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Abstract

We discuss a Markov jump process regarded as a variant of the CIR (Cox-Ingersoll-
Ross) model and its infinite-dimensional extension. These models belong to a class of
measure-valued branching processes with immigration, whose jump mechanisms are
governed by certain stable laws. The main result gives a lower spectral gap estimate
for the generator. As an application, a certain ergodic property is shown for the gen-
eralized Fleming-Viot process obtained as the time-changed ratio process.
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1 Introduction

The study of ergodic behaviors of a Markov process is of quite interest for vari-
ous reasons. For instance, it is typical that the analysis of such behaviors depends
heavily on the mathematical structure of the model, so that resulting properties are
expected to yield deep understanding for it. In this paper, we discuss two specific
classes of measure-valued Markov jump processes. The one consists of what we will call
measure-valued a-CIR models, each of which is thought of as an infinite-dimensional ex-
tension for a jump-type version of the CIR model, and the other generalizes naturally a
class of Fleming-Viot processes with parent-independent mutation. As for the measure-
valued a-CIR model, identification of a stationary distribution is easy thanks to its nice
structure as a measure-valued branching process with immigration (henceforth MBI-
process). For the latter class of models, stationary distributions are identified recently
in [4]. A key idea there is to exploit a special relationship with measure-valued a-CIR
models, which enabled us to give an expression for stationary distributions of our gen-
eralized Fleming-Viot processes in terms of those of the measure-valued a-CIR models.
It should be mentioned that such links have been discussed in another context in [1] and
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[2]. Our attempt here is to rely still on that relationship to explore ergodic properties
for the generalized Fleming-Viot process.

It is worth illustrating by taking up a one-dimensional model which is regarded as a
‘prototype’ of the above mentioned MBI-process. Consider the well-known CIR model
governed by generator

2

L= z% + (—bz + c)dilz7
where b € R and ¢ > 0 are constants. Rather than its importance in the context of
mathematical finance, we emphasize that this model belongs to the class of continu-
ous state branching processes with immigration (CBI-processes in short). (See [5] for
fundamental results regarding this class.) Let 0 < a < 1 be arbitrary. As a natural
non-local version of (1.1) within the class of generators of conservative CBI-processes
(cf. Theorem 1.2 in [5]), we will be concerned with

z€Ry :=[0,00), (1.1)

a+1 dy

LaF@) = proms [ FG+0) - PO -iFG)]

zZF/(Z)+CF(1a_a)/O [F(z+y) — F(2)] #, (1.2)
where I'(+) is the gamma function. The operator L, with b = 0 is found in Example 1.1
of [5]. Observing that, as « 1 1, Lo F(2) — L1 F(z) for any z > 0 and ‘nice’ functions F’
on R, we call a Markov process associated with aL, for some constant a > 0 an a-CIR
model.

Although this class of models would be of interest in its own right especially in the
mathematical finance context, our main motivation to study it is the analysis of ergod-
icity for a jump-type version of a Wright-Fisher diffusion model with mutation, which
is obtained through normalization and random time-change from two independent pro-
cesses with generators of the form (1.2), say L/, and L/, with common « and b. On the
level of generators such a link can be reformulated as the identity

<1
21 + 29

(L;F(-, Zg)) (Zl) + (LgF(Zl, )) (2’2) = C(Zl + 22)_aAaG ( ) , Z1,29 >0, (1.3)
where G is any smooth function on [0, 1], F is defined by F(z1,22) = G(z1/(z1 + 22)), C
is a positive constant independent of G and A, is the generator of a jump-type version
of the Wright-Fisher diffusion model. (See (1.3) in [4] for a concrete expression for A,
or (5.1) below for its generalization.) A significant consequence of (1.3) is that Dirichlet
form associated with A, is, up to some multiplicative constant, a restriction of Dirichlet
form associated with the two independent a-CIR models. Therefore, ergodic properties
of a-CIR models would be expected to help us obtain the same kind of results for the
process associated with A,.

Such an idea can extend naturally to the measure-valued a-CIR model, which is re-
garded roughly as ‘continuum direct sum’ of a-CIR models with coefficients depending
on a spatial parameter. More precisely, it is a MBI-process on a type space F, say, with
zero mutation, branching mechanism

ExRy3(r,\) a(r)a—i_l)/ooo[e_)‘y—l‘f')\y] dy _@/\

Nl -« yot? e
fé(a(r)/\“+1 +b(r)\) (1.4)

and nonlocal immigration mechanism
« o — dy
. _— d 1—efMv| = :/ d a 1.5
1O g [omtan) [ [1=e ] = [ manrer. s
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where a(r) > 0,b(r) € R and m is a finite non-null measure on E. An important fea-
ture of such processes is that the transition semigroups (for fixed ¢) and stationary
distributions form a convolution semigroup with respect to m. (See (2.15) and (2.17)
below.) Because of this structure studying ergodic properties of the extended model
would be reduced to the one-dimensional case at least under the assumption of uniform
bounds for the coefficients. In addition, as observed in [4], the relation (1.3) admits a
generalization in the setting of measure-valued processes. (See also (5.2) below.) For
this reason the above mentioned extension of the «-CIR model is considered to play an
important role in studying the generalized Fleming-Viot process obtained as the time-
changed ratio process.

The organization of this paper is as follows. In Section 2, we introduce the measure-
valued a-CIR model, and it is shown in Section 3 that a lower spectral gap estimate for
the generator can reduce to the one-dimensional case in a suitable sense. In Section 4,
we prove such an estimate for L, establishing exponential convergence to equilibrium
for the measure-valued «a-CIR model. The latter result will be applied to a class of
generalized Fleming-Viot processes in Section 5.

2 The measure-valued o-CIR models

To discuss in the setting of measure-valued processes, we need the following nota-
tion. Let F be a compact metric space and C(F) (resp. B+ (F)) the set of continuous
(resp. nonnegative, bounded Borel) functions on E. Also, denote by C , (F) the set of
functions in C(F) which are uniformly positive. Define M(E) to be the totality of finite
Borel measures on E, and we equip M(E) with the weak topology. Denote by M(E)°
the set of non-null elements of M(E). The set M;(E) of Borel probability measures on
E is regarded as a subspace of M(E). We also use notation (n, f) := [, f(r)n(dr). For
each r € F, let §, denote the delta distribution at . Given a probability measure @, we
write also E[-] for the expectation with respect to Q.

Suppose that 0 < a < 1, a € C14(E), b € C(F) and m € M(E)° are given. As a
natural generalization of the a-CIR model generated by (1.2), we shall discuss in this
section the Markov process on M(FE) associated with

LaW(n) = LOW(n) + LEV(n) + LD ()

= r(altla) /000 zgja /E"(dr)a“) {‘I’(” +20,) =¥ (n) — z%(r) = é(mb%)
+1“(1a— ) /OOo Zilfa /Em(dT) W(n+26,)—¥(n)], neM(E), 2.1)

where %—‘f’](r) = Ly(n+ eér)|€:0. The operator £ describes the mechanism of immi-
gration. (See (9.25) in [6] for a general form of generators of MBI-processes. In our
model, there is no ‘motion process’, whose generator is thus considered to be A = 0.)
Set W;(n) = e~ /) for f € B, (E) and define D to be the linear span of functions ¥

with f € Cy(F). It is immediate to see from (1.4) and (1.5) that for any f € B, (FE)

