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Abstract

We establish a central limit theorem for the number of roots of the equation Xy (¢) =
u when Xy (t) is a Gaussian trigonometric polynomial of degree N. The case u = 0
was studied by Granville and Wigman. We show that for some size of the considered
interval, the asymptotic behavior is different depending on whether u vanishes or not.
Our mains tools are: a) a chaining argument with the stationary Gaussian process
with covariance Si;‘t, b) the use of Wiener chaos decomposition that explains some
singularities that appear in the limit when u # 0.

Keywords: Crossings of random trigonometric polynomials; Rice formula; Chaos expansion.
AMS MSC 2010: 60G15.

Submitted to EJP on October 10, 2012, final version accepted on July 6, 2013.

Supersedes HAL:hal-00747030.

1 Introduction

Let us consider the random trigonometric polynomial:

N
1
XN(t):WZ(ansinnt—i—bncosnt), (1.1)
n=1

where the coefficients a,, and b,, are independent standard Gaussian random variables
and N is some integer.

The number of zeroes of such a process on the interval [0, 27) has been studied in
the paper by Granville and Wigman [5] where a central limit theorem, as N — 400 is
proved for the first time using the method of Malevich [8].

The aim of this paper is twofold: firstly we extend their result to the number of
crossings of every level and secondly we propose a simpler proof. The key point consist
in proving that after a convenient scaling the process Xy (¢) converges in a certain sense
to the stationary process X (t) with covariance r(t) = 22t The central limit theorem for
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CLT for crossings of random trigonometric polynomials

the crossings of process Xy (¢) is then a consequence of the central limit theorem for
the crossings in large time for X ().

The above idea is outlined in Granville and Wigman [5] but the authors could not
implement this procedure. Let us quoted their words: “While computing the asymptotic
of the variance of the crossings of process Xy (t), we determined that the covariance
function rx, of Xy has a scaling limit r(¢), which proved useful for the purpose of
computing the asymptotics. Rather than scaling rx,, one might consider scaling X .
We realize, that the above should mean, that the distribution of the zeros of Xy is
intimately related to the distribution of the number of the zeros on (roughly) [0, N] of
a certain Gaussian stationary process X (¢), defined on the real line R, with covariance
function r....Unfortunately, this approach seems to be difficult to make rigorous, due to
the different scales of the processes involved”.

Our method can roughly be described as follows. In the first time in Section 3 we
defined the two process X (or rather its normalization Yy, see its definition in the
next section) and X in the same probability space. This fact allows us to compute
the covariance between these two processes. Afterwards we get a representation of
the crossings of both processes in the Wiener’s Chaos. These representations and the
Mehler formula for non-linear functions of four dimensional Gaussian vectors, permit
us to compute the L? distance between the crossings of Yy and the crossings of X. The
central limit theorem for the crossings of X can be obtained easily by a modification
of the method of m-dependence approximation, developed firstly by Malevich [8] and
Berman [3] and improved by Cuzick [4]. The hypotheses in this last work are more in
accord with ours. Finally the closeness in L? (in quadratic mean) of the two numbers
of crossings: those of X (t) and those of the m-dependent approximation gives us the
central limit theorem for the crossings of Xy .

The organization of the paper is the following: in Section 2 we present basic cal-
culations; Section 3 is devoted to the presentation of the Wiener chaos decomposition
and to the study of the variance. Section 4 states the central limit theorem. Additional
proofs are given in Section 5 and 6. A table of notation is given in Section 7.

2 Basic results and notation

rx, (7) will be the covariance of the process Xy (t) given by

rxy(7) = E[XN(0) XN Ji[i cosnT = —cos((N—; 1)7)812151]\%7) (2.1)
We define the process
Yn(t) = Xn(t/N),
with covariance
ryy (T) = x5 (T/N).
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We have
1 2N +1 sinT
s cos , 2.2
(™ = N Ea (87~ e = (2:2)
g sin § . (N + 1)7' (N+1)r T
T (T) = 5—[sin —— + oS ———— cos —] (2.3)
N  2Nsin 5N 2N 2N 2N 2N
1 T
T/}//N(T) = ﬁ’”g@,(ﬁ)
_cos 577 COS (2]2\[;;1)7 2 (QNQH) sin 5% sin (2N§1)T —COST
4AN2 sin? 5N
_ (2Nsingy cos(212\[]<,r17') —sin7) cos 5% 2N 2.4
4N3 sin® 5 )
The convergence of Riemann sums to the integral implies simply that
ryy (7)) = (1) :=sin(71) /T, (2.5)
i (1) = 1'(1) = cos(1) /T — 77 2 sin(7), (2.6)
1 T sin(r cos(T) sin(7)
" o " " _
TYN(T)—WTN(N)%T(T)—— . -2 = +2 5 (2.7)

And these convergences are uniform in every compact interval that does not contains
zero. We will need also the following upper-bounds that are easy
When 7 € [0, N7]:

™ 71'2

<7 - .
| _2’7'+47'2 '

We now compute the ingredients of the Rice formula [2]

lryy (M) < 7/7 5 |ry, (7) [ry (T)] < (const)(7_1+7_2+7_3). (2.8)

Z _ (N DEN+ D)

EX%(t) =1, and B(Xy(t) G

Denoting by N[o g’ﬂ)( u) the numbers of crossings of the level u of Xy on the interval

[0,27), the Rice formula gives

E[NY 0.0m) (W] = 2m.4 JE(X ( \/2/7r

u_
2

4 2\/(N+1)(2N+1)€2

R 2
Hence ¥
- B[N 2 ()] _2
N—oc0 N o \/3 ’

When not specified, all limits are taken when N — oo.

