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Multidimensional fractional advection-dispersion
equations and related stochastic processes
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Abstract

In this paper we study multidimensional fractional advection-dispersion equations in-
volving fractional directional derivatives both from a deterministic and a stochastic
point of view. For such equations we show the connection with a class of multidi-
mensional Lévy processes. We introduce a novel Lévy-Khinchine formula involving
fractional gradients and study the corresponding infinitesimal generator of multi-
dimensional random processes. We also consider more general fractional transport
equations involving Frobenius-Perron operators and their stochastic solutions. Fi-
nally, some results about fractional power of second order directional derivatives
and their applications are also provided.
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1 Introduction

Fractional calculus is a developing field of the applied mathematics regarding integro-
differential equations involving fractional integrals and derivatives. The increasing
interest in fractional calculus has been motivated by many applications of fractional
equations in different fields of research (see for example [6, 16, 17, 22]). However,
most of the papers in this field are focused on the analysis of fractional equations and
processes in one dimension, there are few works regarding fractional vector calculus
and its applications in theory of electromagnetic fields, fluidodynamics and multidimen-
sional processes. A first attempt to give a formulation of fractional vector calculus is
due to Ben Adda [3]. Recently a different approach in the framework of multidimen-
sional fractional advection-dispersion equation has been developed by Meerschaert et
al. [18, 19, 20]. They present a general definition of gradient, divergence and curl,
in relation to fractional directional derivatives. In their view, the fractional gradient is
a weighted sum of fractional directional derivatives in each direction. We notice that
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Multidimensional fractional advection-dispersion equations

this general approach to fractional gradient, depending on the choice of the mixing
measure, includes also the definition of fractional gradient given by Tarasov in [29, 30]
(see also the recent book [28]) as a natural extension of the ordinary case. Starting
from these works, many authors have been interested in understanding the applica-
tions of this fractional vector calculus in the theory of electromagnetic fields in fractal
media (see for example [2] and [23]) and in the analysis of multidimensional advection-
dispersion equation ([5, 20]). Moreover, in [11], the authors study the application of
fractional vector calculus to the multidimensional Bloch-Torrey equation.

In this paper we study multidimensional fractional advection and dispersion equa-
tions involving fractional directional derivatives, both from the deterministic and stochas-
tic point of view. We show some consequences of our approach, to treat multidimen-
sional fractional differential equations. From a physical point of view, we present a
formulation of the fractional advection equation based on the fractional conservation of
mass, introduced in [32]. In this framework we also find the stochastic solution for the
multidimensional fractional advection equation with random initial data.

Furthermore, the properties of a class of multidimensional Lévy processes related to
fractional gradients are investigated. Some results about a new Lévy-Khinchine formula
(and the corresponding generators) are presented. It is well known that long jump ran-
dom walks lead to limit processes governed by the fractional Laplacian. We establish
some connections between compound Poisson processes with given jumps and the cor-
responding limit processes which are driven by our Lévy-Khinchine formula involving
fractional gradient.

A general translation semigroup and the related Frobenius-Perron operator are also
introduced and the associated advection equations are investigated. As in the previous
cases, we find relation with compound Poisson processes.

We finally study the fractional power of the second order directional derivative
CE V)2 and the heat-type equation involving this operator.

2 Fractional gradient operators and fractional directional deriva-
tives
In the general approach developed by Meerschaert et al. [20] in the framework of

the multidimensional fractional advection-dispersion equation, given a scalar function
f(x), the fractional gradient can be defined as

Ve, f(x) = /9 D3 F(0M(d0). x € B A € (0.1) (2.1)
where 6 = (64, ....,04) is a unit column vector; M (d0) is a positive finite measure, called
mixing measure;

Dy f(x) = (8- V) [(x), 22)

is the fractional directional derivative of order 5 (see for example [8]).
The Fourier transform of fractional directional derivatives (2.2) (in our notation) is
given by -
Dy f(k) = (8- V)P f(k) = (=i 6 - k)" f(k),
where
flio = [ e pxjax
]Rd
Hence the Fourier transform of (2.1) is written as

v//j;f(k) = / 0(—ik - 0)° f(k)M(d6). (2.3)
ll6]]=1
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This is a general definition of fractional gradient, depending on the choice of the mixing
measure M (d@). We can infer the physical and geometrical meaning of this definition: it
is a weighted sum of the fractional directional derivatives in each direction on a unitary
sphere. The definition (2.1) is really general and directly related to multidimensional
stable distributions. The divergence of (2.1) is given by

DY f(x) =V -V Hf(x) = /01 D§ f(x)M(dB), x € RY, a € (1,2, (2.4)

whose Fourier transform, from (2.3), is written as
D5, 7(k) /|| ik 0 Fa o)
=1

The scalar operator D¢, plays the role of fractional Laplacian in the fractional diffusion
equation, introducing a more general class of processes depending on the choice of
the measure M. For the sake of clarity we refer to Meerschaert et al. [18] about
multidimensional fractional diffusion-type equations involving this kind of operators.

Let us consider the multidimensional fractional diffusion-type equation involving
D$,, given by

%Z(X’ t) = DGu(x,t), (2.5)

with initial condition
u(x,0) = d(x).

We obtain by Fourier transform

o o 5
(,)t(k,t)/gl(zkﬂ) M(d8)a(k, t).

Then, the solution of (2.5) in the Fourier space is given by

ik, 1) = exp | ¢ / (—ik - 0)*M(d6) | ,
l16l]=1
which is strictly related with multivariate stable distributions, as the following well

known result entails

Theorem 2.1 ([26], pag. 65). Let a € (0,2), then 6 = (64, ...,04) is an a-stable random
vector in R? if and only if there exists a finite measure I on the unitary sphere and a
vector pu° = (uY, ....uY) such that its characteristic function is given by

Eexp{i(k-0)} = e V&),

where o = cos(%), and

P(k) = {fe—l |0 - k|*(1 —isign(0 - k) tan 5 )I'(d0) +i(k - u0), ifa 1,
fHBH:1 |6 - k|(1+ i%sign(e k) In|(6 - k)|)T(d6) + i(k - #0), o

The pair (T', u°) is unique.
In light of Theorem 2.1 and the fact that
(=) = [¢|"e T ERT = || Besion),

the solution of (2.5) can be interpreted as the law of a d-dimensional a-stable vector,
whose characteristic function is given, for a # 1, by the pair (M, 0), i.e. the vector u°
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is null and the measure M is the spectral measure of the random vector 6. This is a
general approach to multidimensional fractional differential equations, suggesting the
geometrical and probabilistic meaning of (2.5). On the other hand it includes a wide
class of processes, depending on the spectral measure M. As a first notable example,
being M (d@) = m(0)d0, if we take m(0) = const. in (2.4), then we obtain the well known
Riesz derivative (see e.g. [25], pag. 500 formula (25.62)). In the framework of fractional
vector calculus we obtain a geometric interpretation of the fractional Laplacian which
is strictly related to uniform isotropic measure.