Lay(n) = Ty (n)= (. af ™ +bf) — Wy () m, ). 2.2)

a
L., is well-defined also on the class F of functions ¥ of the form

‘1’(77) :SD(<77»f1>77<77»fn>) (23)

for some ¢ € C3(R'}), f; € C14(F) and a positive integer n. Our first result below not
only verifies this but also gives bounds for each K((Xk)\ll (k € {1,2,3}) for a more general
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class of functions ¥. In what follows || - ||, denotes the sup norm. Let F be the totality
of functions ¥ of the form (2.3) with ¢ € C*(R%) and f := (f1,...,fn) € C14(E)"

satisfying the following conditions; there exist nonnegative constants CJ@ (1<i,5<n),
C,gij)(l <1i,j,k <n) and e > 0 such that for each i,j € {1,...,n}

n C(i)
W*xh“”x“‘SEZxkie for any (z1,...,2,) € R (2.4)
k=1
and
n C(ij)
lpij(z1,...,20)| < Z e ]jr o for any (z1,...,2,) € R, (2.5)
k=1
2
where p; = % Yij = 8578901: and R;c is defined to be
7 7 7
infyep fi(z) _ @ [1filloo - }
T, .. k) € (0,00)": =222 < 8 _RITI® (1<, j<n)p.
o) € Qoo BRI < 2 < e :

Note that (n, f) = (0, f1),-.., (0, fn)) € R} for any n € M(E)°. Intuitively, these

conditions enable one to control the effect of long-range jumps governed by stable laws,
and are inspired by the calculations in the proof of Proposition 3.4 in [4].
It will turn out in Section 5 that an important example of functions in F \ F is

‘I’(U) = <777 f1> T <777 fn>(<n7 fn+1> + 6)_n7

where f; € C;4+(F), € > 0 and n is a positive integer. This function corresponds to

o(x1, ..., Tpy1) = @1 Tp(Tpy1 + €)™, for which the following are verified to hold:
cpi(x17...,xn+1): Ty (T +€)7" (ie{l,...,n})
AR 'xn(anrl + 6)—(n-i—l) (2 =n+ 1)

and

0 i=je{l,...,n})

,J
L1 Ty (Tper +€)7" i,7€{1,...,n}i#j
©ij(T1, . Tpy1) = ! ( w+e) e i #7)

(
(
—nay 7 T Ty + €)Y (ie{l,...;n}j=n+1)
nn+ a2 (Xpe1 + e)_(””) (i=j=n+1).

i %,
Here, -*- (resp. ---) indicates deletion of the ith (resp. ith and jth) factor(s). These
equalities are sufficient to show inequalities of the form (2.4) and (2.5). We can take in
particular C,E,l) =0= C,(C”) foranyi,j € {l1,...,n+1}and k € {1,...,n}.

Lemma 2.1.~(1') It holds that F C F.
(ii) Let ¥ € F be expressed as (2.3) with ¢ satisfying (2.4) and (2.5) and f; € C(E).
Then for any n € M(E)

L) = m /E n(dr)al(r) / Tumedn 3 10 e+ b £, (26)
i,j=1

n

£OV) =~ S n bl £) @7

i=1
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and

OV = s [Lmtdn) [T utdw X fetn b ). @)

Also, we have the bounds

LOw) < ) Y o maldili )

<
- i k=1 (0, fr) +€)ot!
= iJJ ol (e _
<t 3 o gy g e
i4,k=1 z
1~ ) (m[bLfi) 1~ 6 Ibfillso
@y < = c® < = oW 2.10
R I TN AR DA - ey vy B
and
n . q—l
1LOW ()| < T(a) 3 CY)M. (2.11)

2 W )+ o

In particular, E&U\I!, C((f)\ll and Eg)\l/ are bounded.

Proof. (i) Let p € Cg(R’fr) be given and take Ri,..., R, > 0 large enough so that
o(x1,...,2,) =0 whenever max{z1/R1,...,z,/Rp} > 1.

Let € > 0 be arbitrary. Then it is easy to see that for all (z1,...,z,) € R}

" Ry +e€

1
7 yreydn Si 7 |loo
e el < 03

and

I A

|90ij('r17"'7

lf Bt O ol
n 4 (zg + €)? Piglloc:

In view of (2.4) and (2.5), what we have just seen suffice to imply that F C F.
(ii) First, we consider 553)\11(7,), assuming that n € M(E)°. (If n is the null measure,
(2.10) is trivial.) Observe that

=" fir)ei((n. £)), (2.12)
=1
from which (2.7) follows. Also, (2.10) is immediate from (2.4).
The next task is to prove the assertions for L&?’)\I!(n). Since d%\lf(n+z5,.) = #‘im (),
we have by Fubini’s theorem
> dz > dz o ow
—_— ¥ 0p) — W = el dw———
| dmwers)—va) = [ [aee s
1 [ o
_ 7/ W dw— (1), (2.13)
@ Jo 5(77 + IU(ST)

So (2.8) is deduced from (2.12). Noting that n + wd, € M(E)° for w > 0, apply (2.4) to
get

n

1 0o —(x ft(r)c(l)
iLDu(m)| < m/fim(dr)/o v dwijzzl <77,fj>+wf;(7’)+6

= T(a) Y. O m, fife™ ) f) + )7,

ij=1

N
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which proves (2.11). In the above equality we have used

o d
/ w2 L)1 —a)s* 't s,t>0. (2.14)
0 sw+t

It remains to prove (2.6) and (2.9). Similarly to (2.13)

coutn = ot e [T [Cae | s - 0]

e [Latana) [T [ - S ]

and by (2.12)

v 5w

e )= G0 = [ du S AL+ 1))

i,j=1
Hence (2.6) is derived by Fubini’s theorem. (2.6) and (2.5) together yield

oo n PRI
LDV < S [t [ NS,

al(1 - a) 0 iy (s fe) +ufulr) +€)

- a—1
- o Ol )
e i,j;l M, fr) + )t

Here, the last equality is deduced from

o du 1 1
/ U ———— = al()T(1 — a)s* =D 5t >0,
o ! (suto?
which is verified by differentiating (2.14) in ¢. O

Following [10], we consider the operator (£, F) as an operator on Co,(M(E)), the
set of continuous functions on M(FE) vanishing at infinity. In the theorem below we
collect basic properties of £, and the associated transition semigroup.

Theorem 2.2. (i) (L,,F) is closable in Co,(M(E)) and the closure (L, D(L,)) gener-
ates a Cy-semigroup (T'(t));>o. Moreover, D is a core for L,, and for each f € BL(E)
andn € M(E)

(1)U (n) = exp [w, Vif) - / (m, <vsf>a>ds} R 2.15)

where
e—b(r)t/af(T)

o (2.16)
t o
[1 +a(r)f(r)® fo e—b(”)sds]

Vif(r) =

(ii) If b € C1(FE), then Markov process with transition semigroup (T'(t)):>o is ergodic
in the sense that for every initial state n € M(FE), the law of the process at time t
converges to a unique stationary distribution, say @, ast — co. Moreover, the Laplace
functional of Q,, is given by

/ Qo (dn)¥ s (n) = exp [—(m,a " log(1 + ab™' f*))] f € By(E). (2.17)
M(E)°
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Proof. (i) If m were the null measure, the assertions except (2.16) follow from more
general Theorem 1.1 in [10], and also (2.16) is deduced from the proof of it. Indeed,
Vi f(r) was given there implicitly by

O vis) =~ ygeye - vsey, wge=se), @1
t « o
from which (2.16) is obtained. (See Example 3.1 in [6].)

