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1. INTRODUCTION AND RESULTS

The motivation of this work comes from the paper of Chassaing and Schaeffer [2]. They
prove the rescaled radius of random quadrangulation converges (in law), as the number
of faces goes to infinity, to the width ' = R’ — L’ of the one dimensional Integrated
Super Brownian Excursion (ISE) support [L’, R'] (see [1] and the reference therein for the
definition of the ISE). They also prove the convergence of moments. As pointed by Aldous
in [1], little is known about the law of /. Tt is of particular interest to compute therefore
the law of ' = R’ — L’ as well as its moments. We recall that L’ < 0 < R’ a.s., and that
by symmetry, R’ and —L' are equally distributed. More precisely we give a sort of Laplace
transform of R’ in the following proposition, which is proved in section 4.

Proposition 1. For A > 0,b > 0, we have

(1) /Oo % e P(R > br ) = — 6y/TVA .
o 132 [sinh((\/2)1/4b)]2
For b = 1, from the uniqueness of the Laplace transform, we deduce the function
= 7“*3/21P>(R’ > r*1/4), hence the law of R’, is uniquely defined by the above equation.
However, this does not allow us to give explicitly the law of R’. We derive in section 4,
the first two moments of R'.

Corollary 2. We have
23/41(5/4)
N3

Multiplying equation (1) by 6%~ !, with a > 2, and integrating w.r.t. b on (0, +00) gives
the following corollary.

E[R] =3 and E[R”] = 3V2r.

Corollary 3. Let o > 2. Then, we have
MNa+1)((a—1)
271 (o — 2)/4)

In section 5, we prove the following result.

E[R] = 24/7

Proposition 4. For A >0, b >0, ¢ > 0, we have

/ (i—q/; e 1 —P(R' > br~ V4, IL'| > er™YN = Vor [U (c4b)/2(min(c, b)) — v/ A/2],
o T

where uy , is the unique non-negative solution of the non-linear differential equation
u” =2u?— X in (0,7),
u(0) = +o0,
u'(r)=0.
Then, one can derive the expectation of R’|L/| (see section 5).

Corollary 5. We have

i o dt o0 (u+1) du
E[R yLy]:3@+3\/w/2/l m/l N Yo Tk

and

E[min(R/,

/°° du
where ag = _.
1 ud —1

L')?] = 6v2r[l - a/8],
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We give the following numerical approximation (up to 1073): E[R'] ~ 2.580, Var(R') ~
0.863 and for v’ = R’ — L', E[r'] ~ 5.160 and Var(r’) ~ 0.651.

To prove those results, we use the fact that the ISE has the same distribution (up to
a constant scaling) as the total mass of an excursion of the Brownian snake conditioned
to have a duration ¢ of length 1. Then we compute under the excursion measure of the
Brownian snake the joint law of o, R’ and L’. In particular we use the special Markov
property of the Brownian snake and the connection between Brownian snake and PDE
The next section is devoted to the presentation of the Brownian snake and its link with
ISE.

2. BROWNIAN SNAKE AND ISE

Let W be the set of stopped continuous paths (w, (,,) defined on RT with values in R.
Cw > 0 is called the lifetime of the path w, and w is a continuous path w = (w(t),t > 0)
defined on R* with values in R and constant for ¢ > (,,. We sometimes write w for (w, ().
We define

d(w,w") = [Guw — Cur| +sup |w(t) — w'(t)] .
>0

It is easy to check that d is a distance on W, and that (W, d) is a Polish space.

We shall denote by N, [dWW] the excursion measure on W of the Brownian snake W =
(Ws,s > 0) started at x € R with underlying process a linear Brownian motion. We refer
to [5] for the definition and properties of the Brownian snake. We recall that under N, the
law of the lifetime process ¢ = ({5, s > 0) is the Itd6 measure, n, on positive excursions of
linear Brownian motion, where we take the normalization Ny [sup,>q (s > €] = 2_15 Under
N,, conditionally on the lifetime process, W is a continuous W-valued Markov process
started at the constant path (with lifetime zero) equal to x € R. Conditionally, on the
lifetime process and on (W, u € [0, s]), the law of Wy, with s’ > s is as follow: the two
paths Wy and Wy coincide up to time m = inf ,¢[s ) Cu, and (Wy (t+m),t > 0) is a linear
Brownian motion, constant after (¢ — m, which depends on (W,,u € [0, s]) only through
its starting point Wy (m) = Ws(m).