3 Spectral representation and Wiener Chaos

This section has as main goal to build both processes X (¢) and Yx(¢) in the same
probability space. This chaining argument is one of our main tools. It makes it possible
to show that the two processes are close in L? distance and by consequence the same
result holds true for the crossings of both processes.

We have

X(t):/0 cos(t)\)dBl(/\)—i—/O sin(tA) dBa (M), (3.1)

EJP 18 (2013), paper 68. ejp.ejpecp.org
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where B; and B; are two independent Brownian motions. Using the same Brownian
motions we can write

It is easy to check, using isometry properties of stochastic integrals that Yy (¢) has the
desired covariance.
By defining the functions

N

N N
nt . nt
() = Elcos(ﬁ)l[na)%)()\) and % (t,\) = g sm(ﬁ)l[nfl%)(/\),
we can write

Yy (t) = /0 T (t, A)dBi (M) + /O VR (8, A)dBa (V). (3.2)

In the sequel we are going to express the representation (3.1) and (3.2) in an isonor-
mal process framework. Let define $? the Hilbert vector space defined as

{h = (hy,hy) : /Rh‘f(A)dA+/Rh§(A)dA < o0},

with scalar product

<hg>— /}R 7y (A\)gr (\)dA + /}R ha(A)ga(A)dA.

The transformation
h = W(h) = / B (V)dB1 () + / ha(\dBa (M),
R R

defines an isometry between $)? and a Gaussian subspace of L?(), A, P) where A is the
o—field generated by B;()) and Ba()).

Thus W (h)pe g2 is the isonormal process associated to $?. By using the representa-
tions (3.1) and (3.2), readily we get

X(t) = W(Lq(-,-)(cost:,sint-)),

YN(t) = W(ﬂ[O,l]('v ')(7]1\7("75)’712\7('775)))’

vty = X Loy . —sin t-, cos t-

X'(t) = 1/3fW( 1/3(7)( t-,cost-)),

7oty = 20 gy 200 oh (), (3, 0)).
-1y (0) —ry..(0)

We are going to present now the Wiener’s chaos, it will be our second main tool.
For a general reference about this topic see [9]. Let H; be the Hermite polynomial of
degree k defined by
p 22 db 2
Hi(w) = (-1)*e (e 7).

It is normalized such that for Y a standard Gaussian random variable we have E(Hy(Y)H,,(Y)) =
Ok,mk!. Consider {e;};en an ortonormal basis for $H2%. Let A be the set the sequences

N

EJP 18 (2013), paper 68. ejp.ejpecp.org
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a = (a1, as,...)a; € N such that all the terms except a finite number vanish. For a € A
we set a! = [[;2, a;! and |a| = }_;2, a;. For any multiindex a € A we define

B, = jailjlﬂaxvv(ei)).

For each n > 1, we will denote by H,, the closed subspace of L?(Q, A, P) spanned
by the random variables {®,, a € A, |a|] = n}. The space H, is the nth Wiener chaos
associated with B;()\) and By(\). If Ho denotes the space of constants we have the
ortogonal decomposition

L*(Q,A,P) = P Ha
n=0

For any Hermite’s polynomial H,, it holds
+oo +oo
H,(W(h)) =I,(h) := / . / (A1) ... hY(A)dBi(\) ... dB1(\,)
0 0

+oo “+oo
+/0 /0 h2(A\1) ... h2(Ag)dBa(A1) ... dBa()y),

with h = (h', h?). For instance as Yn () = W (Lj1j(-,-)(7A (-, 1), 73 (-, £))), we obtain
1 1
(Y (®) = [ [ 9k On 00 x Oa 1B ) B (%)
o Jo

4 / / 22 (At 7 (o, B (A )dBa (Aa).

