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Sharp estimates for metastable lifetimes
in parabolic SPDEs: Kramers’ law and beyond*
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Abstract

We prove a Kramers-type law for metastable transition times for a class of one-
dimensional parabolic stochastic partial differential equations (SPDEs) with bistable
potential. The expected transition time between local minima of the potential energy
depends exponentially on the energy barrier to overcome, with an explicit prefactor
related to functional determinants. Our results cover situations where the functional
determinants vanish owing to a bifurcation, thereby rigorously proving the results
of formal computations announced in [6]. The proofs rely on a spectral Galerkin ap-
proximation of the SPDE by a finite-dimensional system, and on a potential-theoretic
approach to the computation of transition times in finite dimension.
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1 Introduction

Metastability is a common physical phenomenon, in which a system quickly moved
across a first-order phase transition line takes a long time to settle in its equilibrium
state. This behaviour has been established rigorously in two main classes of mathe-
matical models. The first class consists of lattice models with Markovian dynamics of
Metropolis type, such as the Ising model with Glauber dynamics or the lattice gas with
Kawasaki dynamics (see [17, 34] for recent surveys).

The second class of models consists of stochastic differential equations driven by
weak Gaussian white noise. For dissipative drift, sample paths of such equations tend
to spend long time spans near attractors of the system without noise, with occasional
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transitions between attractors. In the particular case where the drift term is given by
minus the gradient of a potential, the attractors are local minima of the potential, and
the mean transition time between local minima is governed by Kramers’ law [19, 28]: In
the small-noise limit, the transition time is exponentially large in the potential barrier
height between the minima, with a multiplicative prefactor depending on the curvature
of the potential at the local minimum the process starts in and at the highest saddle
crossed during the transition. While the exponential asymptotics was proved to hold
by Freidlin and Wentzell using the theory of large deviations [38, 22], the first rigorous
proof of Kamers’ law, including the prefactor, was obtained more recently by Bovier,
Eckhoff, Gayrard and Klein [9, 10] via a potential-theoretic approach. See [3] for a
recent review.

The aim of the present work is to extend Kramers’ law to a class of parabolic stochas-
tic partial differential equations of the form

dug(z) = [Aug(z) — U'(ue())] dt + V2e dW (t,2) | (1.1)

where z belongs to an interval [0, L], u(z) is real-valued and W (¢, z) denotes space-time
white noise. If the potential U has several local minima u;, the deterministic limiting
system admits several stable stationary solutions: these are simply the constant solu-
tions, equal to u; everywhere. It is natural to expect that the transition time between
these stable solutions is also governed by a formula of Kramers type. In the case of the
double-well potential U(u) = %u“ — %uQ, the exponential asymptotics of the transition
time was determined and proved to hold by Faris and Jona-Lasinio [20]. The prefac-
tor was computed formally, by analogy with the finite-dimensional case, by Maier and
Stein [30, 31, 37], except for particular interval lengths L at which Kamers’ formula
breaks down because of a bifurcation. The behaviour near bifurcation values has been
derived formally in [6].

In the present work, we provide a full proof for Kramers’ law for SPDEs of the
form (1.1), for a general class of double-well potentials U. The results cover all finite
positive values of the interval length, and thus include bifurcation values. One of the
main ingredients of the proof is a result by Blomker and Jentzen on spectral Galerkin
approximations [8], which allows us to reduce the system to a finite-dimensional one.
This reduction requires some a priori bounds on moments of transition times, which
we obtain by large-deviation techniques (though it might be possible to obtain them
by other methods). Transition times for the finite-dimensional equation can be accu-
rately estimated by the potential-theoretic approach of [9, 10], provided one can con-
trol capacities uniformly in the dimension. Such a control has been achieved in [2]
in a particular case, the so-called synchronised regime of a chain of coupled bistable
particles introduced in [4, 5]. Part of the work of the present paper consists in estab-
lishing such a control for a general class of systems. We note that although we limit
ourselves to the one-dimensional case, there seems to be no fundamental obstruction
to extending the technique to SPDEs in higher dimensions driven by a Q-Wiener pro-
cess. Very recently, Barret has independently obtained an alternative proof of Kramers’
law for non-bifurcating one-dimensional SPDEs, using a different approach based on
approximations by finite differences [1].

The remainder of this paper is organised as follows. Section 2 contains the precise
definition of the model, an overview of needed properties of the deterministic system,
and the statement of all results. Section 3 outlines the essential steps of the proofs.
Technical details of the proofs are deferred to subsequent sections. Section 4 contains
the needed estimates on the deterministic partial differential equation, including an
infinite-dimensional normal-form analysis of bifurcations. In Section 5 we derive the
required a priori estimates for the stochastic system, mainly based on large-deviation
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principles. Section 6 contains the sharp estimates of capacities, while Section 7 com-
bines the previous results to obtain precise estimates of expected transition times in
finite dimension.

Acknowledgements: We would like to thank Florent Barret, Dirk Blomker, Martin
Hairer, Arnulf Jentzen and Dan Stein for helpful discussions. BG thanks the MAPMO,
Orléans, and NB thanks the CRC 701 Spectral Structures and Topological Methods in
Mathematics at the University of Bielefeld, for kind hospitality and financial support.

2 Results

2.1 Parabolic SPDEs with bistable potential

Let L be a positive constant, and let £ = C([0, L], R) denote the Banach space of
continuous functions v : [0, L] — R, equipped with the sup norm |-|| ;.
We consider the parabolic SPDE

dug(z) = [Aug(x) — U'(ue(2))] dt + V2edW(t,2), teR4, v €[0,L] (2.1)
with
* either periodic boundary conditions (b.c.)
u(0) = u(L) , (2.2)

¢ or zero-flux Neumann boundary conditions

8u0_8u

(0) = S4(L) =0, 2.3)

and initial condition uy € E, satisfying the same boundary conditions.

In (2.1), A denotes the second derivative (the one-dimensional Laplacian), ¢ > 0 is a
small parameter, and W (¢, z) denotes space-time white noise, defined as the cylindrical
Wiener process compatible with the b.c. The local potential U : R — R will be assumed
to satisfy a certain number of properties, which are detailed below. When considering
a general class of local potentials, it is useful to keep in mind the example

1 1
Uu) = Zu4 - §u2 (2.4)
Observe that U has two minima, located in v = —1 and v = +1, and a local maximum

in v = 0. Furthermore, the quartic growth as u© — oo makes U a confining potential.
As a result, for small ¢, solutions of (2.1) will be localised with high probability, with a
preference for staying near u = 1 or u = —1.

The bistable and confining nature of U are two essential features that we want to
keep for all considered local potentials. A first set of assumptions on U is the following:

Assumption 2.1 (Assumptions on the class of potentials U).