We define 0 = inf{s > 0; (s = 0} the duration of the excursion. From the normalization
of N, we deduce that o is distributed according to

dr
Nglo € [r,r +dr]] =ny(o € [r,r+dr]) = ———=, forr >0.

227 r3/2’

It is easy to check that for any z € R,
2) N, [1 - e—M] = /2.

The Brownian snake enjoys a scaling property: if A > 0, the law of the process WS(A) (t) =
A" Wias(A%t) under N, is A72N, 1.

We now recall the connection between ISE and Brownian snake. There exists a unique
collection <Nér), > O) of probability measures on C(R*, W) such that:

(1) For every r > 0, Ng") [c=r]=1.
(2) For every A > 0, 7 > 0, F', nonnegative measurable functional on C(R*, W),

Ny [FWO)] = NG [P



(3) For every nonnegative measurable functional F on C(R*, W),

®) MolF] = [ NP

We take the opportunity to stress a misprint in [3], where 1/2 is missing in the right

member of formula (3). The measurability of the mapping r +— N(()T) [F] follows from the
scaling property 2. Under N(()l), the distribution of W is characterized as under Ny, except
that the lifetime process is distributed according to the normalized 1t6 measure of positive
excursions.

Let R = {Ws(t);0 <t < (5,0 < s < g} be the range of the Brownian snake. Since
we are in dimension one, using the continuity of the paths, we get that Ng-a.e., the
range is an interval which we denote by [L, R|, with L < z < R. Notice we also have

R = {WS; 0 <s <o}, where W, = W((s) is the end of the path W,. We have henceforth

R = sup WS, and L= inf W,.

0<s<o 0<s<o

The law of the ISE is the law of the continuous tree associated to v/2W, under N((]l) (see
corollary 4 in [4] and [1], see also [7] section IV.6). In particular the law of the support
of ISE is the law of v/2R under N(()l), where we set AA = {x; \"'x € A}. Therefore, we
deduce that in dimension one, the support of the ISE is an interval, say [L’, R']. And we
deduce that (L', R') is distributed as (v2L, v2R) under N[()l).

From [5], it is well known that the function N [R ¢ [a,b]] is the maximal non-negative
solution of u” = 4u? in (a,b). But,as we said, we need the law of R under Ng). Therefore,
we need the joint law of R and 0. We shall compute Ny [1 — 1rc[q e *?] using Brownian
snake techniques (see the key lemma 6 and its consequences lemmas 7 and 8). From
this, thanks to scaling properties mentioned above, we will deduce a (kind of) Laplace
transform for Ng})[l — 1rc[ap] (see lemma 8).

We prove in section 4 the following result: for A > 0, b > 0,

*dr ) —-1/4 6v/TVA
Ny [R> b =
/o ¢ Mo LR > b = e

which determines the law of R. We also compute

214 1(5/4)
I

In section 5, lemma 8, we compute for A > 0, b > 0, ¢ > 0,

and N(()l)[RQ]:i% .

W)y _
NVIR) =3 :

o0 dr —A\r 1
and

NG [min(R, |L|)?) = 3v2r[1 — a3/8),

N(l)[R|LH__3\/E+3\/27T /°° dt /OO (u+1) du
’ - 2 4 i V-1 /1 Vi —1u+vVi2+u+1)




3. EXIT MEASURE OF THE BROWNIAN SNAKE

We refer to [6] for general definition and properties of the exit measure of Brownian
snake. Let —oo < a < z < b < +00, and consider X (@) the exit measure of the Brownian
snake of (a,b) under N,. We recall that X(*%) is a random measure on {a, b}, defined by
: for any nonnegative measurable function ¢ defined on R,