We now write the Wiener Chaos expansion for the number of crossings. As the absolute
value function belongs to L2(R, ¢(z)dz), where ¢ is the standard Gaussian density, we
have ‘JJ| = ZZO:O anggk(x) with

(_1)k+1
V2m2kE (2K — 1)
It is shorter to study first Xy (¢) on [0, 7] (resp. Yn (¢) and X (¢) on [0, N7]), the general-

ization to [0, 27] (resp. to [0,2N7]) will be done in Section 4. The result of Kratz & Ledn
[6] or Th 10.10 in [2] imply

a2k=2

1
\/ﬁ (N[()X;er] (u) — ]EN[OXJrN] (u))

Hy o (X (5))Hox(X'(s)) ds, (3.3)

where [z] is the integer part. We introduce the notation

(3]

Hy—a5(u)

fq(uvxth) = SO(U) m GQqu—zk(xl)HQk(372)~ (3.4)
k=0 q ’
For each s, the random variable
= ! Hy—or(u)
fo(u, X(s), X'(s)) = p(u) D ——F =7 a2k
(¢ — 2k)!
k=0
1
X Hy o1 (W (Ljo,1] (-, -) (cos s, sin s-))) Har (W ( “;’/”3«,-)(—sms-,coss->>>
EJP 18 (2013), paper 68. ejp.ejpecp.org
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belongs the g-th chaos as a consequence of linearity and the property of multiplication
of two functionals belonging to different chaos, cf. [9] Proposition 1.1.3. Furthermore
also by linearity the same is true for

*ﬂ t u, X (s), X'(s))ds
L(0.8) = Y2 [ fyw X (). X (5) s (3.5)
So that

1

ﬁ(N[OX,wN]() EN{ o (u ZI ([0,7N7)

gives the decomposition into the Wiener’s chaos. The same type of expansion is also
true for N[o N]( w)

(NI () = BN () = Z ([0, 7N)) (3.6)

%\H

where

o ([0, 7N]) V_T;” / Fa(u, Yn(s), Y (s))ds. (3.7)

Our first goal is to compute the 11m1t variance of (3.6). Our main tool will be the
Arcones inequality. We define the norm

qu”2 = Ef(?(ua Zlv Z2)7
where (Z;, Z5) is a bidimensional standard Gaussian vector. We have
(3]

(3] 72
1fallP = @%(w) > M 51 (2k)! < (const) Y _ a3, (2k)! < (const),
i (a—2h)! k=0

where (const) is some constant that does not depend on q. Now we must introduce a
dependence coefficient that is defined in Arcones [1] (pag. 2245)

Ty (T) Ty (T) Ty (T)
VeraniivaraniMc ol

The Arcones inequality says that if ¢y (s’ — s) < 1, it holds
B[ fq(u, Yiv (), Vi (8)) fa(u, Y (s'), Vi (sD]| < 0% (5" = )l fal .

We will use also the following Lemma the proof of which is given in Section 5

YN (T) = sup (‘TYN ‘ + |

Lemma 3.1. For every a > 0, there exists a constant K, such that

sup  Var (N () < Kq < oo, (3.8)

Choose some p < 1, using the inequality (2.8), we can choose a big enough such
that for 7 > a we have ¥ (1) < £ < p.
Then we partition [0, N7] into L = [27] intervals Ji, ..., J;, of length larger than a,
and we set for short
Ny = NJ¥(u).

We have

Var(Nhy () = Var(Ny +---+ No) = Y Cov(Ny, N+ Y Cov(Ng, Np).
00 |e—e|<1 0,0 ,10—0'|>1

EJP 18 (2013), paper 68. ejp.ejpecp.org
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The first sum is easily shown to be O(N) by applying Lemma 3.1 and the Cauchy-
Schwarz inequality.
Let us look at a term of the second sum. Using the expansion (3.6) we set

e =3 fatio)

y /fq

sponding to ¢ > 1. The Arcones inequality 1mp11es that

where I, v(J¢) (u,Yn(s), Y% (s))ds. Let us consider the terms corre-

[Cov (I Iy (e < Ceonst) [ (oot (O (s

(const) / P12 =2 dsdt, (3.9)
Je XJZ/

- N
where 7 = s — t. Summing over all pairs of intervals and over ¢ > 2 it is easy to check
that this sum is bounded.
It remains to study the case ¢ = 1. Since H;(z) = x

Ln(J0) = (N7) 2, [~ (0yud(u) / Yy (s)ds.

4

So that

TN
| Z Cov (I1,n(Je), I1,n (Ji))| < (const) / / Tyy (s — §')dsds'|,
0

00 e—0|>1

which is bounded because of the following result

1 TN TN 2 TN
N /0 /0 ryy (s — 8')dsds’ = N /0 (7N — 7)ry, (7)dr

NN 7.1 T
:22 ) (W*N)NCOSnNdT

n=1
Vo cosnmw
= 2 —_—
N
1
=1
;0 (2 +1)2
(o)
1 w2 2
— 4 —_ = —. 3.10
JZ::O (2 +1)2 8 2 ( )
|
Define o := Jim Var (I,([0,7N])) < oo
Proposition 3.2. For ¢ > 1 we have
Var (I, n([0,7N])) = 02 as N — +oo.
Forqg=1
1
Var (I, ([0, 7N])) — §u2¢2(u)7r.
EJP 18 (2013), paper 68. ejp.ejpecp.org
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In the case u # 0 this limit is different from

lim Var (I;([0,7N])) = §u2¢2(u)7r.

