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First critical probability for a problem
on random orientations in G(n,p)*
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Abstract

We study the random graph G(n,p) with a random orientation. For three fixed ver-
tices s, a,b in G(n,p) we study the correlation of the events {a — s} (there exists a
directed path from a to s) and {s — b}. We prove that asymptotically the correlation
is negative for small p, p < % where C; =~ 0.3617, positive for % <p< % and up to
p = p2(n). Computer aided computations suggest that p2(n) = % with Cy =~ 7.5. We

conjecture that the correlation then stays negative for p up to the previously known
zero at 1; for larger p it is positive.
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1 Introduction

Let G(n,p) be the random graph with n vertices where each edge has probability p
of being present independent of the other edges. We further orient each present edge
either way independently with probability % and denote the resulting random directed
graph by @(n, p). This version of orienting edges in a graph, random or not, is natural
and has been considered previously in e.g. [1, 2, 3, 5].

Let a,b, s be three distinct vertices and define the events A := {a — s}, that there
exists a directed path in é(mp) from a to s, and B := {s — b}. In a previous paper,
[2], we showed that, for fixed p, the correlation between A and B asymptotically is
negative for p < % and positive for p > % Note that we take the covariance in the
combined probability space of G(n,p) and the orientation of edges, which is often re-
ferred to as the annealed case, see [2] for details. We say that a probability p € (0,1)

is critical (for a given n) if the covariance Cov(A, B) = 0. We have thus shown in [2]
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that there is a critical probability % + o(1) for large n. (Moreover, this is the largest
critical probability, since the covariance stays positive for all larger p < 1.) We also
conjectured that for large n, there are in fact (at least) three critical probabilities when
the covariance changed sign. Based on computer aided computations we guessed that
the first two critical probabilities would be approximately 0'736 and % In this note we
prove that there is a first critical probability of the conjectured order, where the covari-
ance changes from negative to positive, and thus there must be at least three critical

probabilities. Our theorem is as follows.

Theorem 1.1. Withp = % and sufficiently large n, the covariance Cov(A, B) is negative
for 0 < ¢ < ¢; and positive for ¢; < ¢ < 1, where ¢; =~ 0.180827 is a solution to (2 — ¢)(1 —
c)3 = 1. Furthermore, for fixed c with0 < ¢ < 1,

3
_ 3 c 1 1
In fact, the proof shows that (1.1) holds uniformly in 0 < ¢ < ¢’ for any ¢’ < 1; more-
over, we may (with just a little more care) for such c write the error term as O(c4n*4).
This implies that for large n, the critical p = 2¢; /n is indeed the first critical probability,
and that the covariance is negative for all smaller p > 0.

Remark 1.2. In a random orientation of any given graph G, it is a fact first observed
by McDiarmid that P(a — s) is equal to P(a <> s) in an edge percolation on the same
graph with probability 1/2 for each edge independently, see [5]. Hence the events A
(and thus B) have the same probability as P(a < s) in G(n,p/2). With p = 2¢/n it is
well known that for ¢ < 1 this probability is (1fc)n_1 + O(n=2), see e.g. [4]. Hence the
covariance in (1.1) is of the order O(P(A) P(B)/n).

The outline of the proof is as follows, see Sections 2 and 3 for details.

Let p := 2¢/n, where ¢ < 1. A path is called short if it is has fewer than L = log®n
edges. Let X4 := be the number of short paths from a to s in é(n,p) and Xp := the
number of short paths from s to b. We show that, in our range of p, the probability
that X4 > 2 or Xp > 2 is small, and that we can ignore these events and approximate
Cov(A, B) by Cov(X 4, Xp). The latter covariance is a double sum over pairs of possible
paths («, 8), where « goes from a to s and § goes from s to b, and we show that the
largest contribution comes from configurations of the following two types:

Type 1 The two edges incident to s, i.e the last edge in a and the first edge in 3, are
the same but with opposite orientations; all other edges are distinct. See Figure
1.

Figure 1: Configurations of Type 1 (i,7 > 0,7+ 5 > 1).

Type 2 « and [ contain a common subpath with the same orientation, but all other
edges are distinct. See Figure 2.

EJP 19 (2014), paper 69. ejp.ejpecp.org
Page 2/14


http://dx.doi.org/10.1214/EJP.v19-2725
http://ejp.ejpecp.org/

First critical probability for a problem on random orientations in G(n, p)

Figure 2: Configurations of Type 2 (4,5 > 0, k,I,m > 1).

If («, B) is of Type 1, then « and (3 cannot both be paths in é(n,p), since they contain
an edge with opposite orientations. Thus each such pair («, 8) gives a negative contri-
bution to Cov(X 4, Xg). Pairs of Type 2, on the other hand, give a positive contribution.
It turns out that both contributions are of the same order n—3, see Lemmas 3.1 and 3.2,
with constant factors depending on ¢ such that the negative contribution from Type 1
dominates for small ¢, and the positive contribution from Type 2 dominates for larger c.