We also notice that the definition of fractional gradient given by Tarasov [29] is a
special case of (2.1), corresponding to the case in which the mixing measure is a point
mass at each coordinate vector e;, for i = 1,....,d. In this case the fractional gradient
seems to be a formal extension of the ordinary to the fractional case, i.e.

d
9" f(x)
VA f(x) = e, 2.6)
=20

where gif is the Weyl partial fractional derivative of order 5 € (0,1), defined as ([25],
pag. 95) '

df T(1_p)da —y) " fy)d R.

dxP F(l_ﬁ)dx/oo(x y) T fy)dy, x e

Formula (2.6) seems to be a natural way to generalize the definition of gradient of frac-
tional order. Indeed, for 3 = 1 we recover the ordinary gradient. From a geometrical
point of view this is an integration centered on preferred directions given by the Carte-
sian set of axes. From a probabilistic point of view this is the unique case in which an
a-stable random vector has independent components as shown by Samorodnitsky and
Taqqu ([26], Example 2.3.5, pag. 68). It corresponds to a choice of the spectral mea-
sure I' discrete and concentrated on the intersection of the axes with the unitary sphere.

In this paper we adopt an intermediate approach between the special case treated
by Tarasov in [28] and the most general one treated by Meerschaert et al. in [20].
Indeed, we consider the following subcase of the general definition (2.1)

Definition 2.2. Forj3 € (0,1) and a “good” scalar function f(x), x € R¢, being (01, ....... ,04),
with 8; € R¢, for j = 1,2,..,d, an orthonormal basis, the fractional gradient is written
as

d
Vof(x)=> 01(6,-V) f(x), feL'R?), (2.7)
=1

where we use the subscript 0 to underline the connection with the mixing measure M
which is a point mass measure at each coordinate vectors 0;,1 =1,--- ,d.

This is a superposition of fractional directional derivatives, taking into account all
the directions 6,, it is a more general approach than that adopted by Tarasov. However,
also in this case, for § = 1 we recover the definition of the ordinary gradient. An explicit
representation of the fractional gradient (2.7) is given by means of operational methods.
Indeed, in [8], it was shown that the fractional power of the directional derivative is
given by

B

097 10 = i | (00 = fx = s0)) s, e 0.1),
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so that (2.7) has the following representation

d

VoI =3 s [ 60 fx 505 s

=1

Our specialization of (2.1) provides useful and manageable tools to treat fractional equa-
tions in multidimensional spaces in order to find explicit solutions. We notice that each
vector in the orthonormal basis (61, ....... ,04) can be expressed in terms of the canonical
basis e; by applying a rotation matrix, such that

I
M=~

Gikek.
k=1

The Fourier transform of (2.7) is given by

V2 (k) Zel —ik - 0;)7 f (k). (2.8)

A relevant point to understand the consequence of this definition in the framework of
fractional vector calculus is given by the definition of fractional Laplacian. For § €
(1,2], given a scalar function f(x), with x € R¢, the fractional directional operator
corresponding to the definition (2.7) is given by

D, f(x) = Vo -V, ' f(x),

that is the inverse Fourier transform of

d

D (k) = S (—ik- )" F(k). 2.9)

=1

We remark that the fractional operator (2.9) is given by the sum of fractional directional
derivatives of order 3 € (1,2]. Indeed, by inverting (2.9), we get

d
D) f(x) =Y (o

=1

In the same way we can give a definition of fractional divergence of a vector field as

follows
d

diviu(x,t) = Vj -u = (8;-V)0, - u(x,1),

=1

with 8 € (0,1).

Example 2.3. Let us consider the case x € R?. In this case we denote 8, = (cos 6;,sin ;)
and 05 = (cosbs,sinbs). By definition, these two vectors must be orthonormal, hence
o = 01 + 5. These two fixed directions are given by a rotation of the cartesian axes. In
this case the fractional gradient is given by

ng(x) = [(cos by, sinb)(cos 610, + sin 010,)° + (cos 0, sin f)(cos B20; + sin (92@,)5] f(x).

An interesting discussion about this two-dimensional case can be found in [10].
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Remark 2.4. We observe that in the case 0; = e;, we have the definition of fractional
gradient given by Tarasov. The divergence of this operator brings to the analog of the
fractional Laplacian, given by

Vo - Vi f(x) Z 8@ P ), (2.10)

which means that, for § = 1, we recover the classical definition of Laplacian. We
remark that the operator (2.10) strongly differs from the fractional Laplacian. From
an analytical point of view, the sum of fractional derivatives clearly differs from the
fractional power of the sum of second order ordinary derivatives. From a probabilistic
point of view, the operator appearing in (2.10) is the governing operator of a random
vector with independent components, while the fractional Laplacian is the generator of
a random vector with dependent components.

Moreover, we observe that in some cases the Riemann-Liouville derivative does not
satisfy the law of exponent,

9 08 oIts
32987 ) # g f ().

Hence, in this case the fractional heat equation, for d = 2, has the following form

9 (33 t) giﬂ_Fﬁi f(ac t)
ot U=\ 0z 928 Oy OyP Yt

i.e. a multidimensional heat equation with fractional sequential derivatives. We ob-
serve that (2.10) leads to the Riemann-Liouville fractional analog of the Laplace opera-
tor recently studied by Dalla Riva and Yakubovich in [7]. The physical and probabilistic
meaning of this formulation will be discussed below in relation to the general formula-
tion concerning Definition 2.2.

Remark 2.5. An interesting generalization of the fractional gradient defined in (2.1)
can be given in the case where the fractional order depends by the direction. In this
case we have the following definition

VAO) f(x) :/ 002 @ f(x)M(d8), x € RY, () € (0,1). 2.11)
|6]|=1

As a special case of this definition, that can be more simple and suitable for the appli-
cations, one can consider the following operator

VOO f(x) Zel f(x), feLYRY. (2.12)

This directional-dependent fractional operator should be object of further investiga-
tions.

3 Multidimensional fractional directional advection equation

We study the d-dimensional fractional advection equation by following the approach
to fractional vector calculus suggested in the previous section. From a physical point of
view we get inspiration from [20], where the fractional vector calculus has been applied
in order to study the flow of contaminants in an heterogeneous porous medium. First
of all we derive the fractional multidimensional advection equation, starting from the
continuity equation, that is

9pa

50 = vV, a € (0,1), (3.1)
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where p,(x,t) is the density of contaminant particles and V(x,t) is the flux, that is the
vector rate at which mass is transported through a unit surface. The physical meaning
of this fractional conservation of mass can be directly related to the recent paper by
Wheatcraft and Meerschaert [32]. The relation between flux and density of contami-
nants is given by the classical Fick’s law, its form in absence of dispersion is simply

V(x,t) = upa(x,t),

where u is the velocity field of contaminant particles; for simplicity in the following
discussion we take this velocity field constant in all directions. By substitution we find
the n-dimensional fractional advection equation in the following form

9pa
ot
We observe that, even if we roughly consider a constant velocity field u, this apparently
unrealistic assumption, is considered and discussed also in the literature about the
applications of fractional advection-dispersion in geophysics (see for example [27] and
references therein).
Hereafter we denote by xp the characteristic function of the set D. We are now
ready to state the following

= —div*(upa) = —Vg - (upa).

Theorem 3.1. Let us consider the d-dimensional fractional advection equation

0
5Pt Ve - (up,) =0, xR t>0, (3.2)
where o € (0,1), and u = (uq, ....., uq) is the velocity field, with u,, i = 1,...,d, constants.