N—o00

Remark 3.3. This different behavior depending on whether or not the variable belongs
to the chaos of order one, is explicit thanks to the decomposition of the crossings into
Wiener’s chaos.

Proof. Firstly we consider the case ¢ > 2 :

E(I13 ([0, N7]) = =1, (0)¢* (u)

o Jo —7y, (0) —7y, (0)
(2] [3]
H,_ H,_
_ T‘g//N(O)QDQ(U) q 2k1(u) q 2kz(u)

We now use the generalized Mehler formula (Lemma 10.7 page 270 of [2]).

Lemma 3.4. Let (X1, X5, X3, X4) be a centered Gaussian vector with variance matrix

1 0 pi13 pua

5 0 1 paz pas
P13 p23 1 0
pia paa 0 1

Then, ifri + 1y =13 + 14,

7‘1!7‘2!7“3!7“4! 1 d: .
E(Hh (Xl)HTz(XQ)HT3(X3)HT4(X4)) = E dild>ldald |p;l3p;llzlpg§pgi?
1-02-3:0q-
(d1,d2,ds,ds)EJT

where J is the set of d;’s satisfying : d; > 0;
di+do=r1;d3s+dys=1r9; di+d3=1r3; dy+ds=r4. (3.11)

Ifry + r9 # r3 + r4 the expectation is equal to zero.

Using this lemma, there exist a finite set 7, and constants Cj 1, i, such that

E[Hg a1, (Y (0)) Hapy (Y (0)) g2, (Vv (7)) Hory (Y3 (7))

r, (L ri (7
= Y ol (s Tl oy D st
T —7y, (0) —7y, (0)
= Gy (7). (3.12)
This clearly proves that

E[Hq—2k, (Yn (0)) Hapy (Y3 (0) Hy—aiey (Vv (7)) Hopey (Vi (7))]
— E[Hy—o1, (X (0)) Hap, (X(0)) Hy 2, (X (7)) Hopy (X (7)),

EJP 18 (2013), paper 68. ejp.ejpecp.org
Page 8/17


http://dx.doi.org/10.1214/EJP.v18-2403
http://ejp.ejpecp.org/

CLT for crossings of random trigonometric polynomials

and Formula (3.9) gives a domination proving the convergence of the integral and the
fact that o7 is finite.

Let us look to the case ¢ = 1. In one hand by using (3.10), it holds

N« N
]E(If,N([O,NW]) = —ry, (O)@Q(u)(uao)zﬁ/o /0 E(Yn(s)Yn(s'))ds'ds

2 2u® 2 1 9.9
— 1/3¢ (u)?w /2= U o= (u). (3.13)
On the other hand we have
1 Nm pNm sin(s — ')
E(—’%([OaNW]) = §<P2 (uao) N7r/ / d 'ds

1 2

=fﬁ()”2/‘(w—ﬁme() u¢<) (3.14)
3 w2 0 T

4 Central limit Theorem with a chaining argument

In this section we first establish a central limit theorem for the crossings of the
process X (t), Theorem 4.1. Secondly, we show that this theorem implies our main
result: Theorem 4.2, central limit theorem for the crossings of the process Xy ().

The covariance r(¢) of the limit process X (¢) is not a summable in the sense that
+o0
/ ()| dt =
0

N
/ r(t)dt converges as N — oo,
0

but it satisfies

forg>1
+oo
/ Ir(8)]7 dt < +o.
0

The following theorem is a direct adaptation of Theorem 1 in [7] or of Theorem 10.11
of [2]. Its proof is given in Section 6 for completeness.

Theorem 4.1. Ast — +o0,
1 2 -
W(N[()X,t] (u) — E(Njg (u)) = N(0, §u2¢>2(u) +> oa(w)
where = is the convergence in distribution.

The main idea is to use this result to extend it to the crossings of Yy (¢). Our main
result is the following:

Theorem 4.2. As N — 400,

1 [e ]
L e Wil () = BNy (w) = N0, Sl >+Zo§<u>>
1 oo
2. —== Nz (1) = E(Ng% (1)) = N0, fu 207 (u) + ) o (),
\/W [0,2N 7] [0,2N 7] ) qZ:2 q
EJP 18 (2013), paper 68. ejp.ejpecp.org
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Remark 4.3. We point out that in the case u = 0 the two limit variances are the same
and this is the result of Granville and Wigman [5], but in the other cases this is a new
result. The chaos method permits an easy interpretation of the difference between
these two behaviors.

