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‘We propose a method for numerical approximation of backward stochas-
tic differential equations. Our method allows the final condition of the equa-
tion to be quite general and simple to implement. It relies on an approximation
of Brownian motion by simple random walk.

1. Introduction. In this paper we propose a new method of approximating
solutions of backward stochastic differential equations (BSDEs). Our method
allows the final condition of the equation to be quite general and it is simple to
implement. It relies on an approximation of Brownian motion by simple random
walk.

This type of equation appears in numerous problems in finance, in contingent
claim valuation when there are constraints on the hedging portfolios (see [8]).

Some numerical methods for approximating solutions of BSDEs have already
been developed. A four step algorithm developed by Ma, Protter and Yong to
solve a class of more general equations called forward—backward SDEs has been
proposed in [13]. A numerical scheme was developed based on this method in [7].
Bally [2] presents a random time scheme to approximate BSDEs. The convergence
result only needs regularity assumptions. However, his scheme requires a further
approximation to give an implementation. On the other hand Chevance [5] gives
a numerical method for solving BSDEs associated with a forward stochastic
differential equation (FSDE). His method requires strong regularity assumptions
for its implementation. Finally, a new result of Bally and Pages allows for the
numerical treatment of BSDEs and reflected BSDEs [3].

We should note that there is another type of approximating solution to BSDEs,
via the discretization of filtration (see, e.g., [1, 6]). Although our method uses ideas
similar to those used in these results, in that we also approximate the Brownian
motion by discrete processes, the main feature of our result is that we do not
assume that the discretized filtrations “converge” to the original Brownian filtration
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in order to guarantee the convergence of the solutions. Such a relaxation obviously
reduces the complexity in constructing the approximating solutions.

Let 2 = C([0, 1], RY) and consider the canonical Wiener space (2, ¥, P, #),
in which B;(w) = w(?) is a standard d-dimensional Brownian motion. We consider
the following BSDE:

1 1
(1) Y, —¢ +/, (s, Yy)ds —[ Z,dB,,

where £ is an #]-measurable square integrable random variable and f is Lipschitz
continuous in the space variable with Lipschitz constant L. The solution of (1)
is a pair of adapted processes (Y, Z) which satisfies the equation. Existence and
uniqueness for the solutions of such equations are proved in [14, 15], and further
results for the extension of uniqueness under more general assumptions for the
generator have been developed, for example, in [12] in the one-dimensional case.
We note that for technical reasons in this paper we only treat the BSDEs with
generator f independent of the component Z. Nevertheless, our result for f
independent of Z, combined with a simple Girsanov argument, yields a result that
can include a Z term in the drift in a linear way. We explain this in the remark at
the end of the article. We hope to be able to address the general case in our future
publications.

2. A numerical scheme for BSDEs. The numerical scheme we propose in

this paper is based upon a discretization of (1) and replacing B by a simple
(n)

random walk. To be more precise, let ;" =i/n, i =0,...,n. For the sake of

simplicity we shall write #; instead of ti(") when dependence on n is possible;
also, we shall consider only the one-dimensional case, although the generalization
to the d-dimensional case is rather clear. We let M denote the approximating
binomial random walk, whose increments are 1/,/n and —1/,/n with probability
1/2. Further, we assume that the sequence { M (™Y is i.i.d. We note that, while most
of the results presented in this paper also hold for other approximations of B, we
work with M mainly for simplicity.

In what follows (F") denotes the natural filtration of M. In some of our
computations we shall use the linear interpolation associated with the discrete
process M, which will then become a continuous process and will still be
denoted as M ™ itself. Consequently, if F is a functional defined on €, then by
a slight abuse of notation we shall identify F(M(n), e Ml(n)) and F(M™) as
the same, although the latter means F' is evaluated over the linear interpolation
of M™  while in the former F is considered as a function on R4(m+1)

Let us now consider the discrete version of the BSDE (1):

n n—1

= (n) 1 = (n) =(1) A 1y (1)

2) v =FM™)+ - > f(t, V) - §' .j VRN
Jj=i

Lji+1®
j=i
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This equation has a unique solution (Y™, Z™) since the martingale M has
the predictable representation property (see [4]). It can be checked that solving
this equation is equivalent to finding a solution to the following implicit iteration
problem:

o<l + .2 550,
which, due to the adaptedness condition, is equivalent to

~ 1
3) V=~ f V) =BT 7).

