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A TRANSITION FUNCTION EXPANSION FOR A DIFFUSION
MODEL WITH SELECTION

BY A. D. BARBOUR,! S. N. ETHIER AND R. C. GRIFFITHS

University of Ziirich, University of Utah and Monash University

Using duality, an expansion is found for the transition function of
the reversible K-allele diffusion model in population genetics. In the neu-
tral case, the expansion is explicit but already known. When selection is
present, it depends on the distribution at time ¢ of a specified K-type birth-
and-death process starting at “infinity.” The latter process is constructed
by means of a coupling argument and characterized as the Ray process
corresponding to the Ray—Knight compactification of the K-dimensional
nonnegative-integer lattice.

1. Introduction. Consider the K-allele diffusion model in population ge-
netics, where 2 < K < oo. It assumes values in the (K — 1)-dimensional
simplex

(1.1) AK:={x=(x1,...,xK): xlzo,...,xKEO, x1—|—+xK=1}

and is characterized in terms of the generator

1 X 92
L:= Qiz_jlxi(aij - xj)m
s J=

(1.2)

K[ K K P
+Z|:Z Vjixj+xi<z o= ) O'klxkxl)i| )
i=1] j=1 k, I=1 Ix;
where the infinitesimal matrix (y;;) describes the mutation structure and the
real symmetric matrix (o;;) describes the diploid selection pattern. (By “in-
finitesimal matrix” we mean a square matrix with nonnegative off-diagonal
entries and row sums equal to zero.) The domain of L is (L) := {f|a,: f €
C%(RX)} and (9/3%;)(f|ag) := (9f /3%x;)|a,- This formulation of the generator
is due to Sato (1978).
Wright (1949) showed (essentially) that when

(1.3) v =130, >0, i,je{l,...,K}, i # Jj,

(and hence v; = —(1/2) 3. j4; 0;) the diffusion has a unique stationary dis-
tribution II in £(Ag), the set of Borel probability measures on Ag, given by

(1.4) I(dx) = Cxi'~ L. XK ! exp{ Z 0% X }dxl dxg_q.
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In the neutral case (o0;; = 0 for i,j = 1,...,K), C = T'(0; +--- +
0g)/(I'(0;)---T'(0g)) and II is the Dirichlet distribution with parameters
01, ..., 0k, which we denote hereafter by Dir[6], where 6 = (6, ..., 0g).

In the neutral case more generally, it is known that the diffusion has a
unique stationary distribution Il € 2(Ag) assuming only that the infinitesi-
mal matrix (y;;) is irreducible [Shiga (1981)], and in the latter case that the
diffusion is reversible with respect to II if and only if (1.3) holds [Overbeck
and Rockner (1997) and Li, Shiga and Yao (1999)].

Explicit eigenfunction expansions for the transition density were found in
the neutral case assuming (1.3) independently by Shimakura (1977) and Grif-
fiths (1979). Shimakura’s expansion was in terms of a pair of biorthogonal
systems of eigenfunctions (the Appell polynomials), whereas Griffiths’ was in
terms of a single orthonormal system of eigenfunctions (not explicitly identi-
fied). Here orthogonality is in LZ(Dir[6]).

Griffiths and Li (1983) and Tavaré (1984) later found a simpler expansion
for this transition function, which can be described as follows. Let {N(¢), ¢ >
0} be the pure death process in Z, U {oo} starting at the entrance boundary
oo with death rates

(1.5) q°(n,n—1):= %n(n —1+16)),
where |6] := 0; + --- + 0, and define
(1.6) d;(t) =P[N(t) =n], n=>0,t>0.

A complicated but explicit formula for d (¢) is known; see, for example, Tavaré
[(1984), equation (5.5)]. In what follows, we use the vector notation

K K
| |af! o
1.7 = . - @ — i
( ) |a| iglal’ <a a1!~..aK!, x iI;[]_xz ’
for @ € ZX and x € Ag, where 0° := 1.

THEOREM 1.1. If2 < K < oo and 6, > 0,...,0g > 0, then the neutral
diffusion model in Ag with generator L as above, in which the infinitesimal
matrix (;;) satisfies (1.3) and o;; =0 for i, j =1, ..., K, has transition func-
tion P(t, x, dy) given for each t > 0 and x € Ag by
(1.8) P(t,x,)=>_dy() > (n)x“ Dir[a + 0](-).

a

n=0 aeZk: |a|=n

This expansion has several important consequences; in particular,
(1.9) dpy(P(¢, x, ), Dir[6](-)) < 1 —d§(¢), t>0, x€Ag,

where dry(u, V) = Supacyg) |[w(A) — v(A)| denotes the total variation dis-
tance between the Borel probability measures u and v on E. In fact, since
1—dj(t) < (1+6))e 12 for every ¢ > 0 [see Tavaré (1984), equation (5.9)],
we have an explicit estimate on the rate of convergence to equilibrium. It
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is thus of interest to extend the expansion to models of greater generality,
especially those incorporating selection.

Before turning to such models, we point out an alternative form for (1.8).
Let {a(?), t = 0} be the K-type pure death process starting at “infinity” with
death rates

(1.10) gla,a— &) = 1a;(|la| — 1 +0)), acZ¥ 1<i<K,

where ('), := §,;;. Given x € Ay, the process is uniquely determined if we
require that

(1.11) la(t)] = oo and  a(?)/|a(t)| = x ast— 0.

To see this, define the one-to-one map p: ZX > {0} U (N x Ag) by

(1.12) p(0)=0,  p(@)=(ala/lal) if a0

and regard p(e) as « in radial form. Identifying ZX with p(ZX), we compactify
the former by letting F' be the closure of the latter in the compact space
{0} U (NU {o0}) x Ag); that is,

(1.13) F ={p(a): @ € ZX} U ({oo} x Ag).

Since the transition probabilities of the K-type pure death process are given
by

() (52
| ’
(\B\)

P; .(t) being the transition probabilities of the one-dimensional pure death

process with death rates (1.5), it is a simple matter to show that the formula

(1.15) T)f(p() == 3 f(p(B))Pap(t),

BeZX

(1.14) Pog(t) = Py 5(2)

a=p,

extended to F by continuity, defines a Feller semigroup {7'(¢)} on C(F). We
can therefore define

(1.16) dg(t,x)= lim  P(t)

p(a)= (0, x)

and note by (1.14) that

(1.17) dg(t, x) = OBI(t)(Lg')xB’
Consequently, we can rewrite the transition function (1.8) in the compact form
(1.18) P(t,x,-)= > d(¢ x)Dir[a + 0](-).

anf

Let us now include haploid selection in the model [and retain (1.3)]. This
amounts to assuming that there exists o = (o4, ..., 0g) € RX such that

(119) (Tij=0'i+0'j, i,jz]_,...,K.
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By (1.4), the unique stationary distribution in this case, which we denote by
1] 6], is absolutely continuous with respect to Dir[0] with Radon—Nikodym
derivative equal to

(1.20) (d11[0]/d Dir[6])(x) = c(8) " €27,

where ¢(0) is a normalizing constant depending implicitly on o, namely,

(1.21)  ¢(6) = / e27Y Dir[0](dy) € [exp (2min o;), exp (2 max ,)].
Ag

By analogy with (1.18), we might expect a transition function expansion of the
form

(1.22) P(t,x,-)= Y by(t, x)[a+ 60](-),

anf

where the coefficients b,(¢, x) remain to be determined.

In Section 3, we show that b.(¢, x) is the distribution at time ¢ of a K-type
birth-and-death process {a(?), ¢ > 0} starting at “infinity” with death and
birth rates

- 1 cla—e' +0)
1.23 —&') = —q —-1410))—————=
(128) e 0= o) = soa(lal = 1+ |0 L
and

; o+ 0; cla+ & +0)

1.24 “Yi=o0; : L
-2 A A I R,
where
(1.25) o; = (max o;) — 0;.

The dependence on x enters by requiring that (1.11) should hold, for which
it is necessary to show that a process with this initial behavior and these
transition rates can be constructed. It appears that semigroup theory does
not easily apply (except in the neutral case). Instead, we construct the process
directly for each x € Ax by means of a coupling argument, given in Sections
4 and 5, and then show in Section 7 that we have found the Ray process
corresponding to the Ray—Knight compactification of ZX.

In the neutral model, the probabilities d; (¢) determine the distribution of
the number of nonmutant ancestors of the current infinite population at time
t in the past [Griffiths (1980), Griffiths and Li (1983), Tavaré (1984), Donnelly
and Kurtz (1996)] and are related to the coalescent process [Kingman (1982)].
Krone and Neuhauser (1997) have obtained an analogue of the coalescent in
a large-population limit from a Moran model with selection, the same limit
that leads to a diffusion process with generator L, while Donnelly and Kurtz
(1999) have constructed an ancestral graph process for a Fleming—Viot model
with selection, the latter being a generalization of the diffusion process with
generator L; the relationship between these ancestral processes and the K-
type birth-and-death process is as yet unclear.
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A proof of Theorem 1.1 can be found in Ethier and Griffiths (1993). That
proof uses the fact that the probabilities d (¢) satisfy the Kolmogorov for-
ward equations for the one-dimensional pure death process with death rates
(1.5). Here we take a different approach, basing the derivation on duality
and reversibility. Duality was used in a similar context by Tavaré (1984), but
our dual process is somewhat different. In the next section, we formulate the
transition function expansion for a class of diffusions in Ax with polynomial
coefficients. Section 3 then specializes these results to the K-allele diffusion
model with generator L as in (1.2) and (1.3); in particular, diploid (not just
haploid) selection is permitted.