Ul: U:R — R is of class C3. In some cases (namely, when L is close to 7 for Neumann
b.c. and close to 27 for periodic b.c.), our results require U to be of class C°.!

U2: U has exactly two local minima and one local maximum, and U” is nonzero at all
three stationary points. Without loss of generality, we may assume that the local
maximum is in v = 0 and that U”(0) = —1. The positions of the minima will be
denoted by u_ < 0 < uy.

1 Actually, for L near a critical value, the results hold under the assumption U € C*, with a weaker control
on the error terms.
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U3: There exist constants My > 0 and pg > 2 such that the potential and its derivatives
satisfy |[U) (u)| < Mo(1 + |u[?°—7) for j = 0,1,2,3and all u € R.

U4: There exist constants o € R, 3 > 0 such that U(u) > Bu? — a forallu € R.

U5: For any 7 > 0, there exists an M; () such that U’(u)? > yu? — M;(y) forallu € R.
In addition, there exist constants a > 0 and b, c € R such that

U'(u+v) —U'(u) = av®o~! 4 blu/?Po~! + ¢ (2.5)

holds for all u € R and all v > 0.
U6: There exists a constant M, such that U”(u) > —M; and

W20 DU () — 2po — MU () > My (2.6)
forallu e R.

Remark 2.2. A sufficient condition for U3-U6 of Assumption 2.1 to hold is that the
potential can be written as U(u) = p(u) + Up(u), where p is a polynomial of even de-
gree 2py > 4, with strictly positive leading coefficient, and U}, is a Lipschitz continuous
function, cf. [12, Remark 2.6].

Let us recall the definition of a mild solution of (2.1). We denote by e®t the Markov
semigroup of the heat equation 0;,u = Au, defined by the convolution

L
(At ) () = / Gy(, y)uly) dy . 2.7)

Here G,(x,y) denotes the Green function of the Laplacian compatible with the consid-
ered boundary conditions. It can be written as

Gi(z,y) = Ze_”’“t ex(x)er(y) , (2.8)
k

where the e; form a complete orthonormal basis of eigenfunctions of the Laplacian,
with eigenvalues —vy. That is,

 for periodic b.c.,

1 : 2k \ 2
ep(z) = ﬁe%”“/L , kel , and v, = () ; (2.9)

e for Neumann b.c.,

1 2 kmx km\”
60(1:) = ﬁ y ek(I> = \/;COS(L> y kelN , and V = <L) . (210)

A mild solution of the SPDE (2.1) is by definition a solution to the integral equation
t t

uy = A ug f/ A=) U (uy) ds + \/25/ A= AW (s) . (2.11)
0 0

Here the stochastic integral can be represented as a series of one-dimensional It6 inte-
grals

0

t t
L YO

where the Wt(k) are independent standard Wiener processes (see for instance [26]). It
is known that for a confining local potential U, (2.1) admits a pathwise unique mild
solution in £ [16].
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Figure 1: (a) Example of a local potential U. (b) Level sets of the first integral H (u, u').
Bounded stationary solutions compatible with the boundary conditions only exist in the
inner region {H(u,u’) < Ep}. The periodic orbit contained in {H (u,u') = E} crosses
the u-axis at points u = uz(E) and u = uz(FE), defined in (a).

2.2 The deterministic equation

Consider for a moment the deterministic partial differential equation
Opug (1) = Aug(z) — U'(ue()) . (2.13)

Stationary solutions of (2.13) have to satisfy the second-order ordinary differential
equation
u'(z) = U'(u(z)) (2.14)

together with the boundary conditions. Note that this equation describes the motion of
a particle of unit mass in the inverted potential —U. There are exactly three stationary
solutions which do not depend on z, given by

u' (z) =u_, ul (r) = ug ug(x) =0. (2.15)

Depending on the boundary conditions and the value of L, there may be additional, non-
constant stationary solutions. They can be found by observing that (2.14) is a Hamilto-
nian system, with first integral
1

wa3:5@02—Umy (2.16)
Orbits of (2.14) belong to level sets of H (Figure 1b). Bounded orbits only exist for
H < E,, where 2

Ey=—-U(u-)VvU(uy)) . (2.17)

For any FE € (0, Ey), there exist exactly four values u;(E) < uz(E) < 0 < ug(E) < uqs(FE)
of u for which U(u) = —F (Figure la). The periodic solution corresponding to H = E
crosses the u-axis at u = uz(F) and v = uz(E), and has a period

ug(E)
T(E) = 2/ v (2.18)

22 VE+U(u)

The fact that U”(0) = —1 implies that limp_,o T(E) = 27 (in this limit, stationary solu-
tions approach those of a harmonic oscillator with unit frequency). In addition, we have
limg_, g, T(E) = +00, because the level set H = Ej is composed of homoclinic orbits (or
heteroclinic orbits if U(u_) = U(u4)).

We will make the following assumption, which imposes an additional condition on
the local potential:

2Here and below, we use the shorthands a V b:=max{a, b} and a A b:=min{a, b}.
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/ Y,k

US: L/m or L/2m

—o

0 1 2 3 4

Figure 2: Schematic representation of the deterministic bifurcation diagram. Noncon-
stant stationary solutions appear whenever L is a multiple of 7 for Neumann b.c., and
of 27 for periodic b.c. For Neumann b.c., the stationary solutions u,, , contain n kinks.
For periodic b.c., all members of the family {u;, ,,0 < ¢ < L} contain n kink-antikink
pairs. The transition states (n = 1) are also called instantons [31].

Assumption 2.3. The period T'(E) is strictly increasing on [0, Ey).

Remark 2.4. A normal-form analysis (cf. Section 4.3) shows that if U € C®, then T(E)
is increasing near E = 0 if and only if

UD(0) > —gU”’(O)2 . (2.19)

Furthermore, a sufficient (but not necessary) condition for Assumption 2.3 to hold true
is that
U'(u)? = 2U(u)U"(u) >0  forallu e (u_,uy)\ {0} (2.20)

(see Appendix A). Note that this condition is satisfied for the particular potential (2.4).

Under Assumption 2.3, nonconstant stationary solutions satisfying periodic b.c. only
exist for L > 2x, while stationary solutions satisfying Neumann b.c. only exist for L > 7;
they are obtained by taking the top or bottom half of a closed curve with constant H.
Additional stationary solutions appear whenever L crosses a multiple of 27 or 7. More
precisely (Figure 2),

 for periodic b.c., there exist n families of nonconstant stationary solutions when-
ever L € (2nm,2(n + 1)x] for some n > 1, where members of a same family are of
the form wu;, ,(z) = uy, o(v +¢), 0< ¢ < L;

e for Neumann b.c., there exist 2n nonconstant stationary solutions whenever L €
(nm, (n+1)7] for some n > 1, where solutions occur in pairs u;, , (v) related by the
symmetry u;, _(v) = u;, (L — ).

