) Z, z*“2] < G — 0.

We have ||rnJrl | < Cz||Z 211z oy~ py> thus

sup E[((/u(m) |24 )] < o

Since (Z,) and (Z,) agreeon 'y, wehave 1,5 .\ \n-1r, =1z, oo poaynry, =
0, and

E[om)|r 1, ] =o.

Since (rgizl) fulfills the conditions required by the assumptions (Al.2), we
finally deduce that

sng[”?nHHZ] <oo and E[|7,]1r,]— 0.

Prcc)lperties of (g,). (g,) fulfills the assumptions (AS.3) with C(z) =T for all
z e R%.

According to Theorem 7, given I'y, (?n) = u, where p is the stationary
distribution of (2.3), and the first part of Theorem 1 is proved.

Let ¢ be a real continuous and bounded function, and ¢ a %, -mesurable
random variable. Replacing I'(z*) by I'(z*) N {¢$(€) < ¢} as soon as this event
is nonnegligible, we obtain the second assertion. O

3.5. Proof of Theorem 2. We simplify the proof by taking V instead of
(V —inf V), that is, by assuming inf V = 0.

Following Gelfand and Mitter’s idea [11], we define in Section 3.5.1 a con-
tinuous time interpolation (U, ). of (Z,,). This interpolated process looks like
an annealing diffusion

dY, = —a(t)VV(Y,)dt +dB,,

the function a, slowly increasing to infinity, being precised below. In Section
3.5.2 we precise how long the process (U,,,) follows (Y, ) given U, =Y, =
x. Then, in 3.5.3, we obtain Theorem 2, transfering properties of the annealing
diffusion process to the algorithm.

We set t, = Y7_, 02, and K(¢) = fot o%(s)ds. Under (A2.3.1) and (A2.3.2),
o? varies regularly with exponent (—a), @ < 1. Thus K varies regularly with
exponent 1 — a > 0 and K(¢) - oo as t — oo. This property holds under

(A2.3.3) too.
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3.5.1. Definition of the interpolation (U,) and tightness of (V(U,)).

Step 1 [Definition of (U;)]. We may build up the sequence (o, &,,;) from a
Brownian motion B = (B,),., independent of Z, by setting 0,§,.1 = B, —
B, . Then, we define the process (U, ), interpolation of the sequence (Z,),

by
U=2,—(t—t, 1)v(n)VV(Z,)+ B, - B,  iftelt,_1,t,]
Let a: R — R* be a continuously differentiable, concave and slowly increasing

function such that a(¢,,_;) = v(n) for all integer n. The term U, may be written
as

Ut = Zn - (t - tn—l)a(tn—l)vv(zn) + Bt - Btn,l ifte [tn—la tn]‘

Step 2 [Tightness of (V(U,))]. Let C; be a generic constant. Proposition
6 may be applied by choosing V as the auxiliary Lyapunov function and by
setting h = —VV: sup, E(V(Z,)) < oo and there exists R, 0 < R < oo, such
that

(315) sup E(U(n)v(zn)l{V(Zn)zR}) < Q.

Let t € [¢,_1, t,], and ¥ be defined in the same way as in the proof of Propo-
sition 6. Since V¥ is globally Lipschitz,

W(U,) < V(Z,) +(VV(Z,), U, ~ Z,) + C1||lU, - Z,,|*.
Since there exists a constant A; > 0 such that (VW(z), —-VV(2)) < —A;¥(2),
we have
V(U,) < W(Z,)[1- Ayt —t, )v(n)] +(V¥(Z,), B, - B, )
+Cy[(t =ty P[P+ V(Z,)) + | B, - B[]
E(W(U,)) = C1{E(V(Z,)) + (t — t, 1’ [(m)PA + E(V(Z,))) + (¢ — ty_1)]-
Since sup,, E(V(Z,)) < oo and sup,, E(v(r)¥(Z,)) < oo, we deduce that

E(W(U,)) = 0<U(1n)).

Finally

1
(3.16) E(VU)lyw,)=ry) = O(a(t))'

3.5.2. Previous result on the annealing diffusion process. The stochastic
differential equation dY, = a(¢)VV(Y,)dt + dB,; has been studied in [5],
[13], [16], [32] and, recently, in [29] under our assumptions on V and under
the additional assumption: for a constant ¢* < 1/A and for ¢ large enough,
a(t) < c*Ilnt.