2. Duality method. Let L [not necessarily as in (1.2)] with domain
9(L) := C%(Ag) and range in B(A), the space of bounded Borel functions on
Ag, be the generator for a Markov process in A i with Feller transition function
P(t, x,dy) and stationary distribution Il. Assume that Il charges nonempty
open subsets of Ag. Define f, € 2(L) for each a € ZX by f,(x) = x*, and
assume that

(2.1) Lf,= Y raB)fp  acZk,
BeZf
where r(a, 8) > 0 for all « # B and r(a, ) < 0 for all a. Define
(2.2) m(a) = / £, dll
Ag
and note that m(a) > 0 for all « € ZX. Moreover,
(2.3) 0= / Lf,dll= Y r(a, B)m(B), «cZk,
Ak BeZX

where the interchange of sum and integral is justified by virtue of the fact
that every summand in (2.1) save one is nonnegative. If we define

(2.4) a(e, B) = m(a)"'r (e, B)m(B),
then g(a, B) > 0 for all a # B, g(«, a) < 0 for all «, and, by (2.3),
(2.5) > q(a,B)=0, aeZk.

pezZk

Further, defining

(2.6) 8o =m(a)'f, € (L),

(2.1) becomes

2.7 Lg,= Y qla, B)gs, aeZk.
BeZf

We assume that (q(a, B)) is the infinitesimal matrix for a nonexplosive pure
jump Markov process {«(t), ¢ > 0} in ZX with transition probabilities Pg(t),
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and we denote by {x(¢), ¢ > 0} the Markov process in Ax with generator L.
Then, in principle,

2.8)  E{g.(x(1)} = E{gan(®)},  (x,0) € Ag xZE, =0,
where the subscripts on the expectations denote the starting points, or

m@) " [ fu(2) P(t.x.d2) = ¥ Pop(Im(B) " f ().

(2.9) BeZX

(x,a) € Ag x ZK, t>0.

Since we have not assumed that g,(x) as a function of « belongs to the domain
of the generator of the jump process for arbitrary x, (2.8) requires additional
justification. By Corollary 4.4.15 of Ethier and Kurtz (1986), it suffices to
assume that there exists H: ZX - [0, c0) such that

(2.10) g.,(x)+ |(Lg,)(x)| < H(a), (x,a) € Ag x ZX,
and

(2.11) {H(a(t ATy)), 0 <t <ty, N> 1} is uniformly integrable
for each initial state o € Zf and each ¢; > 0, where

(2.12) 7y =inf{s > 0: |a(s)| = N}.

To express P(¢,x,-) in terms of the transition probabilities P,z(¢) using
(2.9) requires a method for recovering a distribution from its moments. For this
we observe that the moments can be used to define a sampling distribution,
which as the sample size tends to infinity converges weakly to the distribution
we seek. More precisely, given u € 2(Ag),

(2.13) A= ¥ (”) [ Fudido,=n,
a€Zk: |a|=n @/ Ik

for if G C Ag is open, then, by Fatou’s lemma and the weak law of large
numbers for an i.i.d. sequence of multinomial(1, y) random vectors,

timinf A,u(@) =limint [ 3 (") £u(5)30(G) (@)

K aeZK: |a|=n

214) > [ timint 3 (1))@ ()

aeZX: |a|=n

= [ 8,(G) u(dy)
Ag

= w(G).
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Incidentally, note that, since (‘g‘) fp <1forall peZk,

8a(%) + [(Lga)(x)| = 3° (8up + lq(a, B))8p(x)

pezX
L (1BN7!
(2.15) < Y (8up + la(a, B)m(B) !
BZZ ’ (B)
=: H(a)

for all x € Ax and a € Zf, so we assume that (2.11) holds with H given by
(2.15) and 7y by (2.12).

LEMMA 2.1. Let p, pg € #(Ag) and suppose there exists a Borel function
h: Ag — [0, 00) such that, with p as in (1.12),

fA fa d:“*
(2.16) liminf =%——— > A(y), e A
pl@)=>(.9) [y, fadito 2 reoK

and fAK hdug=1. Then du = hdu,.

PrOOF. Define £, on Ag by

fu d;u// foduo, if x = a/n, where a € ZK
(2.17)  h,(x) = § 2« Ak and |a| = n,

0, otherwise.

Then, for each g € C(Ag) with g > 0,

/ gdp=lim [ gdA,u
Ag n—00 JA,

—lm Y g(a/n>(2) [, fodn

n—oo
aeZX: |a|=n

(2.18) —lim Y g(a/n)hnm/n)(’;) [ Fadio

where the inequality uses (2.13) with u, in place of u, the Skorokhod repre-
sentation theorem, Fatou’s lemma and (2.16). This implies that du > A dpu,,
and since & is a probability density with respect to w,, equality must hold,
thereby proving the lemma. O
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To apply the lemma, we will need to assume that

(2.19) bg(t, y):= liminf P,4(¢), B eZX,
pla)—> (o, ¥)

defines a probability distribution on Zf for each ¢ > 0 and y € Agr. We will
also assume that for each ¢ > 0 the probability distribution (2.19) is weakly
continuous in y € Ag.

Fixt > 0 and x € A and let u = P(¢, x, -) and pg = Il in the lemma. Using
(2.2), (2.9) and Fatou’s lemma, we have, for each y € Ag,

Jap Fa(2) P(t, x, d2)

1- . f AK — 1 f P 1
) T T AT iR T PO
(2.20) = ) bg(t, y)m(B)‘lfB(X)
pezf
= ¢(t, x, ).

We must show that [, (¢, x, y)Il(dy) = 1.
Recall that ¢ and x are fixed and define 4, on Ag by (2.17) with u = P(¢, x, -)
and uy = I, and define ¢, on Ax by

220 a= L ()= [ hdre,
aeZX: |a|=n K

Then fAK ¢, dIl =1 for each n > 1 and

(2.22)  liminfé,(y) > f b(t, x,-)dd, = b(t, x,y),  yeAg,
n—o0o Ax
using (2.20) and the argument cited for (2.18), so Fatou’s lemma implies that

(2.23) 1= hmlnf qS dIl > liminf ¢, dII > /A o(t, x, y) [1(dy),
K

n— oo Ag N0

and this holds for arbltrary t>0and x € Ag.
Keep ¢ fixed. Then

[ [ et A Tdx) = [ [t x y)(dx) TI(dy)
Ag YAk Ag JAg

(2.24) = [ X by(t ) TI(dy)

K pezf
=1
by our assumption that (2.19) defines a probability distribution on Zf. This

and (2.23) tell us that fAK ¢(t, x, y)II(dy) = 1 for Il-a.e. x € Ag. For such x,
Lemma 2.1 applies, and we conclude that

(2.25) P(t, x,dy) = ¢(t, x, y) [1(dy), [M-a.e. x € Ag.
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Now we assume reversibility with respect to I, which means that
(2.26) M(dx) P(¢, x, dy) = I1(dy) P(¢, y, dx).

This and (2.25) then imply that, for II x [I-a.e. (x, y) € Ag x Ag,

(2.27) b(t,x,y) = b(t, y, %)= > bg(t, x)m(B)"'f ().
Bezf

Defining

(2.28) dlly = m(B) " f 5 dIl,

we conclude from (2.25) and (2.27) that

(2.29) P(t,x,dy) = Y. by(t, x)Tz(dy)
Bezf

for [I-a.e. x € Ag, hence for all x € Ag by the Feller property of P(¢, x, dy) and
by the assumption that the probability distribution (2.19) is weakly continuous
in ¥y € Ag. Since ¢ was arbitrary, we have (2.29) for all £ > 0 and x € Ag.

For the convenience of the reader, we provide a formal statement of the
result we have just proved.

THEOREM 2.2. Let L with domain 9(L) := C?(Ag) and range in B(Ag)
be the generator for a Markov process in Ag with Feller transition function
P(t, x, dy) and stationary distribution 11 with respect to which the process is
reversible. Assume that 11 charges nonempty open subsets of Ag. Define f, €
9(L) for each a € ZX by f.(x) = x* and assume that the matrix (r(a, B))
satisfies (2.1), where r(a, B) > 0 for all a # B and r(a, @) <0 for all a. Define
m(a) by (2.2), q(a, B) by (2.4) and Iz by (2.28). Assume that (q(«, B)) is the
infinitesimal matrix for a nonexplosive pure jump Markov process {a(t), t > 0}
in ZX with transition probabilities P,4(t) and that the function H: ZX
[0, o0) defined by (2.15) satisfies (2.11) using (2.12) for each initial state a € Zf
and each ty > 0. Assume that (2.19) defines a probability distribution b.(t, y)
on Zf for each t > 0 and y € Ag, and that, for each ¢t > 0, this probability
distribution is weakly continuous in y € Ag. Then, for each t > 0 and x € Ay,

(230) P(t’ X, ) = Z ba(t7 x) Ha(')'

acZk

The following corollary is immediate; it is useful if the dual process starting
at “infinity” absorbs at 0 with probability 1.

COROLLARY 2.3. Under the hypotheses of Theorem 2.2,

(2.31) dpy(P(t, %, ), TI()) < 1= by(t, x),  t>0, x €Ag.
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3. Application to the K-allele model. In this section we apply Theo-
rem 2.2 to obtain a transition function expansion for the K-allele diffusion
model discussed in Section 1. The generator L is given by (1.2) and (1.3).

Let us treat the case of haploid selection first, because some simplifications
occur in that case. Here (1.19) holds, so

K K
Lfa = % Zai(ai -1+ ei)fa—gi - Z O-i|a|fa+8i
i=1

i=1

3.1) K
- {%|a|<|a| —1+6) - Zoiai}fa-

i=1

Using the notation (1.25) and the fact that ZLK:1 fasei = [o for each a € ZX,
this becomes

K K
Lfa = % Zai(ai -1 + Oi)fafsi + Z O-i_|a|fa+£i
i=1 i=1

(3.2) «
—{%Ial(lal —1+160)+ foiai}fa,

i=1
and (2.1) holds with
(3.3) r(a, a— &) = %ai(ai —1+6;), r(a,a+ &) = o; |al.
Let

I'(16]) I(a; +01)--T(ag + 0g)
r6,)---T'(0g) L(le| +16]) ’

(3.4) y(a, 0) =

and observe that
(3.5) d Dir[a + 6]/d Dir[0] = y(a, 6) 1 f,,.
Consequently, recalling (1.20) and (1.21),

m(a) = [ fodl[o])=c(6)" [ fu(x)e Dir[6)(dx)

3.6) — y(a, 0)c(6)! /A 2% Dir[a + 0](dx)
_ c(a+6)
- 'Y(a, 0) C(G) ’
and we conclude from (2.4) that
o) = Yo (lal — (a—s'+06)
(3.7 q(a,a—¢")= 2al(|al 1+16]) @t 0
and

a;+ 0, c(a+ & +0)
la| + 18]  c(a+ 0)

(3.8) q(a,a+ &)= o7 |a|
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These are the rates for a K-type birth-and-death process. Note that deaths
occur at a quadratic rate, births at a linear rate.