The solution to (3.2), subject to the initial condition
pa(x,0) = f(x) € L (RY),

is written as

Pa(X,t) = ) fy) Hua(al (x—y), (w-0)t)x{0, (x—y)>0} (¥)dy, (3.3)
R =1
where U, is the solution to
34—/\8& Uy (z,t) =0 eR,t>0,1eR (3.4)
ot Orc al\T, =uU, T +5 ’ + .

with initial condition U, (z,0) = §(z).
Proof. We start by taking the Fourier transform of equation (3.2), given by

0 —

Sl t) +u- Vg pa (k1) = 0.

From (2.8), we obtain that

9 d
(6t + <Z(u - 0,)(—ik - em)) pa(k,t) =0,

=1

and by integration we find

d
Da(k,t) = f(k)exp <—t Z(u -0;)(—ik - 0;)"‘) (3.5)
=1

d
F&) JJexp (—t(u- 0))(—ik - 6,)*).
=1
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If we take the Fourier transform of equation (3.4), then we obtain

) )\
(8t + )\(7@7) > ua(77t) = 03 (36)

where we used the fact that o
o e
e’ (V) = (=) ().

By integrating (3.6), and by taking into account the initial condition, we obtain

o~

Ua(7,1) = exp(—At(—iv)?).
Thus, we can rearrange (3.5) as follows

~

pa(k,t) = f(k)

Eg

exp (—t(u-0;)(—ik - 6,)%)

1

o~

f(k)

—

Ua (V15 Ait) |y =k-00, M =u-6, -

I
E&.

1

Finally, we observe that the inverse Fourier transform of any

o~

Uk O, M), 1=1,2---.d,
is given by
Ua(x - 01, Nt)xq(x-0)>01 1 =1,2,--- ,d,
and therefore, we get that
pa(x,t) = (f * G)(x,1), (3.7)
where the symbol * stands for Fourier convolution, and

d

G(x,t) = HUa(x -0, (u- 01)t)X{(x-6,)>0}-
1=1

Formula (3.7) can be explicitly written as

pa(X,t) = » [(y)G(x —y,t)dy, (3.8)

therefore (3.8) coincides with (3.3) and the proof is completed. O

Let us consider the Lévy process (X),-,, with infinitesimal generator .4 and transi-
tion semigroup P; = e**. The transition law of (X t)¢>0 1 written as

Prug(x) = Bug (X + x),

and solves the Cauchy problem

{gtu(x, t) = (Au)(x, 1), (3.9)

u(x,0) = ug(x).

We say that the process (Xt)t>0 is the stochastic solution of (3.9). We also consider the
integral representation of 4, given by

-~

_ o—ikex
(Af)(x) = ) /}Rd o (k) f(k)dk, (3.10)
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for all functions f in the domain
— {70) € Ll (R dx): [ 000|700 Pk < oc)
R4

Then, we say that P, with symbol P, = exp(t®), is the semigroup associated with the
pseudo-differential operator .4 and & is the Fourier multiplier of .A. Furthermore from
the characteristic function of the process (X);>o, we obtain that

o
— e Xt} = o(k).

We also recall that a stable subordinator ($¢):~o, @ € (0,1), is a Lévy process with non-
negative, independent and stationary increments, whose law, say ho(z,t), z > 0, t > 0,
has the Laplace transform

@

~ +m
ha(s,t) = / e Thy(z,tyde =e™ ", 5>0. (3.11)
0
For more details on this topic we refer to [4].

Let P; be the semigroup associated with (3.2), then, for all ¢t > 0

| Piflloc < d|lf]lLe- (3.12)

Indeed, from the fact that

[Ua(,t)|loc <1, uniformly
and, from (3.7),

G ) lloo < dllUal-51)l0os
we have that

[P flloo < dllta(s ) ol fllze < dllfllLr-
We present the following result concerning the equation (3.2).

Theorem 3.2. The stochastic solution to the d-dimensional fractional advection equa-
tion (3.2), subject to the initial condition p,(x,0) = (x), is given by the process

d
Zy=> 05 (\t), t>0,

which is a random vector in R¢, where forl = 1,....,d, \; = u- 6, and H¢(t), t > 0, are
independent a-stable subordinators.

Proof. We recall that
d
pa(k,t) = [Jexp (—t(u-0,)(—ik-6,)%), (3.13)
=1

is the Fourier transform of the solution to (3.2), with initial condition p(x) = §(x). By
using (3.11), formula (3.13) can be written as

d

pa(k,t) = [[Eexp ((ik - 0,)95 (A1) (3.14)
=1

d
= Eexp (ZZ k-0,)9 )\lt)>
=1
d
= Eexp (ik : Z 0;.6;’(&1&)) = B2,

=1
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Hence p,, is the law of the process Z, = Z?:l 0,97 (\t), that is a random vector whose
components are given by different linear combination of d independent «a-stable subor-
dinators. O

We observe that these processes can be studied in the general framework of Lévy
additive processes.

We now study the Cauchy problem for the multidimensional fractional advection
equation with random initial data. The theory of random solutions of partial differential
equations has a long history, starting from the pioneeristic works of Kampé de Fériet
[14].

Theorem 3.3. Let us consider the Cauchy problem

(3.15)

%paJrVg‘-(upa):O, x€RY t>0,ac(0,1),
pa(%,0) = X(x) € L3(R),

where the random field X (x), x € R%, is a random initial condition X : (Q, A, P) —
(]R, B(R),e /2 /\/271') _ such that

X = 3 e = [ XG0 xix (316

JEN
where {¢;} is dense in L*(R). Then, the stochastic solution of (3.15) is given by
pa(x,t) = c;Prp;(x),
JEN
where P, is the transition semigroup associated with (3.2).
Proof. Since X € L?, then there exists an orthonormal system {¢; : j € N} such that

(3.16) holds true in L2. Indeed the first identity in (3.16) must be understood in L?(dP x
dx) sense as follows

2

L
lim E / X(x) — Z cipi(x) ] dx| =0.
R ,
7=0

L—o

From Theorem 3.2, we know that Z; is the stochastic solution to the d-dimensional
fractional advection equation (3.2). In view of these facts we write the solution of (3.15)
as follows

Pa(%,t) = E[X(x + Z;)| Fx] (3.17)

=K chtpj(x—F Z,)| Fx
jeN

= Z C]'E(pj (X + Zt)7
jeEN

where Fx is the o-algebra generated by X and we recall that

6= [ X(x)p(x)dx.
Rd
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We observe that
Ep;j(x + Z¢) = Prpj(x),

is the solution to the Cauchy problem

9 _ d
{mpa—&-vg-(upa)—(), xe Ry, t>0, (3.18)

Pa(x,0) = 9, (x).

Therefore, (3.17) becomes
pa(x, t) = Z CthSDj(X)’
JEN
and solves (3.15) as claimed, being (3.18) satisfied term by term. Also, from the fact
that Py = Id, we get that

pal(x,0) = 3" ¢, Pogy(x) = D ejo,(x) = X(x).