Based on these facts, the proof of the assertions for m € M(FE)° can be done by
modifying suitably the proof of Corollary 1.3 in [10], which deals with the immigration
mechanism described by the operator ¥ — (m, %—‘5) A (possibly unique) non-trivial
modification would be the step to construct, for each n € M(E) and ¢t > 0, ¢:(n,) €
M (M(FE)) with Laplace transform given by the right side of (2.15). By the observation
made in the last paragraph, we have p;(n,-) € M1(M(E)) such that

/ e, dif YU, () = exp [~ Vif)],  f € B (E).
M(E)

Additionally, for every nn € M(E), let s,(n, ) be the law of an a-stable random measure
with parameter measure 7, i.e.,

| salndn )5 =exp =t )] f € BaE)
M(E)
and define p; (n, -) € M1 (M(E)) to be the mixture
pt,(x(n7 ) = / Sa(na dn/)pt(n/7 )
M(E)
It then follows that
[ pralnd)eg) = e[~ (GN), € Ba(E)

M(E)

Therefore, for each N =1, 2,..., the convolution

N ¢
qt(N) (777 ) = pt(na ) * (I:‘jlptk/N,a (Nm7 ))

has Laplace transform

/ g™ (n,dn )0 s (') = exp
M(E)

N
=, Vif) - Z %<ma (%k/Nf)a>] )
k

=1

which converges to the right side of (2.15) as N — oo. Thus, the weak limit of qt(N) (n,-)
as N — oo is identified with the desired probability measure ¢ (7,-) on M(FE). Hence
the semigroup (T'(¢));>o defined by

TV = [ alndy) V0, Ve BOME))
M(E)

satisfies (2.15). The identity $T(t)¥|,_, = LoV for f € C;(E) is verified by com-

bining (2.2) with (2.18). Once (2.15) is in hand, the assertion that D is a core for Lo

follows as a direct consequence of Lemma 2.2 in [13].

(ii) As t — oo the right side of (2.15) converges to

exp [ /Ooo<m, (VJ)“)dt] = exp [—(m,a" " log(1 + ab™ ' f*))]
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since by (2.18)

d — o (63

—log [1+a(r)b(r) = (Vif (r)*] = —a(r) (Vi f(r).
This proves the required ergodicity and that the unique stationary distribution @, has
the Laplace functional given by the right side of (2.17). The fact that Q. is supported
on M(FE)° follows by observing that the right side of (2.17) with f = 8 > 0 tends to 0 as
B — oo. O

We call the Markov process on M(FE) associated with (2.1) in the sense of Theorem
2.2 the measure-valued a-CIR model with triplet (a,b,m). It is said to be ergodic if
be C++ (E)

Remark 2.3. (i) A random measure with law (), in Theorem 2.2 (ii) is an infinite-
dimensional analogue of the random variable with law sometimes referred to as a (non-
symmetric) Linnik distribution, whose Laplace exponent is of the form A\ — clog(1+d\%)
for some c,d > 0. Observe from (2.17) that, as a 1 1, Q. converges to ()1, the law of a
generalized gamma process such that

/ Qu(dn) T ;(n) = exp [~(m.a~log(1 + ab 1)), f € Bo(E).
M(E)°

In addition, one can see that

52 o o
m Lo W (n) = (7, a%—) — (n,bo— R
01?11 ‘Ca (77) <777 a 67]2 > <777 b 577 > + <m7 5,0 > Ll (77)

for ‘nice’ functions ¥, where %(T) = j—;\ll(n +€d,)| . (For instance, this is immedi-
ate for V = ¥, from (2.2).) L, is the generator of an E1\7IOBI-process discussed in Section
4 of [11] and in Section 3 of [10], where (Q; was shown to be a reversible stationary
distribution of the process associated with L.

(ii) In contrast, @), (0 < a < 1) is not a reversible stationary distribution of the measure-
valued a-CIR model. See Theorem 2.3 in [3] for an assertion of this type regarding
CBI-processes. Essentially the same proof works at least in the case of ergodic measure-
valued a-CIR models. Namely, one can show, by a proof by contradiction, that the for-
mal symmetry E9 [(—L,)V; - V,] = E% [(—L,)V, - U] fails for some f,g € Ci4(E).
For this purpose, an expression for the Dirichlet form E?= [(—L,)V;-V,] given after
Lemma 3.1 below is helpful.

3 Associated Dirichlet forms

From now on, we suppose additionally that b € C,; (E). Thus, only ergodic measure-
valued «-CIR models will be discussed. To study the speed of convergence to equilib-
rium in the L?-sense, we consider the symmetric part of Dirichlet form associated with
L, in (2.1). It is a bilinear form on F x F defined by £(W¥, W) := EQ« [[(¥, )] with
I'(-, %) being the ‘carré du champ’:

PO 0) = 5 ULl () — W () L) + Lo(U)(n)
- ;/OOO np(dz) /E n(dr)a(r) [¥(n+ 20,) — U(n)] [¥'(n + 26,) — ¥'(n)]

+ % /OOO ny(dz) [E m(dr) [U(n + 26.) — U(n)] [W'(n + 26,) = ¥'(n)],

where np(dz) = (o +1)27*"2dz/T(1 — a) and n;(dz) = az~*"1dz/T(1 — «) govern the
jump mechanisms associated with branching and immigration, respectively. The same
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argument as in the proof of Proposition 1.6 in [10] shows that (£, F) is closable in

L?*(Q,) and that the closure (Z(Q),D(Ta@))) generates a Co-semigroup (72(t));>o on
L?*(Q,) which coincides with (7'(t));>o when restricted to Coo (M (FE)). We set E(¥) =

EQ (—TQ(Q))\I/ : \I/} for any ¥ € D(TQQ)), remarking that £(¥) = £(W, ¥) for ¥ € F.

Let var(¥) stand for the variance of ¥ € L?(Q,,) with respect to ), namely,

var(¥) = E@ {(\IJ — EQo [\1/])2} .
It is known that the largest x > 0 such that
var(T?(t)¥) < e "var(¥) forall ¥ € L*(Q,) and t > 0
is identified with
gap(?a@)) = inf {5(\1') s var(¥) =1, ¥ e D(L, (2))}
— sup {n >0: k-var(¥) < E(T) forall U D(Ta@))} .

We refer the reader to e.g. Theorem 2.3 in [7] for the proof of this fact in a general

setting. Besides, an estimate of the form gap(fa(z)) > k implies that Ta@) has a spectral
gap below 0 of size larger than or equal to «. (See Remark 1.13 in [10].) In calculating
Dirichlet form and the variance functional with respect to Q,,, we will make an essential
use of the following expression for the ‘log-Laplace functional’ in (2.17):

G(f) == (ma~log(1+ab 1 f®)
/ma (dr) / A(dz) 1—6 f (T)Z) (3.1)

where m,(dr) = a(r)~'m(dr), A is the Lévy measure of the infinite divisible distribution
on (0, 00) with Laplace exponent A — log(1+A%) and f* = (a/b)'/® f. In what follows the
domain of integration is understood to be (0, c0) when suppressed. Define nonnegative
functions Kp and K; on R? by

Kg(s,t) := /nB(dy)(l —e (1 —e ) =a "t [(s+t)*T — s — 2t (3.2)
and
Ki(s,1) = /n,(dy)u LY emt) = $9 g% (54 )°, (3.3)
respectively. The above identities are verified easily by differentiating in s and t.