We now turn to the general case (diploid selection), in which the dual pro-
cess turns out to be more complicated. By (1.2) and (1.3),

K K
Lfo=3Y a0, =14 0)f0 s+ > 030 [ atei
i=1 i, j=1

(3.9) «
= 2 oylelfareire = 5lal(jal = 1+ 10])f ..

i, j=1

A successful reduction to a form in which (2.1) holds with the coefficients
r(a, B) having the appropriate signs can be achieved by defining

—(min(fkl), O'I; =(maX0'kl)—0'l~,
(3.10)

0 = max O — min Ol
in which case

K K K
Lfa = % Zai(ai -1+ Gi)fa—ai + Z (Z U;;ai)fa+s'/

i=1 j=1\i=1

(3.11)

+ Z L]|a|fa+s+gj_%|a|{|a|_1+|0|+26}fa.
i, j=1

Arguing as in the haploid case and letting

c(e)=/A exp{ > oyxix; }Dlr[e](dx)

(3.12) i, j=1
€ [exp (min 0;;), exp (max o;;)],
we have
N c(a— &' +0)
1 — &)= Za; -1
319 (e, o= &) = Gaillal = 1+ 1) = o
a;+0; c(a+ g/ +0)
3.14 =
(3.14) qla,a+¢&') = Z | |+|9| oD
and
(a; +8;+0;)(a;+0;)
g(a,a+e& + ') = ool
+1+]6 +16
(3.15) (| 161)(la| + [6])

cla+e +e/ +0)
c(a+0)
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These are the rates for a K-type birth-and-death process that permits the
birth of twins. [Note that they do not reduce to (3.7) and (3.8) when (1.19)
holds.] Again, deaths occur at a quadratic rate, births at a linear rate.

We now turn to the uniform integrability condition (2.11). Note first that,
by (3.10) and (3.12)—(3.15),

K
(3.16)  ge 7lel(lal = 1+10]) < 3" q(a, a — &) < ge7lal(ja| — 1+ 0)),
i=1

K
(3.17) 0<> qla,a+ &) <Tea
i=1
and
K . . —
(3.18) 0< Y qla,a+¢ +8&')<7eal
i, j=1

[This is, of course, still true in the haploid case (1.19), where o = 2(max o; —
min o;), but in that case the bound on the right side of (3.17) can be halved,
using (3.8).] The generator L* of the K-type birth-and-death process has the
form

K
(L*e)(a) = 3 qlar, & — ") p(a — &') — ¢(a)]

i=1
K
(3.19) + Y qla, a+ &) e(a+ &) — o(a)]

i=1
K
Z g(a,a+ & + &) e(a+ & + &) — o(a)],

i, j=1

so if ¢;(a) := (Ja| + 1)’ for [ € N, then

(L)) (@) < 3¢ 7n(n —140)[n' — (n+1)']
(3.20) +7e’n[(n +2) — (n+1)' + (n +3)' — (n + 1)']

< Cl7 o € Zf,

where n = |a| and the existence of C; is due to the fact that the penultimate
expression is negative for n sufficiently large. We conclude that

E,{(Jatt A7)l + 1) = (lal + 1) + B[ [ (L7 ats)) ds]

< (Ja| + 1)! + Cyt.

(3.21)
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Observe next, using (2.6), (3.6) and (3.4), that
8o(x) = m(a) ! fo(x)

< m(a)fl <|Z|)_1

eyt SO (1)

(3.22) ) cla+0)\ a
_eT(0,)---T'(bk) LU(la| +16])
- r'(ep) I(ey +61)---T(ag + 0g)
Moy +1)-- - I'(ag +1)
I'(la] + 1)

= B0(|a|+1)10, (x, Cl) EAK XZf,

for constants B, > 0 and /, € N sufficiently large. It follows that H, defined
by (2.15), satisfies

(3.23) H(e) < B(la| + )2, aeZ,

for a constant B sufficiently large. We therefore obtain the required uniform
integrability from that fact that (3.21) holds for I =/, + 3.

We postpone to Sections 46 the verification of the hypothesis that, for
each t > 0, b.(¢, y) is a probability distribution on Zf for every y € Ag that
is weakly continuous in y. Modulo this step, we have verified the hypotheses
of Theorem 2.2. We give below a precise statement of the resulting transition
function expansion, but first we weaken our hypotheses a bit.

Just as Theorem 1.1 can be generalized to permit

(3.24) y;=130,>0, i,je{l,...,K}, i Jj,

in place of (1.3) [see Ethier and Griffiths (1993)], the transition function ex-
pansion for the K-allele diffusion model with selection permits a similar gen-
eralization. Let 0 = (6,,..., 0), where 6; > 0,..., 0k > 0, and let (0;;) be a
real symmetric K x K matrix. Then the diffusion process with generator L
as in (1.2) and (3.24) has a unique stationary distribution, provided only that
|6] > 0. In the neutral case it is given by

(3.25) Dir[0](-) := P[(Y1/|Y],.... Y &/|Y]) € ],

where Y, ..., Y are independent random variables with Y; being gamma
(0;, 1) distributed, Y = (Y{,...,Yg)and |Y|=Y; +--- + Y. [By definition,
gamma(0, 1) is the distribution of the zero random variable.] In general, the
unique stationary distribution, which we again denote by II[6], is absolutely
continuous with respect to Dir[8] with

1

(3.26) (d11[6]/dDir[0])(x) = c(8) " exp{ i{: a'ijxixj},

1
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where c(6) depends implicitly on ¢. The transition rates (3.13)—~(3.15) [or (3.7)
and (3.8) in the haploid case (1.19)] can now be defined (even if § = 0, because
any undefined factors are multiplied by 0), and we denote the transition prob-
abilities of the resulting birth-and-death process in ZX by P 4(¢).

THEOREM 3.1. Suppose 2 < K <00, 61 >0,...,0k >0, and (o;;) is a real
symmetric K x K matrix. With p as in (1.12), assume that, for each t > 0 and
Yy G‘AKa
(3.27) bs(t, y) := liminf P4(t), cZX

pltry) = Uminf Pop(t). B eZy
defines a probability distribution on Zf and that this probability distribution
is weakly continuous in y as well as in 0. Then the diffusion model in Ag with
generator L as in (1.2) and (3.24) has transition function P(t, x, dy) given for
each t > 0 and x € Ag by

(3.28) Pt x, )= 3 by(t, x)[a + 6]().

acZk

REMARK. The hypotheses concerning (3.27) will be verified in Sections 4—6
and 8.

PrROOF. We know from Theorem 2.2 that (3.28) holds if 6; > 0,..., 0 >
0. The left side of (3.28) is weakly continuous in 6 by Trotter’s semigroup
approximation theorem, and the right side is weakly continuous in 6 by our
assumption that b.(¢, x) is weakly continuous in 6 and the fact that II[6] is
weakly continuous in 6 (except at 6 = 0 where it is undefined). If 6 = 0, the
death rates take the form

c(a— &)

c(a)
In this case the @ = 0 term in (3.28) is absent, because by(¢, x) = 0. Thus,
(3.28) holds in general. O

(3.29) gla,a— ') = La;(Ja| - 1)

The case of no mutation ( = 0) and two alleles (K = 2) was studied by
Kimura (1955, 1957).
As in Corollary 2.3, if |6] > 0, then

(3.30) dpy(P(t, x,-), TI[0](-)) < 1 —by(t, x), t>0, xeAg,
thereby generalizing (1.9).

4. The entrance process: preliminaries. Let X be a (continuous time)
pure jump Markov process in ZX, whose transitions are specified by

o — a—gl at rate a|a| + f1;(a),
“wn «— o+ el at rate f5;(a),

a—> a+e +e&/ atrate f3ij(@),
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where the f-functions are Lipschitz and satisfy

42) f1;(0) =0, |F1(a) = fr(2)] = ¢jjla — o,
f3;(0) =0, |Faij(@) = f3i(a)| < egyjla— o],
for all a, o € Zf, [l =1,2,and i, j = 1,..., K, for some nonnegative c’s;
assume also that there exists C; > 0 such that
(4.3) fij(a) = —Cia;

for all « € ZX and j = 1,..., K. Here and throughout, |w| := 25{:1 lw;|
for w € RX. Such a process races “away from infinity” very fast, because
of the downward rates which are quadratic in the components of X. In this
section and the one that follows, given any p € Ag, we show that there is
a Markov process {X”(¢), ¢ > 0} in ZX with these transitions that satisfies
lim,_, o | XP(¢)] = co and lim,_, o XP?(¢)/|XP(¢)| = p. We establish the existence
of XP as the weak limit of a sequence of processes X, the nth of which is
defined for ¢ > 1/n and has | X™(1/n)| = n and p™ := n"1X™(1/n) as close
as possible to the specified p. We are interested in processes of this general
form, which covers processes with rates given by (3.7) and (3.8), as well as
those with rates given by (3.13)—(3.15) (see Section 8), provided that in these
applications time is speeded up by a factor of 2; this latter modification of
course has no effect on the existence of the limit process X 7.