The method in this paper uses counting techniques and is based on the fact that for
c < 1, the main contributions in the calculations come from short paths. For ¢ > 1,
this is no longer true, and the method breaks down. We considered in [2] the case of
constant p > 0 by a different method, but that method seems unable to handle the case
p — 0, leaving a gap between the two methods.

Open problem 1.3. It would be interesting to find a method to compute also the second
critical probability, which we in [2] conjectured to be approximately % Even showing
that the covariance is negative when p is of the order 1"% is open. Moreover we con-
jecture, see [2, Conjecture 6.1], that (for large n at least) there are only three critical

probabilities, but that too is open.

2 Proof of Theorem 1.1

We give here the main steps in the proof of Theorem 1.1, leaving details to a se-
quence of lemmas in Section 3.

By a path we mean a directed path v = vge; - - - egvy in the complete graph K,,. We
use the conventions that a path is self-avoiding, i.e. has no repeated vertex, and that
the length |v| of a path is the number of edges in the path.

We let I' be the set of all such paths and let, for two distinct vertices v and w, I, be
the subset of all paths from v to w.

If v €T, let I, be the indicator that ~ is a path in é(n,p), i.e, that all edges in y are
present in G (n,p) and have the correct orientation there. Thus

o\ c\ Il
EI :IPI:1:<7) :(f) . 2.1
S=P == (57 = (£ @.1)
Let /4 and I be the indicators of A and B. Note that the event A occurs if and only
if Zaer“ I, > 1, and similarly for B.
It will be convenient to restrict attention to paths that are not too long, so we in-

troduce a cut-off L := log” n and let I'Z  be the set of paths in T,,, of length at most L.
Let
X4 = Z I, and Xp = Z Is,
aelL, BeTk,
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i.e, the numbers of paths in C_}"(n, p) from a to s and from s to b, ignoring paths of length
more than L.

Write X4 = Iy + X/, and Xp = Iz + X};, where I’y and I}; are the indicators for the
events X4 > 1 and Xp > 1 respectively, so that

Iy = min(Xa4,1),

0 if X4 <1,

X = (Xa—1)y =
a=Xa-1)y {XA—l if X, > 1.

We have I4 > I'y. Let J4 :==14 — Iy and Jp := I — I5. Thus
Cov(A, B) = Cov(Ia,Ig) = Cov(Iy,Ig) + Cov(Iy, Jg) + Cov(Ja,IR). (2.2)

We will show in Lemma 3.3 below that the last terms are small: O(n~%?). (The exponent
99 here and below can be replaced by any fixed number.) Note that J, is the indicator
of the event that there is a path in é(n, p) from a to s, and that every such path has
length > L = log® n. Thus by Lemma 3.3 we can ignore paths longer than L.

Similarly, since I’y = X4 — X/,

Cov(I'y,I) = Cov(Xa,Xp) — Cov(Xa, X5) — Cov(Xy, XB) + Cov(Xy, X5), (2.3)

where Lemma 3.5 shows that the last three terms are O(n~*). Hence, it suffices to
compute

Cov(Xa, X5) :cov( Yo,y Iﬂ) =Y 3 Covlla, Iy). (2.4)

a€elL, gerk, a€lf, perk,

Lemmas 3.1 and 3.2 yield the contribution to this sum from pairs («, 5) of Types 1
and 2, and Lemma 3.4 shows that the remaining terms contribute only O(n~*). Using
(2.2)-(2.4) and the lemmas in Section 3 we thus obtain

Cov(A, B) = Cov(I'y, 1) + O(n™%) = Cov(X 4, X5) + O(n™%)
2¢% — ¢t 3 1 1
= (‘ -2 Tz c)5> A +0()

3

e (1—(2—0)(1—6)3>%+0(%)’

which is (1.1).

The polynomial 1 — (2 — ¢)(1 — ¢)® = —¢* + 5¢® — 9¢* + 7c — 1 is negative for ¢ = 0
and has two real zeros, for example because its discriminant is —283 < 0, see e.g. [6]; a
numerical calculation yields the roots ¢; ~ 0.180827 and ¢y ~ 2.380278, which completes
the proof. O

3 Lemmas

We begin with some general considerations. We assume, as in Theorem 1.1, that
p=2c/nand 0 <c<1.

Consider a term Cov(I,,Ig) in (2.4). Suppose that o and 5 have lengths ¢, and /.
Furthermore, suppose that 5 contains § > 0 edges not in « (ignoring the orientations)
and that these form p > 0 subpaths of 8 that intersect « only at the endvertices. (We
will use the notation 8 \ « for the set of (undirected) edges in S but not in «.) The
number /.3 of edges common to « and 3 (again ignoring orientations) is thus {3 — J. By
(2.1), E1, = (¢/n)* and E 15 = (c¢/n)%.
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(i) If o and 3 have no common edge, then I, and /3 are independent and

Cov(Ia,I5) = 0. (3.1)
(ii) If all common edges have the same orientation in « and 3, then

e\ Lato c\latlp
Cov(Ia, Is) = B(IaI5) ~ BEI, Bl = (f) - (f) : (3.2)
n n

(iii) If some common edge has different orientations in « and 5, then E(I,I3) = 0 and

Lo+0
C) e (3.3)

Cov(In,Is) = —EI, Bz = — (f
n

We denote the falling factorials by (n); :=n(n—1)---(n — £+ 1). Note that the total
number of paths of length ¢ in Ty, is (n — 2)y—1 := (n — 2)---(n — £), since the path is
determined by choosing ¢ — 1 internal vertices in order, and all vertices are distinct.