Proof. Let us introduce the cross correlation:

N % n
pn(5,8) = B(X ()Y (1)) = Z /7 cos(sh — ) dA

/N cos s—t)N—SU dv_%{/ —stdvzez(s t)N}

sin 1 — cos s
= N Zcoss—t + N Zsms—t

I
uMz

T2 9n2
2N? 2N
where R is the real part. So we can write
. N
sin(s/N) 1—cos(s/N) s 1 i n
t) = —— Ly (t — — —t)—
p(st) = =t =8 N AN W D_sin(s — 1)
n=1
sin(z) 1—cos(z) sm(z)

The two functions and 2 are bounded, with bounded derivatives and
tend to 1 as z tends to 0. We have also

(s=t)

n 2 sin sin(2EL (s — 1)) _
|—Zsmsft N =| p— ﬂz ‘2N( 5 | < (const)|s — |7,
ot sin ~5

whenever |s — t| < 7N.

We have already proved that ry, (s —t) = & SN | cos ((s—t) %), converges to (s —t)
uniformly on every compact that does not contains zero. The same result is true for
the first two derivatives that converge respectively to the corresponding derivative of
r(s —t). In addition for large values of |s — t| these functions are bounded by K|s — ¢|~*
and for each fixed s, 53= Z,ﬁle sin(s —t)& — 0. Using the derivation rules it is easy to
see that this is enough to have

pn(s,t) = r(s—1t)

a”fgi(:’“ — B(X'(s)Yn (1) = (s — 1)
&)NT(:’Q = B(X(s)Y(t) — —'(s —t)
a pN(S t) / / "
FONSD (X (5)YR(t) = —1" (5 ~ 1),

again the convergence being uniform on every compact that does not contains zero. In
additions these function are bounded by (const)(s —t)~!

Before beginning the proofs, we present two results that were established in Pec-
cati & Tudor [10] (Theorem 1 and Proposition 2) and we state as a theorem for later
reference.

We will denote as (,,, a generic element of the g-th chaos depending of a parameter
r that tends to infinity. For instance in our cases we will have (;: = I4([0,t]) and
Cq.v = Iy n ([0, 7N]) respectively.

EJP 18 (2013), paper 68. ejp.ejpecp.org
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Theorem 4.4.

(i) Assume that for every ¢1 < qa,... < ¢m, it holds that tlim E[¢,, +]* = o7 and that
— 00

fori # j lim ]E[(qi #Cq; ] = 0.
Then, if Dm is the diagonal matrix with entries o
random vector

Theorem 1 of [10] says that the

i’

(Cth,tv ) Cqm,t) = N(Ov Dm),

if and only if each (,, ; converges in distribution towards N(0,c%) when t — cc.

(ii) Considering now d functionals of the g-th chaos {Cq,r}lzl' Proposition 2 of [10]
says that
(4G €)= N(0,C)
if an only if ¢}, , = N(0,¢;;) and E[Cé,td],t] — ¢;; when t — oo, where ¢;; is the entry
i,j of the matrix C.
We are now ready to prove the following lemma.

Lemma 4.5. Forq > 2
. 2
J&EDOOE[I‘LN([O’NW]) — Iq([O,Nw])] =0.
Proof.

E[I, ([0, N7]) — I,((0, Nx])]* = B[I, v ([0, N7))]* + E[I,([0, N7))]?
— 2B [I, ~ ([0, N7]) I, ([0, N7])].

We have already shown that the first two terms tend to og(u). It only remains to prove
that the third also does. But, since the cross correlation py (s, t) shares all the properties
of ry, (s — t), the same proof as in Section 3 shows that the limit is again o7 (u). O

We now finish the proof of Theorem 4.2.

Proof of Theorem 4.2.

Proof of 1. The case of I; ([0, N7]) is easy to handle since it is already a Gaussian
variable and that its limit variance is easy to compute using (3.10). By Lemma 4.5, for
q > 2, I, v([0, N7]) inherits the asymptotic Gaussian behavior of I,([0, N7]) . By using
(7) of Theorem 4.4, this is enough to obtain the normality of the sum.

Proof of 2. We have already proved that

(oo}

(1) = e (V) =~ V() = V(0. 302620 + 3 3(a),
q=2

the same result holds by stationarity for the sequence

X 2) = e (M g 1) — BN ()

and given that

1 1
oz Niozwa) (0) — BVl () = 500w (1) +xx(2):
EJP 18 (2013), paper 68. ejp.ejpecp.org
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It only remains to show that the limit of the vector (xn (1), xn(2)) is jointly Gaussian
and that the variance of the sum converges to the corresponding one. Defining

A /—’I”gv 27'rN _
I, n([*N,27N]) / (u, Yn(s), Y4 (s)ds,

we can write the sum above as

ﬁ( N(1) +xn (2 ZI, OWN])+;I%N([7TN727TN])),

and given that the limit variance is finite we have
Q Q

%mu) +xn(2) = %@ 1, 3 ([0, 7N]) + ;fq,mwv, 27N1)) + op(1),

where op(1) denotes a term that tends to zero in probability when @ — oo uniformly in
N. Let us consider first the term corresponding to the first chaos (¢ = 1). We have

& :=E(L n([0,N7))I; n([NT,2Nn])

N7 2N7'r
= 1%, (0)* () (uag) Nw/ / Yn(s"))ds'ds
, 1 Nm  2Nw / /
= *TYN(O)SD (u)(uao) Ni . ryy (s — s)ds'ds,

making the change of variable s’ — s = 7 we get

TN 2T N
= S OPW ([ @+ [ eaN = D ().