The argument is based on two observations. The first is that the processes
| X™)(¢)| do not get too far from the curve x(¢) = 1/¢, which is a crude approxi-
mation to the evolution of the expectation of | X *)(¢)| when the f-functions are
identically zero. The second is that if two such processes X and X’ start with
| X(1/n)] = |X'(1/n)|] = n and with X(1/n) not too different from X'(1/n),
then they can be constructed on a single probability space in such a way
that X(u) = X'(u) for all u > u, with probability at least 1 — q,,, where
lim, . u, =1lim,_, . q,=0.

These observations allow one to make explicit statements about the total
variation distance between the distributions of the processes X (™ and X on
t > t, for any ¢, > 0, as follows. Supposing that m > n, let X(™) evolve until

| X (™)| first hits n, which takes place at a time T;(lm) not very different from 1/n,

by the first observation. At this time, the proportions X (7)/| X (z{™)|
are little different from their initial values (in fact, uniformly in m > n), which
are themselves not too different from those of X (), because both are close to p.
Now consider X := X and X'(-) := X (-+7\"™ —1/n) and apply the second
observation: the total variation distance between their distributions on ¢ > u,,
is at most q,, (again, uniformly in m > n). Then it suffices to establish that the
probability that X has a transition in any interval [¢,, £, + 1) becomes small
with 7, uniformly in n, so that, using the Markov property, the coupling of X
and X’ can be modified to one of X and X(™, without the small random
time shift. This establishes the existence of the weak limit of X as n — oo
on any interval [¢,, co) for any ¢, > 0 and hence of the required process X?.
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Turning to the details of the argument, the simplest part is the last, showing
that, for any given ¢, > 0, the probability that X(") has a transition in [#,, ¢, +
1) becomes small with 7, uniformly in n. For this, it is enough to show that
there is a stochastic upper bound for the distribution of | X™)(¢,)| which is
uniform in n > ny(¢,) and in X (1/n), subject to |X™(1/n)| = n. This is
because the sum of all the transition rates of X is bounded, by By, say, in
the set 23, := {a: |a| < M}, for any choice of M; the chance of a transition in
a time interval of length n when starting in any state of 27, is then no more
than 7By, which can be made small by choice of n for any fixed M; and the
probability that X (¢,) € 23, can be made arbitrarily close to 1, by choice
of M.

Before proceeding any further, we identify a class of martingales associated
with a countable-state pure jump Markov process that will be needed in what
follows. Let X be a nonexplosive pure jump Markov process in a countable
state space ./ with infinitesimal matrix (g,;) and with natural filtration 7,
t>0.Let U: . x R, — R be such that, for each i € ./, U(3, -) is absolutely
continuous and }_ ;c , q;;i|U(J, t)| is bounded on bounded intervals. Define the
action of the space—time generator o/ on U by

(4.4) (Ui, t) = %(i,t)jt > g iU, ¢) - UG, t)}.
Ji J#i

Let E; denote expectation conditional on X (0) = i.

LEMMA 4.1. Suppose that, for each i € 7, E;|(~U)(X(u), u)| is integrable
over finite intervals and that E;{supy,-, |U(X(u), u)|} < oo for each t. Then

t
(4.5) M) :=U(X(2),t) —/ (ZU)NX(u),u)du
0
is an J;-martingale.
PrROOF. Let the sequence of jump times of X be denoted by 7,,, n > 1. Then
a simple calculation using Fubini’s theorem shows that, for each i € ./ and
t>0,
TINE
4.6) E,U(X(ryAt), 7 At)=U(,0)+ E{/ (U)X (w), u)du},
0
the expectations existing because of the assumptions on U, from which and the

strong Markov property it follows that, for fixed ¢ > 0, the sequence M (7, A t)
is an 7, ,,-martingale and hence that

EU(X (7). 1)1ps, oo | + BAUX (0, D1, 2]

@ ~ UG 0+ B [ (U)X @) 0 du 1,

+ Ei{f()t(MU)(X(u), w)du 1{,”2”}.
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Letting n — oo and using the conditions of the lemma to justify application
of the dominated convergence theorem, it follows that E; M (¢) = M(0) for all
i and ¢, and the Markov property concludes the proof. O

We now formalize the discussion that preceded Lemma 4.1 with the follow-
ing lemma.

LEMMA 4.2. There exists a constant C such that, for each n, E|X™(¢)| <
C(1+1/¢) forall t > 1/n.

ProOF. To establish such a bound, compare the process | X (")| with a pro-

cess S™ on Z, N[1, o), for suitably chosen I, which also has S™(1/n) = n,
but which has transition rates given by

i—i—1 atrate (1— ¢)i2 i1>1+1;

(4.8) i—i+1 atrateiei®, x>

I —>1+2 atrate %siz, 1> 1

where ¢ = ¢; is such that

K K
lal? + 3 f1j(@) = (L=e)(lal +1)*, Y faj(a) < elal?,
(4.9) = =

K

> fsij(a) < %8|a|27

i, j=1

whenever |a| > [, and [/ is chosen large enough to ensure that &; < 1/3. This
process can be simply coupled with | X )| in such a way that S (¢) > | X()(¢)|
for all ¢ > 1/n, because both are integer-valued processes that make downward
jumps only of size 1 and upward quBps of sizes only 1 and 2. So run jhe two
processes independently whenever S (¢) > | X(™)(¢)| 4+ 1; whenever S™)(t) e
{|IX™(t)|, | X™(¢)| 4+ 1}, use Bernoulli thinnings of the upward jumps of S
for the upward jumps of | X(®)|, and a Bernoulli thinning of the downward
jumps of | X™)| for those of S™, so that | X(™| cannot jump past S™. Thus it
suffices to prove the bound in the lemma for Eg(”)(t).

Any process S with transition rates given by (4.8) has a limiting stationary
distribution w which has all its moments, as is seen by comparison with the
process obtained by replacing the factors i2 by {2 in (4.8), which is a reflecting
r~and0m walk in continuous time with negative drift. What is more, versions of
S starting in equilibrium and at / can be coupled so that the former is always
at least as large as the latter, much as in Lindvall (1992), Chapter V.4, since
the double upward jumps of the latter can be obtained as a thinning of those
of the former. Hence it follows that

~ t ~ ~
(4.10) ES()1;;,p = /0 fr(WES(t —u)du <E,S;
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here, 7; is the time of first hitting / and f,, its probability density. Hence, to

control Eg(t), we merely need a bound for the transient component E{§(t)
14;,-4}, for which a bound on the larger quantity

(4.11) my(t) == E{S(t A 7))}

suffices. N N

Using the fact that S* := sup,.,., S(¢) is a proper random variable with
all moments finite, again from the random walk comparison, it follows from
Lemma 4.1 that

~ tAT) ~
(4.12) St ) +/ (1-32)82(u) du
0
is a martingale, from which we deduce that

S?%(u)du

(t+h)AT,
h Y m(t+h) —my(t)y = -h1(1 - ge)E{/M }

Tl

(4.13) t+h
—_nl1- ga)E{[ Sz(u)l{m}du}.
t

Letting A — 0 and using dominated convergence, it follows that m, is right-
differentiable; a similar argument shows that it is left-differentiable also, and,
furthermore, it follows that

dm 5 ~,
0= (1 3o BISO1y)
(4.14)

< _(1 - gs>[E(§(t)1{t<Tl})]2 < —(1 - gs)(ﬁzl(t) — )2

Now S has transition rates given by (4.8), and ﬁzgn)(l/n) =E{S™(1/n)}=
n; integrating from 1/n to ¢, it thus easily follows that

. 1
(4.15) () < 1+ .

(-39
for all ¢ > 1/n. Hence, using (4.10) and (4.11), we have shown that
~ ~ 1
(4.16) ES™(¢) <E,S+1+ -

for all n > [ and ¢ > 1/n, which is enough. O
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The next step is to establish that, for small values of ¢, | X(*)(¢)| remains
close to 1/¢. We do this in the following form.

LEMMA 4.3. Fixany 0 < ¢ < 1. Then, forany m > 5and forall 1/m < T <
1/4,

(4.17) —t

P > | <c(1+1/9)2T
|:1/m<t<T t ' |X(m)(t)| (’D] ( /(P)

where ¢; = 25-{:1 cjforl=1,2,c5= Zl{{j:l cgij and ¢ =30(1 +c¢; + ¢y + c3)?.

PrOOF. The idea behind the proofis that t—1/| X(¢)| is almost a martingale
and has variance O(#%); this is combined with a stopping argument to obtain
the desired result.

Define a stopping time o = o(¢) for an X-process started at initial time v
by

|1 |
A
(4.18) 7= mf{ CE@ Y “’“}’

and note that | X (¢)| > 2 for all ¢ < min{o, 1/4}. Let &/ denote the space—
time generator of X as in (4.4), and take U(a, t) = (¢ — 1/|a|)?, for which, if
n=laf>2,

(/U )] = '2(u )+ (n +Zflj(a>)

X{(n 1)2 ﬁ_m‘(nil_%)}
(4.19) +<Jzif2j( )) (n_il)z_%_zu(n}rl_%ﬂ
+<”§_1fsu( )) (nj2)2 n? ( )”
<4(l+c;+eg+eg){n2+ntu—n"tY},

where, in obtaining the last line, cancellation between the terms not involving
f-functions is exploited. Applying Lemma 4.1, it thus follows that

(4.20) UX(tA o) tA o) — /tM(MU)(X(u), w) du
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is a martingale in v < ¢ < 1/4. Now, if U(X(v), v) = 0, which is the case for
X if v = 1/m, it follows by the martingale property that, for any v < ¢ < 1/4,

E{[(tAo)—1/|X(¢t A 0)|]P}

- E/:M(MU)(X(u), w) du

54(1+61+CZ+C3)

(421) IAG tAT
X E{/ (1+¢)*u®du+ / (1+@)u|u—1/|X(u)| du}
54(1+CI+CQ+C3)
X {(1+¢)2/t uzdu+(1+<p)/t u\/E[(u—1/|X(u)|)21{u<U}] du}.
Letting
(4.22) m; = sup E{[(s A o) — 1/| X (s A 0)|]*},

v<s<t

it now follows that
t Y 4
(4.23) m;54(1+c1+c2+c3){(1+¢)2/ u2du+(1+¢)\/m}‘/ udu},

and hence that, for all v < ¢ < 1/4,

t 2
mt < [4(1+c1 + e +c3)(1+¢)/ udu]

t
+8(1+ ey + ey +ey)(1+9) [ uPdu

v

4.24
(4.24) < 8 (1+c+cg+eg)?(1+ @) (832 — v¥2)?