/ (@) XD (dr) = / (W)L,
0

The continuous additive functional of the Brownian snake L(Sa’b) is defined N -a.e. for all
s >0 by

s

1
7b — i !
Lga )= lslfgl g 0 ds 1{T(Ws’)<<s’<T(WS’)+E}’

where 7(w) = inf{t € [0,(y],w(t) &€ (a,b)} is the first exit time of (a,b) for the path
w € W. We use the convention inf () = +oo. Intuitively, Lga’b) increases when the path
W dies as it reaches for the first time the boundary of (a,b). It is well known that in
dimension 1, Ny-a.e.,
{R C [a,b]} = {X@) = 0}.
Recall also that the support of X (®?) is a random subset of {a,b} NR. We set y(@b) =
[ X (@b (dy) for the total mass of X (®b).
We define the function defined for g > 0,A > 0,a < z < b: by

—py(ab)
Uu7)\7a7b(3}) =N, |l—-e* 7.

The next lemma is proved in section 6 using the link between Brownian snake and
non-linear PDE.

Lemma 6. The function v, x ., solves

1
(4) —v" =202 =\ in (a,b).

\V)

Furthermore if a > —oo (resp. b < o0), then we have the boundary condition v(a) =
w4 /A2 (resp. v(b) = p+ /N/2).
As an application of this lemma, we have the following result.

Lemma 7. We define for b >0 and A > 0,
wy(b) = Ny [1 — 1{R§b} ef/\a} .
We have for b > 0, > 0,

wi (b) = \/g [3 coth(21/4pA1/4)2 — 2} .
Proof. Since Ny -a.e., for x < b,
{R<b} = (R C (00,4} = (X0 = 0} = {y-=0) o},

we have \
wy(b) = lim Np [1 e )—AU} = lim vy —o0(0).

pr—00 p—00
By translation and symmetry, it is clear that v,z —oop(0) = vy x0,00(D). As wyx(b) is the
increasing limit of v, ) 0.00(b) as p — oo, and since the set of nonnegative solutions of (4)
is closed under pointwise convergence (see proposition 9 (iii) in section V.3 of [7], stated
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for A = 0, which can be extended to the case A > 0), we deduce that w) also solves (4)
with (a,b) = (0,400). Notice that

wx(0) = lim v,2,0,00(0) = lim g+ +1/A/2 = +o0
HU—00 H—00
and that, since R is a compact set Ny-a.e.,
wy(+00) = Ny [1 - e_)‘”} = /A2

Therefore w), is solution of

1
3 w” =2w? =\ in (0, +00),

w(0) = o0,
w(+00) = \/A/2.

This ordinary differential equation has a unique nonnegative solution, which is given by

wy(b) = \/g [3 coth(2Y/4pA1/4)2 — 2} .

4. PROOF OF PROPOSITION 1 AND COROLLARY 2

Proof of proposition 1. By scaling, we get that the law of R under Nér) is the law of Rr'/4
under Nél). We deduce from (3) and the above scaling property, that

U))\(b) = Ny [1 - 1{R§b} e N
©_dr ) [ A

= — N 1—-1 i

/0 ov2rr3/2 -0 L {R<b} © ]

_ [ adr [ “ar
_/0 WNO = Yraoray e }

° dr A o0 dr r _
:/0 ooz L€ ' )+/0 2v/2rr3f2 € " [1 — Ny [R < b/

= /)2 +/ Qd’" e M NUV[R > br /4,

0 27r3/2

Eventually we define H)(b) for A > 0,b > 0 by

~ g
H\(b) = / e NV[R > b4,
0

I

and we get
6/TV
5 Hy(b) = .
5) A() [sinh((2))1/45)]2
Since R’ is distributed as v/2R, this proves proposition 1. ]
Proof of corollary 2. By monotone convergence, letting A decrease to 0, we get :
< dr 1 _ 3V 2w

(6) Ho(b) = /0 S NVIR > /4 = 2V



Set w=7r"Y*and b =1, to get

4/ uNél)[R > u] du = 3V 2m,
0

Ny [R?) = 3\@ .