L1

We point out, as we shall prove in Lemma 3.1, that one can in fact assume without
loss of generality that the generator f is bounded, and henceforth we denote its

bound by R. Furthermore, once ftfi)l is determined, ?,En) is solved via (3) by a
fixed point technique:
X0 =E{F [ 7).

lit1
1
Xk = x4 —f G, x5y.

It is standard to show that, if f is uniformly Lipschitz in the spatial variable x
with Lipschitz constant L, then the iterations of this procedure will converge to
the true solution of (3) at a geometric rate L/n. Therefore, in the case when n is

large enough, one iteration would already give us the error estimate: |, ,E”) —X'I<

LR /n?, producing a good approximate solution of (3). Consequently, we propose
the following explicit numerical scheme for the BSDE (1):

r"=Fmm),  Z{"=o,

Xfi :E{Y(n) “7:},(”)}’

lit1

A ~ 1 ~
thn) = Xl‘,' + ;f(th Xl‘,')7

7" = IE{ [Y}"{ + (i 7y — ?,f”)} (Aam"™)~! 3?,}”)}.
Let us now analyze the error of this scheme. Clearly, the error produced by this

method is bounded by

7O~ 1) < BT - 70

lit1 lz+1

|7

1 ~ A 1 A A
+ ;|f(ti’ thn)) — f(4, Yzl(-n))| + ;|f(ti, Yzl(-n)) — [, Xs,)
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which yields

tl+l

LR
suplY(") (”)| < y(sup |Y,(”) Y+ —) a.s.,

where y = (1 — L/n)~!. Tterating this inequality one obtains
8 . LRy y" ' —1
sup Vi = 7 <"~ sup|7{" — 7{"| + yl;—r.
o _

For large n (2L < n works) one obtains that (ﬁ)”_’. <+ %)”_i < 2L,
Therefore we get
~ X R(e*L —1
w n

Using this bound we obtain the corresponding bound for Z™ — Z™ 1In fact, we
have

Lyl

240 -2 = [T+ 20,7 = 70 ami)

lit1

1 A A
- E{ [Y(") +—f (0 ) - th”>](AM,§’QI) AR }
which by the adaptedness of zm yields

- ~ 1 - N - ~
Zm—72m = E{ [Y(") v o4z . —(f(, Y) = £, 7)) + 7 — th’”}

lit1 fit1

< (am) |57,

Finally, one obtains

Rt — )2+ L/n)
Jn
This means that for the convergence of the numerical method we just need to
concentrate on the solution of (2).
We remark that the conditional expectations with respect to the discrete filtration

(F ™) can be computed explicitly as follows. We assume I is an th,f )1 -measurable

sup|Z,(l_") — 2,(1.")| <
w

random variable, and we take the 2% atoms corresponding to the trajectories of the
martingale M in Ei”). Each atom in ;' splits into two atoms of #;' . Then
we have

E(T|F) (@) = 1 +b),
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where a, b are the values of I" in the two atoms of J’L},EZ)I coming from the

corresponding atom in \”F,,E”) containing .
Our main result is the following:

THEOREM 1. Assume that in the BSDE (1) the following conditions hold:

(i) &€ =F(B),where F: Q — R? is a bounded Lipschitz function with respect
to the uniform topology on 2; that is, there exists a constant k such that for all
w, @' € Q it holds that

|F(0) — F(@)| <k sup |o(t) — o' (1)];
0<r<l1

(i) f: [0, 1] x R? — R? is a continuous function and it is uniformly Lipschitz;
that is, there exists a constant L such that, for all x, y € R4,

sup | f(t,x) — f(t, y)| < Llx —yl.

0<t<l1

Let (Y™ ZM) be the solution of (2), and let

i—1 i

~ ~ 1 ~
(n) (n) (n) (n)
Ulin = Z thn AMI‘J‘H_H = Y(n) - F(M(n)) - ; Z f(t]7 Yl‘jn )‘

j=0 j=1
Then the sequence (Y™ U™ converges weakly in the Skorohod topology to
(Y, [ ZdB), where (Y, Z) is the unique solution of (1).

3. Proof of the main result. We first show that under the assumptions of
Theorem 1 we can in fact assume without loss of generality that the function
f is bounded. To this end, notice that f is continuous, it is bounded on any
compact set [0, 1] x [—A, A], A > 0. Thus it suffices to show that there exists
a constant A > 0 such that the solution of (1) satisfies |Y;| < A, V¢, a.s. Denoting
Ro = sup;¢(o, 171/ (s, 0)], we have the following lemma.