This section contains five lemmas. First the two important lemmas that are counting
the largest contribution to (2.4) coming from the two different cases called Type 1 and
Type 2. The other three shows that we may ignore all other cases. First the contribution
of pairs of paths of Type 1.

Lemma 3.1. Pairs of Type 1 contribute —2; %;:)‘;1 +0(++) to the covariance Cov(X 4, X ).

Proof. Let the path o from a to s consist of ¢ + 1 edges, where the last edge is the first
in the path g of length j + 1 from s to b, see Figure 1. The paths must not share any
more edges, but could have more common vertices. Here 7,7 > 0 and ¢ + 7 > 1 since
a #b. Let R; ; be the number of such pairs of paths, for given 7 and j. If j > 1, the paths
are determined by the choice of ¢ distinct vertices for o and then j — 1 distinct vertices
for B; if j = 0, then 7 > 1 and the paths are determined by the choice of 7 — 1 distinct
vertices for a. Order is important so, for 7, j < L, with a minor modification if j = 0,

(n—=2)i-(n=3)j-1 2 Rij 2 (n—2)ir;-1,

Thus R; ; = nit/ 1 (1 + O(%)) and summing over all such pairs («, 3) gives by (3.3)
a contribution to Cov(X 4, Xp) of

_ Z Ri,j(%)i+j+2 _ Z ni+j—1(1 _‘_O(%))(%)Hpﬁ

itj>1 i+j>1
i,j<L
_ Z CiJerrQTfBJr Z O((i+j)2)ci+j+2n*4
i+ji>1 i+i>1
4,J<L
_ —n_3(2ch+2+ Z Ci+j+2+O(CL)) +0(n™)
jz1 1,521
2¢° ¢t 2¢% — ¢t
-3 —4 -3 —4
= — —_— O =— 140 . O
n (lc+(1c)2>+ (” ) n (170)2+ (n )

Next we calculate the contribtion of pairs of paths of Type 2.

Lemma 3.2. Type 2 pairs contribute n% . ﬁ +O(#) to the covariance Cov(X 4, Xp).

EJP 19 (2014), paper 69. ejp.ejpecp.org
Page 5/14


http://dx.doi.org/10.1214/EJP.v19-2725
http://ejp.ejpecp.org/

First critical probability for a problem on random orientations in G(n, p)

Proof. A pair (a, 8) of paths of Type 2 must contain a directed cycle containing s, from
which there are m > 1 edges to a vertex = to which there is a directed path of length
1 > 0 from a. The cycle continues from x with k > 1 edges to a vertex y, which connects
to b via j > 0 edges. The cycle is completed by [ > 1 edges from y to s, see Figure 2. By

(3.2), then
¢\ ititk+l+m cN\k
Cov(Ia, I5) = (7) (1 - (f) ) . (3.4)
n n
Let R; j k1,m be the number of such pairs («a, 8) with given i, j, k,I,m. The path « is
determined by i + k 4+ | — 1 distinct vertices and given «, if j > 1, then the path g is
determined by choosing m + j — 2 vertices; if j = 0 then b lies on «, so « is determined
by choosing i + k£ + | — 2 vertices, and then /3 is determined by choosing m — 1 further
vertices. Reasoning as in the proof of Lemma 3.1 we have

i+j+k+l+m)2)).

Ri jggm = nitithAEm=3 (1 +0 ((
n

Due to our cut-off, we have to have : + k +1 < L and j + k + m < L, but we may
for simplicity here allow also paths «, 5 with lengths larger than L; the contribution
below from pairs with such « or 8 is O(cl) = O(n*). Summing over all possible
configurations gives

i+j+k+Hl+m k
> Rzyj,k,um(f) . (1 _ (E) )
X n -
4,720, k,I,m>1
1 N . )
= — i+j+k+l4+m | (€ 1

1,j20, k,l,m>1
1 c? 1
S L2 oL, -
nd (1—c¢)° + n4
The following lemma shows that we may ignore paths longer than L.
Lemma 3.3. Cov (I, Jg) = O(n=%) and Cov(Ja,Ig) = O(n~%).