+ 81+ +eptes)(l+ ) (8 —v?)

t
< 30(1 + Cq1 + Co + 03)2(1 + QD)Z/ u2 du?

v

since, if x, k; and k, are all nonnegative and x? < ky+ kyx, then x% < 2k, + k2.
However, if F, denotes the distribution function of ¢ for X" which has
initial time point v = 1/m, it follows from the definition of m} that

my; > E{[‘T - 1/|X(m)(0')|]21{05t}}
(4.25) t
2 B{(e0)* 1oz} = [ (o), (du)
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for all ¢ > 1/m. However, by Fubini’s theorem,

P|: sup li;—ti > €01| S/T F,(du)
(4.26) ym<t<r L[| XM(@)] | 1/m

T T t

-2 2 -3 2

—T /1/mu Fo(du)+2f1/mt /1/mu F,(du)dt
and the lemma follows from (4.24)—(4.26). O

COROLLARY 4.4. For any m > n, let 7" denote the time at which | X (m)]
first takes the value n. Then

(4.27) [ir(’”’ nl < (%)ﬂ = 1-c(1+1/¢)

for all m > n, where c is as in (4.17).

_
n(l-¢)’

PrROOF. Take T = {n(1 — ¢)} ' in Lemma 4.3. If sup,,, o,y 7|t —
1/|X(t)]| < ¢, which is the case with probability at least 1 — ¢(1 +

1/¢)2{n(1 — ¢)}1, it follows that {n(1+ ¢)}! < 7" < {n(1— ¢)}"1, and the
corollary is immediate. O

LEMMA 4.5. Suppose that q; = X j(v)/|X(v)| for 1 < j < K. Then, for all
v<T<1/4 and for any n > 0,

P[ sup max |qj Xj(s)/|X(s)|‘ > ni|

v<s<T 1=

(4.28)
<{c(1+1/@)* + 07T,
where c is as in (4.17), ¢’ = 2k, + k2, and ky and ky are given in (4.37) below.

PROOF. Start with U(e, t) = U(a) = Zle(qj — aj/|al)?, and observe that
now, using A in this proof to denote differences, and once again writing n = |«/,
we have

(A;U)(@) :=U(a — &) — U(a)

K a . a . a .
- _ __J I e
(4.29) =2 Z n(n — 1)( n  2n(n-— 1))

Jj=1
+ . CYl' _ ozi + n — aL
n— 1\l T o)) T an— 1
so that Y5, a;n(A;U)(a) = XK a;(n — a;)(n — 1)~% and

- 2 X -1 0‘3‘
(4.30) = ) b= {Jqu el 2”(”_1)}

+—lgi—n el + (n -7

n —
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similarly, it follows that
(A U)(@)| = [U(a+&') — U(a)]

2 u -1 o
< — . PR A—
(4.31) S+ 1) £ { il = aJ|+2n(n+1)}
+n+1}q‘ n_lai|—i—(n,—i-1)_2
and that
I(A;TU)(a)I =|U(a+ & +&/)—U(a)|
el ]
< —DMloylg—nto| + ——
(4.32) n(n+2)l§ fa ! n(n+2)
+n+2{|qi—”_10‘i|+|qj—n_10‘j|}

+2(1+8;;)(n+2)2

Hence, in n > 2, invoking (4.2), we obtain

(EZICRIES S LU Sy By )
i=1 i, j=1

(4.33) X
Z{Ifh(a)l [A7UX(@)] + fai(e)|(ATUN ()]},

with the various terms estimated in n > 2 as follows: first, Z,K: 1o;(n—a;)(n—
1)~2 < 2; for the second term, we have

K
> Faif(@)|(A5U) (o)
i, j=1
K
< 4C3n71 Z{aliql - nflal| +n 20[%}

(4.34) =1

K
+4 > c3i]~‘qi — n_lai| +4cynt

i, j=1

X 1/2
= 803{ (Z(Qi - n_lai)2> + n_l},
i=1

where cg;; = c3;; is assumed without loss of generality; for the remainder, in
similar fashion, the bound

K
YA (@ATU) @) + Foi(@)|(AU) ()]}
i=1

(4.35)

K 1/2
<8(c; + Cz){ (Z(Qi - n_lai)2> + n_l}

i=1
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is obtained. Combining these results, it follows that

K 1/2
(4.36) [(ZU)(a,u)| < ki + ky <Z(qi - n_lai)z) >
i=1
where
(4.37) k]_ =2 =+ 4(C1 —+ Co + 03); k2 = 8(01 + Co + 03).

Now, constructing a martingale using Lemma 4.1 and noting that U(X(v), v)
= 0, it follows much as in the proof of Lemma 4.3 that

(4.38) nt < ky(t —v) + kyy/ni(t —v) < byt + ky\/tn},
where

K X (sAnono*)\?
4. * = E J— B
(4:39) mem e !g(qj |X(SA0'/\0'*)|> }

and
(4.40) o* =0%(n):= inf{u >v: lma)%iqj - X (w)/|1X(w)|| > n};
<j<

from this, we find that n} < ¢¢t, where ¢’ = 2k, + k%, inv <t <1/4. On the
other hand,

(4.41) nt > n’Plo* < (o A t)] = n*{P[o* < t] - Plo < t]},
implying that
(4.42) Plo* <t] <Plo < t]+ 7 %n},

from which, using Lemma 4.3, the lemma follows. O

COROLLARY 4.6. For any 1 < ¢y(n) < nl/?,
X (m),_(m)y _(m)
(4.43) P[Z X - ) - Kn-l%(n)} — 0y *(n)),
j=1

uniformly in m > n.

PROOF. Apply Lemmas 4.3 and 4.5 with T = {n(1 — ¢)}7}, ¢ fixed and
n = n"2y(n). Then Ploc < T] = O(n '), by Lemma 4.3; if ¢ > T, then

(m

™ ) < T, and Lemma 4.5 completes the proof. O
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5. The entrance process: coupling construction. As a consequence
of the lemmas of the previous section, it can be seen that for each m > n
the process X hits |a| = n close to the time 1/n, with X)/|X(™)| almost
unchanged from its initial value. The next stage involves showing that two
X-processes, both starting with the same value n of | X| and having similar
initial values of X /n, can be constructed on the same probability space in
such a way that they very soon coincide with high probability. To do this, we
construct a bivariate process (Y, Y’) such that |Y(¢)| = |Y'(¢)| for all £ > 0
and such that, usually, Y (¢) = Y'(¢) for all ¢ > ¢, for some small ¢;; we then
show that, with high probability, (Y, Y’) coincides with the required pair of
X-processes.

The bivariate process (Y, Y’) is a pure jump Markov process on ZX x ZK
which starts with |Y(0)| = |Y’(0)|, and has transition rates given in |a| > C;
by

(1) (a,a) = (a,a) — (&7, &)
at rate (a; A aj)(la| — Cy) + fij(@) A frj(@),
1<j=K,
(2) (e, &) = (a,a)+ (&7, &7) atrate fo;(a) A fa;(f), 1=<j<K,

6D (3) (a,a) = (a,a) + (¢' + &/, & + &) atrate fg;;(a)A fa;(a),
1<i,j<K,
(4) (a,a) > (a,a') = (', &') atrate m;(a, a)(|a| — Cy),
1<j#l<K,

where flj(a) = f1j(@)+Cqa; > 0 from (4.3) and the 7 are chosen to satisfy
the “total variation” matching conditions

Y mula,d)=a;—(a; Ad)), 1<j=<K,
I l#£j)

Y mulad)=a —(yre), 1<l<K;
Jr J#l

(5.2)

for example, take
K

(5.3) 7l @) = (@) — o) (@) — ), [ Yo (e — )
i=1

In |a| < Cy, all transition rates of (Y, Y') are taken to be 0; that is, (Y, Y’) is
stopped once |Y (¢)| < C;.
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With this construction, while |Y (¢)| > C;, the marginal processes Y and Y’
are arranged to have exactly the same quadratic elements in their transition
rates as do X -processes, but the additional perturbing elements, involving the
various f-functions, are a little different; nonetheless, if |Y(1/m)| = m, then
the conclusion of Lemma 4.3 still holds for the process Y.

LEMMA 5.1. If (Y, Y') satisfies |Y(1/m)| = m, then, for any m > 5 and for
any 1/m < T < (3 A{C1(1 + ¢)}7Y), it follows that

1] 1
(5.4) P[ sup —I— —t > qoi| <c'(14+1/¢)%T,
ot V) (1+1/¢)

where ¢" is defined in the same way as c in (4.17), but with ¢] = ¢; v Cy in
place of c;.