Since 1y, is periodic with period 27 N:

TN 0
£ =~ O ) e g=( [ rrv (= [ ey (r)an)

—TN
= O ) [ (> Lo
N N7 J, N 3 ’
using the same computation as for getting (3.10).
This implies that $E(I; 5 ([0, N7]) + ILN([NTF,QNTF]))2 — 2¢%(u)u®. Since the two
random variables I; y ([0, N7]) and I1 v ([N7,2N~]) are jointly Gaussian this implies the
convergence of \/(11 ~N([0, N7]) + I n([N7,2N7])) in distribution.

Let us consider the term in the other chaos (¢ > 2).

E(Iq,N([O,Nﬂ)IqW([NW, 2N7r]))

H ok (u) H ok TN 2t N
= =1y, (0)9*(u) Z q_ 2}{1)! Az, q - 222 7rN G kr ko, N (5—8")dsds’,
where we have put

Gotr e, (8 — 8) = B[Hy—op, (Yiv (0)) Ha, (Vi (0) Hy o, (Vv (5 — 8)) Hoiy (Vi (5 — 8))-

EJP 18 (2013), paper 68. ejp.ejpecp.org
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A change of variables and Fubini’s Theorem give

1 TN 27N
— G — s')dsds’
ﬂ—N/O /71'N Q:klakZ’N(S S) sas

1 TN 27N
= F(/ TG gy ko N (T)AT —/ (27N = 7)G g ks ko N (T)dT)
™ Jo N

1 TN TN

=72 Cumman )i+ [ rGy (=),
where this last equality is a consequence of periodicity and the change of variable
7T =v+ 27N in the second integral. In this form we get

1 TN TN 9 TN B
— G — §dsds'| < —/ G dr.
1= ; /WN k1 ko N (8 — 8")dsds’| < Nr )y T k1 ko, N (T)AT

Gg.k1.k2,v(T) has been defined in (3.12) and we also recall that this function is even.
Moreover, it is plain that over any compact interval [0, a] it holds

2 e .
lim —/ TGy ky kn, N (T)dT =0,
0

N—oc0 s

for the integral over [a, 7 N] we use the bound (2.8) and Arcones’ inequality. Thereby

2 TN
lim |m/0 TGq,k17k27N(T)dT‘ =0.

N —o0
By using (i7) of Theorem 4.4, we get for ¢ > 2
(Ig,n ([0, N7)), Iy, n ([N7, 2N7])) = N(0,071),
where 7 is the identity matrix in R2.

Defining

1
\ﬁ(fq,N([O,NW]) + Iy N ([N, 2N 7)),
it holds for each ¢ that I, x([0,2N7]) = N(0, 03), this asymptotic normality holds true
also for ¢ = 1. The theorem now follows applying again (i) of Theorem 4.4 and the
expansion (3.3). O

Iq N ([0,2N 7)) =

5 Proof of Lemma 3.1

YN
0.0]

in N. Let U[gNa |(u) be the number of up-crossings of the level u by Yy (#) in the interval
[0,a] i.e. the number of instants ¢ such that Yy (¢) = u; Y% (t) > 0. The Rolle theorem
implies

It suffices to prove that N;V,(u) has a second moment which is bounded uniformly

N[}jfjl] (u) < 2U[§f\;] (u) + 1.

So it suffices to give a bound for the second moment of the number up-crossings. Writ-

ing U for U[’gffl ] (u) for short, we have

E(U?) =EUU - 1)) + EU).
We have already proven that the last term gives a finite contribution after normalization.
For studying the first one we define the function 0y (¢) by

ryy (0) 5

ry (7)) =1+ 5 T+ 0n(T).

EJP 18 (2013), paper 68. ejp.ejpecp.org
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and we use the order two Rice formula and relation (4.14) of [2] to get
a
EUU -1)) = 2/0 (a = T)E[[YN(0)YxN (1) YN (0) = YN (T) = ulpyy (0), v (r) (u, w)dT

< (const)a/a On(7) dr.

o T?

By a Taylor-Lagange expansion we obtain

Ty (T) =1y, (0) + — Z n*r3 cos(f(n, N)),

with f(n, N) < 7/N. We obtain that |0 (7)| < (const)r3, the constant being uniform in

N. This gives the result. O

6 Proof of Theorem 4.1

Let D,, be a diagonal matrix with diagonal terms d;; = tlim Var(1y,([0,t])), where
—00

I,([0,t]) has been defined in (3.5). Theorem 4.4 part (i), says that the random vector
(I4,([0,8]),. .., 14, ([0,t])) = N(0,D,,), whent— oo

if an only if each I, ([0, t]) converges in distribution towards N (0, d;;). We will prove this
last assertion.
Let us begin with the term corresponding to the first chaos (¢ = 1).