We first check that there exists ¢* < 1/A such that a(¢) < ¢*In¢, before
enunciating a result proved in [29].
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Under (A2.3.1) or (A2.3.2): since ¢? varies regularly with exponent (—a),
% < a < 1, we have K(t) ~ (to?(t))/(1 — @). Thus K varies regularly with
exponent 1 — a; that is, K(t) = t!~*L(¢), with L varying slowly.

Since v(t) < c[1—a]ln(¢), we have v(¢) < c-In K(t)—c-In L(¢). But ¢ < 1/A
and lim, , (In L(¢)/1n K(¢)) = O, thus there exists ¢ < 1/A such that, for ¢
large enough, v(¢) < cln K(t).

Under (A2.3.3):

ol ollnt
T ((fn 5’ lno(ln 5 < K(t) < o2Int, and v(t) = cln(Int).
Thus v(t) < c¢ln K(¢)[1+ o(1)], and there exists ¢ < 1/A such that, for ¢ large
enough, v(¢) <cln K(¢).

In both cases, a(K~(¢,_;)) < clnn, for n large enough. However ¢, ; ~
K(n); thus there exists ¢ < 1/A such that a(n) < ¢lnn for n large enough.
Set ¢ € [n, n + 1], n large enough. We have

a(t) =

a(t) =a(n)+a'(t*)(¢ —n) with t* € [n, t].
a'(t) = o(a(t)/t), thus a/(t*) < (¢In(n + 1)/n), which enables us to conclude.

A result of Mdrquez [29]. Let ¢ be a continuous function with compact
support, and let K, be a suitable compact set that contains the support of ¢.
Precising upper bounds in the works of Chiang, Hwang and Sheu [5], [16] or
of Royer [32], Marquez [29] has proved that there exist a positive continuous
and increasing function 7 with 7(¢#) = O(¢*?) and a constant p; > 0 such that,
uniformly for x € K,

(3.17) P( sup Y| =ClY,=x) < exp[-pra(t)];
t<s<t+(t)
(3.18) |E(&(Y @)Y e = ) = G1jzageiney(D)] < exp[—pra(?)].

3.5.3. Following the annealing diffusion process.
Step 1 (Following the annealing diffusion process under the provisional
assumption “VV is bounded”). Here we assume that VV is bounded.

For all u > 0, let B® = (B{"),., with B = B,,, — B,,.
Let Y® and U™ be defined by
U =y =x,
Ay = —[a(u + )]VV(Y\“)dt + dB™,
AU = [~a(u + )VV(U™) + h,, ] dt + dB™,
where h, = —a(t,,_)VV(U, )+a()VV(U,)fort e [t,_1,t,]

Set h, = H,(UM), s < t).
Let ¢ be the set of the R?-valued continuous functions defined on R* and
assume that ¢ is equipped with its Borel o-field. We denote a function of
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¢ as w = (Xy(w))o and (&) = (0{X,, s < t}). By Girsanov’s theorem,
(Y® — x) and (U™ — x) have canonical versions with distributions Py and
Py; conditionnally on &,. We are going to prove that for all I' € £,

By Girsanov’s theorem, for each ¢, Py and Py have a density, denoted by
LY and LY respectively, with respect to the Wiener measure W. Moreover, for

allT e .4,
LU 72\ Y2
<|Ey(|1-=% ,
J=[e (-]

Ly
Ly

|Py(T) — Py(D)| < EW[L}’ 1o

where, for the probability Py,

LY
ln LY ~ /o (H[(X, +x),]. dX)

1

— 5 [, + 2,201

+2(H,[(X, +2),2.], —a(s + )VV(X, + x))| ds.

Moreover, under Py, In(LY/LY) has the same distribution as H, — %J . has,
with

Ht = /uu+t<Hs[(Yr)rSs]’ st>; Jt = /uu+t “ HS[(Y")’S?] H2 ds.

Since the expectations of exp(H, — %Jt) and exp(4H, — 8J,) are equal to 1,
we have

[Py(P) = Py(D)| < Ey[(1~ exp(H, - 37,))] = Eyl[exp(2H, ~ J))] - 1,
|Py(I) — Py(T)| < Ey[exp(2H, —4J,) exp(3J,)] — 1 <[Ey(exp(6J,))]"* — 1.
Thus

[Py() = Py(D)] = sup|[ By (exp(67,))]"* - 1].

Let us study Ey(exp(6dJ,)). For u € [¢t,_4, t,], we have
u+t 9
(3.19) o= 0ty = tyal) + [ k| ds

with &k, = VV(Yla(s) — a(t,_1)] — v(m)[VV(Y, ) — VV(Yy)], for
s€[t,_1,tm], m > n.