If X is represented as (3.16), then X is square-summable, that is

X%(x)dx = Z c? < 0.

d
R JEN

Thus, from (3.12), we have that

la ()l < D lejlllesllos < o0
JEN

3.1 Multidimensional fractional advection-dispersion equation
We follow our approach to study a general fractional advection-dispersion equation

(FADE). We provide a multidimensional nonlocal formulation of the Fick’s law, written
as follows

V(x,t) = —vVi Tps(x,t), Be(1,2), veRy, (3.19)

such that

V- V(x,t) = —vDj ps(x,1).
The one-dimensional fractional Fick’s law has been at the core of many recent papers
(see for example [24] and the references therein). The total flux in the conservation of
mass (3.1) is given by the sum of the advective flux and the dispersive flux. Hence we
obtain the formulation of the FADE investigated in the next theorem.

Theorem 3.4. Let us consider the d-dimensional fractional advection-dispersion equa-
tion

9
5P T Vi - (Upo,5) = DS pas, xeR >0, (3.20)

where a € (0,1), 8 € (1,2) and u = (uy, ....., uq) is the velocity field, with u;, i = 1,...,d,
are constants. The solution to (3.20), subject to the initial condition

pa”@(x, 0) = 6(X)’

is written as

d

pas(x,t) = [ [Ua(B1 - x, (0-01)t) xUs (01 - X, )X {(x-0,)20}
=1

EJP 19 (2014), paper 61. ejp.ejpecp.org
Page 11/31


http://dx.doi.org/10.1214/EJP.v19-2854
http://ejp.ejpecp.org/

Multidimensional fractional advection-dispersion equations

where x stands for convolution with respect to x, U, is the solution to the one-dimensional
fractional advection equation

0 0°
(&+AW>UQ($,t)—0, .TER+,t>0,)\€]R+,

with initial condition U, (x,0) = d(z) and Up is the solution of the space-fractional diffu-
sion equation

0 ol
<6t_8(135) Z/[ﬁ(I7t)—0, I€R+,t>0,6€(1,2). (3.21)

Proof. The proof follows the same arguments of Theorem 3.1. To begin with, we take
the Fourier transform of equation (3.20): by using (2.8), we obtain

d

d
( + (O (u-0)( z’k~0;)“)> Dok, t) = (Z(—ik-01)5> Dok, t)
=1

=1

and by integration we find

pag(kt —exp< tZu 0,)(—ik-0;) >exp <tz —ik - 0;) ) (3.22)

d
= H t(u-0,)(—ik-6,)*)exp (t(—ik - 6,)7).
On the other hand, if we take the Fourier transform of equation (3.21), we obtain
8 - \B T
5 - (—Z’}/) uﬁ(’%t) = 07 ﬁ € (172)a
then, integrating, we obtain

Us (7, t) = exp(t(—in)?).

Thus, we can rearrange (3.20) in the following way

) (U,B (2,1) )
7=k, \=u-6, 1=k-6,

exp (—t(u- 6;)(—ik - 0;)")exp (¢ (—ik-Bl)ﬁ).

d
puset) = [ (ua(w, M)
=1

Il
Y~

l

Il
—

Finally, from the convolution theorem, we conclude the proof. O

For the reader’s convenience, we recall that the explicit form of the fundamental
solution of the Riemann-Liouville space-fractional equation (3.21) can be found for ex-
ample in [16]. It is also possible to give an explicit form to the solution of (3.20) in terms
of one-sided stable probability density function.

We also notice that in (3.19) we have considered two different order a # 3, respec-
tively for the advection and dispersion term. Indeed, from a physical point of view the
two orders « and 3 can be different, although they are certainly related. The parameter
«a was introduced from the fractional conservation of mass, hence it depends by the
geometry of the porous medium. The parameter [ takes into account nonlocal effects
in the Fick’s law. Both of them are physically related to the heterogeneity of the porous
medium; an explicit relation between them must be object of further investigations.
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Remark 3.5. The stochastic solution to (3.20) is given by the sum of a random vector
whose components are given by different linear combination of d independent a-stable
subordinators (Z; in Theorem 3.2) and a multivariable «-stable random vector with
discrete spectral measure. This second term corresponds to the unique case in which
an «-stable random vector has independent components (see [26]). The proofis a direct
consequence of theorems 2.1 and 3.2.

4 Fractional power of operators and fractional shift operator

In order to highlight the applications of the fractional gradient, we recall some gen-
eral results about fractional power of operators. The final aim is to find an operational
rule for a shift operator involving fractional gradients, in analogy with the exponential
shift operator. A power « of a closed linear operator A can be represented by means of
the Dunford integral [15]

A= L [, Ria}>0 @.1)

27 Jp
under the conditions

(i) X € p(A) (the resolvent set of A) for all A > 0;
(ii) MM +A)7H <M <ooforall A >0

where T encircles the spectrum o(.A4) counterclockwise avoiding the negative real axis
and \* takes the principal branch. For ®{a} € (0,1), the integral (4.1) can be rewritten
in the Bochner sense as follows

sin T

A =

/ DA+ A) A 4.2)

™ 0

By inserting (Hille-Yosida theorem)

A+ A~ / dt e MetA

into (4.2) we get that
/ AT+ AT = (/ s_ae_sds) (/ ds so‘_le_SA)
0 0 0

/ s % *ds=T(1—-a), ac(0,1)
0

where

and

1 /oodss -1 —a.A = A~ 1
L(a) Jo

which holds only if 0 < a < 1. The representation (4.2) can be therefore rewritten as
A% = Ao‘_lA, a € (0,1).

and, for a € (0,1), we get that

a a—1 __ 1 /oo —a,—sA
=AA _A{F(loz) ; dss %e .

On the other hand we can write the fractional power of the operator A as follows

A =A"A*"" n—-1<a<n,neN,
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and therefore, we can immediately recover the Riemann-Liouville fractional derivative
of order « € (0,1) as a fractional power of the ordinary first derivative A = 9, (see for
example [25]). We also remark that, given the operator A as before, the strong solution
to the space fractional equation

(; + Aa) u(z,t) =0

subject to a good initial condition u(z,0) = up(x), can be represented as the convolution

u(z,t) = e 4 ug(2) = Be ™ Aug(x), (4.3)
in the sense that
—tA%,
lim || < v A%u =0,
t—0 t
Lp(p)

for some p > 1, with a Radon measure p. In (4.3), we recall that ¢, with ¢ > 0, is the
a-stable subordinator and

Ee 97 A = / ds ha(s,t) e A, (4.4)
0

where h,, is the density law of the stable subordinator. For o = 1, we obtain the solution

—tA

u(z,t) = e " up(x),

from the fact that, we formally have that

(}[1_}1111 ho(z,s) = 0(x — s).

Indeed, for @ — 1, we get that $§ 2% t which is the elementary subordinator ([4]).
Equation (4.3) appears of interest in relation to operatorial methods in quantum me-
chanics and, generally to solve differential equations. Actually, we recall the notion of
exponential shift operator. It is well known that

%% f(x) = f(x+0),0 € R,

for f(z) € Cy(0,+0c0), that is the space of continuous bounded functions (see [12]).
This operational rule comes directly from the Taylor expansion of the analytic function
f(z) near z. It provides a clear physical meaning to this operator as a generator of
translations in quantum mechanics.