_u?
ez u

R(0.0) = VITBetuan— [ X(s)ds = VI [ X(s)as

the random variable I;([0,¢]) is Gaussian and we have already proven that its variance
converge thus we get

7u2

e % y? " sinT > u?
1([0,¢ N(O,72 d ) :N(o, —u —)
1(0.1) = 32 /0 r 7 c 3

_ N(o, §u2¢2(u)ﬂ'>, 6.1)
when ¢ — oo.

For the other chaos (¢ > 1) we can adapt the proof of the cited references, [2] and
[7], those proofs are inspired in the seminal work of Malevich [8] see also [3] and [4].
Furthermore the hypothesis of this last work consist in demanding the convergence of
integrals of the covariances, thus they are similar to those used in our work.

The process X (t) has f(\) = $1;_11(\) as spectral density, if we symmetrize the
spectrum. Let 3 be an even function with [% |A[|3(A)[dA\ < co,j = 1,2 and such
that its Fourier Transform has support in [—1, 1]. By defining g, = %ﬂ(g) and putting
fe(A) = f = B-()\) the following process

X.(t) = / b cos(tA)/F-(N)dBi(\) + / h sin(tA)\/f-(\)dBa (), (6.2)
0 0
satisfies
re(T) = E[Xg(T)XE(O)] = /OO cos(TA) fe(N)dA
0
_ % / " cos(EN) L (A)dA = %T(T)B(m). 6.3)
EJP 18 (2013), paper 68. ejp.ejpecp.org
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Thus X. is a Gaussian %-dependent process, this process has variance one if B(O) =2,
which is always possible. Moreover,

el (eT))

ﬂ
o
\]
~—
Il
|
—~~
ﬁ\
5
~—
\Q>
o
\]
N—
+
2
~—
=

and
1

r(r) = 5(7‘”(7’)/3’(57) + 20 (7)ef (e7) + r(7)e2 " (e7)).

These functions have bounded support and converge to r, ' and r” respectively, func-
tions that belong to L?(R). Recalling the set of indexes Jq of Lemma 3.4, we get by
using Dominate Convergence Theorem

1
_ H 2q—(2ka+2k)—ha|  pL(7)  (2haypl(7)|2kiH2ka =
3%2/ Ts(T ‘ j’l’” ’ //(0)’ dr
Ta 0 vV Te
R 2q—(2k1+42k1)—h1 7“/( 2h, 7« (7—) 2k1+2ka—hy
= Z/ ‘7"(’7‘)’ — ‘ 70) ’ dr.
Te 70 VT

The same result holds dropping the absolute value in the integrant. Let us define

I.([0,t]) = /=7%_(0 \[/ Jo(u, Xe( _Xels) ————)ds. (6.4)

_TX (0)
The above result and Lemma 3.4, allow us to conclude that

lim B[, ([0, ])]> = = 02(w).

t—o0

We shall now to consider the convergence for the covariances.

pe(7) = E[X(7)X(0)] = /0 cos(TA) / fe(N)dX\ = r(7), (6.5)
1

pL(T) = E[X.(1)X(0)] = —/O Asin(TA) v/ f-(N)d\ — —r'(7), (6.6)
1

(1) = E[XL()X'(0)] = —/0 A2 cos(TA) v/ fe(N)d\ — —r" (1), (6.7)

when ¢ — 0. Moreover,

/_OO cos(TA) V/ fe(A) 11 1)(A)dA

N =

pe(t) =
_ \2/0;003(7')\)\/]"5()\) %11[_1,1]@)&

By using Fatou, Parseval equality and, the fact that f.(\) — 2f(\) in L?*(R), we
obtain easily

oo o 1 oo
/ Ir(7)| d7'<hmbup/ 1o (7)) dT—limbup2/ Ipo(7)[2dr
0 0 —

1
= limsup — |\/fe \/ —1.1( N [2d\ = / 7)|2dr.
e—0 47T —
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Thus

fim [ |p.(r)Pdr = / ir(7)[2dr. (6.8)
0

e—=0 Jg

In the same form we get

lim \p’e(r)|2d7':/ |r(7)|?dr and 1in(1)/ |p’€’(7’)|2d7'=/ |r"(1)]*dr.  (6.9)
==%Jo 0

=0 Jo 0

We will compute now

i sup i sup B[, ([0, 1) — I, (0, ) = %U?(u) ~ 21im Jim Bl7, -(0.4)1,((0. 1)),

This limit vanish if we can prove that the third term tends to % O'g (u) also. But this
is a consequence again of Lemma 3.4, (6.8) and (6.9) cf. [7]. Let us sketch the proof.
Defining
Hg—a (u)

dq,2k(u) = m a2k,

we have

E[qug([(),t}),fq([o,t])] = _TS/((O)QDQ(U) Z dq,2; (W) dg 2k, (1)

k1,k2
1 [t gt . X"%(s) / o /
X Z/o /O E[Hg—ok, (X (s))szl(m)Hq,zkl(X(s))H%l(X (s'))]dsds’.