Since VV is assumed to be Lipschitz and bounded, there exists a constant
C; such that

I1%g]1* < Co{lo(m)1*(ty — t1)* + [v(m)PI| B, - B, _II”}.
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The study of Ey(exp(6¢,)) requires the study of E[exp(C;[v(m)]? ftt”il | B,—
B, |*ds)]. We have

tm
E|exp(Culom)P [ 18, B, [P ds) |
tmo1
1
— B exp( Culo(m) Pt ~ 1 ? [ 1B 5) |
0
By Jensen’s inequality,

E| exp( Culo(m) Pty ~ 1 )? [ IBIPd5) |

< / [exp(C1[v(m)]*(t, — tm_1)?|B,l?)] ds

Hence, ® denoting the Laplace transform of the chi-square distribution with
d degrees of freedom,

E[exp( [o(m)] / 1B~ B, ks ds)} < D[C1[0(m) Pt — tr1)?].
It follows that, for m large enough,
E|exp(Culom)P [ 18, B, [ds) | = [1-2Csl0m)P(tn 1))
We deduce that
EY[eXp<6 /t t'" Nk dsﬂ < (1= 2C,[v(m) Pty — by 1)?) "
x exp[C1[v(m)]* (¢ — tm_1)?]-

For any u large enough such that ¢, _; < u < ¢,, we have, in view of (3.19),

sup Ey<exp6/ % ||2ds> < M(n)

t>0
with
M) = T1 (1= 26l (P 0% exp €2 T~ 1,00 ).

When n tends to infinity,

M, ~ exp(cl S ()R - t,-_l)2) - exp(cl > yi).

j=n j=n

It follows that, for u € [¢,_4, t,],

suply (exp(67,)] = O[exp( 3 77) |
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Thus, for all u such that ¢, ; <u <¢,,
400
|Py(T) — Py(T)| = 0( 3 ﬁ).
j=n

Under (A2.3.1) and (A2.3.3), y varies regularly with exponent (—a), a > 1/2.
Thus ¢ — fOt v2(s) ds varies regularly with exponent 1 —2a < 0. Since v varies

slowly, we have [," y%(s)ds = O([v(¢)]~"). This property is still true under
(A2.3.2). Finally, | Py(T') — Py(T)| = O([v(n)]™}), and

(3.20) |Py(T") — Py(I)| = 0<a(lu)>,

and this upper bound is independent of x.

Step 2 (Following the annealing diffusion process). Coming back to assump-
tions (A2.1) to (A2.3), let ¢ be a continuously differentiable function with com-
pact support; applying (3.16), there exists a compact set K, which contains
the support of ¢, and such that

(3.21) P(U, ¢ K,) = 0<a(1t)).

We may take in (3.17) C such that K; C {x;|x| < C}.

Set Cy = C+2sup,.g, [|x[, and let V be a twice continuously differentiable
function, which equals V on the Euclidian sphere with radius C,, and such
that VV is bounded. Let Y and U® be defined by

T’Ef):ﬁff)zx, x e Ky,
dY? = _[a(t + W ]VV(TP)dt + dBY,
dUY = [—a(t +w)VV(OP) + hyy ) dt + dBY.
Applying (3.17) and (3.18) to Y, we have, uniformly for x € K,

P( sup YY) = ClY, = x) < exp[-pra(t)]
0<s<7(t)

}E(¢(Y(Tt()t))|Yt = x) = G120(00+(1))(P)| < exp[—p1a(?)],
from which we deduce that, uniformly for x € K,

P( sup [V = ColY, = x) < exp[-pya(®)],

0<s<7(t)

[E($(YO)IY, = 2) = Gijpagrariny(@)] < exp[—pia(2)].
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Then, applying (3.20), we have, uniformly for x € K,

p( sup [0 = 4|, = x)

“la)
(aw)

‘E(d)(ﬁt—&-r(t)ﬂﬁg) x) — Gl/2a(t+r(t)>(¢)| =

a(t)

Thus, almost surely,

P( sup |U9 -0 > 0U, =T, e Ky) = 0(1>,

0<s<7(t) a(t)
1
|E(d(Urr)IU; € K1) = Gyjzagesre) ()] = O(d(t))

Applying (3.21), we deduce that

1
(3.22) IE(A(Utir1) — Grjgaqiryy(@) = O(a(t))'

Since 7(¢t) = O(t?/?), we finally deduce that

(3.23) |E($(U})) = Grjaany ()] = O<a(1t)>’

and this result is uniform for the functions ¢ whose support is included in a
same compact and such that sup,ge |¢(2)| < 1.