PROOF. The proof is similar to that of Lemma 4.3. Although the process
(Y, Y’) is bivariate, taking U(a, o, t) = (¢ — 1/|a|)? still yields essentially the
same bound for |(»ZU)(«, ¢, u)| as previously for |(o»ZU)(«a, u)|, because

(5.5) 0= fa(a@)Afaj(e) = faj(a), 0 < faij(a) A fy(a) = f(a)
and totalling the rates for transitions in which « — a — &/ gives

aj(la] = Cy) + Fij(@) A frj(a)

(5.6)
€ [a;(lal = Cy), ajla] + f1 ()],

so that 25{:1 f1j(@) in (4.19) is replaced by a quantity 3" satisfying
K

(5.7) = Cila] =X <3 frj(a) < cilal.
j=1

The remainder of the proof is identical; the restriction 7 < {C;(1 + ¢)}!
ensures that |Y(¢)| > C; for all ¢ < T such that ¢t~|¢t — 1/|Y(¢)|| < ¢. O

The important feature of the construction is that |Y| and |Y’| change in the
same way at each transition, and hence remain equal forever; however,

K
(5.8) D(e,a):=3 |a; — o
j=1

remains constant at transitions of the form (1), (2) and (3), but decreases by
1 at any transition of the form (4), the total rate of such transitions being
D(e, &')(Ja| — C;). Thus D(Y,Y’) evolves according to a pure death process
and is eventually absorbed in 0, after which time Y and Y’ have identical
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paths, except when
(5.9) Ty :=inf{t > 0: |Y(¢)| < C;}
occurs earlier.

LEMMA 5.2. Define t, = 1/n, and suppose that (Y,Y') satisfies |Y ()| =
|Y'(¢0)| = n and D(Y (ty), Y'(¢y)) < ne; then it follows that D(Y (¢),Y'(¢)) =0
forall t > t, := (log n)~1/e with probability at least 1— O(log n\/€), uniformly
in e <(logn)2and n>exp(2(1vC,)).

ProoF. Consider the process (Y, Y’) evolving over [, £;]. The chance that
the event A = U, <<, {|Y(¢)] < {(1+ @)t} '} occurs is at most O(¢1¢72), by
Lemma 5.1, and we take ¢ = 1/logn and ¢, and ¢, as defined above, so
that P[A] = O(log n\/¢) and, if A does not occur, then |Y(¢)| > C; for all
to < t < ty;. So couple the process D(Y,Y’) with a pure death process D’
starting with D’'(¢y) = D(Y (¢), Y'(¢y)) and having time dependent per capita
death rate {(1 + ¢)t}~! — C; in the following way. If D' > D, let both evolve
independently of one another. Whenever D’ = D, sample the jumps of D’ as
a Bernoulli thinning of those of D; the construction can break down only if
A occurs, and, if A does not occur, D'(t) > D(Y (¢), Y'(¢)) for all £, < ¢ < t;.
Hence

(5.10) P[D(Y(t,), Y'(t,)) > 0] < P[A] + ED'(t,).

However, D' is just a deterministic time change of a linear pure death process
D with unit per capita death rate, specifically,

D'(t) = ﬁ(/:{u(l + @)y tdu — Cq(t — t0)>

= D((1+ ) 'log(t/ty) — C1(t — &))

(5.11)

for all ¢, < ¢t < {C;(1+ ¢)}~!, from which it follows that

ED'(t)) = {to/t:}"/ ") exp(Cy(t; — t))D'(¢y)

(5.12)
= O((nt;)'ne) = O(log n/z),
uniformly in & < (log n)~2, completing the proof. O

We now consider a bivariate process (X, X’) which, for | X(¢)| > C;, has
the same transitions (1)—(4) of (5.1) as does (Y, Y’), and, in addition, has the
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transitions

(5) (@, @) = (a, @) — (&7,0) atrate f;(a) = (f1;(c) A f1;()),
1<j=<K;

(6) (a, @) = (a,a’) — (0, Sj) at rate f1j(0/) - (IFU(C“) A flj(a/))v

1<j=<K;

(7) (@, &) = (a, ')+ (e7,0) atrate fy;(a) — (fa;(a) A fo,(e)),
l<j=<K;
(5.13) .
(8) (a,a') = (a,a’)+(0,&7) atrate fy;(a') — (fo;(@) A fa;(a)),

1<j=K;

9) (e, ) = (a,d) + (&' + &7, 0)
at rate f3;;(a) — (f3;;() A f3(e)), 1=1,j=<K;

(10) (a, @) = (a, @)+ (0, & + &7)

at rate f3;;(') — (f3;(a) A fg5(e)), 1=<1i,j<K.

However, if | X(¢)] < C; and X(¢) = X'(t), then X and X' are continued
as identical X-processes, whereas if | X (¢)| < C; and X(¢) # X'(¢) they are
continued as independent X-processes. Then the first coordinate of the pair
is an X-process, and they are both X-processes up to the first time at which
one of the transitions (5)—-(10) takes place; at later times, it is possible that
| X'(¢)| # | X (t)|, so that the second coordinate has the wrong quadratic rates
for an X-process. However, if X and X’ are equal at any time, they have
identical paths thereafter.

LEMMA 5.3. Let ty = 1/n, (Y,Y') with D(Y(¢y),Y'(ty)) < ne and t; =
(logn)~1\/e be as for Lemma 5.2, and construct a bivariate process (X, X')
on the same probability space as (Y,Y'), in such a way that (X (¢y), X'(¢y)) =
(Y(ty), Y'(¢y)) and that (X, X') shares all the jumps of (Y,Y') up to the first
time v at which a transition from (5)—(10) of (5.13) takes place; after that time,
they evolve independently. Then, with this construction,

(5.14) Plv < t;] = O(log nv/z),

uniformly in & < (logn)=2 and n > exp(2(1 v C,)).
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PROOF. From (4.2), the sum of the transition rates for jumps of types (5)—
(10) is at most 2(c; + C; +co +¢3)D(Y, Y') before time v. Hence

Plv<t] < E{l A2(c;+Ci+cy +C3)/tl D(Y(u),Y'(u)) du}
ty
(5.15) < P[B]+E[{1/\2(01+C1+c2+c3)

x ]tt D(Y (), Y’(u))du}ch],

-

and ¢ = 1/logn as for Lemma 5.2. Now P[B] = O(¢~?t;) = O(log n\/¢) by
Lemma 5.1, and on B¢ we have D(Y(u), Y'(«)) < D'(u) for all ¢, < u < ¢y,
where D’ is as constructed in the proof of Lemma 5.2. Hence the second term
in (5.15) is no larger than

where

1 1

to<t<t;

2(c;+C1+ceg+c3)D(Y (%), Y'(49))

(5.17) 1
X /tt {to/u}"* du exp(Cy(t; — ty)) = O(elogn).

This completes the proof. O

COROLLARY 5.4. If a, o’ € ZX are such that |a| = |&'| = n and D(a, &) <
ne, then X-processes X and X' with X(1/n) = a and X'(1/n) = o can be
constructed on the same probability space, in such a way that X (t) = X '(t) for
all t > t;, = (logn)~1/e, with probability at least 1 — O(log n./¢), uniformly
in & < (logn)~2 and n > exp(2(1 v Cy)).

ProoF. Combine Lemmas 5.2 and 5.3. Defining the event £ = {v > #;} N
{Y(¢) = Y'(¢t) for all ¢ > ¢;}, a coupling of Y and Y’ can be achieved in such
a way that P[E] =1 — O(log n/¢), and, on E, we have v = co and (X, X') =
(Y,Y’) for all t > 1/n. As soon as v occurs, or at time ¢; if Y (¢;) # Y'(¢y),
continue both components independently as X-processes. O

Given p € Ag, these results can be collected to prove the existence of an X-
process XP? which satisfies lim, ,, | X?(¢)| = oo and lim,_,q XP(2)/|XP(¢)| = p.
For each m > 1, let X" be an X-process started with | X (1/m)| = m and
with |p™ — p| < Km™1, where p™ = m~1X™)(1/m), and set s(n) = n/12,

(5.18) e(n) = K(2n™ 1 + n=Y2y(n)).
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THEOREM 5.5. Define t; = (logn) '/ e(n), ty = max{t;,n "%} and u, =
to+1/(2n). Then
(5.19)  dpy{L(X™(s), s > u,), L(X"(s), s >u,)}=0(n"5),
uniformly in m > n. Furthermore, as n — oo, X" converges weakly in
D((0, 00), ZX) to a limit XP, which satisfies lim,_, p(XP(t)) = (o0, p) a.s.
PROOF. From Corollary 4.6, for any m > n, it follows that

(5.20) p™ —n XM < Kn~Y2y(n),

except on a set of probability O(¢~2(n)). Define X(™ on s > 1/n by X(™)(s) =
X(’”)(s—i—frgm)—l/n). Then, since also | p™ — p™| < 2Kn~! uniformly in m > n,
Corollary 5.4 shows that X(™ and X can be realized together in such a way
that X (M)(s) = X(™)(s) for all s > ¢, except possibly on a set having probability
O(log n/(n)), and in this case we have X(™(u,) = X™(u, — 1" + 1/n),

provided that u, — rf{") +1/n > t;. Now Corollary 4.4 shows that |T£Lm) —1/n| <

1/(2n), which in its turn implies that

(5.21) ty<ty<u,—19" +1/n <ty+1/n,

except on an event having probability O(n~!), and Lemma 4.2 applied with
t = t, combined with the Markov inequality shows that P[| X (") (¢,)| > n!/3] =
O(n~1/%); from this, it follows that

(5.22) P[X™ does not remain constant on [¢,, ¢, + 1/n]]
. _ O(n_l/ﬁ + n—an/S) — O(n_1/6).
Thus, using the joint realizations above,

P[X(")(u,) # X" (u,)]

(5.23)

= O(nfl/e + ¢f2(n) + log n\/e(n)) = O(n—l/e)’
and hence
5.24) dry (LX), £(XO(w,) = O~

However, for two Markov processes Z, Z’ on a Polish space which have the
same generator and satisfy dpv(£(Z(s)), £(Z'(s))) < 5, a simple coupling
argument is enough to show that dpv(£(Z(¢),t > s), £(Z'(t), t > s)) < &
also, giving (5.19).

Now, for any 0 < t < T < oo, the space D([¢, T, Zf) is Polish, and hence it
follows from (5.19) that (X(")(s), ¢ < s < T') converges weakly; by consistency,
we can extend the limit X7 to the whole of ¢ > 0, and (5.19) implies that

(5.25)  dpyp{L(XP(s), s>u,), L(X"(s), s>u,)}=0(n"%,
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Furthermore, given any &, nn > 0, it follows from Lemmas 4.3 and 4.5 that T
can be chosen small enough to ensure that, for any 0 < v < T and for all n
large enough,

(5.26) P|:Us<181£)T Joax |p _ X(jn)(s) /| XM(s)]| > ni| <e
and

(5.27) P[ sup 1/|XM(s)| > n} <e.