In a recent paper, Miskinis [21] discusses the properties of the generalized one-
dimensional quantum operator of the momentum in the framework of the fractional
quantum mechanics. This is a relevant topic because of the role of the momentum oper-
ator as a generator of translation. In its analysis he suggested the following definition
of the generealized momentum

[e%

;3:08%, a€(0,1), (4.5)

with C' a complex coefficient, such that, if « = 1 then we have the classical quantum
operator p = —ihd,. In the same way, under the previous analysis we can introduce a
fractional shift operator as

e 99 f(z) = /OO ds ha(s,0) e % f(x) = /OO dsha(s,0) f(x —s), 6>0. (4.6)
0 0
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This fractional operator does not give a pure translation, it is a convolution of the initial
condition with the density law of the stable subordinator, stressing again the possible
role of this stochastic analysis in the framework of the fractional quantum mechanics.
However, in the special case @ = 1, it gives again the classical shift operator. This
operational rule has a direct interpretation in relation to the definition of a general-
ized quantum operator, similar to that of (4.5). This stochastic view of the generator of
translations can be, in our view, a good starting point for further investigations. More-
over, we can generalize these considerations to multidimensional fractional operators
and give the operational solution of a general class of fractional equations as follows

Proposition 4.1. Consider the multidimensional fractional advection equation

R, J
<3t+;a$?> pa(x,t) =0, a€ (071)7 X€R+7t>07

subject to the initial and boundary conditions

d
pa<X,O) = Hpo(‘ri)v pa(O’t) =0.

Then, its analytic solution is given by
_ d a
pa(x,t) = et 2im1% 5 (x,0).
Proof. We can write

d [
pa(x,t) = et iz O po(x,0)
d
= [Te " po(s,0).
=1

Hence, by direct application of (4.6) we have
d 00
pa(x,1) = H/ ds he (s, t) po(z; — s)
i=170

- /oo ds ho(s,t) po(x — s).
0

Thus, we conclude that
o0 i x—d o
Pa(x,t) = dsha(s,t)po(x —s) =e t2im O, Pa(x,0),
0

as claimed. O

Let us recall definition and main properties of the compound Poisson process. Con-
sider a sequence of independent R"-valued random variables Y;, ¢+ € IN, with identical
law v(-). Let (N¢);>0 be a Poisson process with intensity A > 0. The compound Poisson

process is the Lévy process
N(t)

X =Y (Vi)
i=1
with infinitesimal generator (see for example [13], pag.131)

AN = [ (s ) - Fa) vidy).

n

We state the following result about the stochastic processes driven by equations involv-
ing the fractional gradient (2.7).
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Theorem 4.2. Let us consider the random vector (Z,);>o in R?, given by

d
Zi =) 60,55 (X), 4.7)

j=1

where $)§ are independent a-stable subordinators, with a € (0,1) and (X;);>0 is an
independent compound Poisson process

with 7 : RY — R... The infinitesimal generator of the process (4.7) is given by
d
ANe) =3 [ [0 1) 160] wiay)
j=1
Moreover assuming that 8; = e;, Vj € N and
d
f(x) = Hgi(xi),
i=0
where g;(z;) are analytic functions, we find
d +00
ne =3 [ [ asratorae —9) ~a) frian. @)
j=

where h,, is the density law of a stable subordinator.

Proof. The characteristic function of the random vector (4.7) is

d
Ee™?t =Eexp [ i) k-0;95(X))

j=1

|
,E&

Eexp (ik - ;95 (Xy))

<
Il
—

I
==
o
@
»
T

(=Xi(—ik - 0;)%)

<
Il
—

[
,:&

exp (—)\t(l — Ee_(_ik'ej)aT(Y)D .

o
I
-

Then, by differentiation, we can find the Fourier multiplier

(k) = [at]Eeik'Zf]tZO

d
- —(—ik-0;)%7(y) _
= A;/}Rd (e k-0 y 1) v(dy),

of the generator A, where v(-) is the law of the jumps of the compound Poisson process.
Finally, by inverse Fourier transform we have

d
AN6 =3 [ [0 — 15| widy).
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In order to prove (4.8), we notice that
e % f(x) = Be % f(a),
where

+oo
Ee ¢ % :/ ds he (s, t)e %
0

and h, is the density law of the stable subordinator. Recalling that, given an analytic
function, the exponential operator acts as a shift operator; i.e.

e_ta”f(x) = f(z —1),
we find that 400
e*f(y)f’;ﬁf(xi) = / dsho(s, 7(y)) f(z; — s)ds.
0

Hence, assuming that
d
f(x) = H gi(zi),
k=1

in the case 8; = e;, Vj € N, we conclude that

(AN = ; JALL dshatsrtnaste =) - e bvian

5 Lévy-Khinchine formula with fractional gradient

In this section we discuss some results about Markov processes related to the above
definition of fractional gradient. We present a new version of the Lévy-Khinchine for-
mula involving fractional operators and we discuss some possible applications. It is
well known that the Lévy-Khinchine formula provides a representation of characteristic
functions of infinitely divisible distributions. Let us recall that, given a one-dimensional
Lévy process (X;)¢>0, we have

FetkXe — o@(k)t

with characteristic exponent given by
. IC2C ikx -
O(k) = ikb — - + (e —1- (ka)x{md}) v(dz),
R

where b € R is the drift term, ¢ € R is the diffusion term and v(-) is a Lévy measure.
In the following we will consider the case b = ¢ = 0. In this case the infinitesimal
generator of (X;);>o, is given by

(Af)(@) = ﬁ /R e~ (k) F(k)dk = /R <f<x+y>—f(x)—yaxfw)x“yd})u(dy(g1)

Hereafter the symbols "~" or vLu stand for equality in law or equality in distribution.

Let us consider the random vector (Z;);>o in R¢, given by

(t) d
Zi =) Y; = 6,6, EY)"/*o7 (\t)xp(Y), (5.2)
j=1

=1
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where
D={YeRY:E@®-Y)>0,l=1,---,d},

$Hy are i.i.d a-stable subordinators, with « € (0,1), and Y are d- dimensional ii.d. ran-
dom vectors such that Y; ~ Y, forall j € IN and P(Y € A fA , as before. We
recall that (NV;);>o in (5.2) is a Poisson process with intensity A > O We also observe
that the following equality in distribution holds

d

L3 - 3000, - EY )57 (A)xo ().

=1
We are now ready to state the following

Theorem 5.1. The infinitesimal generator of the process (5.2) is given by

€D = [ [y = 10—y Voo @)] vidy). G

where V7§ is the fractional gradient in the sense of equation (2.7), and

d

D(6) = ﬂ{yeRd:BZ-yzo}.
=1

Proof. We consider the characteristic function of the random vector (5.2)

N(t) d
Ee™? =Eexp [i ) Y;-k| Eexp (zz 0, - EY)Y95(\t) (k- 0))xp(Y )). (5.4)
=1

j=1
The first term can be written as follows

N(t)
Eexp iZYj~k :E(Eelz Y k),

and, from the fact that Y; ~ Y, we have

E (Eeiz?’:l Yik|IN(t) = n) _

=

(B )N (t) = n) (5.5)

[EeiY'k]"Pr{N(t) =n}

M

3
Il
=]

[EeiY-k]n (At)n e—)\t
n!