Since R’ is distributed as v/2R, we get the second equality of corollary 2.
We recall the following development near O:

which implies

1 1 22 4
= (1-= .
sinh(z)? :n2( 3 +0()
1 1
Hence the function — — ——— is integrable over R*. The function Hy(b) — Hy(b) is

x?  sinh(z)?
positive and integrable on R*. Setting = = (2)\)'/*b, we get

/0 [Ho(b) — Ha(b)] db=3\/%£% i [@W] db

<1 1
= 3v2r(2\) /4 1 —-
3V2m(2)) 50 . [m2 sinh(a:)2] da
1 h
— 3v/2r(20) Y4 Tim L 41 — SR
e—0¢ sinh(e)

= 3v2m(2)) /4,

On the other hand, by Fubini, we have
/0 [Ho(b) = Hy(6)] db _/ db/ 1"3/2 - _)\T)Nél)[R > br_1/4]
* dr —Ary,.1/4 /Oo (1)
- 1—e " Ny [R > v] dv
/0 1“3/2( )r o 0 [ ]
> dr (1
:)\1/4/0 m(l_e )Ng)[R]

= \/4a1(3/4) NV[R].
We deduce that

/9 21/4
N[R) = V2T 2
4T (3/4)
Since
o0 ¢=3/4 gt ®  dv
P(1/4)r(3/4)_/0 s /0 o = V2,
1 ~I(1/4)  T(5/4)
we have TGE/A)  dmva - 3 And we get
1/4
NP[R] = 3 2 LOM)

NG

Since R’ is distributed as V2R, we get the first equality of corollary 2.



5. PROOF OF PROPOSITION 4 AND COROLLARY 5

We define for —oco < a <0< b < 400 and A > 0,
wy(a,b) = Ng {1 — L{R<bL>a) e_’\a} :
Since Ny-a.e., for a <z < b, {R < b, L > a} = {X(®)) = 0} = {Y(@Y = 0}, we have with

the notations of section 3,

QZ))\(CL7 b) = /}Lnolo Ng |:1 _ ef,u,Y(a,b)f)\o’] — l}i}nolo U,u,)\,a,b(o)-

Notice from lemma 6, that by symmetry, vj, , ,,((a 4+ b)/2) = 0. By translation and
symmetry, it is clear that v, xa5(0) = v 0p+q(min(jal,b)). We set wy,(z) as the
increasing limit of v, x 0.2-(x) for z € (0,2r) as p T oo. Therefore, we have

la| +b

Wy (a,b) = wy o (min(|al, b)), where we set 79 = 5

As the set of nonnegative solutions of (4) is closed under pointwise convergence, we deduce
from lemma 6 that w), also solves (4) with (a,b) = (0,2r). We have the boundary
condition

wx(0) = M Upr0,2r(0) = Jim s+ A2 = +oo.

By symmetry, we deduce that w) .(r) = 0. The ordinary differential equation
1

Qw” =2w? — X\ in (0,7],
(7) w(0) = +o0,
w'(r) = 0.

has a unique nonnegative solution. However, we don’t have an explicit formula for w ,.
Arguing as in the proof of proposition 1, we get with ¢ = —a > 0,

wy(a,b) = Ny [1 — 1{p<p,|L|<c} e_ko}

Y dr (1) —Ar
_/0 D23z 0 [~ Loy ey e

> dr o (1
= VA/2+/0 m e N(()) [1 — 1{R§br*1/4,|L|§cr*1/4}} .

We set for b > 0, ¢ > 0,
Cdr (1
(8) I)\(C7 b) = /0 m e N(()) [1 - 1{R§br—1/4, \L\Scr‘l/‘l}} :
That is
In(c,b) = 2V 2m[wx(—c,b) — \/ A/2] = 2V 2r[wy », (min(c, b)) — \/A/2],

where 79 = (¢ + b)/2. We have proved the following lemma, and thus proposition 4 (with
the notation uy ,(z) = w, T/ﬁ(x/\/i))