Proof. J, is the indicator of the event that there is a path in Cj(n, p) from a to s, and
that every such path has length > L = log” n. Thus,

0<Ja< Y I

a€lys, |a|>L

and thus, using (2.1) and the fact that there are (n — 2),-1 < nt1 paths of length ¢ in
[Cys,

0<EJ4 < Z (E)Ia\<in571 <£)€<§:0520(CL):O(“799)

- - n - n/ = '
a€lys, |a|>L {=L (=L
Since Ja, I € [0,1],
|Cov(Ja, I5)| S E(Jalg) +EJ4EIg <2EJ4 = O(n™ ).

Similarly, |Cov(I), Jg)| = O(n=%). O

The following lemma says that we may ignore pairs of paths in (2.4) that are not of
Type 1 or 2.

Lemma 3.4. The sum Y |Cov(I,,Is)| over all pairs («,3) with a € T, 3 € TL and
(v, B) not of Type 1 or 2is O(n™?).
EJP 19 (2014), paper 69. ejp.ejpecp.org
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Proof. Consider pairs («, ) with some given ¢,,d, . The path «, which has ¢, — 1
interior vertices, may be chosen in < nf»~! ways. The 2 endvertices of the ;. subpaths
of B8\« are either b or lie on «, and given «, these may be chosen (in order) in < (€a+2)2“
ways. The § — p internal vertices in the subpaths can be chosen in < n’~* ways. They
can be distributed in (Zj) (interpreted as 1 if u = § = 0) ways over the subpaths. The
path § is determined by these endvertices, the sequence of § — u interior vertices in
the subpaths between these endvertices and which vertices belong to which subpath;
hence the total number of choices of 3 is < (2:11) (bo + 2)2n0—H,

For each such pair («, 3), we have by (3.1)~(3.3) |Cov(I,, I5)| < (¢/n)**?. Conse-
quently, the total contribution to Y |Cov(l,, Iz)| from the paths with given ¢,,d, u is at
most

—1 La+d -1
(Z _ 1) (6o + 2)%nfem 10k (%) = (Z } 1) (bo +2)%cteon 70, (3.5)

We consider several different cases and show that each case yields a contribution
O(n™*), noting that we may assume that {3 > §, since otherwise a and $ are edge-
disjoint, and thus Cov(I,, I3) = 0 by (3.1).

(i) u > 4: Using that (ij) < §*~1 < L*, and summing (3.5) over 6 > 0 and ¢, < L,

yields for a fixed i a contribution
< (L4231 —c)2n Y (3.6)

and the sum of these for u > 4 is
O(Lun*‘:’) = O(nif’ log24 n) = O(n74). (3.7)

(i) ¢ = 3: Using that, with u = 3, (zj) = (551) < 62, and summing (3.5) over all

L, > 0yields a contribution of at most

Z 62(Ly +2)8ctoton= < Z (o +2)%cte 252657174 =0(n™%). (3.8)

£o,620 £6>0 6>0

It remains to consider p < 2.

(iii) 4 = 0: In this case, 8 C «, and thus § = 0 and ¢, > {3 (because a # b). Given
¢, and {5, we can choose 8 in < n**~! ways and then « in < n‘e~%~1 ways; for each
choice (3.3) applies since the edges in S have opposite orientations in «, and thus the
contribution to ) |Cov(I,, Ig)| is at most

plo—1+ta—ts—1 (E)K("MB = clatlsy—ts=2 (3.9)
n
If g = 1, then (o, 3) is of Type 1, see Figure 1 (j = 0). Since we have excluded such
pairs, we may thus assume that {g > 2. Summing (3.9) over {, > (g > 2 yields O(n™%).

(iv) u € {1,2} and « and 8 have some common edge with opposite orientations: In this
case, (3.3) applies, and (Zj) < § < lg. Thus, if we let £,5 = {3 — § > 1 be the number
of common edges in « and 3, then the total contribution to ) |Cov(I,,Is)| for given
Lo, g, 11, Lop (Which determine § = ¢g — /,3) is at most, in analogy with (3.5) but using
(3.3),

C)£a+fﬁ

O

= (€ +2)* g et lon = tes T, (3.10)
n

For fixed 1, the sum of (3.10) over /o, 03 > 1 and lo3 > 3 — p is O(n™*), so we only
have to consider 1 < /.3 < 2 — p. In this case we must have 4 = 1 and /3 = 1 (and
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(ij) = 1); thus a and § have exactly one common edge, which is adjacent to one of

the endvertices of 8. If the common edge is adjacent to s, we have a pair («, 8) of Type
1, see Figure 1; we may thus assume that the common edge is not adjacent to s. Then,
£g > 2 and the common edge is adjacent to b, which implies b € «. Given {,, the number
of paths « that pass through b is (¢, — 1)(n — 3)s, 2, since b may be any of the ¢, — 1
interior vertices. The choice of « fixes the last interior vertex of 5 (as the successor of

b in o), and the remaining /g — 2 interior vertices may be chosen in < nte—2 ways. The
total contribution from this case is thus at most
c\ batls
(ga _ 1)nea—2+€g—2 (7) — (éa _ 1)Cfa+fﬂn—47 (311)
n

and summing over /, and {g we again obtain O(n~?).