Next we examine the stability of these stationary solutions. Stability of a stationary
solution ug is determined by the variational equation

O (z) = Avg(z) — U (up(x))ve(z) = Qluolve () , (2.21)

by way of the sign of the eigenvalues of the linear operator Qug] = A — U"(up(+)).
For the space-homogeneous stationary solutions (2.15), the eigenvalues of () are simply
shifted eigenvalues of the Laplacian. Thus

* For periodic b.c., the eigenvalues of Q[u] are given by —\;, where

27\
)\kykl(;> 1, keZ. (2.22)
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It follows that uj is always unstable: it has one positive eigenvalue for L < 27, and
the number of positive eigenvalues increases by 2 each time L crosses a multiple
of 2. The eigenvalues of Q[u’ ] are given by —v,—U"(u4. ) and are always negative,
implying that v’ and u* are stable.

» For Neumann b.c., the eigenvalues of Q[u] are given by —\;, where

km

2
-1 keNg. 2.23
L) ) € 0 ( )

/\k =V — 1= <
Again v is always unstable: it has one positive eigenvalue for L < m, and the
number of positive eigenvalues increases by 1 each time L crosses a multiple of 7.
As before, v} and u* are always stable.

The problem of determining the stability of the nonconstant stationary solutions is
equivalent to characterising the spectrum of a Schrodinger operator, and thus to solv-
ing a Sturm-Liouville problem. In general, there is no closed-form expression for the
eigenvalues. However, a bifurcation analysis for L equal to multiples of 27 or 7 (cf.
Section 4.3) shows that

* for periodic b.c., the stationary solutions u;, , appearing at L = 2n7 have 2n — 1
positive eigenvalues and one eigenvalue equal to zero (associated with translation
symmetry), the other eigenvalues being negative;

¢ for Neumann b.c., the stationary solutions u;, , appearing at L = n7 have n posi-

tive eigenvalues while the other eigenvalues are negative.

A last important object for the analysis is the potential energy

Viu] = /0 |:;’LLI(1')2 +U(u(x))| dz . (2.24)

For u + v satisfying the b.c., the Fréchet derivative of V' at u in the direction v is given
by

Vo V] = gi_r}(l)%(V[u + ev] — Viu)

L
- [ @@ + U tute)eto)] ao
L
2/0 [—u" (z) + U (u(2))]v(z) dz . (2.25)

Thus stationary solutions of the deterministic equation (2.13) are also stationary points
of the potential energy. A similar computation shows that the second-order Fréchet
derivative of V' at u is the bilinear map

L
V2, 0Vt (v, 09) — —/0 (Q[u]vy)(z)vo(z) da . (2.26)

Hence the eigenvalues of the second derivative coincide, up to their sign, with those of
the Sturm-Liouville problem for the variational equation (2.21). In particular, the stable
stationary solutions u* and u* are local minima of the potential energy.

We call transition states between u’ and u* the stationary points of V' at which V2V
has one and only one negative eigenvalue. Thus

« for periodic b.c., u is the only transition state for L < 2m, while for L > 27, all
members of the family uj , are transition states;
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Figure 3: The functions ¥ («) shown on a linear and on a logarithmic scale.

* for Neumann b.c., uj is the only transition state for L < m, while for L > 7, the
transition states are the two stationary solutions uj . .

Note that for given L and given b.c., V has the same value at all transition states.
Transition states are characterised by the following property: Consider all continuous
paths v in E connecting u* to u} . For each of these paths, determine the maximal value
of V along the path, and call critical those paths for which that value is the smallest
possible. Then for any critical path, the maximal value of V' is assumed on a transition
state.

2.3 Main results

We can now state the main results of this work. We start with the case of Neumann
b.c. We fix parameters r,p > 0 and an initial condition uy such that ||u0 —u* <r.
Let

[P

T =inf{t > 0: [juy — v}, <p}. (2.27)

We are interested in sharp estimates of the expected first-hitting time E*° {7, } for small
values of €.

Recall from (2.23) that the eigenvalues of the variational equation at uj = 0 are
given by —\;, where A, = (kw/L)? — 1. Those at u* are given by —v;  where

— km ? "
v, = T +U"(u-) . (2.28)

When L > m, we denote the eigenvalues at the transition states uj ; by —u, where

;Uf()<0</141</142<... (2.29)

We further introduce two functions ¥4 : R . — R 4, which play a réle for the behaviour
of E*0 {7, } when L is close to . They are given by

a(l+a) 2 a?

(o) = | T /16K1/4(16)’ (2.30)
mo(l+a) _.2 a? o?

Vo(a) =/ e/ [I_l/4<64) +11/4<64 , (2.31)

where I.,,4 and K;,, denote modified Bessel functions of first and second kind. The
functions ¥, are bounded below and above by positive constants, and satisfy

lim U (a)=1, lim ¥_(a)=2, (2.32)
a—r—00

a—+00
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and
r'(1/4)

N

lim ¥ (a) = lim U_(a) (2.33)

a—0

See Figure 3 for plots of these functions.

Theorem 2.5 (Neumann boundary conditions). For Neumann b.c. and sufficiently small
r,p and ¢, the following holds true.

1. If L < m and L is bounded away from w, then

1 .
Ev{r} = 27r( ~ 11 A’“) e(Vlul=VIuzD/e[1 4 02 |logel*?)] . (2.34)
|)‘0‘VO k>1 Vi

2. If L > 7 and L is bounded away from «, then

1/2

1 . .

Ev{r} = 7r( - Mﬁ) e(Vlui ]=V[ul])/e [1+ 0(61/2|10g8\3/2)] . (2.35)
|/L0|VO k>1 Vg

3. If L < 7 and L is in a neighbourhood of 7, then

v/ 1/2 (VIugl-V[u"])/e
Euo{7-+} _ 27r<>‘1+05 )\k) e [1 + R+(s,)\1)] , (2.36)

|/\0|VO_V1_ k>2 Vk:_ \Il+()\1/ \ CS)
where ) )
1 8m* — 3L
— 7@ Or T O rrmrn2 2.37
¢ 4L[U (O)+47r2—L2U (0)}’ (2.37)
and the remainder R satisfies
elloge|? ]1/2>
Ri(e,N)=0 . (2.38)
&N qmaxw\/euoge}

4. If L > 7 and L is in a neighbourhood of 7, then

E“{r } = 27r(u1 +/Ce M) 1/2 o(VIug 4]=VIut))/e
' molvg v sy v/ W /VCe)

where C' is given by (2.37), and the remainder R_ is of the same order as R, .

1+ R_(5,m1)], (2.39)

Note that (2.33) (together with the fact that (L) — Ag(7w) as L — m4) shows that
E“ {7} is indeed continuous at L = 7. In a neighbourhood of order /¢ of L = 7, the
prefactor of the transition time is of order ¢!/4, while it is constant to leading order
when L is bounded away from 7.