Lemma 8. Let A >0,b>0, ¢c> 0. We have

> dr “Ar 1 .
/0 3 © NG [1 ~ Lir<pr—1sa, |L\gcrl/4}] = 2V2m[wj (c1b)j2(min(c, b)) — /A/2],

where wy , is the only non-negative solution of (7).
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Notice that Iy(c,b) = I(b,c), Hx(b) = lime— 1o Ix(c,b) and that Iy(c,b) > Hy(b).
Using that

1 - ]‘{R§br*1/47 |L|<er—1/4} = 1{R>br*1/4} + 1{|L|>c7"*1/4} B ]‘{R>b7"*1/47 |L|>er—1/4}

and that R and |L| have the same distribution under N(()l), we deduce
9) e = [ A D [q — H\(b)+ H (e, )
9)  Jale,b) = o e ¢ N [ {R>br—1/4,|L|>cr—1/4}] = H(b) + Hx(c) — In(c, b).

Proof of the second equality of corollary 5. In particular, taking ¢ = b and letting A de-
creases to 0 in (9), we get

* dr
(10) Jo(b,b) = /O 7 N [Lpmincrg 101y = 2Ho(6) = To(b, 1)

Notice Ip(b,b) = 2v/271 wo r,(10), with 7o = (¢ +b)/2 = b. Let us compute wo (r). We set
0 = wo(r).
Solving the differential equation (7) for wq,, we get for all ¢ € (0,r),

/°° \/g du _y
wO,r(t) 8 \/ug _ 03 )
that is

3 [ du
11 \ﬁ/ =Vt
( ) 8 wo,~(t)/0 \/u?)—_l

For t = r, we get
\/§/°° du
— =Vvor.
8J1 Vud—1

We define
/Oo du
o = .
0 1 ud — 1
We get that
3 (7)) 2
(12) wo, () =0=3 (2),

and so Io(b,b) = 3v/2m a2 /4b%. We then deduce from (6) and (10), that
1 3
Jo(b,b) = 7 {6\/2% - Z\/zw ag] .
If we set u = r~'/* and b= 1, we get from (10)
° 3
4/ du UN(()I) [1{min(R,\L|)2u}] =6V21 — Z V2T Oég.
0

Therefore, we have
N [min(R, |L])?] = 3v27[1 — a2/8].
This prove the second equality of corollary 5. O
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Proof of the first equality of corollary 5. We look for a transformation of Jy which will give
the expectation of R|L|. Notice first that for A > 0, J) is differentiable in the variable A
and that

—Ox ) :/0 spre T Ny [1{R>br*1/4, |L\>crl/4}] > 0.

By Fubini, we have

* dr

—Ar 1
_/(0 o2 a)u])\(cy b) de db = /0 m e A /(0 oy de db N((] ) |:1{R>b7.—1/47 |L|>CT‘*1/4}1|

OOdT’ —A\r 1
- | S e PR L)

1
= Ny [RIL])

Our next task is to compute 9\Jx(c,b). From (8), we deduce the following scaling
property: for p > 0,

Ineb) = = Dy (c/p. ).

Taking p = A4 we get
In(c,b) = VAL (eAV4 bAY4),

Of course, we have a similar scaling property for H. Differentiating with respect to A, we
get

I (c,b) = ONVALL(AY, bAMY)
1
= — T (A, 0AVY) +
e )

11 1
= _ 3 I)\(C, b) + 1(@&&(0, b) + babf,\(c, b)):| .

C
4)\1/4

Ay (eAY A bAMY) + ATy (A4 pAYY)

4/\1/4

A

A similar computation yields

ONHA(b) = Em@+imm@]

1
A
Therefore, we have

- )\8)\J)\(C, b)
= 2[25(0, b) — 2H)(c) — 2H(b) + cOcIx(c,b) + bOpI(c, b) — cO-Hx(c) — bOyH(D)].