(v) p € {1,2} and all common edges in « and 8 have the same orientation: The edge in
[ at s does not belong to « (since it would have opposite orientation there), so one of
the p subpaths of 8 outside a begins at s. If u =1, orif y = 2 and b ¢ «, then (¢, 3) is
of Type 2, see Figure 2 (j = 0 and j > 1, respectively). We may thus assume that y = 2
and b € a. As in case (iv), given /,, we may choose « in (£, — 1)(n — 3),, _o < lonte—2
ways. The pu = 2 subpaths of 5 outside a have 4 endvertices belonging to «; one is s
and the others may be chosen in < ¢2 ways. For any such choice, the remaining § — 2
vertices of 5 may be chosen in < n’~2 ways. The total contribution for given ¢, and ¢ is
thus, using (3.2), at most

Lot
(Apte=2+0-2 (%) = (Actaton =4 (3.12)
and summing over all /,,§ we obtain O(n™*). O

The last lemma proves that the last three terms of (2.3) may be ignored. That is, we
may ignore if there are more than one pair of paths.

Lemma 3.5. With notation as before, we have Cov(X 4, X5) = Cov(X/y, Xp) = O(n™?)
and Cov(X/, X) = O(n™%).

Proof. We only need to consider paths in I'”, which is assumed throughout the proof.
Define Y, := (XQA) the number of pairs of (distinct) paths from a to s, and similarly
Vg = (¥?). Then0 < X/, <Ysand0 < Xj < Yp. Let Y} := Ya— X/, and Y}, := Yp— X},.
Then Y} = 0 unless X4 > 3.

Further, let Z4 := (X3A) the number of triples of (distinct) paths from a to s. Then
0< YA < Zja.

To show that Cov(X4, X5) = Cov(X/y,Xp5) = O(n™*), we write Cov(X/, Xp) =
Cov(Yy — YA,XB) = Cov(Ya,Xp) — COV(YA,XB). Here, COV(YA,XB) = E(YAXB) —
E(Y)) - E(Xp), where E(Y;Xp) < E(Z4Xp), which we will show is O(n~?). Further we
will show that E(X4) = E(Xg) = O(n™!) and that E(Y}) < E(Za) = O(n™3), so that
Cov(Y}, Xp) = O(n™*). Finally we will show that Cov(Y4, X5) = O(n~?) finishing the
proof of the first part of the lemma.

For the second part we write Cov(X’y, X;) = E(X, X5) — E(X)) - E(X5). We prove
that E(X, X5) < E(YaYp) = O(n™%) and that E(X/)) = E(Xy) < E(Ya) = O(n72),

which finishes the proof.
() E(X,y) = O(n‘l):
Let o denote an arbitrary path from a to s (in I'L) with length [ > 1. Then,

E(X4) = E (ZI) =Y E(l) < XL:nl_l (%)l << - — = 0.
@ o =1

EJP 19 (2014), paper 69. ejp.ejpecp.org
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(i) E(Y4) = O(n~2):

Let oy and as, with lengths [; and [l; be two distinct paths from a to s. Further, let
0 = |ag \ a1| be the number of edges in a5 not in «a;, which form g > 0 subpaths of as
with no interior vertices in common with a;. The number of choices for as is (compare
the proof of Lemma 3.4) at most n’~#(I; + 1)2* (/‘ij) which gives

B(Ya) = 3 B(lal,,) < S nh! (%)l 01y +1)2 (Z:D . (%)5

arFasz l1,0,p
6—1
= Z n~H(1 + 1)2“cl1+5( 1).
l1,0,p #e

Case 1: > 2.
Here, (I; +1)%* < (L +1)%", (‘S 1) < (6 —1)#7! < §* < LM, so that the terms are at most

1557 (L +1)*n~#1, which

n~F=1ch (L 4+ 1)3*, Summing over [; and § gives at most
summed for i > 2 is O(L%n~3) = O(n"log'* n) = O(n2).
Case 2: p=1.

Here, (/‘i_l) =1, and

ZIE InyIo,) <072 (412> =0(n™?).

11>1 5>1

(iii) E(Z4) = O(n™3):
We have
E(Za)= Y E(lala,]a,),

a1,02,03

where a1, as and a3 denote three distinct paths from a to s.

Let I; denote the length of oy, let do = |as \ a1| be the number of edges in «y not
in oy forming pe > 0 subpaths of as intersecting «; only at the endvertices, and let
d3 = |as \ (@1 U az2)| be the number of edges in ag not in a; or as forming pg > 0
subpaths of a3 whose interior vertices are not in oy or as. Note that p3 = 0 is possible
if uy > 2, as then ag can be formed by one part from a; and one part from a-; however,
if uo = 1 then pu3 > 1. Hence, po + ps > 2.