We have written here the different expressions for the expected transition time in
a generic way, in terms of eigenvalues and potential-energy differences. Note however
that several quantities appearing in the theorem admit more explicit expressions:

* We have V[uf] = 0 and V[u*] = U(u_), while V[uj ] is determined by solv-
ing (2.14) with the help of the first integral (2.16). For the symmetric double-well
potential (2.4), it can be expressed explicitly in terms of elliptic integrals.

» The two identities

2

i 2%\  sin(rz) it r°\ _ sinh(7x)
(%)= "5 g(lmz)—m (240

k=1

imply that the prefactor in (2.34) is given by

1 A
27r< 2k

1/2
H )1/2 o sin L /
Aol s vk VU (u_) sinh(L\/U" (u_)) '

(2.41)
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Figure 4: The functions ©4(«) shown on a linear and on a logarithmic scale.

» Since there is no closed-form expression for the eigenvalues py, it might seem
impossible to compute the prefactor appearing in (2.35). In fact, techniques de-
veloped for the computation of Feynman integrals allow to compute the prod-
uct of such ratios of eigenvalues, also called a ratio of functional determinants,
see [21, 33, 15, 30, 311].

We now turn to the case of periodic b.c. In that case, the eigenvalues of the varia-
tional equation at uf, = 0 are given by —\; where \;, = (2kw/L)? — 1. Those at u* are
given by —v, where

2
vy = (2]];77) +U () . (2.42)

When L > 27, we denote the eigenvalues at the family of transition states uj , by —pux
where

,u0<,u_1:O<u1 < o, o < ... (2.43)

We further introduce two functions O+ : R, — R, which play a réle for the behaviour
of E*0 {7} when L is close to 2. They are given by

04 (a) = \/z(l +a)er/8 @(—2‘) , (2.44)

O_(a) = ;%(3‘) : (2.45)
where ®(z) = (27)~1/? I e~t"/2dt denotes the distribution function of a standard

Gaussian random variable. The functions ©. are bounded below and above by positive
constants, and satisfy

: , I
aglfoo O4(a)=1, QEIPOO O_(a) = \/;, (2.46)
and
. : 7r
i% O4(a) = oltlg%) O_(a)= R (2.47)

See Figure 4 for plots of these functions.
Theorem 2.6 (Periodic boundary conditions). For periodic b.c. and sufficiently small

r,p and ¢, the following holds true.
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1. If L < 27 and L is bounded away from 2x, then

21 <H AE) eWVlnl=VIuZD/e[1 4 O (e [loge|?/?)] . (2.48)

EUO{T+} = 7
\dolvg N1 Ve

2. If L < 27 and L is in a neighbourhood of 27, then

2 A+ Ve [ Mo\ eVIuil-Vin /e
E“{r.} = — ( _> ——————[1+Ri(s,\)] . (2.49)
v/ olvg g ;};[2’% ©4(A1/v2Ce)
where

1 2m? — 312
C 7{(](4)(0) 32m” — 3L%

T 4L 1672 — L2
and the remainder R, satisfies (2.38).
3. If L > 27 and L is in a neighbourhood of 27, then

27 \/ﬁ( N ) VIug )= Viut]) /e
\/m o\ ©_(u1/V8Ce)
(2.51)

where C' is given by (2.50), and the remainder R_ is of the same order as R, .
4. If L > 27 and L is bounded away from 2m, then

2 2 i (Vi o]=VIui])/e
Euo{7—+} — m Y/ Tr_sm ( VHER k) e [14_0(61/2“0%8‘3/2)] ]
k>2

1/|N’0|V07 Vl Vk_ LH(UT,O)/H[}

Note that for L > 27— O(+/¢), the prefactor of E“ {7, } is proportional to v/¢/L. This
is due to the existence of the continuous family of transition states

U”’(O)Q} : (2.50)

Ev{r.} = [1+R_(e, )] .

Vi,

(2.52)

uj ,(z) =ujgz+p), 0<p<L (2.53)

owing to translation symmetry. The quantity

L/ g 5  11/2
/0 (dxuiO(x)> dx} (2.54)

plays the role of the “length of the saddle”. One shows (cf. Section 6.2) that for L close
to 27, py is close to —2)\; and

L), = 27r\/g+ O(u) , (2.55)

which implies shows that (2.51) and (2.52) are indeed compatible.
As in the case of Neumann b.c., several of the above quantities admit more explicit
expressions. For instance, the identities (2.40) imply that the prefactor in (2.48) is given

> o ( /\k)_ 2 sin(L/2)

/|/\O|Vo_ vi) sinh(y/U" (u_) L/2) .

See [36] for an explicit expression of the prefactor for L > 2x, for a particular class of
double-well potentials.

L[(uio)[l,. =L

- (2.56)
k1 Yk
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3 Outline of the proof

3.1 Potential theory

A first key ingredient of the proof is the potential-theoretic approach to metastability
of finite-dimensional SDEs developed in [9, 10]. Given a confining potential V : R¢ —
R, consider the diffusion defined by

day = —VV () dt + V2e AW, (3.1)

where W; denotes d-dimensional Brownian motion. The diffusion is reversible with
respect to the invariant measure

1
u(dz) = 7 e V@)/e qp , (3.2)
where Z is the normalisation. This follows from the fact that its infinitesimal generator
L=eA-VV(z)- V=ce"/V.e7V/ev (3.3)

is self-adjoint in L2(R 4, u(dz)).
Let A, B,C C R? be measurable sets which are regular (that is, their complement is
a region with continuously differentiable boundary). We are interested in the expected
first-hitting time
wa(z) =E*{ra} . (3.4)

Dynkin’s formula shows that w4 (z) solves the Poisson problem

Lwa(r) =—1 x e A°,
wa(z) =0 reA. (3.5)

The solution of (3.5) can be expressed in terms of the Green function G 4-(z,y) as
wA(:L'):f/CGAu(x,y)dy. (3.6)
Reversibility implies that the Green function satisfies the symmetry
e V@G e(z,y) = e VWG pe(y, 1) . (3.7)
Another important quantity is the equilibrium potential
hap(x) =P*{ra <7p}. (3.8)

It satisfies the Dirichlet problem

Lhap(x)=0 x € (AUB)°,
hA,B(I):l l‘GA,
hap(z)=0 reB, (3.9)

whose solution can be expressed in terms of the Green function and an equilibrium
measure e4 p(dy) on OA defined by

ha,p(x) = /BA Gpe(7,y)ea,p(dy) . (3.10)
Finally, the capacity between A and B is defined as
capy(B) = —/ e VW/ee, p(dy) . (3.11)
A
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The key observation is that the relations (3.10), (3.7) and (3.6) can be combined to yield