3.5.4. Proof of the first assertion of Theorem 2. For any r > 0, let us take
R > r such that (3.16) is fulfilled, and an arbitrary r; €]0, r[. We consider a
positive function A defined on R*, and for any ¢ > 0 a continuous function ¢,
such that

Loaw<v<ry < ¢ < L a=v<2r)-
Applying (3.23) with ¢ = ¢, yields

PUV(U) = rA@)) = Guaun(V = rad) + 0 115 ).

P({V(Uy) = 11 A(0)}) = Grjoa(n(V = A1) + 0( <1t>>

Thus, r; being arbitrary (0 < r; < r),
1
(3.24) PH{V(U,) = rAM®)}) = G1joary(V = 7A(2)) + O( (t))

If we take A(z) = 1V ¢ € R [(3.24) will also be helpful for proving Theorem
3], we have

PUV(U) = 1) = Gaan(V = 1)+ 0 75 )
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Now assumption (A2.1) implies that, for all » > 0, limy_, o TIn(Gy(V > r)) =
—r. Thus

PEV(U,) >r}) = o((l(lt)) and P({V(Z,)>r}) = o(v(ln)).

On the other hand, we have
E(V(Z)vz,)or) < R-PUV(Z,) =)+ E(V(Z,)1v(z,)>R))-

Finally, by (3.15), the first part of Theorem 2 is proved.

3.5.5. Proof of the second assertion of Theorem 2. Under the additional
assumption, there exists 7 > 0 such that V(z) < r implies |[VV(2)|2 > py V(2),
and we can write (2.4) as

Zpi1=2Zn+ v MZy)+ VnTpi1 + 026041,
with
h(z) = =VV(2)Liv()<r}
Poy1 = —VV(Z,) v (z,)5r)-

Following the proof of the second part of Proposition 6 (Section 3.2.2), we show
that for any A, 0 < A < p, there exists n,, such that for all n > n,,

E(V(Zyi1) = (1= Av)E(V(Z) +0( 12,

and finally
sup E(v(n)V(Z,)) < oo,

which completes the proof of Theorem 2. O

3.6. Proof of Theorem 3.

3.6.1. Weak convergence. Let H, be a random variable with distribution
G1/24- Since g varies regularly with exponent (—7), the Laplace transform
of 4aV(H,), t — g(2a(2t 4+ 1))/g(2a), converges as a — oo to the Laplace
transform of y(n,1/2), t — (2¢t + 1)™". Thus, 4aV(H,) = v(n,1/2) as
a — +oo and, for any r > 0,

G240V > r] = P[4aV(H,) = r] = y(m, 3)([r, +o0[)  when a — oo.
Applying (3.24) with A(¢) = 1/4a(t), we have

P(4a(t)V(U;) = 1) = Gyjga(4a(t)V = 1) + O<a(lt)>’

P[4a(t)V(U,) = r] = y(n, 3)([r, +o0[).
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Thus,
4at)V(U) = y(n, ) and 4v(n)V(Z,) = y(n. 1)

3.6.2. Small deviations. Applying (3.24) with A(¢) = f(a(?))[Ina(t)]/a(?),

we have
rf(a(?))Ina(t)] _ rf(a(®))na(?) 1
Plvwy = TG | = G| v 2 TR o ).
Thus,
ln<P|:V(Ut) - rf(a(:l)()tl)n a(t)D
1
= —In g(2a(?)) + In fvm(t) exp(—2a(t)V(x))dx + O(a(t))’

1n<P[V(Ut) > W}) ~nlna(t) — 2rf(a(t)) Ina(t) + O(agt))’

from which we deduce that

_ rf(a(t)Ina(t)
VU, > a(t)i|> — —2r,

rf(v(n))Inv(n)
o)) e

1
F(a(®) Ina(d 1“<P [
—1 1
f(o(n))Ino(n)

<P|:V(Zn) >

3.7. Proof of Theorem 4. We take up the notations introduced in Sec-
tion 3.5.3. To establish Theorem 4, we have to prove the convergence of

E[(v., \/%VV(Ut))] as ¢ — +oo,

which amounts to proving the convergence of

E[¢(Urratr b+ a(@) VU )] a8t +ox,

or to proving this convergence given U, € K. Thus, we can assume that the
second- and third-order derivatives of V are bounded, in the same way as in
the proof of Theorem 2.