Now we will study the limit of C, 4 = f[s a2 dedb (=AorJx(c, b)) as A — oo and € — 0,

since

(13) lim  C.y=N"[R|L|].

e—0,A—o00
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An integration by parts gives 4C; 4 = K1 + K3 + K3 + K4, where
Ky = —2(A— ) AH,(A),

A A
Ky =24 / IN(Ab) db— 24 [ H\(t) dt,
£ A £
K3 =2(A—¢c)eHy\(e) — 2/ elx(e,b) db,
&

A
K4 = 28/ H)\(t) dt.
€

Study of K1. We have

B @eyia
|K1| < 2A%H)\(A) = 6v27 (W)

In particular, we have

(14) lim  K; =0.

e—0,A—o00

Study of Ky. Since I)(A,b) > Hy(b), and since J\(A,b) = Hx(A) + Hx(b) — In(A,b) is
nonnegative, we deduce that

0 < Ih(A,b) — Hy(b) < Hy(A).
This implies
A A
0< Ky = 2A/ [I\(A,b) — Hy(b)] db < 2A/ Hy(A) db < 2A%H,(A).
From the study of K7, we deduce that

(15) lim Ky =0.

e—0,A—o00

Study of K3. Set et = b and use the scaling property of I and H (with p = ¢) to get
A
—Kg = 25/ [IA({-:, b) - H)\(E)] db
g
Ale

—2e? / I\(e,2t) — H(2)] dt
1
Ale

—2/ [I.a\(1,t) — H,a\(1)] dt

Ale < dr .
= 2/ dt/ 7“3/2 A N(()) |:1{R>tr—1/4, |L|§r—1/4}] s

where we used the definition of I and H for the last equality. By monotone convergence,
we get that — K3 increases, as ¢ | 0 and A T oo to — K3, where

o dr
7K3 = 2/ dt/ 3/2 {R>mﬁl/47 |L\§r*1/4}}

- 2/1 Io(1,1) — Ho(1)] dt.
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Since Io(1,t) > Hy(1) and Jo(1,t) = Ho(1) + Ho(t) — Io(1,t) is nonnegative, we deduce
that
3V 2

0 <Ip(1,t) — Ho(1) < Hp(t) = 2

Hence, we get that K3 is finite. Let us now compute the value of K3. We have for t > 1,
In(1,t) = 2v27m wo (1), with 79 = (1 +¢)/2. We set for t > 1,

(16) Gt):/tm\/%.

8 2
In particular, we have g = G(1). From (11) and (12), we get that G <3 2 wo 7'0(1)) =
%. We deduce that for ¢t > 1,

To
2 a0 3/ 2a0 \? 200
In(1,t) = 2v2r =) =2v2r s ([ — ) ¢ — ).
won =2/ g () 6 () -5 (i) o (755)
Thus, we get with v = 2a/(1 + 1),
-K —Q/OOdt 2v/am 5 (2 00 )" g1 (220 —3V2r
ST 8 +t 1+t
@
=3V2r ao/ [G_l(v) - 41)_2} dv.
0

2
From (16), it is easy to check that G(z) = NG + O(277/?) as & — oo, which implies that
x

(17) G l(v) = ot O(w'), asv—0.

This development implies that, with u = G~1(v),

~ @0 12+/2
—K3 = lin% 3V 2m ao/ G (v) dv — VI L 19vor
e— c 9

G7He) 4 d 12v/2
= lim 3v/27 a vaw T L 1927
E— 1

vud —1 €
4 du 12427 g
= 12v27 + lim 3v/2 —
THImeveETao | sy -
V2 4327 ag | Y u L |4
= 12V27 + 3V27 « im — U
’ 1 [\/u?’ -1 Vu-— J

(u+1) du

-/ [ e

Therefore, we deduce that

(18) ﬁ%ﬂnaong——mx/ﬂJr?)\/ﬂ/l \/_/ \/—(21%)
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Study of K4. We have for A > 1,

A A

6vTA
Ky=2 H\(t)dt =2 _— ¢
4 E/E A(t) 5/5 sinh((2))1/4¢)2

g | OVTA
o (2)\)1/4

=6V21 + O(e).