Lemma 3.1. Forany f,g € B, (E)

g(\pﬂ\pg) - —w(f+g)/ m(dr) Er))i;: /nB(dy)(l _ e—f(v")y)(l _e—g(r)y>

/A (dz)ze™ r)+g7(r)z

+2€ (f+g)/E (dr)/nl(dy)(l 7eff(r)y)(1 _ efg(r)y)

L alf +9)* 'aKp(f9)
= e w<f+><<m7 b+a(f+g])3a >+<m,K1(f,g)>>,

which is finite.
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Proof. It follows that
1
D) = e [ () [naldy(1- e M@ e
E
1
+§e—<n7f+g> / m(dr) /m(dy)(l — e TMY)(1 — em9()
E
1 _
= eI (0K s (f,9)) + (m, K1(£,9))).
Note that the function r — K(f(r),g(r)) is an element of B, (E). Defining h € B (E)
by h(r) = a(r)Kp(f(r),g(r)) and recalling that £(V;, ¥,) = EQ=[['(¥;, ¥,)], we need
only to show that
I(f+g:h) = E@ [e‘“”f*'g)(n,h)}
1/a

) / g (dr) 7). o) / A(dz)ze—U ()47 ()=

_ L —v(f+9) (f+9)“ 'h
— V(g <m,7a(f+g)a> (3.4)

and that this is finite. The second equality can be verified to hold by (2.17) and (3.1)
together:

d d
I(f+g;h) = — &EQG [e*"’fﬂ“ﬂ = — %eﬂﬂfﬂ“h)
e=0 e=0
_ e—w(f+g>/ ma(dr)h*(r)/A(dz)ze—(f*(”ﬂ*(’"))z
E
7, l/a
) / ma (dr) / A(dz)zeU 47 ()=
E T

For the proof of the last equality in (3.4), we make use of another expression for I(f +
g; h) deduced from (2.17) only:

I(f+g;h) = — diexp [—(m,a "log(1+ab™ " (f + g+ €h)*))]
€ e=0

L bt gy, AU 9 TR
- g<m’b+a(f+g)“>'

Here, by (3.2)
0<a(f+9)* Th<(f+9)* "a(f +9)*™ = a(f +g)*
and so I(f + g; h) is finite. O

Noting that (3.4) is clearly valid for every h € B (F) and combining (2.2) with (3.4),
we get for any f,g € B4 (F)

1 « «
B9 (L) W) = —E% [Urag(n) - L (1.af T 4 00) = Uyl )]
_ bt (< (f +9)* Haf*t + b\ im fa>>
" b+a(f+g)* " ’
from which the last expression in Lemma 3.1 for the symmetric part
= 1
ey, W) =5 (B9 [(—La)Wy - Vo] + B9 [(~La) ¥y - Uy))
EJP 19 (2014), paper 65. ejp.ejpecp.org
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can be recovered.

Our objective is to show the positivity of gap(fa@)). The contribution here in this
direction is the reduction to a certain estimate regarding the one-dimensional model.
For a measurable function f on F, the essential supremum (resp. the essential infimum)

of f with respect to m is denoted by esssup f (resp. e(sEs inf f). Let D be the linear span
(B, m)

of functions on R} of the form F(z) := e~ ** for some A > 0.

Theorem 3.2. Suppose thatb € C,(F). Let~v > 0 be a constant. If for every F' € D

[r@we - Fo)?
3| [ 8@ [antanE - re2 e [uanEm - Foy]. 69

then for any ¥ € D

var(¥) < yesssup(b™!)E(V) (3.6)
(E7m)

and it holds that gap(L, .0 )) >~ Lessinfb.

(E,m)

This kind of reduction was discovered by Stannat [12] (Theorem 1.2) for a lower es-
timate for the quadratic form of gradient type. In particular, for the process associated
with £; in Remark 2.3 (i), the condition corresponding to (3.5) reads

/ A(d2)(F(2) — F(0)% <4 / A (d2)2(F'(2))?, (3.7)

where A;(dz) = 2~ le~%dz is the Lévy measure of a gamma distribution. While (3.7) with
~ = 1 is verified easily by applying Schwarz’s inequality to F'(z) — F(0 fo F'(w)dw,
showing an inequality of the form (3.5) is more difficult and we postpone it unt11 the
next section. However, as will be seen below, the reduction itself is proved in a similar
way to [12].

Proof of Theorem 3.2. Consider a function ¥ expressed as a finite sum ¥ = . ¢;Vy,,
where ¢; € R and f; € By (F). Putting d;, = c;e~*1) | observe from (3.1) that

var(¥) = ZC‘%‘ (67w<fi+fj>767w<fi>67w<fj>)

Zd d ( FD+w )= (Fit fi) _ 1)
Zdidj {exp (/E/ma(dr)A(dz)(l — e FmH 1 - e_f;(r)z)> - 1]
Zd d; Z (/ /ma (dr)A(dz)(1 — e~ z-(r>2)( ef;(r)z))N_(&g)

Rewrite in terms of the N-fold product measures m®" and A®" to obtain the following

EJP 19 (2014), paper 65. ejp.ejpecp.org
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disintegration formula for the variance functional:

var( Z N Zd d; / N(drn)A®N (dzy)
H(l — e*f;(rk)zk H —fi(r) zl)

k=1 =1
2

N
Z Ni / m&N (dry)A®N (dz) lz H (1—e Fim=)l (3.9)
EN JRY b1

where ry = (ry,...,ry) and zxy = (21,...,2zy). Given ry = (r1,...,rn5) € EV and
z1,...,2Nv—1 € R4 arbitrarily, apply (3.5) to the function

2N Zd { H (1— e—ff(m)zk)} e Ji(rn)zn

to get

N 2
%/A(dZN) [ZZ: del;[l(l _e.fa‘,*('r‘k)zk)‘|

N-1 9
< /A(dz)z/nB(dy) lz d; H (1- eiﬁ(’”k)zk)(e*ff(rzv)(2+y) _ efi*(rN)Z)]
% k=1
N-1 9
+/n1(dy) [Z d; H (1— e_f;(rk)zk)(e—f:(TN)y _ 1)]
(rn)' T/ o 2
_ M _ —f;(’f‘ )Z _fi,*("'N)Z - _fz(T’N)
L [z fnatan lZd H (1= e imm)e (1 y)]
— 2
+ZE:]]\\[[)) /nI(dy) [Z dl H (1 — e_fi*('f‘k)zk)(l _ e_fi(TN)’y)‘| ] (3.10)
i k=1

Here, a suitable change of variable has been made for each integral with respect to
np(dy) and n;(dy) in order to replace f(rn)y by fi(rn)y.

Set C' = esssup(b~") so that
(E,m)

ma(dry) = a(ry) 'm(dry) < C-b(ry)a(ry) m(dry)

EJP 19 (2014), paper 65. ejp.ejpecp.org
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in distributional sense. Combining (3.9) with (3.10), we can dominate 2var(¥)/v by

00 C QN-—1 QN—-1 G(T)l/a
Z ﬁ/EN*l/RNﬂma (dry—1)A (dzN_l)/Em(dr) oG
N=1 v
N-1 2
/A(dz)z/nB(dy) lz d; H (1-— effi*(n-,)zk)eff;‘(r),z«(l _ efi(r)y)]
i k=1
-~ C ®N-1 ®N-1

+ Z ﬁ/EN,l /Rfl Mq (dry-1)A (dZN—1)/Em(dr)

N=1

N-1 2
nr(dy) lz d; H (1 — e filmzry (1 — efi(r)y)]

i k=l
v C @N a(r)l/a
ZF/ m N (den)A®N (dzn) /mdrb(r)l/a
N 2
/ A(dz)z / np(dy) lz di [J (1= e i)l efi(T)y)]
i k=1
+2 g/ mgN(drN)AQ@N(dZN)/ m(dr)
N=0 Nt S~ RY E

N 2
/n;(dy) lz d; H(]_ — e*fi*(rk)mc)(l _ efi(r)y)]
% k=1

—

Zd 4 NZ_ N (/E/ ma(dr)A(da)(1 - e V)1 e i (’"”“>>N

1/ " *
/ m(dr) a(Zil/a / np(dy)(1 — e )1 — e H0W) / A(dz)ze 1 ()=
E

oo

N
+Zd d; Z il (/ /ma (dr)A(dzy)(1 — e fi )=y — e (”)zl))
/Em(dr)/nj(dy)(l _ e‘fi(?“)y)(]_ _ e—fj(r)y)

a(r)i/e
= C’sz:cicjefib(fﬂrfj) /Em(dr) bé’l“))l/o‘ /nB(dy)(l _ e*fi(r)y)(l _ effj(r)y)

/ A(dz)ze= U O+ ()2

HOY e w(fﬂrfj)/

i, E

o

m(dr) /n[(dy)(l — e FiMyy (1 — 1My,

where the last two equalities are seen by similar calculations to (3.8) and (3.9). Since
the symmetric part & of Dirichlet form is bilinear, (3.6) for ¥ € D follows from Lemma
3.1.