LEMMA 3.1. Under the assumptions on F and f in Theorem 1, the solution Y
of (1) is bounded by (D + Ro)eL, where D is a bound for F .

PROOF. In the one-dimensional case this can be proved by the comparison
theorem. However, we shall provide an argument that does not involve any
comparison results; therefore it works for the general case.

For any A > 0 we consider the following BSDE:

A ! A !
@) X! =F(B)+fz Fls, da (X! ))ds—/t A, dB,.

where ¢4 is any bounded Lipschitz function with constant 1, such that ¢4 (x) = x
for |x| < A, and we shall determine the constant A later. Since f is continuous, it
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is bounded on [0, 1] x [-2A, 2A] and we let C 4 denote this bound. Note that X4
also solves the problem

1
X} =B{F®) + [ f.0a0X0)ds | 5

we see that X4 is bounded by D + C4 and the following estimate holds:

1 1
|X;“|§D+E{/ \f(s,qu(X;“))\dsm}§D+RO+LE / |X;4|ds|3~”t}.
t t

Let 12 (1) := | X;|oo denote the L% (§2)-norm of the random variable X,. Then i
is a deterministic, measurable function and satisfies the inequality

1
(5) hA(t)§D+Ro+L/ hA(s)ds.
t

Since h4(1) < D + C4 forall ¢, iterating (5) we derive that, for any N > 0,

N Lk(l—t)k LN_H(I—Z)N—H
A
h (I)S(D-FRO)I;)T'F(D-FCA) VD!

Letting N — oo we obtain a generalized Gronwall inequality:
X' <h (1) < (D + Ro)e" '™ < (D + Ro)e".

Note that the right-hand side of this inequality does not depend on A; therefore if
we choose A = (D + Rg)e” in (4), then X4 actually solves the equation

1 1
X;“:F(B)+/ f(s,xg‘)ds—/ Ay dBs.
t t

The uniqueness of the solution of the BSDE (1) then implies that (X4, A) =
(Y, Z), proving the lemma. [J

_The next two lemmas give some fine properties of the discretized solution
{y®).

LEMMA 3.2. Let Y™ be the solution of (2). Then the jumps of Y™ converge
uniformly to zero. Moreover

2L
=(n) =(n) Ke R
Y, . —-Y | < —4+—.
Supl¥in =1l = T+

PROOF. We use induction. Let us start with ¥ 1(") — ftfl’i)l , which is given by

~ ~ 1 ~
P = T, = F(M) = E(F(M™) | 7)== f (i1, ).
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Computing the conditional expectation and recalling our convention on the process
M™ and its linear interpolation (see Section 2) we see that

- ~ 1 1

(n) (n) _ (n) (n) (n) (n) (n) (n)
Wy,  =F(My",.... M, ,M")— EF(MO e My M+ ﬁ)

1 (n) w g 1 ! 5 ()
_EF MO ""’Mtn—l’Mln—l _ﬁ _;f(tﬂ_l’yln_l)’
from which we deduce, using that F is Lipschitz, the upper bound
s _ gy, kKR
|Y1 _Y[nfl|§ \/ﬁ—i_;

On the other hand, since

In—1

. 1 .
g o, rW) =E(F(M™)| 5},

we can let G,_1(-) denote the inverse function of the mapping y > y —
% f(ty—1,y), which exists if L < n. (Recall here that L is the Lipschitz constant
for f in the spatial variable y.) Observe that G,_ is a Lipschitz function with
Lipschitz constant ¥ = (1 — L/n)~'. Furthermore, it holds that

~ 1 |
YtE,n,)l = Gn—l(iF(M(()n), ceey Mt(:i)l, Mt(n'z)l + ﬁ)

1 1
(n) (n) (n)
+ EF(MO e My M — ﬁ))
Clearly, the right-hand side above is a Lipschitz function of (M(()n), M ,(nnf ,) with

Lipschitz constant «y . If we take 17&)1 as the terminal value for a discrete BSDE

with generator f on {0,...,#,—1} we can apply the same argument as above to
deduce that
o o kY R
n—1 n—2 \/ﬁ n

and by an inductive argument
2L

=

+_7
N

ky"™" R ke
n

+—<
Vn B

|?t,(<n) - ?tfﬁ)ﬂ =
completing the proof. [
LEMMA 3.3. The sequence Y s tight in the Skorohod topology.