Let W,.; = /u(n)VV(Z,.,). We have

Wn+1 = Wn - ’ynDZV(Zn)Wn + YnTn+1 + szv(Zn)fn—&-l

with E(|7,1]2) — 0.
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We apply the method of the stochastic differential equation introduced in
Section 3.1.2 to the couple (Z,,, W,). We come back here to the interpolation
used in 3.1.2 and we define (X,,Y,) if t € [s,_1, s,] by

(3.25) X, =2y~ (t—5,)VV(Z,) + L Snte
Ju(n)
and

Yt = Wn - (t - Sn—l)DZV(Zn)Wn + (t - sn—l)rn+1
+t =5, 1D*V(Z,)ép 11

with Sp = ZZ:O Yk
We define the family of processes (X®), Y®)), _, by

(3.26)

(3.27) (X, Y™y = (X s Yso)-

Theorem 2 implies that sup,, E(]|W,||?) < cc. Consequently, (X,, Y,)is tight
and sup, E(||Y,|?) < co. Then (X®), Y®) __, is tight, and any closure point
for the weak convergence is a solution of the stochastic differential equation

(3.28) dP, = —-VV(P,)dt,

(3.29) dR, = —-D?*V(P,)R,dt + D*V(P,)dB,,

with (P, R,) independent of (B,).

However, (X,) = G, thus (X®) converges weakly to (P,) defined by P, =
Py, Py with distribution G,. Given Py = z* € Argmin V, the solution of (3.29)
is a geometrically recurrent linear diffusion with stationary distribution v,. =
(0, 1 D2V (z%)).

For all continuous and bounded function ¢ defined on R??, for all ¢ > 0,

|E[¢(Py, R)|Po = 2%, Ro=r] —f¢(2*, y)dvo ()] = Op(z) (1 + [I7II))

with p(z*) < 1.

Let u, probability on R2?, be a closure point for the weak convergence of
(X,,Y,). The first marginal distribution of u is G,, and the second has a
bounded moment of order 2. Let us consider a sequence (u(n)), increasing to
infinity, such that (X ., Y ) = 1.

Let ¢ be a continuous and bounded function, and set ¢ > 0. By the tightness
of (X™, Y®), there exists a subsequence of (u(n)), denoted by (w(n)), such
that (X®(-1) y@®-9) converges weakly to the diffusion solution of (3.28)
and (3.29). Moreover,

BOPLRI- Y Go@) [0 0)dr()] = 0(__sup o))

z*€Argmin V z*eArgmin V

Thus p = 3, cargmin v Go(27)3,- ®v,., which completes the proof of Theorem 4.
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3.8. Proof of Theorem 5.
3.8.1. Preliminary. In order to prove Theorem 5, we first establish conver-
gence rates for the simulated annealing algorithm

2n+1 = Zn - yn[VV(Zn) + Rn+1] + o-nfnJrl’

with strong assumptions on the disturbance (R,). Then, we show in Section
3.7.2 how Theorem 5 may be proved by using this preliminary result.

On a probability space ({2, 7, P) equipped with a filtration & = (%,),-0,
let (Z,) be defined by

(3.30) Zpii=Z,—V[VV(Z,) + Ryl + 061
We make the following assumptions.

(AA1) (R,) and (¢,) are adapted to  and R, ; and ¢, are independent
conditionally on .%,.

(AA.2) ¢, is independent of .7, and has the distribution .#(0, I).

(AA.3) E(|R,;1]%|7,) < n°L, where L is an almost surely finite random
variable and 6 > 1 — a.

LEMMA 8. Under assumptions (A2.1) to (A2.3), and (AA.1) to (AA.3), Theo-
rems 2 and 3 can be applied to (Z,). Under the additional assumption (A2.4),
Theorem 4 can be applied to (Z,).

PROOF. B
Step 1. For any A > 0, set R, = R, 1y |-/a,), and

Zn-kl = Zn - ’)’n[VV(Zn) + Pn+1] + Un§n+1'

Then (Z,) and (Zn) agree on {L < A}. L being almost surely finite, P(L >
A) - 0 as A— + oo; therefore, it is enough to prove the lemma assuming L
deterministic. R

Step 2. We define (Z,,),.y by Zy = Z and

Zn+1 =Z,— v, VV(Z,)+ i1 forn > N.
For i < j, let us denote by ITi*/ and I1**/ the distributions of Z ; and Z ; given

;, respectively.
The density of I1™ "+ with respect to Lebesgue measure is

||Zn+1 B Zn + ynVV(Zn)HZ
20,% ’