It remains to prove that (3.6) extends to ¥ € D(TQ(Q)). Since (Z(Q), D(fa(z))) is the
closure of (L, F) in L?(Q,), we need only to show that (3.6) extends to ¥ € F. Given
U € F, we see from Theorem 2.2 (i) that there exists a sequence {Ux}%_; C D such
that

||\I/N — \I/Hoo + ||£o¢\I/N — £a\1]||oo —0 as N — .
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Hence
||\I’N—\I/HL2(QQ)+5(\I/N—\I/)—>O as N — oo.

This implies that (3.6) holds for any ¥ € F and we complete the proof of Theorem
3.2. O

Remark 3.3. In view of calculations in the proof of Theorem 3.2, it is clear that under
the same assumption an appropriate version of the inequality (3.6) holds for a more
general class of functions a and b. To be more precise, suppose that a,b € B, (E) are
uniformly positive and that (), has Laplace transform (2.17). Then, assuming that (3.5)
is valid for all ' € D, we have

EQ- [(\Il — B9 [\Il])ﬂ < yesssup(b~!)E% [[(T, ¥)]
(E,m)

for any ¥ € D, where
M@ = g [ sl [ o) B+ =) - V)P

+§/mu@4mwmwm+mm—wmﬁ

This fact reflects the convolution property with respect to m mentioned in the Introduc-
tion. (Note that the condition (3.5) is independent of m.)

4 Spectral gap for the o-CIR model

This section is devoted to the proof of (3.5) for some 0 < v < co. The strategy should
be different from the one already mentioned for (3.7) with A;(dz) = z~le7%dz at least
because no informative expression for the density of A in (3.1) appears to be available.
Let us illustrate another approach we will take and call ‘the method of intrinsic kernel’
by revisiting (3.7). Suppose that ' € D is a finite sum F' = ) . ¢;F),. We will use the
notation 1g standing for the indicator function of a set S and 9, = 9/0t for simplicity.
Letting ¢1()\) = log(1 + A) = [ A;(d2)(1 — e=**), observe that

Uy (F) = /Al(dz)(F(z) — F(0))? = ch-cj//\l(dz)(l — e NE) (1 — e M%)

= ch-cj (=1 (N +A5) + 01 (N) +¥1(X)))

%:cicj /OM ds/o)\j dt(—] (s + 1))
_ / ds / AT (s F(#) (— (s + 1), @.1)

where F(s) = Y, ¢;10,5,)(s). On the other hand, by putting K (s,¢) = sti} (s + t)
Z CiCjAA /Al(dz)zef)‘ize*&z
2%

= ZCiCjKl()\i,)\j)

Vi(F) = /Al(dz)z(F'(z))2

4,J
ki )\j
= Zcicj/ ds/ dt0s0; K1 (s, 1)
— 0 0
/L).]
= /ds/dtf(s)?(t)@satl(l(s,t). (4.2)
EJP 19 (2014), paper 65. ejp.ejpecp.org
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It is reasonable to call 0,0; K7 the intrinsic kernel of the quadratic form V;. Similarly,
(4.1) shows that the intrinsic kernel of U; is the function (s,t) — —¢{ (s + t).

Given two symmetric measurable functions J and K on R2, we write K > Jif K —J
is nonnegative definite in the sense that

/ ds / AG(s)G)(K (5,1) — J(5,1)) > 0

for any bounded Borel function G on R with compact support. By virtue of Fubini’s
theorem, K > 0 if K is of ‘canonical form’

K(s,t) = /SM(dw)a(s,w)U(t,w), s,te Ry

for some measure space (S, M) and measurable function o on Ry x S. In view of (4.1)
and (4.2), it is clear that the inequality vV (F) > U (F) is implied by

7050 K1(s,t) + 4y (s + 1) > 0.

For v = 1, this holds true since by direct calculations

(1+ 3 /dzz e Fse S te
s

which is of canonical form. Furthermore, this expression makes it possible to identify
the associated ‘remainder form’:

Vi(F)—-Uy(F) = /ds/th /dzz e Fse %Fte *
B 2
= /dzefz (/ dsF(s)szesz>
N 2
/dze_z (Z Ci/o dssze‘sz>
e A% 1 4 \;ze Ni# ?
= /dzefz <Z c; . )

K2

/ Ar(d2)z(F(2) — F(0) — 2F())2.

836tK1(57t) + wil(s + t) =

It should be emphasized that the above calculations require only an explicit form of the
Laplace exponent ;.

Turning to the case 0 < a < 1, we adopt the method of intrinsic kernels to show
(3.5) for A such that

P(A) :==log(1+ ) = /A(dz)(l —e ), A>0. (4.3)

(We continue to adopt this notation as it is a one-dimensional version of (3.1).) Namely,
we shall
(I) calculate the intrinsic kernels of U(F) := [ A(dz)(F(z) — F(0))? and of

! [ [ @) [ @G+ - PP+ [uanEw) - PO

and then
(IT) compare the two kernels as nonnegative definite functions.
The following lemma concerns the step (I).
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Lemma 4.1. The intrinsic kernels of U and of V are respectively given by J(s,t) =
—"(s+t) and K(s,t) := 0;0.K (s,t), where

(s +1)*! 1 1 1
2K (s,t) = ————[(s+t)oTt —sotl ot L@ 41> _ (s 4+1)%¥]. (4.4
Proof. The intrinsic kernel of U is deduced in the same manner as (4.1). The derivation
of (4.4) is similar to the calculations at the beginning of the proof of Lemma 3.1. Indeed,
for F =3, ¢;F),

V() = ZCZCJ/A (dz)ze~ (it )Z/nB(dy)(l—e Ay (1 — e=AiY)

2}

+- chcj/nI dy)(1 — e MY)(1 — e NY)
= chcj )\Z,)\

where the last equality is seen from fA(dz)ze*Az = ¢’'(A), (4.3), (3.2) and (3.3). The
rest of the proof is the same as (4.2) with K in place of K. O

Remark that, as « 1 1, the right side of (4.4) tends to H%Zit = 2K;(s,t). The main result

of this section is obtained by accomplishing not only the step (II) but also identification
of the remainder form.

Theorem 4.2. Foreach F € D,

V-0 = =2 [ [ sty [FEEO  EEr0 2 EO)
F(z) = F(0) F(z+y) - F(0)]°
e
+ﬁ A(dz)z /nB(dy)(F(Z+y)—F(z))2. (4.5)

In particular, (3.5) with v = 2 holds true.

Proof. Let J, K and K be as in Lemma 4.1. Recalling (3.2) and (3.3), we will exploit the
following expression for 2K in (4.4):

2K (s,t) = p(s + t)Kp(s,t) + K1(s,t), (4.6)
where .
AYT ,
PO = P = = [ Az

Differentiating (4.6) in s and ¢ yields

2K (s,t) = 8,0¢[p(s +t)Kp(s, )]+l —a)(s +1)* 2 (4.7)
p'(s + ) Kp(s,t) +p'(s + 1) (05 + 0,) Kp(s,1)
+p(s+t)(a+1D)(s+1)* 4 al —a)(s+1)> 2 (4.8)
Since )
(0, + 0 Kp(s,1) = "= [~ K1 (5,0) + (s + )],
EJP 19 (2014), paper 65. ejp.ejpecp.org
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(4.8) becomes

~ 1 1
2R(s,1) = p"(s+DKp(s,) = pl (s + DK (5,0) + =

H+p(s+t)(a+1D)(s+ 1) 4 a(l —a)(s+ )2 (4.9)

pl(s+t)(s+1)*

Here, it is direct to see that the sum of the last three terms on the right side equals
a+1

p(s+) — (1—a)(s+ )
or equivalently that
1
PN+ 1)+ pWA*! = —(1 —a)A*

By the above identity and (4.9) together

2 (5,) = (s +OKpls,1) — g (s + )Ry (s,)
SO ) - (- a5+ 1)
= p'(s+t)Kp(s,t)— aTHp’(s +t)K1(s,t)

a—+1

+ J(s,t) — (1 —a)(s+1)*2

a+1
= p'(s+t)Kp(s,t) — Tp'(s +t)K (s, t)

a—+1
+

2 ~ 1
J(s,t) — EK(S, t)+ aasat [p(s +t)Kp(s,1)],
where the last equality follows from (4.7). Consequently

2K (s,t) — J(s,t)

_ « 7 o 1
= S (s + OKB(s,0) = p(s + DK (5,0) + — 0.0 [p(s + D E(s.0)].