/ he,a(y) e VW)/e dy :/ / Gac(y, 2)ec, a(d2) o Vw)/e dy
JA° < Joc
= */ wa(z) eV ep a(dz) - (3.12)
ac

The approach used in [9] is to take C to be a ball of radius € centred in x, and to use
Harnack inequalities to show that w4 (z) ~ wa(z) on C. It then follows from (3.11) that

/ he,a(y)e™VW/Edy ~ wa(x) cape(A) . (3.13)

The left-hand side can be estimated using a priori bounds on the equilibrium potential.
Thus a sufficiently precise estimate of the capacity cap-(A) will yield a good estimate
for E* {ta} = wa(z). Now it follows from Green's identities that the capacity can also
be expressed as a Dirichlet form evaluated at the equilibrium potential:

CapA<B>:5/(A . |Vhap(z)|> eV @)/ (3.14)
UB)e

Even more useful is the variational representation

capy(B) = ¢ inf / IVh() eV @)/ q (3.15)
h€Ha B (AUB)e

where H 4 p denotes the set of twice weakly differentiable functions satisfying the
boundary conditions in (3.9). Indeed, inserting a sufficiently good guess for the equi-
librium potential on the right-hand side immediately yields a good upper bound. A
matching lower bound can be obtained by a slightly more involved argument.

Several difficulties prevent us from applying the same strategy directly to the in-
finite-dimensional equation (2.1). It is possible, however, to approximate (2.1) by a
finite-dimensional system, using a spectral Galerkin method, to estimate first-hitting
times for the finite-dimensional system using the above ideas, and then to pass to the
limit.

3.2 Spectral Galerkin approximation

Let P; : E — FE be the projection operator defined by

L
(P = Y wer) . mo=uell = [ aluw)dy, (3.16)
0

|k|<d

where the e, are the basis vectors compatible with the boundary conditions, given
by (2.9) or (2.10). We denote by E; the finite-dimensional image of £ under P;. Let
u¢(z) be the mild solution of the SPDE (2.1) and let ugd)(x) be the solution of the pro-
jected equation

dugd)( ) = [Augd)( ) — U’(ugd)(ib))} dt + V2eP, dw (t,z) , (3.17)

called Galerkin approximation of order d. It is known (see, for instance, [26]) that (3.17)
is equivalent to the finite-dimensional system of SDEs

0 =

dyk(t):—a—kV( y(t))dt +V2edWi(t), |k <d, (3.18)
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where the Wy, (¢) are independent standard Brownian motions, and the potential is given
by

Viy) =V

> ykek] : (3.19)

|k|<d

We will need an estimate of the deviation of the Galerkin approximation ugd) from ;.
Such estimates are available in the numerical analysis literature. For instance, [29]
provides an estimate for the Sobolev norm |u|7,, = e (1 + k)" |yx|?, with r < 1/2. We
shall use the more precise results in [8], which aollow for a control in the (stronger) sup
norm. Namely, we have the following result:

Theorem 3.1. FixaT > 0. Let U’ be locally Lipschitz, and assume

u§d)(w)HLm < 00 (3.20)

sup sup
deN 0<t<T

for all w € Q. Then, for any v € (0,1/2), there exists an almost surely finite random
variable Z : Q0 — R ; such that

sup Hut(w) - ugd) (w)H < Z(w)d™” (3.21)
0<tLT

forallw € Q.

Proof. The result follows directly from [8, Theorem 3.1], provided we verify the validity
of four assumptions given in [8, Section 2].

t

+ Assumption 1 concerns the regularity of the semigroup e”! associated with the

heat kernel, and is satisfied as shown in [8, Lemma 4.1].
» Assumption 2 is the local Lipschitz condition on U’.

» Assumption 3 concerns the deviation of P;W (t,z) from W (t,z) and is satisfied
according to [8, Proposition 4.2].

e Assumption 4 is (3.20). O

3.3 Proof of the main result
For r, p > 0 sufficiently small constants we define the balls
A=A ={ue B flu—ut],

B=DB(p)={uec kE: Hu—ujHLw

I (3.22)
o). (3.23)

NN
-

If uy; stands for a transition state between v* and v}, we denote by

Hy = V[ui] — Vu*] (3.24)

the communication height from u* to u%. We fix an initial condition uy € A, and write

u(()d) = P,uy for its projection on the finite-dimensional space F,. Finally we set A; =
AN E,. Consider the first-hitting times

T](gd) = inf{¢ > 0: ugd) € B},
7 = inf{t > 0: u; € B}. (3.25)

We first need some a priori bounds on moments of these hitting times. They are stated
in the following result, which is proved in Section 5.
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Proposition 3.2 (A priori bound on moments of hitting times). For any n > 0, there
exist constants ¢y = ¢o(n),T1 = T1(n), H; > 0 such that for all ¢ € (0,¢q), there exists a
do(e) > 0 such that

sup B {r3} < T} e2(Hotn)/e and sup sup E”éd){(T](gd))Q} < TEe2H/e | (3.26)
vo€A d>do vo€A

The next result applies to all finite-dimensional Galerkin approximations, and is
based on the potential-theoretic approach. The detailed proof is given in Sections 6
and 7.

Proposition 3.3 (Bounds on expected hitting times in finite dimension). There exists
€0 > 0 such that for any 0 < € < ¢, there exists a dy = dy(e) < oo such that for all d > dy,
there exists a probability measure vq g supported on 0A, such that

O(d,e) e D/[1 - Ry (e)] < / E* {75 g, p(dvo) < C(d,e) e @/E[1 + RY L(e)]
OAg

(3.27)
where the quantities C(d, ), H(d) and Rf;B(e) are explicitly known. They satisfy

e limg_, o C(d, ) =: C (o0, €) exists and is finite;

¢ limy_, o H(d) = Hy is given by the communication height;

* the remainders RiB(a) are uniformly bounded in d and R%(e) = sup, RiB(s) sat-
isfies lim, _, Rﬁ(a) =0.

Then we have the following result.