M

Il
=]

n
1Y -k
— e~ M(—EeY )

Regarding the second term in (5.4), we notice that

(6 - EY) 557 (A)xp(Y) £ 57 (61 - EY)Xt)xp(Y).

From the fact that ${* are i.i.d a-stable subordinators, we obtain

d d
E exp (zz (6:-EY)* 07 (\)k - 0,xp (Y ) HEexp((ol EY)" 9 (At)(k - 6,)xp(Y >)
=1

Il
::]& i

exp (—At(—ik . 01)“(01 . IEY)XD(Y))

N
Il
-
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Finally, we get

d

]E ik-Zy __ eXp (At ’LkY Z Zk 0[ 0[ ]EY)XD(Y))>
=1

where the Fourier multiplier —®(k), of £, is given by

o(k) = [ Be™ 7], _,

d

/\<Eeik-Y Z —ik - 0,)*(0, - ]EY)XD(Y)>

=1
d

= /\/]Rd [eik-y —-1- (Z(ik - 0,)%(8, .y)> XD(O)(Y)] v(dy).

=1

We recall that v(-) is the law of Y. Then, we can use equation (3.10) and, by inverse
Fourier transform, we get

(€9)60 = [ [t 3) = £60) =¥~ Vi 1) 0w ()] wldy).
which is the claim. O

Remark 5.2. In the case 0; = e, for all l,

d
:m{yGRd:epyZO}E]R‘i
=1

and (5.3) becomes

€060 = [ |ty - Zy]a%f i ()| vldy).

Remark 5.3. We observe that in the special case d = 1, a« = 1, the process (5.2)
becomes the compensated Poisson process
N(t)
Zy =Y Y;— MEY, t>0.
j=1
In this case, the law of (Z;);>¢ is given by

(o ] )\ n
P(Z, € dy)/dy = fi"(y+ /\ﬂEY)fM( ,f.) ’

n=0

where fy is the law of the jumps Y; ~ Y and f*" is the n-convolution of fy. Straight-
forward calculations lead to the explicit representation of the law for «a # 1. Indeed, for
€ (0,1), we have that

o0
P(Zy € dy)/dy = Efi"(y+ AEY)/*H7).
n=0
Let us consider the random vector W, whose components are independent folded
Gaussian random variables with variance rEg, where rEjg is the inverse Gamma distri-
bution, with probability density function given by

P{rEg € ds}/ds = ﬁ (;)7ﬂ71 e”s, 5>0
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where r > 0 is a scale parameter and S > 0 a shape parameter. We observe that

P{W ¢ dy}/dy = 2° P{rEs € ds} (5.6)

P
e is
/0 V/(4ms)d
28 o0 4 _—1lyl?
_ 2 [T s s (g
B <4w>dr<ﬂ>/o e e
F(ﬂ + %) 22(B+d) rB

B V(e

Then we have that

1 92pf+1 : 1,42
EW; = a / / ys~ Fsems 1(TJrT)dsdy

T(B) V4r
NCEPES
I'(8) ﬁ'
We assume that the random vectors Y; appearing in (5.2) are taken such that
Y;~eW;, jeN, (5.7)
where ¢; is the Rademacher random variable, i.e. P(¢; = +1) = p and P(¢; = —1) =

and W; are the i.i.d random vectors distributed like W. It is worth to notice that, in
this case, the set D is given by

D={(p—q)(0 EW)>0,1=1,... d}

where EW is positive.

We are now able to state the following theorem.

Theorem 5.4. Let us consider the process (5.2) with jumps (5.7). For p # ¢ and
B € (0,1/2), we have that
Z(t/r%) = Qu),

where Q(t), t > 0, has generator

(L) ) (x) = Ca(B) /Rd (pfx+y)+qf(x—y)—f(x)=(p—qy - V§fX)xpe)(¥)] 4y

(5.8)

a dy
= Cul®p [ [06c+y) = 16 =y - ViS00 (¥)] 55 (5.9)
Culd)a [ [(0x=¥) = 160+ Vi Fxxoio )] b 5.10

with p,q > 0 such thatp +q = 1.
Proof. Under the assumption that Y; ~ ¢; W in (5.2) we have that
EY = pEW — ¢EW = (p — ¢q)EW.

Hence, we have

N(t) d
Zo=Y Wi =Y 0i((p— q)8 - EW)/H5 (M) xp(eW).
j=1 =1
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Its characteristic function is given by

N(t) d
Ee™Zt =Eexp [i ) ¢;W; k| Eexp (ZZ p—q)0; - EW)Y$2(\)k - 6, XD@W))
j=1 =1
(5.11)

The first operand in (5.11) can be written as follows

N(t)

. n €Y -k
Eexp |4 Z W, k| =E (]Eez 2= 6"YJ"k\N(t) = n) = ¢ M(1-Ee )
j=1
— o M((pta)—pEe"Y K —qle™Yk)
The second term in (5.11), being $j* i.i.d a-stable subordinators, is given by
d
IE exp ( Z — )0, - EW)/2 92 (\t)(k - 6)) XD@W))
d
=TT Eexp (ilp - )81 - EW)/257 (At)k - 6, xp(eW))
=1
d
= [ exp (—At(—ik - 0.)*((p — 0)6: - EW)xp(eW)).
=1
Finally, we have that
_ _ _ d
Ee®Zt = exp (x\t(pIEeZk‘Y + qBe~ ™Y _ Z —ik - 0)*((p — q)0; - EW)XD(€W)>
=1
t®,. (k)

= e s

where
) ) d
k) =A | lpe“"y e ™ —1—(p—q) > (—ik-6,)*(6; - y)xme)(y)] m.(ly|?) dy
R =1

with m,.(-) given by equation (5.6).

We now consider the process Z(t/r?), whose characteristic function is given by
ik- P t
EeZ(/m) = exp (rﬁq)’”(k)> .

Then, we get the Fourier symbol

ik-Z(t/r?)
[8tE€ L 0 Tﬁ(I) (k)
A , , d
=5 (pIEe’k'Y + qBe~ ™Y lz —ik-0,)((p—q)6, -EYXD<€W)>
=1
d dy
= Cq(B)A pe’XY 4 gem kY _ 1 —ik-0)(01-y)xpo)y)| —————=»
R ; (Iy[? +4r)"+2
where 4 )
LB+ §) 2206+
Ca(B) = 2 :
N (4m)d
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This implies that the process Q(t), obtained from

Z(t/r") = Q(¢t),

r—0
has a generator with Fourier multiplier

1

r—0
=50, (k) 5 (k) (5.12)

where
ik _ike ., o dy
21 = Cal | [pe Vg Y _1- (p— )Y (k- 6) <el~y>xD(9><y>] it
R =1 yl

We conclude that the generator of the process Q(t¢) is given by the inverse Fourier
transform of ® in (5.12), i.e.

(L8 F)(x) = Cu(B) /Rd [(p fx+y)+af(x—y)—f(x)—(p—a)y V§f(x)xpe) (y)] Iylci%’
(5.13)

as claimed.