Each of the terms on the right side is nonnegative definite because of

p'(s+t)Kp(s,t) = /A(dz)z3 /nB(dy)e_SZ(l —e W) (1 — e W),

(s + 1)K (s,1) = / A(dz)2? / n(dy)e==*(1 — =)=t (1 — =)
and
0.01[p(s + K (s.0)] = [ A@2)z [ maldy)o, [ - e )]0, [ (1 e )]
Therefore, 2K > J and so 2V (F) > U(F) for any F € D. We further proceed to identify

the remainder form F — 2V (F) — U(F). With the help of the canonical representations
in the above, we deduce 2V (F) — U(F) = 3, cic; K'(\i, Aj) for F' =37, ¢;F),, where

Ai Aj ~
K'(\i,A)) :/ ds/ dt (2K(s,t)—J(s,t))
0 0
. =iz _ = Xi(z+y) _ oAz _ o—Aji(z+y)
_ o /A(dz)zd/ng(dy) {1 e l-e ][1 e l-e ]
z

a+1 z+y z z+y

1— —Xiz 1— —Xi(z+y) 1— —XAjz 1— —Xj(z+y)
+/A(dz)22/n1(dy) [ ¢ - ¢ } { ¢ - ¢ ]

z Z+y z Z+y
1
+ /A(dz)z/ng(dy) [e_)‘iz(l — e_’\”’)} [e_’\fz(l - e_’\fy)] )
a—+1
EJP 19 (2014), paper 65. ejp.ejpecp.org
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Accordingly

WV(F) - UF) = ail/A(dz)z?’/nB(dy) [Za (1 _Z_m - _i_:i;ﬂ))r

i

, L_e=Nz 1 —e=nG+N]"
+/A(dz)z /n;(dy)[Zci< LT )]

7

2
o _1'_ 1 /A(dz)z/nB(dy) lz C; (e”‘iz — eAi(Zﬂ‘))] .

This coincides with the right side of (4.5) for F' = Zi c;F\,, and the proof of Theorem
4.2 is complete. O

_|_

Combining Theorem 4.2 with Theorem 3.2 gives immediately a lower estimate

gap(fa@)) > e(ssinfb

1
2 (E,m)

for ergodic measure-valued a-CIR models discussed in the previous section. In fact,
this bound is optimal as seen in

Theorem 4.3. Let L, be of the form (2.1) for some a,b € C;(FE) and m € M(E)°.
Then

— 1
gap(La) = 3% }%f b.

Proof. For the aforementioned reason, it suffices to show the upper estimate

1
essinf b.

——(2)
Lo )<=
gap( ) < 5 ossind

To this end, we use (a variant of) a characterization due to Liggett ([7], (2.5)):

I B var(T? ()W)
gap(Ly ) = %gg 5 1nf{ log (@) 0<var(¥) <oop.
This implies that
— 1
gap(ﬁa(Q)) < liminf —(—log Var(T2(t)\Il)) (4.10)
t—oo 2t

for any ¥ such that 0 < var(¥) < co. We now take ¥(n) = exp(—n(E)), for which
T?(t)¥(n) is given by the right side of (2.15) with f = 1z =: 1. Recalling that the
log-Laplace functional of @, is ¥(f) = (mq,log(1 + ab~!f%)), one can derive by (2.15)

t
var(T?(t)¥) = E% [exp (—2(17,‘/}1) - 2/ (m, (Vsl)o‘>ds)] —e WM
0
= MW (exp [-9(2Vi1) + 20(Vi1))] — 1),
where the last equality is deduced from
t
v = [ m (Vaa)ds = (i)
Since by (2.16) (V;1(r))® < e~ ), A(t) := 2¢(V;1) — 9(2V41) — 0 as t — oo and so

1 1
liginf ;(— log var(T?(t)¥)) = — lim sup n log A(t).

t—o0
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By virtue of (4.10), the proof of Theorem 4.3 reduces to showing that

1
— lim sup n log A(t) < ezssinf b. (4.11)

t—o0 E,m)

By straightforward calculations

a « « a 2 (03
A(t) = (mg,log <1+ 527 20)(Vil) +(31 ey >> (4.12)

1+ §2%(V;1)

7(2—2%) (V1)
wlog (142222 At
(mg, log ( + T %QQ(th)a

Y

).

Further, with the help of the inequality log(1 + 2) > z/(1 4 z) for z > 0, we get

7(2—2%) (V1) 220
At) > (mg, 2 ) > , (V1) f .
(1) 2 e, 2 agrgye ) 2 (e (D)) essinl s
Here, again by (2.16)
b
A" 2™ geinf g
and therefore
lim su 110 A(t) > lim 1lo (m, e~ ) = esssup(—b) = —essinfb
taoop t & T tooo t BT o (E,m)p a (E,m) '
This establishes (4.11) and completes the proof of Theorem 4.3. O

Remark 4.4. (i) The same argument may apply to the case a« = 1. But the resulting
bound exhibits discontinuity at o« = 1. Indeed, for « = 1 (4.12) becomes

a 2 2
A(t) = (mg,log (1 + m>>)

where V;1(r) is given by the right side of (2.16) with « = 1 and f(r) = 1. (See the
formula for v;(f)(z) on p.1380in [11].) As a result we can show that

1
limsup — log A(t) > —2essinf b

t—o0 (B,m)

and accordingly gap(fl(z)) < efss inf b. In fact, the equality is valid because the opposite

E,m
inequality is implied by (3.7) wjth)fy = 1 with the help of Theorem 1.2 in [12]. (See also
Remark 2.15 in [10].) Thus gap(La"")) is discontinuous at o = 1.
(ii) Theorem 4.3 would be regarded as a sort of continuous analogue of Theorem 2.6 in
[7], which concerns a vector Markov process whose (countably many) components are
independent Markov processes.

5 An application to generalized Fleming-Viot processes

Throughout this section, we assume that E is a compact metric space containing
at least two distinct points. As mentioned in the Introduction, the previous results
will be applied to study convergence to equilibrium for a class of generalized Fleming-
Viot processes, whose state space is M;(F). These models have been discussed in
[4], where their stationary distributions were identified by exploiting connection with
suitable measure-valued a-CIR models. To be more precise, given 0 < a < 1 and
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m € M(FE)°, we consider in this section the process associated with £, in (2.1) with
a =1 = b and the generalized Fleming-Viot process associated with

1
At = [ Bui*(d“) [ lar) (8(1 e+ ud,) ~ @) (5.1)
Bl ‘”d“ /mdr (1= wp+ub) - d)], e M(E),
0

where B, ., denotes the beta distribution with parameter (¢, c2) and ® belongs to the
class F; of functions of the form ®(p) := (u®", f) for some positive integer n and f €
C(E™). It has been proved in [4] (Proposition 3.1) that the closure of (A,, F1) generates
a Feller semigroup (S(¢)):>0 on C(M;(E)). Also, as observed in [4] (Proposition 3.3),
the generators £, and 4, together enjoy the following identity:

LY (n) =T(a+2)n(E)"*A,P (7;(E)*17]) , n e M(E)°, (5.2)

where ¥() = ®(n(E)"'n) and @ is in the linear span F; of functions of the form p
(y f1) - {p, fn) with f; € C11(F) and n being a positive integer. Notice that in one
dimension (5.2) takes the form (1.3). Under the assumption that m(F) > 1, it was
proved in Proposition 3.4 of [4] that

Po() :=T(ar+ 1)(m(E) — 1)E?= [n(E)"*n(E) 'n € -] (5.3)

is a unique stationary distribution of the process associated with 4., where @Q,, is the
stationary distribution of processes associated with (2.1) with a = 1 = b. The pre-factor
I'(a+1)(m(E)—1) on the right side arises as the normalizing constant. More generally,
the following moment formula holds for the random variable n(E) under Q.