If all common edges of the three paths have the same direction, E(I,,I,1a,) =
(%)ll+52+63, otherwise it is 0, so we need only consider paths with the same direction.
The number of choices for s is, as in (ii), at most n%~#2 . (I; + 1)2+2 . (i";j) and the

number of choices for s is at most n% 743 . (I} + §y — pg + 1)%4s - (f;; 1) 22 where the
last factor is an upper bound for the possible number of choices between segments of

a1 and ag. Thus, with summation over ly > 1,09 > ps > 1,03 > ps > 0, with ps + ps > 2,

ZE(IQ1IQ2Ia3) < Zn1171 ~’I7,527'u2 . (l1 + 1)2”2 . (622 11)

l1+62+6
nds—Hs . (I + 0y — po + 1)2#3 . (ii:ll) .QHz (ﬁ) 1+02+63
= Zn—uz—ua—l Sl + 1)2u2 . (52 1) (I + 69 — pip + 1)2u3 . (53 1) otz 1+02+3s

(3.13)

Case 1: po + pus > 3.
Here, (I; +1)%2 < (L+1)%02, (52 T1) S L2, (i + 00— po+ 1) < (2L+1)%8 < (L+1)%ke
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(assuming as we may L > 4), (ii:ll) < L*s and 2#2 < LH2, so that the sum over [y, ds, d3
is at most

poHe Tl (L )t N T 00 < (1 o)7L (L 1)t (3.14)
Summing over us and 3, with us + pz > 3 gives
O(n=*- L'?) = O(n"*log* n) = O(n™3).

Case 2: po + s = 2.
Here, (u2,u3) € {(2,0),(1,1)}, so that (I; +1)%#2 < (I; + 1), (izj) < g, (I 402 — po +
1)21s < (Iy + 62)2, (53:11) =1 and 2#2 < 4, so that summing over [y, 3, 63 and o + iz = 2

| H3
gives at most

2-4-n7% " (L + 1)t Gy (I 4 62)% - S = O(n 7).
l1,62,03

(v) E(Z4 - X5) = O(n~):

E(Za-XB) =) E(Is Ia,10,15), where a1, as and ag are three distinct paths from a to s
and [ is a path from s to b. We need only consider paths where all common edges have
the same direction, as E(I, [n, 0, I3) = 0 otherwise.

As in (iii) the three « paths are described by [y, d2, s, 03, pus. Let 04 := |8\ (a1 UasUas)]
be the number of edges in 3, not in any of the a paths, and let these form p4 subpaths of
[ whose endvertices lie on «1, as, a3 but share no other vertices with those paths. The
number of choices for the « paths are the same as in (iii) and given those, and iy, ji4,
the 8 path can be chosen in at most n% =4 . (Iy +d — p1o + 83 — pu3 + 1)%H4 - (Zi:l) - 32(p2tps)
ways, where the last factor is a crude upper bound for the number of ways 3 can choose
different sections from the « paths, as there are at most 2(us + ps3) vertices where a
choice can be made and there are at most 3 possible choices at each of these. Clearly,
E(Io, Loy lagls) = (£)1 70279310 since all common edges have the same direction.

Note that py > 1 for non-zero terms as otherwise the first edge in 5 from s would
be the last edge in one of the a paths, and therefore would have opposite direction.
Further, us > 1, puz > 0, but ps + pu3 > 2 as us = 1, us = 0 would imply that a3 = oy or
a3 = (9.

Summing over [y > 1, us > 1, 6o > po, 3 > 0, 03 > us3, pga > 1 and 64 > py with
Wo + p3 > 2 gives at most

Dol Thenf e (1) (P2 T) T (I Gy — g 1) (227]) - 202
)11+52+53+54

I (L o Gy — iy + 8 — g + )P (047)) 32 (£

= S im0 (1 Gy — g 4 1) (B71) 2.

. (ll + 09 — o + 55 — s + 1)21L4 X (Zi:11> X 32(}t2+/t3) ,Cll+62+53+(54.

(3.15)

Case 1: o + us + pg > 4.
Here, using the same type of estimates as in (iii) and summing over [y, d2, d3, 64 gives at
most

n—uz—us—lm—l,(L+1)7H2+7M3+4M4 chl+52+53+54 < (1_0)—4n—lt2—l$3—u4—1_(L+1)7(M2+M3+H4),
which summed over ps + pug + pg > 4 is

O(n=>-L®) =0(n=°-10g”°n) = O(n™%).
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Case 2: o + p3 + pa = 3.

Here, (2, i3, ta) € {(2,0,1), (1, 1,1)} so that (I +1)%2 < (I, +1)*, (?22}) < b2, (1 +62 —
fro + 1) < (I + 62)2, (Zi:ll) = (31—11) =1,2¢ < 4, (I + 0y — pp + 03 — pg + 1)% <
(I1 + 85 + 03)% and 32(#2t#s) — 3% = 81, so that the sum over [y, §3, J3, 04 is finite and the
total contribution is O(n=%).