We now study the convergence of the integral (5.13). By taking the multidimensional
MacLaurin expansion of the integrand up to the second order term, we have

pfx+y)+af(x—y)—(+a)f(x)—(p—q)y Vif(x)xpe)(y) (5.14)
~(p—q) |y Vi) —y-Vifx)xpe )] + ly[?Af(x),

hence we obtain

pfx+y)+af(x—y)—(+a9f(x)—(p—qy  Vyf(x)xpe)(y)l

ly[?0+d
[Py DIIDZ:G f (%) lloo
- ly[?0+e ’
where P(z) is a second order polynomial in the variable z = |y|, arising from the

MacLaurin expansion (5.14). We observe that

Vi< [ Vsreix,
R4
and therefore, by definition (see (2.8)),
V5 f| < +oo.
)

[Py DIIDG fllse _ 1955 flloo
<
|y|28+d = |y[28+d-1

Due to the first order term appearing in |P(|y|)|, we have that

which implies that (5.13) converges for 8 € (0,1/2). The same reasoning applies for the
convergence of (5.9) and (5.10). O
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We notice that, considering jumps (5.7), the second term in (5.2) reduces to a sum
of orthonormal vectors, whose components are given by independent stable subordina-
tors, that is

d
> 0u((p — )0, - EW)Y 97 (M) xp(eW) =135 Y 0, Ci$H7 (A)xp(eW),
=1

where Y
2T(5 1) & i
G = ((P—Q)W;91i> :

Moreover, we observe that, by considering zero-mean jumps in (5.2), we obtain that
(see for example [9])
N(t/r?)
Zt/Tﬁ = Z Y] i)S?ﬁ, aST'*)O,
j=1
where (S;);>0 is an isotropic vector of stable processes.
Remark 5.5. We recall that the fractional Laplacian is defined as follows

o f X 7f
(~8)° 1) = Cala) pv: [ 19— D00y

_ CGala) [ flx+y)+fx—y) - 2f(x) ,

|y‘2a+d ’

2 RA

where a € (0,1) and “p.v." stands for “principle value". Also, the fractional Laplacian is
commonly defined in terms of its Fourier transform, i.e.

1 —ik-x af
(81100 = G [ ek ok 5.15)

with domain given by the Sobolev space of L? functions for which (5.15) converges.
Formula (5.8), for p = ¢ = 1/2, takes the form

(a0 = 52 [ (50 43)+ flx=y) - 2660 g = ~(-2)F ),

(5.16)
which is independent from the direction 6. We observe that (5.16) converges for
B € (0,1). This comes from the fact that the first order term in P(|y|) disappears and

therefore ) ).
IP(ly DD fllso - 1 Dyg flloo
|y[20+d = |y

Remark 5.6. We notice that formula (5.8) includes as special cases, completely posi-
tively or negatively skewed operators. Indeed, we have the specular cases

{ (£10f)(x B) Jpa [(fx+y) = f(x) =y - V5 F(X)xD0)(¥)] ry2¥a
(£6.11)(x B) Jpa [(fx =) = f() + 5 - V5 [()xD0)(¥)] fybea-

The first operator is the infinitesimal generator governing processes with only positive
jumps, the second one with purely negative jumps.

Remark 5.7. It is well known that the generator of the subordinate process (Xgo )>0
is given by
Q ds

—(=L) = P, — _
(01160 = s | (P = 160 s
where P, = e*~ is the Feller semigroup of the Lévy process (X,),>o (see for example

[1D.
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6 Frobenius-Perron operator and fractional equations

In this section we recall some results about transport equations involving Frobenius-
Perron operator. Then we show some applications of this approach in the framework of
differential equations involving fractional operators.

Given the measure space (X, B(X), 1), the Frobenius-Perron operator K : L'(X) —
L'(X) corresponds to the non singular transformation 7 : X +— X, satisfying the condi-

tion
[ Kraae= [ f
E T-1(E)

for every measurable set E and f € L*(X, B(X), u).

Let us consider the transport equation

ou
S = Au= I - K)u, (6.1)

where

"0
Au = — ; a—xk(a(x)u),

and K is the Frobenius-Perron operator associated with the map 7' : x — x — 7(z) (see
for example [31]). This means that the term A(/ — K)u appearing in (6.1) describes the
jumps of the new process obtained by the process driven by A. Then, the stochastic
solution, say (Xt)tZO: to (6.1) is the solution to the stochastic differential equation

dX; = a(Xy)dt + 7(X)dNy,
where (N;);>¢ is the Poisson process such that

1, Poisson arrival at time ¢
dNt — { ’ ’

0, otherwise.
We notice that, if a(x) = 0, then K is the backward operator B and u(k,t) = py(¢),

k € N, t > 0, becomes the law of the homogeneous Poisson process. Indeed, formula
(6.1) takes the form

%(t) — I - B)pi(t)
= —Api(t) — pr—1(2)).

On the other hand, as already pointed out before, the compound Poisson process

(t)
Zi=3.Y%
j=1

has a generator written as

<Aﬁ@»:/kﬂx—m—f@»PWedw,

R

where the jump 7 equals Y with law P(Y € dy)/dy.

We can now state the following
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Theorem 6.1. Let us consider the process
N(t)
Zi=YY; (6.2)
j=1

with
Y;2Y(1), VjeN,

where (Y};):>¢ is the stochastic process driven by

of
2 —gr.

Then (6.2) is the stochastic solution to the equation

0

ai; =-AI-¢%u, zeR,t>0. (6.3)
This means that the law of the jumps in the compound Poisson process is fixed by

the operator G.

Proof. The process (Y;);>o has infinitesimal generator G and transition semigroup P, =
e!9 with symbol P, = e*®. The transition law is written as

P, fo(z) = Efo(Y; + ),

and solves the Cauchy problem

{%{ = gf?
f(2,0) = fo(z).

Then, we have that P; = ¢Y. Let us consider the Fourier transform of (6.3),

ou -

pri —A(1 —e®thg,

where @ is the Fourier multiplier of the operator G. By integrating with respect to time,
we obtain

a(k, t) = exp (—At(l - e‘m))) : (6.4)
The characteristic function of the process (Zt)tzo is given by (see formula (5.5) above)
Eetk4t = exp [—)\t(l — Eeiy(l)k)] . (6.5)
Since
Ee'Y (DF — (@)
we have that (6.5) coincides with (6.4), as claimed. O

Remark 6.2. We specialize formula (6.3) in order to obtain some connections with

(6.2). In the case G = —9,, the Perron-Frobenius operator K is associated to the map
T :xz+— x — 1. Then we have that (6.3) becomes

0

ai; = I — e %) = Aulz — 1,t) — u(a, 1)), (6.6)

and ¢Y = B, is the backward operator. The stochastic solution to (6.6) is therefore

Zt = N(t)7
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that is the homogenous Poisson process.
IfG = —02, that is the Riemann-Liouville derivative of order o € (0,1) then, by using
(4.6) we have that

oo

eI f(x) =e % f(z) = dsha(s,1) f(z — s).

0
Hence, we have that

Y, £59°(1),
so that

N(t)
Z, 2 Z H5(1).
=1
Moreover, by using the fact that (see (4.4) above)
e~ f(x) = Be 9% f(z),
we have that

“A =% f(a) = AE(e” % —1) (=)

“+o0o
:AA (72" f(2) — f()) ha(dy, 1)

—+oo

=A (f(z —y) = f(x)) ha(dy,1).