From this, it follows also th:;t: for the same choice of T,

(5.28) P|:0ilsl£T Jnax |p;j— X](s)/|XP(s)|| > 7):| <e
and

(5.29) P[OsupT 1/|XP(s)| > TI] <e,

and indeed the same choice of T' can be used uniformly for all p € Ag. Hence,
in particular, lim__,, p(X?(s)) = (oo, p) a.s. as claimed. O

THEOREM 5.6. Suppose that a sequence of X-processes X satisfy
| X(™)(0)| = s,, = o0 and |p™ — p|— 0 as m — oo, where p™ =s;1X(™)(0).
Then, with t;=(logn)™'\/e(n), ty= max{t;,n" Y%} and u,=t,+1/(2n) as
before,

(5.30)  dpy{A(X™(s), s> u,), £(XM(s), s> u,)} = O(n6),

uniformly for all m such that s,, > n and |p™ — p| < Kn~1. In particular,
p(X™) converges weakly in D([0, ), F) to Y? as m — oo, where Y?(0) =
(00, p) and YP(s) = p(XP(s)) for all s > 0.

PROOF. The proof is much the same as for Theorem 5.5. Define X(™)(t) =
X(m)(t—1/s,,)ont > 1/s,,, so that | X™(1/s,,)| = s,, and, from Corollary 4.6,
if s, > n, then

(5.31) P[| pm —1X<M>(f£{"’)| < Kn—1/2¢(n)] —1- 0@ %(n)),

where 70" denotes the tlme at which |X ()| first takes the value n. Then,
because |p™ — p| < Kn~!, it follows that |p™ — p™| < 2Kn~1! also, and
Corollary 5.4 can be applied to show that X(™) and X can be realized to-
gether in such a way that

P[X(™(s + Fm —1/n) = X™(s) for all s > t,]
(5.32)
=1-0 <log n\/s(n)) .
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However, X(™)(s + 7 1/n) = )?(m)(s + M 1/n —1/s,,), so that, from
Corollary 4.4,

P[X™(u,) = XM (u),) for some u), € [ty + 1/s,,, ts +1/n+1/s,,]]

(5.33)
=1- 0(n1/5)

and P[X® is constant on [¢y, &, + 1/n + 1/s,]] = 1 — O(n"'/%) when s,, >
n, as before. Hence (5.30) is satisfied, and X converges to X? weakly

in D((0, ), ZX) as in Theorem 5.5. The convergence of p()?(’”)) to Y? in
D([0, o0), F) now follows, in view of (5.28) and (5.29). O

THEOREM 5.7. If p!¥ — p as k — oo, then XP" converges weakly to XP
in D((0, c0), ZK).

ProOOF. We show that
(5.34) dpy{ £ (X" (s), t <s < T), £(XP(s), t <s<T)} -0

as k — oo for each 0 < t < T' < oo, which is enough, in view of (5.28) and
(5.29). For any n > 0, choose %, so large that |pl*! — p| < Kn=Y2¢(n) for all
k > k,, with ¢(n) = n/12 and &(n) as for Theorem 5.5. Then, if 7 denotes
the first time that |X?"| = n and 7, the first time that |X?| = n, it follows
from Corollary 4.6 and Theorem 5.5 that, for £ > %,

(635 Pl X (M) = X2(7,)] > Kn "V 2p(n)] = O(n~Y5).

Thus, from Corollary 5.4, whenever & > k,, X Pl and XP can be realized
together in such a way that they are identical from time max{(logn)~'\/&(n),
n~16} 4 n~! onward, with probability at least 1 — O(n~1/%), proving (5.34). O

6. The entrance process: 0-continuity. Now we suppose that we have
a family of X-processes, indexed by 0 € Rf , defined as in (4.1) and (4.2).
Denote their transition rates g(e, B; 0) by

P 0
(e, a— &750) = alal + £ (a),

(6.1) gla, a+e’;0) = f(z?(a),

gla, a+ & +8750) = fo(a),

and g(a, B;0) = 0 for all other B # «, and let the corresponding probabilities
be denoted by P(?); set

Poy(t;0) = PO[X(t) = B| X(0) = ;

(6.2)
by(t, p; 0) = POLXP(2) = B].
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Fix any 6, € RX and assume that:

1. The functions g(a, B;-) are continuous at 6, for each a, g € ZX.
2. There exists a neighborhood N of 6, such that ¢; := sup,y, Cgo) < oo for

[=1,2,3 and 61 ‘= SUPgen, C(le) < 0.

LEMMA 6.1. Under Assumption 1, P4(t;-) is continuous at 0, for any t > 0
and a, B € ZX.

PROOF. By Example 1.1 of Xia (1994), 6 — PW[X ¢ - | X(0) = a] is
continuous at 6, for each a € Z¥, so if we can show that

(6.3) PO[X(t)#X(t-)| X(0)=a]=0, acZX t>0,

then the conclusion of the lemma will follow. To see (6.3),let 0 < 7y < 79 < ---
denote the jump times of X. Then

P07, =t| X(0) = af

= Y P®[X(r)=ay...,X(r,) = a, | X(0) =]
(6.4)
X P(GO)[T,L =t|X(0)=a, X(1)) =0y,..., X(1,) = a,]

=0,

using the fact that the conditional distribution of 7,, given X(0) = @, X(11) =
ay, ..., X(1,) = o, is the distribution of the sum of n independent exponential
random variables. Finally, the sum of the probabilities on the left side of (6.4)
is equal to the probability on the left side of (6.3). O

THEOREM 6.2. Under assumptions 1 and 2, bg(t, p;-) is continuous at 6,
foranyt>0,peAKandBer.

PrOOF. Fixt >0, pe Ax and B € Zf . First note that, by assumption 2,
all the order estimates in Sections 4 and 5 are uniform in 6 € N,. Thus in
particular, from (5.19), given any n > 0, we can fix n = n(n) such that

(6.5) dpy (L (XP(1)), (XM (1)) < /3,
uniformly in 0 € N, from which it follows that

(6.6) |bg(t, p; 0) — Py gt — n~1;0)| <n/3 forall # e N,.
Then, by Lemma 6.1, there exists a neighborhood N, of 6, such that

(6.7) [Py p(t —n7550) — P (¢ —n~1 0p)] < m/3
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for a!l 6 € N,. Hence, fqr all 6 € NoNN,, we have |bg(t, p; 0)—bs(t, p; 0p)| <,
proving that b(¢, p;-) is continuous at 6,. O

7. Ray-Knight theory. The following sketch of Ray—Knight theory in the
context of countable-state Markov pure jump processes is based on Sections
81 and 57 of Williams (1979). Let I be a countably infinite set representing
the state space of the Markov process. Let p;;(¢) be the transition probabilities
and

o0

(7.1) Ry )= [ e py(t)dt
the resolvent. Note that R;(i, -) belongs to I1(I) for each i € I. Indeed,

(7.2) IR, =X [ et py(tde= [ etde=1.

jel

Let E be the closure in I}(I) of the set of functions {R;(i,-): i € I}. Then E
is the (relevant part of the) Ray—Knight compactification of I, and the map
i~ R(i, ) embeds I into E.

Now, suppose we specify a particular compactification F' of I. How do we
show that F is the Ray—Knight compactification of I, in the sense of being
homeomorphic to E?

LEMMA 7.1. Define E as above to be the closure in [*(I) of {R(i,-): i € I}.
Let F be a compact space and suppose that p: I — F is a one-to-one map with
the property that p(I) is dense in F and its relative topology is the discrete
topology. Assume the following conditions:

(i) For each x € F — p(I), there exists R(x,-) € E c I*(I) such that, if
{i,} cIand p(i,) > x in F, then R,(i,,,") > R(x,-) in E.
(i) x — R(x,-) is a continuous map from F — p(I) into E.
(iii) The map A: F +— E defined by A(p(i)) = R(i,-) for i € I and A(x) =
R(x,-) for x € F — p(I) is one-to-one.

Then A is a homeomorphism from F onto E.

PrOOF. Conditions (i) and (ii) show that A is continuous. It is one-to-one
by (iii) and onto by the definition of E, the compactness of F' and (i). Finally,
the continuity of A~! is now automatic from the compactness of F, and the
conclusion follows. O

We wish to apply Lemma 7.1 to the case of the X-process with transition
rates satisfying (4.1)~(4.3). Denote its transition probabilities by P,4(¢), put
I =17K and let p and F be as in (1.12) and (1.13).
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LEMMA 7.2. Suppose that, for each p € Ag, there exists a Markov process
{Y(¢), t > 0} in F starting at (oo, p), and assume the following properties:
(@) P, p[Y(2) € p(ZEY =1 for all p e Ag and t > 0.
(b) Pop(t) = P p[Y (1) = p(B)] as p(a) > (00, p) for all B € ZX, t > 0
and p € Ag.
(©) P (Y (t) = p(B)] is continuous in p € Ag forall t > 0 and B € ZX.
Then the Ray-Knight compactification of I with respect to the X-process is

homeomorphic to F, and the process {Y (t), t > 0} above is the corresponding
Ray process.

PROOF. Define
(7.3) R((oo, p) B) = [ T e P Y (t) = p(B)]dt.

Then properties (a)—(c) imply conditions (i) and (ii) of Lemma 7.1, using the
fact that if {f,} c I}(I), f € IX(I), |f,l. = 1 for all n and |f||; = 1, then
fn — f pointwise on I implies f, — f in I1(I).