PROOF. We use the criterium given in [~1 1], Theorem 2.3, for locally square
integrable semimartingales. First notice that ¥ ™ has the following decomposition:
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Y™ = U™ 4+ AM™ | where A(_”) = 17(") + 1 Zi_l f@.Y, ~(")) is a predictable
process with finite variation, and U, (") Z‘ ! Z(")AM (”)1 is a locally square

integrable martingale. Define G™ = [U™, U (”)] + V(A(”)), where V(A™) is
the total variation of A" . We have that G is bounded by an increasing function
g that only depends on 7. In fact V (A™) < C where C is a constant not depending

on n. On the other hand [U®, U™] = Y (AU™)? = Y (ZI)2 M — M)2.

lit1
Since Y™ satisfies (2) we have

~ 1 ~ ~
N =0 = = (6. V) + 2P Al

li+1 liv1-

Using Lemma 3.2 and the fact [AM ™| = we obtain

f >
~ 2R
|Zt(in)| <we?l + ﬁ
and
L 2R\?
[U(”), U(n)] < (Ke + ﬁ) )
By choosing g equal to a constant, we have that G™ satisfies conditions C1 and C2
of Theorem 2.3 given in [11] and the conclusions of this theorem imply that (Y )y
is relatively compact under the Skorohod topology. [J

We point out that the sequence of predictable finite variation processes {?én) +

% > [, 17,5."))} is bounded in total variation, and therefore is relatively compact
under the Skorohod topology. From the previous proof we also know that the
sequence {U ™} is relatively compact.

The following lemma is a standard result in the theory of BSDEs and will give
us the basic estimates for the proof of our main result. To simplify presentation let
us introduce some notation. For a process Y we denote the L>*°-norm of Y as

1/2
1Y 112 = {E sup ¥,2}
0=<r<1
Further, we call the pair of functions F and f in (1) the generator of this BSDE;
and we denote the adapted solution of (1) by Y (F, f) [or (Y(F, f), Z(F, f)) if
necessary], when the generators are to be specified. We have the following lemma.

LEMMA 3.4. Let (G, g) and (F, f) be continuous and bounded generators. If
Y (G, g) and Y(F, f) are the corresponding solutions for the BSDEs. Then there
exists a constant C < 0o which depends only on the Lipschitz constant L of f such
that

IY(G.8) = Y(F, /)20 < C(IG(B) — F(B)| 120y + |1.f — &lloo)-
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In particular if we have a sequence (Gg, gx) converging to (F, f) in L*(Q) x
L°°([0, 1] x Rd), then the corresponding solutions converge in the L% _norm.

PROOF.  For notational convenience we write Y = Y (F, f) and Y =Y(G, g).
Since Y — Y satisfies the equation

_ 1 _
©) Y7, = E(F(B) ~G®B)+ [ £ - g(F)ds| fz)

we deduce that |Y; — ¥;| < N, = E(|F(B) — G(B)| + [y | f (¥s) — g(¥y)| ds | F),
and therefore from Doob’s maximal inequality

E( sup |Y,—Y,|2>

0<r<l
1 _
< 12(E(|F<B> _ GBI+ L2/0 ¥, — mzds) FIf - gnio).

On the other hand using (6) we obtain

_ 1 _
E(Y, — ¥,|*) < 3(E(|F<B> -~ G(B)* + szz = Ys|2ds) +1f - g||§o),
which by Gronwall’s inequality gives
E(|Y, — Y;[*) < CL(E(|F(B) — G(B)I*) + || f — gl%),

for some finite constant C; which depends only on L, and the result follows. [

We note that if in the previous result the sequence Y (Gyg, gx) is uniformly
bounded by A, then we can replace || f — g|lco by SUP|y|<A | f(x) — g(x)|. Using
that M converges weakly to a Brownian motion we obtain the following result,
whose proof is in the same spirit as the previous lemma.