Proposition 3.4 (Averaged bounds on the expected first-hitting time in infinite dimen-
sion). Pick a § € (0,p). There exist ¢y > 0 and probability measures v, and v_ on A
such that for 0 < ¢ < €y,

/a B {rig () < Oloc,) ™ [142RE (@)
/ B {rp( }v—(dug) > Clo0,2) e™/<[1 — 2R5 5 (€)] - (3.28)
0A

Proof. To ease notation, we write B = B(p), B+ = B(p £ 6) and Tk, = C(oc0,¢)ef0/=,
For given vy € 0A and K > 0, define the event

Qm:{ sup v —of?| sémédkKTKr}, (3.29)
t€[0,K Ty Lee -

where v; and vt(d) denote the solutions of the original and the projected equation with

respective initial conditions vy and Pyvy. Theorem 3.1 and Markov’s inequality imply

e {r}

3.30
KT (3.30)

P(Q% ) <P{Z>dd"} +

Choosing ¢y and dy(¢) such that Proposition 3.2 applies, the last summand can be
bounded using (3.26) and the Cauchy-Schwarz inequality. This yields

. c M (e) T -
h{riri)sip]P(QKd) <~ Where M(e) = T eUh—Ho)/e (3.31)
We decompose
E*{rp} =E"{rpla,,} + E*{7plas ,} - (3.32)
EJP 18 (2013), paper 24. ejp.ejpecp.org
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In order to estimate the first summand, we note that by definition of B, B, and B_,
) <rp <) on Q. (3.33)
It follows that

B {0} — B {0 b =B {7510, }
<E O{TBlﬂk .}

The second summand in (3.32) can be bounded by Cauchy-Schwarz:

0 <E™{7plas ,} <\/E™ {73}/P(Q%,) - (3.35)

This shows that

B () = (B {01 P ) < B} < B (0} + B (2 P ).

(3.36)
Proposition 3.3 shows that
lim Sup/ Evo {T](ij }Vd,B, (dvo) < Tk [1 + RJ]; (E)] , (3.37)
d—oo 0A4
while Lebesgues’s dominated convergence theorem and (3.31) yield
lim sup/ \/]EUO {2} P(QS ;) va,p_(dvg) < 4/ sup Evo ( ) (3.38)
d—oo JOAy ’ voEA
Inserting (3.37) and (3.38) in (3.36) shows that
su Evo {72} M
B {75} vap_(dvg) < 1+ RE () + 1| owed {75} Me) (3.39)
d—o0 Kr JoA, B TKr K

Taking K sufficiently large, the third summand can be made smaller than the second
one. The upper bound in (3.28) then follows with v, = v4p_ for d sufficiently large.
The proof of the lower bound is analogous. O

To finish the proof of the main result, we need
Theorem 3.5. There exist constants €, k, tg, m,c > 0 such that such that for all ¢ < ¢,

— v - ,
IP{ sup M <ce ™ vt > to} >1—e "/, (3.40)
ug,v0EA ||UO - UOHLOC

Here u; and v; denote the mild solutions of the SPDE (2.1) with respective initial condi-
tions ug and vg.

This result has been proved in [32, Corollary 3.1] in the case of Dirichlet b.c., under
the condition L # w. The reason for this restriction is that for L = =, the Hessian at
the potential minimum has a zero eigenvalue. For Neumann and periodic b.c., this dif-
ficulty does not occur, because the potential minima always have only strictly negative
eigenvalues.
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Proposition 3.6 (Main result). Pick ¢ € (0,p/2). There exists 9 > 0 such that for all
e <egg,

C(oo,s)eHU/s[1—3R§(p+25)(e)} <E“{rp(p)} < C(c0,¢)e Ho/6[1+3RB(p 25 ()] - (3.41)
Proof. As before we write B = B(p), B+ = B(p &+ ¢). Given a constant T' > t,, consider

the event

Qr = {TB+ > T, sup Jloe = rll e <ce ™Vt > T} : (3.42)
voeA [[vo — uol|

Then Theorem 3.5 and the standard large-deviation estimate Corollary 5.10 show that
for any 7' > 0, there exist constants ¢, k1 > 0 such that for ¢ < ¢,

P(Q5) < e ™/c . (3.43)
Note that for all vg € A,
g, ST <7 onQr, (3.44)

provided 7 is large enough that rce~™7 < §/2. In order to prove the upper bound, we
start by observing that

IE“”{TBIQT} :E"“{TBIQT}/ v (dwg) g/ E”"{TB_}V+(dUO), (3.45)
0A 0A

which can be bounded above with Proposition 3.4. Furthermore, by Cauchy-Schwarz,
we have

B {rplag } < /Bv (73}/P(05) < Ty eHotnra/2)/ (3.46)

For the lower bound, we use the decomposition
E*{ra} > E"({rala,} [ v_(dw)
A
= / EUO{TB+}V_(dU0) — / EUO{TBJrlQ%}V_(dUo) . (347)
oA A

The first term on the right-hand side can be bounded below with Proposition 3.4, while
the second one is bounded above by

\/sup Evo{r} }1/P(Q) < Ty ehotn—m/a/e (3.48)

vpEOA

This concludes the proof, provided we choose 1 < k;/2 when applying Proposition 3.4.
O

4 Deterministic system

This section gathers a number of needed results on the deterministic partial dif-
ferential equation (2.13). Some general properties of the equation are discussed e.g.
in [13, 27].

In Section 4.1 we introduce various function spaces and inequalities required in the
analysis. In Section 4.2, we establish some general bounds on the potential energy
V' and its derivative. Section 4.3 analyses the behaviour of the potential energy at
bifurcation points, and Section 4.4 contains a result on the relation between V' and its
restrictions to finite-dimensional subspaces.
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4.1 Function spaces

We introduce two scales of function spaces that will play a réle in the sequel. Let I
denote either a compact interval [0, L] C R or the circle T = R /(277Z).

We denote by CY = C°(I) the space of all continuous functions u : I — R. Note
that I is compact so that the functions from C° are bounded. When equipped with the
sup norm ||ul|co = sup,¢;|u(z)|, C° is a Banach space. For a > 0, we define the Hélder

seminorm
T#y ‘JJ - y|a
the Holder norm |jull,o = ||ullco + [u]a, and write C* = {u € C°: ||Ju|,a < oo} for the

associated Banach space.
For 1 < p < oo, LP = LP(I) denotes the space of all u : I — R with bounded LP-norm.
Note that for u € C°, ||u|| ;o = |ul|co- When u € L?(T"), we write its Fourier series as

eikx
u(r) = ex(x), ex(x) = . (4.2)
( ) ke%yk k( ) k( ) \/g
For s > 0, we define the Sobolev norm
lullre = IylF. = > 0+ F) el (4.3)

keZ

and denote by H® = H*(T') = {u € L*(T'): ||lu|| . < oo} the fractional Sobolev space
(also called Bessel potential space). Note that H® is a Hilbert space, and H° = L2. The
norm ||ul|;: can be equivalently defined by ||u\|§1,1 = Hu||i2 + ||u’||2Lg, where v’ is the weak
derivative of u.

Lemma 4.1. For any o > 0 and s > « + 1/2, there exists a constant C' = C(«, s) such
that
ullea < Cllullys  Yue H(T). (4.4)

As a consequence, we have H*(T!) c C*(T!).