W) E(YA . YB) = O(n’4):

E(Ya-Yg) =) E(la, Ia,18,13,), where o and oy are two distinct paths from a to s and
B3 and B4 are two distinct paths from s to b. As above, we need only consider paths
where all common edges have the same direction. As before, oy and a5 are described
by ly = |a1]| > 1, 62 = |as \ 1| > 1, the number of edges in a5 not in «4, and ps > 1, the
number of subpaths they form that intersect o; in (and only in) the endvertices. Then
Bs is described by d3 = |33 \ (aq U a2)|, the number of edges in 3 not in a; or as, and
w3, the number of subpaths they form with no interior vertices in common with a4, as.
Similarly, 3, is described by d4 = |f5 \ (a1 U @2 U B3)| > 0, the number of edges in 5, not
in oy, ag or B3 and py > 0, the number of subpaths they form which intersect oy, as, 53
in (and only in) the endvertices. Note that pu3 > 1 for every non-zero term, as otherwise
the first edge in S5 from s would be the last edge in one of the « paths, and therefore
would have opposite direction.

The number of choices for the a paths are the same as in (ii) and given those, and
83, 13,04, jt4, the 3 paths can be chosen in at most 793743 . (I + do — o + 1)2#3 (333:11) ’
22 . Ok (1) 4 Gy — g + 63 — g + 1)2H4 . (‘54 1) . 32(n2tu3), where the last factor is an
upper bound for the number of ways 5, can choose different sections from the «a paths
and fs.

When all common edges have the same direction, E(Iy, In,1g,13,) = (&) 02010,
Summing over I3 > 1, po > 1, 6o > po, 3 > 1, 3 > s, pna > 0 and 04 > py gives at most

DontThenf e ()2 (7)™ (o Gy — i+ 1P (7)) 20

l1+024-03+0.
n547u4 . (ll + 69 — e + 03 — s + 1)2M4 . (54—1) -32(M2+M3) . (E) 1+02+03+04

/1,4—1 n
— Zn—uz—us—m—l (1 + 1)2u2 . (22 1) (Iy + 62 — pig + 1)2u3 . (Zs 1) oH2,
(I 4 0y — g + 03 — pg + 1) (017]) - 320eatua) . hitoatdston,

We sum the same terms as in (3.15), so the sum over all terms with p4 > 11is O(n‘4) by
the estimates in part (iv). Hence it suffices to consider the terms with 4 = 0 and thus
04 =0.

Case 1: po + us >4, ug = 0.

Here, each term is 32(#2+43) times the corresponding term in (3.13). Hence, the esti-
mates in (iii) show that, cf. (3.14), summing over [y, d2, §3 gives at most

(1— C)—3n—uz—us—1 (L + 1)6(1L2+/L3),
which summed over ps + p3 > 4 is
O(n=>-L*) =0(n=°-log"®n) = O(n™%).

Case 2: po + pus =3, g = 0.
Here, po, 3 < 2 so that (I; + 1)%2 < (I; + 1)%, (6";711) < 8y, (I + 09 — pg + 1)%s =
(I1 4 62)%, (333711) < 83, 212 < 4, and 32(k2tms) = 36 — 729, so that the sum over [y, ds, d5 is

O(n~#2=#3~1) and the contribution is O(n~%).

Case 3: uo + uz =2, pg = 0.
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This can only occur if us = us = 1. Thus, (3 starts with an edge not in any of the « paths
and, as this is its only excursion it must end up at one of the a paths and follow it to b
(if B3 were to go straight to b without coinciding with any of the « paths then 5, would
have to do the same, so that 83 = 84). 84 must start as 3 until it encounters an « path
and must have the possibility to chose a different path to b than g3 along the « paths.
This means that both a paths must pass through b and that they only differ somewhere
between a and b. Thus, see Figure 3, there must be three vertices x (possibly = = a),
y (possibly y = z) and z (possibly z = b) between a and b, so that both « paths pass in
order a,x,y, z,b, s, and both 5 paths pass in order s, z,y, z,b. Both the two « paths and
the two 8 paths follow different subpaths between y and z. Let the number of edges
between a and x be ¢ > 0, between z and y be j > 0, between y and zbe k> 1and > 1
for the two possibilities (with k£ + [ > 3), between z and b be m > 0, between s and x be
r > 1 and between b and s be t > 1.

Figure 3: Configurations for Case 3 of (V): uo + us + pg = 2.

)i+j+k+l+m+r+t

Then, E(Ia, Ia,Is,15,) = (£ and the number of possibilities is at most

onitithtidmtrtt—4 o that the sum over i, j, k,I,m,r,t is O(n™%).

i) Cov(Yy, Xp) = O(n_4):

|COV(YA7XB)| = | Z ZCOV(I(h 'Ia27lﬁ)| < Z Z |COV(IOZ1 '1@2’IB)|’

oar1F#as B arFaz B

where
Cov(la, * Lay, IB) =E(la, - Lo, - [B) —E(la, - 1a,) - E(Iﬁ)7

which is 0 if @; and as have a common edge with opposite directions, or if 5 has no
edge in common with the a paths.