Lemma 5.1. Let @, be as in (2.17) with a = 1 = b. Then it holds that

r(1— 2)I(m(E) + £)

EQ« [n(B)?] = I(1-AT(m(E))
50 (otherwise).

(—am(E) < f < a) (5.4)

Proof. Observe that, for each u > 0, (2.17) with a =1 =b and f = u reads

Qe {efun(E)] = emmE)log(1+u®) _ (1 4 g@)=mUE),

We only need to consider the case 3 < 1 because E@~[n(E)?] = o for each 8 > 1 is
implied by E@=[n(E)*] = oco. Since in this case I'(1 — 8)t~(= = [* duu=Fe="! for
t > 0, we get with the help of Fubini’s theorem

B9 [n(E)’] = B% [n(Em(E)"—]
1

= 7“1 —5 /OOO duu P EQ= {n(E)e_“"(E)}

= M/m duu" (—CZLEQ” {e‘"”(E)]>
- 0

am(E) /OO _ _1 —(m(E
= duuPu®= (1 4 )~ (ME+D)
a9y e

_ o _mE) [T —(m(B)+1)
1_‘(1_5)/0 dvv™ = (14 v) ,

which is easily seen to diverge for 8 > « and 8 < —am(E). For 8 € (—am(E), ), the
above integral is equal to the right side of (5.4). O
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In the rest of the paper, we assume that m(E) > 1. A key observation for the subse-
quent argument is that (5.2) yields the following connection between Dirichlet forms:

INa+2)

B9 [(~La)¥ W) = m B )

EP> [(—AL)® - D). (5.5)

Here, the left side calls for some explanation since it can not necessarily be written as

E(P). Instead, one can approximate such special ¥’s suitably by functions in D(Z(z)).
This rather technical point is the contents of the next lemma.

Lemma 5.2. Suppose that m(FE) > 1 and let L, and @, be as above. Let ® € F; be
arbitrary and define ¥(n) = ®(n(E)~'n) for n € M(E)°. Then there exists a sequence
(Un) © D(Z.?) such that Uy — W in L2(Q.) and E(Uy) — EQ« [(—L,)W - U] as
N — o0o. Moreover, varg, () < 2EQ [(=L,)V - ¥].

Proof. For simplicity we assume that ¢ is of the form ®(u) = (i, f1) - - - (i, fr) for some
fi € C4+(F) and positive integer n. Accordingly ¥(n) = (1, f1) -+ (1, fo)n(£)~". Define

{\I/N} C ]:by
Un(m) =, f1)- 0 fu)((E) +1/N)™".

In fact, Uy € D(/:@)) and Ta(z)\IlN = L,V as will be shown in the last half of the
proof, and we temporarily suppose the validity of them. Obviously ¥ — ¥ boundedly
and pointwise on M(FE)° and so ¥y — ¥ in L?(Q,,). In view of the paragraph preceding
to Lemma 2.1 and the calculations in the proof of it, one can verify that £,¥x(n) —
L,¥(n) for each n € M(E)°. Moreover, by virtue of Lemma 2.1 (ii)

ILa¥n ()] < Ci(n(E) +1/N)™% 4+ Cy

for some constants Cy and C5 independent of n € M(E)° and N. Therefore, by Lebesgue’s
dominated convergence theorem

E(Un) = B9 (<L) Ux - Uy | = B9 [(~Lo)Un - U] = B9 [(~Lo)V - V]

since n(E)~ is integrable with respect to @, by Lemma 5.1 together with m(E) > 1.
In addition, varg, (¥y) < 28(Wy) = 2B [(—La) ¥y - Uy by gap(La') = 1/2. Letting
N — oo gives the required inequality for V.

The rest of the proof is devoted to showing that ¥ € D(fa(2)) and TQ(Z)\IJ N=L YN
for arbitrarily fixed N. For this purpose, it suffices to construct {\I/(k)}?:1 C F such
that ¥*) — Wy and £,¥*) — £,V y boundedly and pointwise on M(FE) as k — oo.
Clearly this reduces to finding a sequence {¢*)}?°, < C2(R"*') which approximates
too(x1,...,xn) =21 Tp(zny1+1/N)~" in some appropriate manner. To this end, take
a sequence {x;} in CZ(R) with the following properties; {x}} and {x}} are uniformly
bounded,

z, 0<z<k)

0<xi(x)<zforallz € Ry and xi(z)= { 0. (x> 2)

Define ¢*) € C2(RH) by ¢ (21,...,2041) = Xk(@1) X&) (@ps1 + 1/N)™™ and
accordingly set

It follows that || ¥(®) ||, < ||¥x||o. While the support of 3(*) is not compact, ¥*)(5) =0
whenever 1(E) > 2k(minj<;<, inf,cp f;(z))~' =: 2kR. Therefore, letting 7, € CZ(R)
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be such that 7,(z) = (z + 1/N)~" for any z € [0, 2kR] and defining ¢*) € CZ(R'}™") by
W (@1, i) = x0(21) - Xk (@0) T (T s1), We get

\Il(k)(n) = Sﬁ(k)(<7/af1>» T <777fn>a7](E)) for all ne M(E)

Thus U®) € F and ¥*¥)(n) = Wy(n) whenever n(E) < k(maxi<i<,sup,cp fi(z))7H(<
kR). Hence ¥(*) — Wy boundedly and pointwise on M(E) and £,¥*) — £,V y point-
wise on M(E). In addition, by Lemma 2.1 (ii) and analogous calculations for (5.6) to
the paragraph preceding to Lemma 2.1 one can show that {Calﬂ(k)}gozl is uniformly
bounded. This completes the proof of Lemma 5.2. O

It follows from (5.5) and Lemma 5.2 that for any ® € F,

' (a+2)

S FarDm@E - (A2, (5.7)

where ¥(n) = ®(n(E)~'n). Moreover, noting that by the Stone-Weierstrass theorem
the linear span of functions f on E™ of the form f(r1,...,rn) = fi(r1) - fu(rn) with
fi € C(F) is dense in C'(E™), one can show, with the help of the expression (3.2) in
[4] for A,®; with f € C(E™), that (5.7) extends to any ® € F;. Indeed, that expression
takes the form

Aa®yp(p) = (u®", 0 ) + (u®" B ) — @ (1)

for some nonnegative bounded operators 0, =) : C(E™) — C(E™) and some positive
constant ¢, independent of f and p, and soif {gr} C C(E™), gx(r1,...,70) = f(r1,...,7n)
uniformly on E™ as k — oo, then A,®,, — A,®; and &, — ®; uniformly on M;(F) as
k — oo.