A
oth((2)\)1/4t)]

£

Thus we have

(19) lim K, = 6v/2n.

e—0,A—o00
Conclusion. Eventually, we deduce from (13), (14), (15), (18) and (19), that
(1) 1 o dt e (u+1) du
Ny |RI|L|| = - —6\/27r+3\/27r/ .
o [RIL =7 L VES1 ) V@ —lutr VR tatl)

6. PROOF OF LEMMA 6

We introduce the special Markov property for X (@:5) and we refer to [6] for the complete
theory. We set

t
Ns = inf{t;/ du e, <r(w,)} > S}
0

where 7(w) = inf{t € [0,(w], w(t) &€ (a,b)} is the first exit time of (a,b) for the path
w € W. We define the continuous process W, by W, = W, . By definition, the o-field
£(@b) i generated by W/ = (W!, s > 0) and all the N,-negligible sets.

From proposition 2.3 in [6], we get that X (%) is £(%:})_measurable. Notice that N -a.e.,
{s > 0;(s = 7(Ws)} is of Lebesgue measure zero and

/0 1{T(Ws):m} dS = /0 l{T(We)ZCs} dS = /0 1{Wé;éx} dS.

In particular the integral fOU 1o wy)=oc} ds is £(@P)_measurable.

The random open set {s € (0,0);7(Ws) < (s} is a countable union of open sets, say
Uier(as, b;). Since the set {s € (0,0);7(W;) = (s} is of Lebesgue measure zero N;-a.e.,
we get that N -a.e.,

/0v 1{7(W3)<OO} ds = /(; 1{T(Ws)<<s} ds = Z(bl - ai)‘

el
In particular, we deduce from the special Markov property, theorem 2.4 in [6], that
N, [e*/\ J5 Lir(we)y<ooy ds ‘g(a,b)} =N, [e*/\Ziez(brai) |g(a,b)} — o/ X(@P(dz) Na[l—e=?]
From (2) we get that

N, [e‘A.fé’ 1 (Wa)<oo} ds lg(a,b)} — VA2 y(a,b)’
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where V(@ = [ x(@b)(dz). This implies that for a < z < b, and A > 0, > 0,

[ _py(ab) _y
Vunab(T) =Ng |1 —e# U}
=N, |1 = e YO =AT L wo=oo) d5=A[5 Lir(wi)<oo) dS}

= Na: 1— e*,uY(a,b)f)\ fOU 1 (We)=oo} dS Nx |:ef)\ fOU 1ir(We)<oo} ds yg(a,b)}:|

=R, [ e YOO A Ny ]
We then consider the continuous additive functional of the Brownian snake,

dLs = (11 + \/A/2) ALY + A1 (w)=o0) ds.

Of course, we have

pnas(e) =N [1= o] =, | ["ar, o0 0m ],
0

Now we replace exp(— fsa dL,) by its predictable projection with respect to the filtration
of the Brownian snake. Let Ej; be the law of the Brownian snake started at the path
(w, (y), and whose lifetime is distributed according to a linear Brownian motion started
at point (,, and stopped as it reaches 0. The predictable projection of exp (— fsa dL,) is
given by Ej;, [eL7]. From proposition 2.1 in [6], we get that

B oLo] = 25" dt Nugy[1—e™"]

Therefore, we get that

0
= (1 + VA/2)N, [ / " AL o2 v an(Wa(1) dt}
0

+ AN, UU 1r(w,)—sopds & 210" ”mﬂvb(Ws(t”dt] :
0 o

Let us recall the first moment formula for the Brownian snake: for F' a nonnegative
measurable function defined on W, we have

N, [ / UF<WS,<s>ds] — ["ar BalF(Bet € o)

Vuras@) = N, { [ ang 2 st dt]

and
N, [/O F(Ws,gs)dLgavﬂ = E.[F((Bs,t € [0,7]),7)],

where B is under E, a linear Brownian motion started at point z and 7 = inf{t > 0; By ¢

(a,b)}.

In particular this implies that v, 45 is a nonnegative solution of

o(e) = (e VAR, [o7 2200 x| [ o2l oo,
0

From standard arguments on Brownian motion, we deduce lemma, 6.
Acknowledgment. 1 thank P. Chassaing for telling me about [2] and asking me about the
law of (R, L').
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