Let as above a; have length I/, o have J» edges not in «; forming s subpaths of
o intersecting a; in (and only in) the endvertices. Let also 8 have length Ig with 03
edges not in a; or a, forming s subpaths of 8 intersecting «a;, as in (and only in) the
endvertices. Then, if all common edges of 5 and a; U ay have the same direction,

c\ l1+02+63 c\ li+d2+ig c\ l1+92+63
|COV(I<X1 ) Iazvlﬂ)‘ = (7) - (7> < (7) )
n n n

and if 5 has at least one common edge in opposite direction,

c\ li+o2+lg c\ l1+02+03.
(Cov(La, + Loy 1) = (5) <(5)

The number of ways of choosing a1, as and  is at most, as in (iii) above,

bt (1 )2 () 0T (o By — iy 1) (7)) - 4
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The last factor is 4%#2 in this case as 3 can have opposite direction in the common
subpaths. If there is a crossing between «; and «s there may be 4 choices for 5 and
there are at most 2us such vertices. Thus,

S S ICV(Lay Lan I < S0 mh et (1 4 1) (20,

arFaz B l1,p2,02,142,03
11432+
53— 2 S3—1 2 C\ToeTes
0T (I 4 By — g + 1) (BT]) 422 (ﬁ)
<Y nemm Tl (1) (2T]) - (I 4 Oy — g 4 1) (D3T) 4P 0t

Here, I1 > 1, pa > 1, 92 > pa, s > 0 and 3 > pus. Note that the terms in the final sum
are the same as in (3.13), except that 2#2 is replaced by 422

Case 1: po + pus > 4.
Here, using the same estimates as in (iii), see (3.14), the sum over Iy, §2, 03 is, for L > 16,
at most

(1— C)*3 . H2—Hs =1 (L + 1)4(#2+#3)_
Summing over po + p3 > 4 gives O(n~° - L'%) = O(n="log** n) = O(n=*).

Case 2: po + s = 3.
Here, (pi2, 13) € {(3,0),(2,1),(1,2)} and (I; +1)%*2 < (I; +1)5, (/‘2:11) <02, (Iy + 09 — pia +
1)2#3 < (Iy + 62)%, (Zz:i) < 85 and 422 < 45 = 4096. Summing over [y, 6, 2, 03, i3 gives
at most

3n7t D 4096 (I +1)°- 83 - (I + 62)* - 63 - s = O(n ),

l1,02,03

Case 3: o = us = 1.
We need only consider the situation when  has at least one edge in common with
a1 U ag, as otherwise the covariance is 0.
Subcase 3.1: At least one common edge has opposite direction.
|Cov(Ia, Iny, Ig)| = 102+l .p=i=92=ls Here, 3 > 2, as I3 = 1 would imply that 3 = 0.
Further, 1 + 62 > 3, as otherwise a; = ap. Let log = |8 N (@1 Uag)| = lg — d3 > 1. Then,
estimating the number of possible choices of the paths as above,

Z ‘COV(IOQ 'I!lgv‘[ﬁ”

l1,02,03,l3
S § nll—l . n(52—1 . (ll + 1)2 . n53—1 . (ll + 52)2 .92. Cl1+52+l5 . n—l1—62—lﬁ

=2. Z (I +1)2 - (I + 6)% - croatdatlas . p=3=las — O(p~4).
11,62,03,lap

Subcase 3.2: All common edges have the same direction.

The first edge of 3, from s, must be disjoint with oy U a2, Let 3 start with ¢ > 1 disjoint
steps and then join one of the a paths, a; say, for a further j > 1 steps to b. Further, let
a1 have k > 0 steps before joining £ and ending with [ steps from b to s. As before, as is
determined by two vertices on «; and d;—1 exterior vertices giving at most (I, 4—1)2 pf2—1
possibilities. Further, 8 can join either of the « paths, and may then do an excursion
along the other path, giving at most 4 possibilities. Then, asly =k +j + 1,

Z|COV(Ia1 Jay, 18)|
CE TSNS b gy 1
i>1 k>0 j>1 1>1 65>1 "

=dn~t D (k4414 1) R — o),
i,k,j,1,62

)i+k+j+l+52
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Case 4: 3 =0, pu2 € {1,2}.

u3 = 0 implies that 8 C (a; U as), so that the first edge in § has opposite direction in
ay U ag. Furthermore, at least one of the a paths, a; say, must pass through b, so that
l; > 2. as can be chosen in at most (I; + 1)2’*2 -2 p2 ways and there are at most 2+2
ways for /3 to choose between the « paths, giving at most n'1 =2 (I; +1)2#2 .pd2—H2 . 212 <

4 (Iy + 1)* - ph+92=#2=2 ways of choosing a1, ap and 3. The covariance is — (%)ll%ﬁlﬁ_
Summing over I > 2, s = 1,2, § > ps and lg > 1 gives
o e\ li+o2+ig
Z 1Cov(Ia, - Iay, I5)| < 42([1 N (ﬁ)
— 42([1 4 1)4 . Cl1+52+lﬁ .TL*IJQ*lﬁ*Q — O(n74),
which finishes the proof. O
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