LEMMA~ 3.5. Let (G, g) and (F, f) be continuous and bounded generators.
Consider Y™ (G, g) the solution of the discrete BSDE (2) associated with (G, g)
and similarly for Y (F, f). Then there exists a constant C < oo which depends
only on the Lipschitz constant L of f such that
limsup [¥(G, g) = Y*(F, f)ll 20 < CIG(B) = F(B)| 20 + If — &lloc)-

n—oo

In particular if we have a sequence (Gy, gx) converging to (F, f), then

lim limsup [|¥ ™ (G, gt) — Y (F, f)||2.00 = 0.

k—00 n—o0
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Our next step is to prove that our numerical method converges when the terminal
functional F is of discrete type; that is, it depends only on a finite number of
points of a continuous path. We also assume that (F, f) are in C;°. For the sake of
simplicity we assume that F' depends only on two variables, leaving the obvious
generalization for the reader.

We assume now the process Y satisfies the following backward stochastic
differential equation:

1 1
) Y, = F(By, By) + / F(¥y)ds + / Z,dB,,
t t

where 19 € (0, 1). Using It6’s formula the process Y is obtained by solving the
following system of partial differential equations:

au 10%u

o X+ Ea—yz(t’x’ V) =—f(u x,y), telrn,ll,

u(l,x,y)=F(x,y),
v 19%v

E(r,z)—kia—ZZ(t,z)=—f(v(t,z)), t €0, 1],

v(19, 2) = u(79, 27, 7)-

®)

In fact the solution is given by

_ u(taB‘[()7Bl)a tE[T()? l]a
" v By, t € [0, 7].
In the previous system we can assume that u is defined on the whole interval [0, 1].

To compute a discretization of u, we consider (x;,y;) such that x; = ié,
yj = j8, where § =8(n) = 1//n. We also write Ar = 1/n. We fix x; and consider
the following difference equation associated with the first part of (8) which comes
from a Taylor expansion of u(t + At, x;, y; +8) +u(t + At, x;, y; — 6) [the idea
is that U™ (k, i, j) ~ u(k At,i8, j§)]. We write ko = [ton],
UM k+1,i, j+D+UP*k+1,i,j — 1))

(10) =UM ki, j) = f(U ki, ) A,

U™ (n,i, j)=F(xi,y;).

Using the Lipschitz condition on f one proves that the previous difference
equation has a unique solution, for k = kg, ..., n — 1, i, j € Z. With this solution
we approximate the second part of (8) by solving

TVOU+1Lj+D+VP*k+1,j-1D)
(11) = VW&, j)— F(VPk, ) At,
V@ (ko, j) = U (ko, j, ),
where k =0, ...,kp— 1 and j € Z.

€))
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Using the results of [10], Chapter V, pages 353-381, we know that if (F, f)
is Cé then the solution of (8) is regular in (¢, x, y) and it has bounded derivatives
of order 2 in ¢ and order 4 in (x, y). Let C > 0 be the common bound for these
derivatives. Using this fact and a Taylor expansion for u on the (¢, y) variables
one obtains an upper bound for 0w (k) = sup; ; lu(k At, x;,y;) — U™ (k, i, 1]
fork=kg,...,n. Infactif y =1/(1 — L At), we get

4c
0" W) <y [0V k-+ 1+ 5 |

which yields the inequality

4c =k 4C ynh -1
0" (k) < y" 00 + —5 ny’—y" L OR gt v
From Afr = 1/n one obtains, as before, for large n that (1= /n)" —k

(1+2L/n)"~ —k < 2L and therefore

4C(62L -1
0™ (k) < e*L0™ (n) + ————7.
k({rflgiﬂ ( ) ¢ (n) 11«/71

4C(t-1)
Lvn °
For the other terms we proceed in the same way. Consider

o™ (k) =sup|v(kAt, y;) — VP (k, j)l,
ij
for 0 < k < ko. Then we have ¢ (ko) < C(rg — ko/n) + 0™ (ko) <
C(1+4(e* —1)/L)//n and, for 0 <k < ko — 1,

Since 6™ (n) =0 we get maxy,<k<n 0w (k) <

4C
87w <y[s" 4D+ ],

which yields the upper bound

4C(e* —1)
™) (k) < 2L ™ (k
Og}gﬁ (k) < e =¢™ (ko) + L/
2L_1 €2L—1 C
< (2L 4 4021 4 )_
_<e + 4e 2 + i3 N

Therefore, using a suitable constant A, we obtain the following estimate:

sup { sup u(k At, x;,y;) — U (k,i, j)l,
i,JEZ ko<k<n
(12)
sup [u(k Az, y;) = VO (k, I <
0<k<kg