Remark 4.2. In the particular case s = 1, (4.4) can be strengthened to Morrey’s in-
equality
lullors < Cllully:  Yue HY(T). (4.5)

Let p,q satisfy 1 < p < 2 < ¢ < oo and % —&—% = 1. Then the Hausdorff-Young
inequalities [18] state that there exist constants C(p) and Cz(p) such that

”u”Lq <G Hy”zp and ||y||eq <Oy ||UHLp . (4.6)

We consider now some properties of convolutions y * z defined by

(*2)e =Y Y2kt - (4.7)

1€

Young's inequality states that for 1 < p,¢,” < oo such that 5 + 2 = 1 +1,

1y * 2ller < 1yllew [12lla - (4.8)

Lemma 4.3. Letr,s,t € (0,1/2) be such thatt < r+s—1/2. Then there exists a constant
C = C(r,s,t) such that
1y # 2l e < Cllyllgr 12l e - (4.9)
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Proof. Define wy by

1 1
S TR TG @10

w
k lezZ

Splitting the sum at —
one easily shows that

, and bounding each sum by an integral,

1 < C
wp - (L+E2)E
Let jr = (1+£2)"/2|yx| and 2z, = (1+k?)*/?|2;|. Adapting a computation in [35], we write
1

(4.11)

[ 2)k] <Y lullznal =Y ——5-73 s ikt - (4.12)
1€Z lez L+ 8721+ (k=12
By the Cauchy-Schwarz inequality,
((y*2) Z GE (4.13)

leZ
Ifgy y 22 denote the vectors with components y and Zz , it follows from (4.11) that

S T

keZ leZ keZ

by Young’s inequality, and the results follows since ||#2(|,, = [[yll7.. |2?[|,, = lIzll5.. ©

Finally, the following estimate allows to bound the usual /"-norm in terms of Sobolev
norms.

Lemma 4.4. Fix1 <r < 2. Forany s > 1/r — 1/2, there exists a finite C(s) such that

lylle- < Cls) 1yl s - (4.15)
Proof. Apply Holder’s inequality, with p = 2/(2 — r) and ¢ = 2/r, to the decomposition
ka\r — (1 + k,2)—rs/2 . (1 4 kz)”/Q\yklr. 0

By the Hausdorff~Young inequality (4.6), this implies the Sobolev embedding theo-
rem

lull oo < CCs,0) llyll - (4.16)
whenever p > 2and s > 1/2 —1/p.

4.2 Bounds on the potential energy

In this subsection, we derive some bounds involving the potential energy

L
V[u]:/o [;u’(I)Q—i—U(u(x)) dx (4.17)

and its gradient. Periodic and Neumann boundary conditions can be treated in a unified
way by writing the Fourier series as

1bk7rz/L
sz e =Z7% (4.18)

keZ

where b = 1 and z; = z_;, for Neumann b.c., and b = 2 for periodic b.c. The value of the
potential expressed in Fourier variables becomes

~ 1 1bk7mc/L
V(z) =Vu(-)] = 3 Z Vk|2'lc|2 +/0 <Z Zp——— N7 > dx , (4.19)

keZ kEZ

where v, = (brk)?/L>.
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Lemma 4.5 (Bounds on V). There exist constants o, ', M} > 0 such that
B Izl — o/ S V(2) < Mg(1+ |z 7). (4.20)

Proof. By Assumption 2.1 (U3), we have

1

Vi) < 5 1l lzz + Mo(1+ ul25,) - (4.21)

where 5 o

2 b b2 2
HUIHLz = ? Z kzzg X L2 ||Z||H1 . (422)
kEZ
By (4.16) we have

lull yoro < C(L2p0) Iz g1 (4.23)

which implies the upper bound. The lower bound is obtained in a similar way, using
Assumption 2.1 (U4). O

The gradient of V(z) and the Fréchet derivative of V[u] are related by
87%(2) = VekV[u] y (424:)

where ey, is defined in (2.9) or (2.10), respectively. Thus, by (2.25) and Parseval’s iden-
tity,

- ov av Lo , 2
HVV(z Z 9o 9 (2) /0 [—u" () + U'(u(z))]” dz . (4.25)

Lemma 4.6 (Lower bound on HV‘?Hp)' For any p > 0 there exists M/ (p) such that

VG, > plleln — MiG). (4.26)
14

Proof. We expand the square in (4.25) and evaluate the terms separately. Using As-
sumptions 2.1 (U5) und (U6) and integration by parts, we have for any v > 0

L
[ w@ra=3 % KTy
0

keZ

L
/0 U'(u(@))?dz > v 3 |al? = LML (7)

keZ
L L b27T2
_2/ o ()0 (u()) da = 2/ W/ (0" () do > ~2My 37 TR @27)
0 0 keZ
so that

2 b47'(' b2 2 )
)., > Z[ Tk = 20y +v] lzpl2 — Mi(y) . (4.28)
kEZ

HVX/}(Z

For any p > 0, we can find a v such that the term in brackets is bounded below by
2p(1 + k?), uniformly in k. This proves the result. 0

~ 2
Corollary 4.7. For any § > 0, there exists H = H(0) such that HVV(Z) L, 2 62 when-

ever ‘7(2) > H. As a consequence, all stationary points of V belong to {z: ‘7(2) < H(0)}.

Proof. This immediately follows from HVXA/(z) o/ [(V(z)/MYYPo — 1] — M{(a/). O

02
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4.3 Normal forms

We will rely on normal forms when analysing the system for L near a critical value.
In this situation we will always assume that the local potential U is in C°, so that we can
write its Taylor expansion as

1 a3V L asL
U(u) = —§u2 + S[u?’ + fTu

Then for small u, the potential energy admits the expansion

Yo . (4.29)

asg

1 1
Viu) = 5 Il = 5 llullZ= +

L [* asL
f / u(@)*de + = ulzs + O(lulze) . (4.30)
0

Equation (4.19) shows that the potential energy in Fourier variables can be decomposed
as
V(z) = Va(z) + Va(z) + Vu(z) + R(z) , (4.31)

where the ‘7,1(,2) are given by the convolutions

~ 1
Vo(z) = B Z AkZkZ—k

keZ
Vs(z) = 3 E Zkoy Zhoy Zheg 5

k1,k2,ks€Z
k1+ka+kz=0
Vi(z) = — Zky Zhy Phs Zhy s (4.32)
4

k1,k2,k3,ka€Z
k1+ko+kz+ks=0

where A\, = v, — 1. It follows from (4.16), applied for p = 5, that the remainder satisfies
R(2) = O(||z||5;.) for all s > 3/10.

Proposition 4.8. Let L be such that \; is bounded away from 0 for all k # +1. Then
there exists amap g : R% — R? such that

V(z+ g(z)) = Val(z) + Caz222, + Ri(2) (4.33)
where 3 . )
_ Y 2( - =
Cy = 2a4+2a3<|/\0| 2A2> , (4.34)

and the remainder satisfies
Ri(2) = O(|| 2l ) (4.35)

for all 5/12 < s < 1/2. Furthermore, ||g(2)||y: = O(HZHE) fort < 2s — 1/2 and the
Jacobian of the transformation z — z + g(z) satisfies

det(l +d.9(2)) = 1+ O(az |12 ) + Olas |12 3.) (4.36)
on the set {z, = z_}.