Zpi1 > exp|:—
and the density of [I"»"*! is

7 = 2
2 > E(exp|:— 2041 — Z, + anVZ(Zn) + 9, R ”7’1)
O-Tl
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Let K be the Kullback information. Since &,,; and R, ; are independent

dl

given 7,, we have, given Z, = Zn,
N 1
R[0T = B 0 @0 Rar, ) + 92 Ra )]

v(n)

K[Hn,n+1, ﬁn,nJrl] — 7

2 n
sz BRI, =

Given Z = ZN,

R N+n U(_])
K HN,N+n HN,N+n L 'Y]
[ ’ ] = Z 2

j=N
Therefore, || - ||yar being the total variation of a measure, given Z = A N>
N+n F—8 N\ 1/2
[T N NN O(( i 7#”0)) />
var -t 2 :
Jj=

Since ¢ > ¢~?y(t)v(t) varies regularly with exponent —(a +8), 6§ > 1 — a,

(£ mm) =0l

Let ¢ be a continuous function with compact support. In view of the inequality
(3.22) of the proof of Theorem 2, uniformly for Z, = Z, = zin a compact set K,

1
|E(&(Us,760)) = Gryzat, -6, (6)] = O(U(n))

Let B be an increasing function such that ¢, + 7(¢,) € [¢,1g(x)-15 tnspm)- We
have then

\E(¢(Z 1) = Grjait, ++(t,) (D))

< 0y ) + B ) - B, )

1
|E((Zn1pm)) = Gryat,+,0)($)] = O<v<n>>'

We deduce that, given A N = Zy = 2, uniformly for z € K,

~ 1
BO(Zx1000) - Grs @] = O 1 )

Step 3. On the other hand, E(|R,1|?) < Ln~?, thus sup, E(v(n)||R,.1]?) <
oo. Proposition 6 may be applied. Therefore sup, E(V(Z »)) < 00, and there
exists R > 0 such that E(V(Z,)1;yz ). r) = OG&y)-

Then, we may conclude by following the end of the proofs of Theorems 2, 3
and 4. O
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3.8.2. Proof of Theorem 5. We use the averaging method of the disturbance
(&,,) introduced by Walk [28] or by Hwang and Sheu [17].
For N > 1, let us define (z,),.y by €y =0 and, for n > N,

n

z =/ Zh .
n+l — Sn §A8J+1’
J

Jj=N
where {,, = [Tj_n(1—7;). Let (Z,)n>n be defined by Zy = Z 5 and, for n > N,
Zpi1=Zn = Ya[VV(Z0) + & + Fnsa] + 0nnin-
With VV being globally Lipschitz, VV(Z,) = VV(Z,)+ O(|Z, - Z,|), and
Zpi1 =2y~ alVV(Z,) + Rya] + 0,601,

with Rn+1 = gn + T+l + O(Hzn - Zn”) o
- Thus, it is sufficient to prove that Lemma 5 can be applied to (Z,,) and that
Z,—Z,= oﬂv(n)]‘l) almost surely in order to establish Theorem 4.
However, Zn+1 - Zn+1 =Zn,—ZytYnEn—Yn Ent1s thus Zn+1 - Zn+1 = —&py1-
It is finally enough to prove that there exists § > 1 — a such that
22 =0(n"? as.

From Chow’s theorem (see, e.g., [14]), for all 8 > 0,

o ) n ﬁ n ﬁ 1+8
.1 = O] &, Z 2 In Z 2 a.s.
=N & =N &

Under (A3.3.1): Let G(¢) = f;, v(s)ds. We have ¢, ~ exp(—G(n)) and
noo~2 n G(n)
> L [M @0 ds~ [ (G (5)e* ds ~ 7,600,
i~ & N G(N)
Thus,

of & 75 N N 2G(n)\11+8 1
g > %[ S B]) T~ wlineer ) ~ e,
=N & j=N &

and t — y(¢t)[G(¢)]'*# varies regularly with exponent 6 = —a + (1 —a)(1+ g8),
for an arbitrary 8 > 0.

Since & > 2, there exists B > 0 such that § > 1 — & and |[5,[?> = O(n™?)
almost surely.

Under (A3.3.2): since v, = yo/n, we have Y }_y v, = O(Inn), {, = O(n™ 1)
and 7_y(v}/2) = O(n).

Consequently, vV 8 > 0,

1
I2,1% = O|:n[ln n]”ﬁ] a.s.

Thus ||z,)2 = O(n~°) a.s. for all § such that 0 <§ < 1. O
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