Sl
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With this estimate in hand we can prove that ¥ converges to Y. Using
Skorohod’s embedding theorem we can assume that M, B are defined in the
same space and M ") converges a.s. uniformly on [0, 1] to B. On the other hand it
is not hard to see that the unique solution of

— n
(13) ¥ =FMQ, M)+ 3 FES) A+ Y 2wy - M)
p=k p=k

is given by
U (0, M, M), 1y € 15, 1],

Iy °

V(n) (tk’ Ml(kn))’ tk € [07 tk()]‘

oo _

Finally, from (12) one obtains that ¥ converges a.s. uniformly on compact sets
to the continuous process (9), which is exactly the solution of (7). This means that
Theorem 1 is proven when (F, f) is C;°, and F depends on a finite number of
coordinates.

Now, we are ready to complete the proof of Theorem 1 in the general case.
First, we take a convergent subsequence of {¥ )}, which by simplicity we
denote by {Y ™} itself. By Skorohod’s embedding theorem we can assume that
all are defined on the same space and moreover they converge a.s. uniformly
on [0,1] to a continuous process X. We consider the approximation Fj,
which corresponds to the linear interpolation at f#g,...,t,, = 1. The processes
yom — ym (g, . ym =y, ), Y(Fy, f) are uniformly bounded by
some constant A and therefore we can approximate (Fy,, f) with a sequence of
Cg°-functions ((Fy, p, fp))p» such that

: 2
pll{IOIOEUFm,p(Bl‘()a -"’Bl‘m) - Fm(Bl‘()a ---aBl‘m)| ):0

and
Jim 1 fp = flloo =0.

Actually we just need limp_, oo SUp|, <4 |fp — f| =0, for an appropriate con-
stant A. We write Ym.P) = ?(”)(Fm,p, fp) and ym.p) — Y(Fp,p, fp). Using
the triangle inequality we obtain

1Y = XU < Y =Y 4 YO =y ORP oy 0 —
(14) 3 5 5 y )
| TP — Oy — YO 4 Y — X

Taking limits first in 7, then in p and finally in m we see that the right-hand side
of (14) converges to 0. In fact, the first and the second terms converge to zero
due to Lemma 3.4. The fourth and fifth ones converge to zero by Lemma 3.5.
The last one tends to zero thanks to the a.s. uniform convergence of Y™ to X
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plus the dominated convergence theorem. Finally, the third term converges to 0
because (Fy,, p, fp) is a smooth function, and F}, , depends on a finite number of
coordinates. Therefore the only limit point for the sequence Y™ is exactly Y, the
solution of (1), proving the result.

REMARK. We note that our results in this paper can easily be used to treat a
slightly more general case, where there is a term Z in the drift of the BSDE. Indeed,
suppose that (H )~ is a predictable process in L2 for d P dt. Also suppose it is
known to us. Then we can numerically solve the BSDE

1 1
(15) Yi=&+ / (f(5.Yy) + Hy Zy) ds — / Z,dB,
t t
by first solving
1 1
(16) Y,=s+/ f(s,Ys)ds—/ Z,dB,.
t t

We do this as follows. Given equation (15) on (2, ¥, P, #, P), we form the
equation

1
(17) M, =1 +/ M H; d By
0

and then set 8 = B, — fé Hds, which is a Brownian motion under the new
probability measure Q defined by dQ = M7 dP. We then solve (16) under Q
with § replacing B. The solution Y of (16) is then also a solution of (15) under P
and using the original Brownian motion B. Last, we note that equations of the
type (15) are of interest in financial asset pricing theory; see, for example, [9],
Section 1.

Summary. We summarize here the proposed algorithm to solve the BSDE

1 1
Y, = F(B) +/ F(s, Vo) ds —/ Z,dBy,
t t

by means of a random walk appoximation M, in the following scheme:
KW =F®), 20 =0,

X, =E(r" | F7),

Lit1

A A 1 Lol
Y[En) = Xti + ;f(ti’ Xl‘,‘)’

2y e[ 740

lit1

1 5 5 -1
+ ;f(tiv ngn)) - Yh(‘n)il(AMf(iﬁ)l) ’?}i(n) }’

where the conditional expectations with respect to the discrete o -field 3“}[(”) are
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computed using a tree structure. For example we obtain

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

5 1 1 1
— (m) (n)
iy = 5{F<Mf"n1 i ﬁ) " F<Mf"n1 - ﬁ) }
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