0

Theorem 6.3. Let us consider the equation

%+Vﬂw%>%Ume,x€W¢>Q 6.7)

subject to the initial condition v(x,0) = §(x), where o € (0,1), u is a vector with constant
coefficients and K = e~1'V. The stochastic solution to (6.7) is given by

d
Y, =N+ > 6,9 ((0; - u)t) (6.8)

j=1

where N, = 1N, and1 = (1,1,...,1). Furthermore,

v(x,t) = mzz:opa(x —ml,t)e M (/:nt)!m7 (6.9)
where p,(x,t) is the fundamental solution of (3.2).
Proof. The characteristic function of (6.8), is given by
d
Ee™Y = Eexp | ik- 1N, + Y ik- ;6% ((0; - u)t) (6.10)

j=1
‘ d
=exp [ =M1 — ™) = > (6, - u)(—ik - ;)"
j=1
From (6.7), by taking the Fourier transform we obtain

. d
% + (Bj . u)(—ik . 03')“5 _ _)\(1 B eik'l)a

j=1
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which leads to
d
O(k,t) = exp | —At(L—e™h) =Y (0, -u)(—ik-60;)t | . (6.11)
Jj=1

Formula (6.11) coincides with (6.10), as claimed.

In order to prove (6.9), we observe that (6.11) can be written as follows
_ d
o(k,t) = exp (—At(1 — elk'l)) exp | — Z(Oj -u)(—ik - 6;)t (6.12)
j=1

— exp (—At(L - 1) pa(k, 1),

where p,(k,t) is the Fourier transform of the fundamental solution of (3.2). We now
consider the Fourier transform of (6.9). Recalling the operational rule

pa(x —ml,t) = e ™IV p (x, 1),

we have
AR i(agm (A)™ )\t ~ “At(1—eikly
> = pa(k, t)e
m=0

which coincides with (6.12). O
Remark 6.4. We observe that for A = 0, we have that
v(x,t) = pa(x,t)

is the fundamental solution of (3.2).

7 Second order directional derivatives and their fractional power

We start to deepen the meaning of second order directional derivative (6 - V)2. We
notice that

Z 0,0;0s, 0, (7.1)

- Zazjaxbaxja

where the associated matrix {a;;} is symmetric and singular. Also we assume that
6] = 1.
The solution to the equation

%u(x t)=(0-V)u(x,t), xeR4t>0, (7.2)

subject to the initial condition u(x,0) = (0 - x), is given by (see for example [8])

U(X,t) :g((ex)7t)a (73)
where )
e_%
x,t) = ,
g( ) ) \/R
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is the law of the one-dimensional Brownian motion (B;):~o. We will write (B;):~¢ for
the d-dimensional vector, whose elements are completely correlated one dimensional
Brownian motions. We say that

1;=60-By, t>0,

is the stochastic solution to (7.2). Notice that Z; is a Gaussian process with singular
covariance matrix and degenerate multivariate normal distribution.
Therefore, we can write the solution to (7.2), subject to an initial condition u(x,0) =

up(x), as
_le:y—x)|2
e 4t

Pyug(x) = /]Rd UO(Y)WdYa (7.4)

t6-V)* is the associated semigroup. We note that: Py = Id; P,1 = 1 and

where P, = ¢
PtPsf = Pt+sf-

We are now ready to present an integral representation of the power « € (0,1) of
the operator (€ - V)? and a stochastic representation of the related solutions.

Theorem 7.1. The stochastic solution of the fractional differential equation
2

ot
subject to the initial condition u(x,0) = f(x) € L'(RY), is given by

+(=(0-V)))Mulx,t) =0, xeR%t>0,a€(0,1), (7.5)

I = 0 - By (7.6)
In equation (7.5), the power « € (0, 1) of the operator (8 - V)?, is given by

C(a) / (fly +x) + f(x —y) = 2f(x))
2 Jra 6 - y|2+1

—(~=(0-V)?)" f(x) = dy, (7.7)

with 1
C(a) = =T'(2a + 1) sin(ra).
7r

Proof. Let us prove (7.7). The general expression for the power « of the operator A is
given by (see for example [1, 13])

A f(x) = O T B - fx)
(=A)“f(x) )/O ds, (7.8)

I'l—«a satl

where P, = ¢4, is the transition semigroup related to equation (3.9) with representa-
tion (3.10) for A.
By using equation (7.8) and (7.4), we have that

« ds

~((0- V) ) = e | T (PS0) - £0) oy

@ oo 6,|‘="(y475>=)|2 ds
- i [ U = 160 VO e H] dy

120 T(a+3) f(y) = [(x)
Tl-a) Vr /Rdw-(y—xn?aﬂy

and therefore, we arrive at the following representation

(09 ) - Cla) [ SISO
(=(0-V))*f(x) = Cla) . |9,(y,x)|2a+1dy (7.9)
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where, in view of the duplication formula
4a—1
NS

I(a)T(a+ =

D(20) = >

we get that
4% T(a+3) 1
=-—I(2 1) si .
Ti—a) V& - (2a + 1) sin(ra)
We notice that (7.9), must be considered in principal value, due to the singular kernel.
However, we have that

Ca) =

fly +x) — f(x)
Cla)p. [ W

:C’(a)/ (fy+x) + f(x—y) - 2f(x)) ,
2 Rd ‘0 y‘2a+1

Indeed, taking the Fourier transform of the last term, we obtain

dy (7.10)

y.

Cla) [ (5 4y —2)

2 /]Rd 0 y[2otl f(k)dy
~ C(w) / (&Y —1) 4 (e7™¥ —1) A(k)d
2 Jpe 0 - y|?+! Y

eik-y _ N
=C(a) /}R (e - 1) 1)f(k)dy,

oy

which coincides with the Fourier transform of the first term in (7.10).
In order to prove that (7.6) is the stochastic solution of (7.5), let us consider

u(x,t) = /°° ds ha(s,t)Ps f(x) (7.11)

0
ds he (s, t)es(g'v)2f(x)
0

/OO ds hq (s, t)e_s(_(e‘v)z)f(x)
0

— o t=0)" p(x).
Then, (7.11) is the solution to (7.5), as claimed. O

Remark 7.2. We notice that ford = 1 and « € (0,1), the equation (7.7) becomes

o\ f) = f(x) 0> f()
—| == =C dy =
( (3) ) f@)=0te) |y —aper® = e
that is the Riesz fractional derivative as expected. Also, from equation (7.7), we find
that

d d
D=0V =D /R G = £ T (x=y)dy, (712
=1

=1
where

IO (x =) = 15 (ch“;)lm.

If;=e;,i=1,---,dand a € (0,1), then we have that

d d 82(1
Z —(er - V)? Z 8|xl|2a

=1

EJP 19 (2014), paper 61. ejp.ejpecp.org
Page 29/31


http://dx.doi.org/10.1214/EJP.v19-2854
http://ejp.ejpecp.org/

Multidimensional fractional advection-dispersion equations

Remark 7.3. Special care must be given to the case a« = %+ in d = 1. In this case

2
equation (7.12) becomes a Cauchy integral

o\ Iy) ~ 1)
p.V. y) — f(x

S Y S S AN VA AP

< (f%)) o =B [ S

where, as usual, “p.v." stands for “principal value".
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