The integral is by Lemma 3.4 equal to

L (s = 5 (s = 5)
S Vioanag [ [ (o[ [T
Lq

—p!(0) —%(0)
|)2q—(2k1+2k1)—h1 —Pg(|3 —5')) ]2k1+2kz—h1d8d8/ (6.10)
—p2(0)y/—1"(0) ’

x pe(|s — '

where L, is a set of indexes and V}, o1, 21, are fixed constant. Given that ¢ > 1 and by
using that the functions p. and its derivatives converge in L? towards their pointwise
limit, it yields that this sum converges towards

- X'(0) X'(7)
2 [ Bl (XO) Hat, (e o (X () o (Nl

Thus the result follows.
The l-dependence entails that I, .([0,]) is asymptotically Gaussian and the proved
proximity in L? allows concluding the same for I, .([0,t]), with asymptotic variance

% crg(u). The CLT for the crossings of X follows from the expansion
o0
N[()X,t] (u) — E[N[()X,t] (w)] = Z I ([Ov t])’
qg=1

the asymptotic independence of the Gaussian limit in each chaos and the convergence
of the variance.
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7 Notation table

Xn(t) see (1.1)
Xy covariance of X (¢)
X(t) stat. process with cov. r(t) = sin(t)/t

Yn(t) Xn(t/N)
TYy covariance of Yy (t)

N[é(ftv}( w) Number of crossings of level u by Xy (t) on [0, ¢].
[0 fl( u) Number of up-crossings of level « by X (t) on [0, ¢]
X(t) X'()/(v/1/3)
Yiv(t) Y (8)/(/ =¥, (0))

fa([0,2]) see (3.4)

1,([0,]) see (3.5)

([ ,t]) see (3.7)

X.(t) see (6.2)

re(T) see (6.3)

([ 1)) see (6.4)

pe(7) 5 pL(T ) A see (6.5) ; (6.6) ; (6.7)

References

[1] Arcones, M. Limit Theorems for Nonlinear Functionals of a Stationary Gaussian Sequence
of Vectors. The Annals of Probability. Volume 22, Number 4, 2242-2274 (1994). MR-1331224

[2] Azais, J-M. and Wschebor, M. Level sets and Extrema of Random Processes and Fields. Wiley
(2009). MR-2478201

[3] Berman S.M. Ocupation times for stationary Gaussian process J. Applied Probability. 7, 721-
733 (1970). MR-0278367

[4] Cuzick, J. A Central Limit Theorem for the Number of Zeros of a Stationary Gaussian Pro-
cess, The Annals of Probability. Volume 4, Number 4 (1976), 547-556. MR-0420809

[5] Granville, A. Wigman, I. The distribution of the zeros of Random Trigonometric Polynomials.
American Journal of Mathematics. 133, 295-357 (2011). MR-2797349

[6] Kratz, M. and Ledn, J.R. Hermite polynominal expansion for non-smooth functionals of sta-
tionary Gaussian processes: Crossings and extremes. Stoch. Proc. Applic. 66, 237-252,
(1997). MR-1440400

[7]1 Kratz, M. and Leo6n, J.R. Central Limit Theorems for Level Functionals of Stationary Gaussian
Processes and Fields. Journal of Theoretical Probability. Vol. 14, No. 3, (2001). MR-1860517

[8] Malevich , T.L. Asymptotic normality of the number of crossings of the level zero by a Gaus-
sian process. Theor. Probability Appli. 14, 287-295 (1969). MR-0268952

[9] Nualart, D. The Malliavin Calculus and Related Topics. Springer-Verlag, (2006). MR-
2200233

[10] Peccati, G. and Tudor, C. Gaussian limits for vector-valued multiple stochastic integrals.

Séminaire de Probabilités. XXXVIII, 247-262, (2004). MR-2126978

Acknowledgments. We thank an anonymous referee for a very careful reading of the
first version of this paper..

EJP 18 (2013), paper 68. ejp.ejpecp.org
Page 17/17


http://www.ams.org/mathscinet-getitem?mr=1331224
http://www.ams.org/mathscinet-getitem?mr=2478201
http://www.ams.org/mathscinet-getitem?mr=0278367
http://www.ams.org/mathscinet-getitem?mr=0420809
http://www.ams.org/mathscinet-getitem?mr=2797349
http://www.ams.org/mathscinet-getitem?mr=1440400
http://www.ams.org/mathscinet-getitem?mr=1860517
http://www.ams.org/mathscinet-getitem?mr=0268952
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=2126978
http://dx.doi.org/10.1214/EJP.v18-2403
http://ejp.ejpecp.org/

	Introduction
	Basic results and notation
	Spectral representation and Wiener Chaos
	Central limit Theorem with a chaining argument
	Proof of Lemma 3.1
	Proof of Theorem 4.1
	Notation table
	References