In contrast, the variance functionals of P, and of @),, denoted by varp, and varg,
respectively, do not seem to enjoy any nice relation with each other. Although it is
not clear if exponential convergence to equilibrium occurs for the process associated
with A,, we are going to discuss a weaker ergodic property by introducing another
functional osc?(®) for ® € L*(P,), which is defined to be the essential supremum of the
function

Mu(E) x My(E) 3 () = (1) — B(1) 2

with respect to P, ® P,. Let Z : M(E)° — M;(FE) be given by Z(n) = n(E)~'n. Since
by (5.3) P, and Q, o Z~! are mutually absolutely continuous, osc?(®) coincides with the
essential supremum of the function

M(E)® x M(E)® 3 (n,1) = |(® 0 Z)(n) = (® o Z)(1))|?
with respect to 0, ® Q..

Lemma 5.3. Suppose that m(E) > 1 and let Q,, and P, be as in (5.3). Let ® € L*(P,)
be arbitrary and define ¥(n) = ®(n(E)~'n) forn € M(E)°. Then for any q > 1

varp, (®) < D(a + 1)(m(E) — 1) (E? [n(E)~*7] osc?(®))/? (varg, (¥))/?,  (5.8)
where p > 1 is such that 1/p+1/q = 1.
Proof. It follows from (5.3) that
. 2 2
varp, (@) = inf B {(cb p } < gre [(<I> — B9 [1]) }

= T(a+1)(m(E) - DE? [3(E)~° (¥(n) - B [w])’].
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By Holder’s inequality

B [n(B) ™ (w(n) - E[w])’]

IN

(B9 [n(E)= [ () - B [xlf]ﬂ)l/q (B2 [lwe - EQa[xI/]|2Dl/p

(B [n(B)~9) 0sc®(®)) " (varq, (1))

IN

where the last inequality is seen from
B [n(B)=*w(n) - E2[¥]|’]
< B0 [y(B) = W(y) - W(n)[’]
= B9 [y(E)= 1 |(@ 0 Z)(n) — (@0 Z) ()] .
These inequalities together prove (5.8). O

Our strategy is to carry out the well-known procedure to show algebraic conver-
gence to equilibrium. More specifically, our ingredient for this is Theorem 2.2 in [8].
(See also [9].) Let {S%(¢)}:>0 be the strongly continuous semigroup on L?(P,) of the
process associated with A,. To be more precise, {S?(t)};>0 is defined to be the Cp-

semigroup on L?(P,) generated by the closure (Ta(2), D(Ta(2))) of (A,, F1) as an oper-
ator on L?(P,). As in the case of (T?(t))>0, (S%(t))¢>0 on L?(P,) coincides with (S(t)):>0
when restricted to C(M;(FE)). The following property of (S2(t));>0 is needed for the
abovementioned strategy.

Lemma 5.4. Let (S?(t));>0 be as above. Then it holds that osc?(S?(t)®) < osc?(®) for
allt >0 and ® € L*(P,).

Proof. We may and do assume additionally that osc?(®) < co. Let S be an arbitrary Borel
set of M (E) x M1(FE) and P,(u,-) (t > 0,4 € M1(E)) denote the transition function of
the process associated with A,,. It then follows that for any ¢ > 1

EPa®Pa [|52(t)<1>(u) - S| s, “/)}

< EPa®b / Pt(ude)/ Pt(//adl/)¢(V)_¢(V/)|21S(M>U/)]
M1 (E) M1 (E)

1/q
P,.®P, v . /, v V) — v 2q
<E /M1<E>Pt(“’d )/MI(E)Pw ') [B(v) — () D
X ((Pa @ Po)(S))”

= (e [0 - 0] (P e RS
< 0sc3 (@) ((Pa @ Pa)(S)'7,

IN

where p > 1 is such that 1/p + 1/¢q = 1 and the equality is implied by the stationarity of
P,. Bylettingg —occorpl 1

BP0 [|s2(0)0(n) - SOR()] Ls (s 1)) < 056*(@)(P © Po)(S),

Since S is arbitrary, we conclude that osc?(S?%(t)®) < osc?(®). O

We can at last state the main result of this section.
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Theorem 5.5. Suppose that m(E) > 1. Let P, be as in (5.3) and (S?(t)):>0 be as above.
Then for any ® € L*(P,)

m(E)—1
i suparr, (57(0)0) 7
= er(?i&”ﬁ@ﬁ Y00+ 2) () ~ 1) ose? (@), (5.9)

Proof. Given ® € L?(Q,,), let ¥(n) = ®(n(E)~'n) for n € M(E)°. We claim that (5.7) is
extended as
2)

varg, (¥) <

= T(a+1)(m(E)—1) ) - @ (5.10)

for any ® € D(A A ))

and A, oy — A, )<I> in L?(P,) as N — oo, and according to (5.7) for elements of F; we
have foreach N =1,2,...

Indeed, there exists a sequence {®y} C F; such that &y — @

. A(a+?)
~ Ta+1)(m(E)-1)

2
EQ«[(TN)?] — (E9[Wy]) EP [(—An)®n - On], (5.11)
where Uy () = ®n(n(E)~!n). Taking a subsequence if necessary, we can assume that

oy — ® P,-a.s. and so Uy — ¥ Q,-a.s. Since (5.11) implies that {¥y} is bounded in
L*(Q.), ¥ € L*(Q,) and ¥y — ¥ in L}(Q,). Letting N — oo in (5.11) yields

< M+ 2)
“Ia+1)(m(E)—-1)

EQ[0?] — (B2 [w])" B (-4, 7)o - 0]

with the help of Fatou’s lemma. Thus (5.10) holds for ® D(TQ(Q)).
Let ¢ € (1,m(F)) be arbitrary. Combining (5.10) with (5.8) leads to

varp, (@) < (V(@))* (20(a +2) B [(- Ao <I>D1/p

. 2e D),

where V(@) = I'(a + 1)(m(E) — 1)EQ= [n(E)~* osc?(®). Thus the condition (2.3) of
Theorem 2.2 in [8] is fulfilled with a quadratic functional ® — V(®) and C := (2I'(« +
2))/P. In addition, by Lemma 5.4 V(S%(t)®) < V(®) for all t > 0 and ® € L?(P,).
Therefore, by the assertion (i) of Theorem 2.2 in [8] together with the calculation in the
final part of its proof, we obtain

a/p
varp, (S*(t)®) < V()01 <q2/tp>

for all ® € L?(P,) and t > 0. Because of q/p = ¢ — 1, this is rewritten as
varp, (S*(t)®)

< T(a+1)(m(E)—1)EQ [n(E)~*] osc®(®) <F(a—|—2t)(q—1)>q_ . (5.12)

As the final step, we will optimize the value of ¢ in (5.12) for each ¢ > 0 large enough.
Observe from (5.4) that the right side of (5.12) becomes

D(@)(T(m(E) ~ q) (Tla+2)(- DY,
Faq) T (m(E) - >( i ) (2

(5.13)
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For t sufficiently large, take ¢ = ¢(t) := m(E) — () € (1,m(F)), where §(¢t) := 1/(logt)
is verified to minimize the function 0 < 6 ~ ¢°/§. Then, noting that

T(6(t) +1)

Dm(E) —a(t)) = =575

=T(0(t)+1) - logt

and t°(® = ¢, we see that (5.13) with this choice of ¢ equals

L(a)T(g(t))T(6(t) + 1) . logt
D(ag(t)D(m(E) — 1) n(F)-1

e (T(a + 2)(q(t) — 1)1 osc?(@).

This upper bound for varp, (S?(¢)®) immediately gives (5.9). The proof of Theorem 5.5
is complete. O

What is unpleasant to us is that we do not know whether gap(fa(z)) = 0 or not. One
difficulty is that any useful expression for the variance functional with respect to P,
nor Dirichlet form associated with 4, does not seem available at least for conventional
choice of test functions. Besides, our argument in this section does not work in the
case where 0 < m(FE) < 1 although the process associated with A, still has a unique
stationary distribution. (See Theorem 3.2 in [4].)
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