Condition (iii) can be seen as follows. First, let o, o’ € Zf and suppose
Ri(a,-) = Ry(/,-). Then, for every bounded function g on ZX,

(7.4) Y [CetaBPptydi= Y [ e &(B)Puy(t)dr,

pezk "° pezk

or, letting .24, denote the generator of the process,

(7.5) (1— o) " g(a) = (1~ o) g(d).
Taking g = (1 — o4)f for f € 9(o4), we conclude that
(7.6) fla)=f(d),  [e2(A).

Since the space of functions on Zf with finite support separates points of ZX,
A is one-to-one on p(ZX).

Next, if a € ZX and p € Ag were to satisfy Ry(a, -) = R((co, p), -), a similar
argument would show that
(7.7) fl@= lim f@), feaA),

p(a')— (o0, p)
which clearly fails. Finally, let p, p’ € Ax and suppose that R((co, p),-) =
R((oc0, p'), -). In this case we find that
(7.8) lim f(a)= lim )f(o/), f € 9(4).
»

p(a)— (o0, p) p(a/)—> (o0,

Given B € ZX, define f(a) = (Zi) . (;i)/(f;“) if « > B and f(a) = 0 otherwise.

Noting that f € 2(.24), (7.8) becomes

(7.9) ('ﬁ')pﬁ = ('ﬁ')(p/)ﬁ-
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Since monomials separate points of Ax, we conclude that A is one-to-one
on F. O

THEOREM 7.3. The Ray-Knight compactification of Zf with respect to the
X -process with transition rates given either by (3.7) and (3.8) or by (3.13)~(3.15)
is homeomorphic to F defined in (1.13), and the corresponding Ray process is,
but for a rescaling of time, the YP? of Theorem 5.6.

PROOF. Theorems 5.5, 5.6 and 5.7 show that properties (a)-(c) of
Lemma 7.2 are satisfied by all X-processes with rates specified as in (4.1)
and (4.2). All that remains is to check that twice the rates specified either in
(3.7) and (3.8) or in (3.13)—(3.15) give rise to f-functions satisfying (4.2) and
(4.3). The necessary argument is given in Lemma 8.2. O

8. Application to the K-allele model (continued). In this section we
show that the assumptions made in Sections 4-6 are satisfied by our examples
(3.7) and (3.8) and (3.13)—(3.15). This then will finally complete the proof of
the transition function expansion, as described in Theorem 3.1.

LEMMA 8.1. Let (0;;) be a real symmetric K x K matrix, and define the

function c¢: RE — {0} > [exp (min oy,;), exp (max oy;)] by (3.12). (In the haploid
case (1.19), this reduces to (1.21).) Then

c(w) | _
(8.1) m - li =0((1+w)™)

and

ic(w+si) (w6l

®2 Tew) | cwre) |

= O0((1+|w))™?)
fori, j=1,..., K, uniformly in w.

PROOF. By (3.12), we have

K W.W; .
> ‘TijW = exp (min oy ) E{exp(A(W))},
,J=1

1

8.3) c(w)= Eexp{

where W,,..., Wi are independent random variables with W, being
gamma(w;, 1) distributed, W := (W,,..., Wg) and A(W) = X, 0
(W, W ,/|W|?) [recall (3.10)]. Of course, |W| := W, + --- + W. Consider the
function é(w) := c(w) exp (— min oy,;). Letting B;(W) = Zﬁ-{:l O'J(Wj/|W|), we
can write

[W|?
(W] +2)

2|W|Z
(IW|+Z)?

(W[ +2)?

é(w+si)=Eexp{A(W) + B;(W)

(8.4)
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and
é(w+& +e&)
W2 2\W|Z,
— Eexp| A(W + By(W

exp{ W+ 207 22 5w+ 2, + 2y

(8.5) 2W|Z 72
+B](W) | | 2 > 0-; 1 >
(W +Z1+ 252 T QW+ Z,1 + Z3)

2727 Z2

+ 142 + 2

W T 2+ 292 T V(W Z, + Z2>2}

fori, j=1,..., K, where Z, Z; and Z, are independent of each other and
of Wq,..., Wg and have the gamma(1, 1) distribution. Now we always have
0<A(W) <7 and 0 < B;(W) <7, and hence, defining

)+ Bi(W) 2 }

8.6)  &y(w,i)= Eexp{A(W)(l W1z

W+ 2Z
it follows from the inequality |e* — 1| < |x|el*| that
lé(w + &") — é1(w, i)

5E{exp{A(W)<l 22

W+ Z

27
>+B"(W)|W|+Z}
(8.7)

X

Nowazr) )

exp{{A(W) —2B;(W) + o}
2

< ZEZ—E .~
=ee {<|W|+Z)2

}e‘“ — O((1 + [w])?):

in similar fashion, defining

27
|W|+ Z

the inequality |e* — 1 — x| < %xze"“| implies that
(8.9) & (w, i) — é&y(w, i) = O((1 + |w])~?);
of course,

(8.10) &y(w, i) = é(w) — hy(w),
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where
VA
h;(w) :=2E{eAMW) _—__{A(W)— B,(W }
811 )= 2B (A~ B V)
= O((1 +|w])7Y).
Adding (8.7), (8.9) and (8.10) yields
(8.12) éw + &) = é(w) — hy(w) + O((1 + |w|)~2),

which, with (8.11), completes the proof of (8.1).
For (8.2), analogously to (8.6) and (8.7), we deduce that

A o 27, 27,
l N=E AW)(1- —
s o+ o) = Bewofa(1- - )
(8.13) 2Z, 2Z, }
+B;(W ~|—B w
W B
+ O((1+|w|)~ )
fori, j=1,..., K, and then proceed as before to obtain

(8.14) dw+ &+ &) = é(w) — hy(w) — hi(w)+ O((1+ lw])~2).
Combining (8.14) with (8.11) and (8.12) then proves (8.2). O

LEMMA 8.2. In the haploid case (1.19), let (q(a, B)) be as in (3.7) and (3.8)

and define f1;(a) = 2q(a, a—&') — a;|al, fg)(a) =2q(a,a+¢") and f3;;(a) =0
for i, j=1,..., K. In general, let (q(a, B)) be as in (3.13)(3.15) and define

Fii(@) = 2q(a, a — &) — a;lal, F52(a) = 2q(a, a + &) and f;(a) = 2q(a, a +
e+ &) fori, j=1,..., K. Then f1;(0) = f5(0) = f5)(0) = f3;(0) = 0,

(8.15) }fli(a)—f1i(a/)| < ¢y (1+16])]e — o],

(8.16) |£50(@) — £5(a)] < c5)la — o,

(8.17) |F3i;(a) — F;;(a)| < egiila — o],
fori,j=1,...,K,l=1,2,and all a € Zf, where the constants cq;, c;) and

c3;j, when regarded as functions of 6, are uniformly bounded in 6. Furthermore,
there exists Cy > 0 such that f1;(a) > —Cia; for i=1,...,K and all a € ZX.

PRrROOF. It suffices for (8.15)—(8.17) to consider «’ = a+s&/ for j=1,..., K.
For f (21) write
aj(@) = le|/(la| +16]);  ag(a) =a; +0;;

(8.18) .
as(a) =cla+ & + 0)/c(a+ 6);
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then it is immediate that, if o, # 0,

(207) {5 () — f4i (@ + &)
= [al(a) —aq(a+ 8j)]‘12(0‘)a3(01)
+a(a+ sj)[a2(a) —ag(a+ sj)]a3(a)
+ ai(a+ &' )ay(a + &’)|as(a) — ag(a + &7)].

(8.19)

Noting that |ag(a)| < €7, the first term is bounded by

10](a; + 6;) e

T 7.

(8.20) <e’;
(al+1+10D(al+10) ¢ = ¢

the second is also bounded by e”, and the last is

lae| +1

8.21 _
( ) la| + 1+ 6]

(a; +8;;+ 0,)0((Ja] + 1+ [6])%)

by (8.2), which is bounded in «, uniformly in 6. The treatment of f S) is much
the same.
In the corresponding argument for

(a— & +0)

€ C(“——M_
(8.22)  fii(e)=a;(]0] — 1) c(a+0) }’

+ ai'“'{ c(a+ 0)

note that f1;,(a) = 0 if @; = 0, in which case f;(a) — f1;(a + &) = 0 except
when j = i; then, from (8.1),
|f1i(a) — frila+ 3i)|

c(a—|—0) C(Ol+0)
c(a+ & +0) +(|a|+1){c(a+si+9) _1”

< (161 v 1)e” + (lo| + DO((lal + 1+ 16) 7).

(8.23) = [(]6] - 1)

If «; > 1, consider the two terms in f1;(«) separately. For the first term, take
a(a) = a;, ag(a@) = |0|—1 and as(a) = c(a—&' +0)/c(a+0) in (8.19), and argue
using (8.2) to obtain a bound O(|6| v 1); for the second term, take a;(a) = «;,
as(a) = |a| and az(a) = c(a — & + 0)/c(a + 0) — 1 in (8.19), and use (8.1)
and (8.2). It also follows from (8.22) that f;(«) > —C,«;, with

(8.24)  Cy:= {|0| ~14+ sup max |w|(1 . M)} < 0,
weRE_{oy 15i=K c(w+ &)

by (8.1).
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The argument for |f3;;(a) — f5;;(«')| runs along the same lines. Define
ar(e) = a;+8;;+0;, ag(a) = (la| +1+60))7}, az(a) = c(a+ &' + &/ +6)/c(a+0),
as(@) = |a|/(|a| +16]) and az(a) = @, + 0;; then, for example,

ar(a+ Mas(a+ &*)as(a) — az(a + &*)ay(a)az()
(8.25) a; +0;;+ 8;, + 0;

_ L
= et zge OWel+ 110D @)+ 6)

and
ai(a + &*)|as(a) — ag(a + £*)|az(a)ay(a)as(a)
(8.26) _ (e + 85+ 8y + 0))e”(a; +6;)
(Jaf + 2+ [6])(la] + 1 +]6])

both terms are bounded in «, uniformly in 6. This proves the lemma. O
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