Proof. In the course of the proof, we will need Sobolev norms with indices ¢, r, ¢, satis-
fying the relations

O0<gr<t<s<l/2, t<2s—1/2, r<2t—1/2 and ¢<3t—1.

This is always possible for 5/12 < s < 1/2. In this proof, we will denote by Cy any
constant appearing when applying Lemma 4.3. Its value may change from one line to
the next one.
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1. Let ¢ : RZ — R” be homogeneous of degree 2, and satisfy g'* k( 2) = g,(f)(z).
Then, expandmg and grouping terms of equal order we get

V(z+9?(2)) ) + Z Mezkg ) Z A CAAC) (4.37)
= oV
+Vs(2) + 823< 99 (2)  Hriz)
+V4(2) +72(2)

+R(z+g@(2)),

with remainders that can be written as

0T ) 2) 7\ (2)
=32 s ¢+ 007l

oV, (2)
Zazk z—i—HQg(Q)(z))gk (2) (4.38)

for some 64,6 € [0,1].

We want to choose ¢(?)(z) in such a way that the terms of order 3 in V(z + ¢ (2))
cancel. This can be achieved by taking

0 if k| =1,

)\k: (2) 2) =: 5(2) z) =
9y, (2) 9k (2) _ a3 Z bk, ko 2k, 2k, Otherwise,
k1+ko=Fk

(4.39)

for appropriate coefficients by, r, satisfying by, x, = b_g, —k,. The choice of these
coefficients is not unique, but we can make it unique by imposing the symmetry
conditions

bri=bir =by,—p—1 =b_r—11=br,—k—1 = b_p—11 - (4.40)

Indeed, these are all the terms contributing to the monomial zx2;2_;—; in the first
sum in (4.37). Then simple combinatorics show that all b;; belong to the interval
[1/6,6]. This choice has the further advantage that on the set {z;, = z_},

39(2) 2a3 2(13 6‘ (2)

=_"2p = ——=) = 4.41
a2 (2) 5 DLk—12h—1 3 Okl—k21—k = 3zk (%) ( )

whenever |k|, |I| # 1.
The term of order 4 of V(z + g(?(z)) is given by

v
Vi(2) Z/\kg(2) e +Z 3(2)9 (2) . (4.42)

Note that the convolution structure is preserved. In order to show that the sums
indeed converge, we first note that since ¢ < 2s — 1/2, we have

|32, < 2lasl 12 % 2l e < Colas] 211 (4.43)

by Lemma 4.3. Since |\x| 7! < 1 < (1+ k?)! Vk # +1, the first sum in (4.42) can be
bounded by

OR H @)( H < Coal ||2|I* 4.44
Z |)\k‘ Ht X Loas ||ZHH‘ . ( . )
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The second sum in (4.42) can be bounded as follows:

oV [
Lo <[ S a6 )

k - k1+ko=—k
= lasl[J2] |21 * |9 (=)

< lagl |21 12 g

0

..

2
< Colas| 1217 19" ()|
< Cod |23 (4.45)
This shows that V,(z) indeed exists, and satisfies
Va(2)] < C0< + 6a3) [ (4.46)

Next we estimate the remainders. The remainder 7, (z) can be bounded as follows:

nG< 3 36+ 006 @6 )l ()]
k,l
< asl |+ 0197 ()] * |9 ()] * |9 (=)
< las]|[z + 019 ()] + |9 )|+ [9@ ()|,
Colas||[z + 0192 ()| 19 () e
< Colasl? l121%. [1+ 2las| 12115 - (4.47)
A similar computation yields
[ra(2)] < Colagas| 1213 [1+ Slasl? 1213 (4.48)
Finally, clearly
|R(z+ g2 (2))] = Ozl - (4.49)
We have thus obtained
V(z+9g?(2) = V(2) = Va(2) + Va(2) + O(|1]1%.) - (4.50)

. The Jacobian matrix of z ~— z + g(¥(2) is given by 1 + A(z), where the elements
of A(z) = 9.9 (z) can be deduced from (4.41). By construction, A(z) is self-
adjoint with respect to the scalar product weighted by the )\, and thus has real
eigenvalues. Its ¢!-operator norm satisfies

dgy”
4 = mp 3| 200

Co|a3|maxz||; |l| const ||z, < const ||z||,. . (4.51)

Hence the spectral radius p(z) of A(z) has order ||z|/ .. Now if p(z) < 1 and we
denote the eigenvalues of A(z) by ay(z),

log det(1 + A(z Zlog (1+ ax(z Zak =TrA(z). (4.52)
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It follows that |det(1 + A(z))| < e™A(2), and one easily shows that Tr(A(z)) =
O(aslzo|) < O(as ||z||4-). A matching lower bound can be obtained in a similar
way. This proves that the Jacobian of the transformation z — z + ¢ (2) is 1 +
Olas ||zl -)-

3. Let ¢® : R% — R?% be homogeneous of degree 3, and satisfy g(_g,z(z) = 9,23)(2). We
choose it of the form

0 iflk|=1,
3 ~(3
Mgl (2) =g (2) = , (4.53)
Z bky ko kg Zhy Zky ks Otherwise ,
ki+ko+kz=k
where the coefficients by, i, 1, are invariant under permutations of k;, k2 and ks.
In addition, we require invariance under sign change and
bk ko sks = Ok ko, —ky —ky—ks3 - (4.54)

This guarantees in particular that

95" 05"
02, z) = Dor (2) (4.55)

holds on the set {z;, = z_1}. The coefficients by, i, i, can now be chosen in such a
way that

S 238 (2) + Valz) (4.56)
k

contains only one term, proportional to 22, z?, which cannot be eliminated because
gf’)(z) = ‘E](fl)(z) = 0. It follows that

V(z+ g™ (2)) = Va(2) + Cuz2,22 + Ry (2) (4.57)

for some constant C4. Along the lines of the above calculations, one checks that
Ri(2) = (’)(||z\|§{) and that the Jacobian of the transformation z — z + g(¥(z) is

det (14 9.9 (2)) = 1+ O((as + a) ||2[[3.) - (4.58)

This proves (4.35) and (4.36).
4. Tt remains to compute the coefficient C; of the resonant term. To do this, it is
sufficient to compute the terms containing z4; of gé2)(z) and ng)(z), which are the

only ones contributing to the resonant term. One finds

37(2,0,220,0,21,0,...) = —2a3z12_1

gf)(. .30,2.1,0,21,0,...) = —azz?, ,
3(..,0,221,0,21,0,...) = —as2? (4.59)
and substituting in (4.42) yields the result. O

This result has important consequences for the behaviour of the potential near bi-

furcation points. In the case of Neumann b.c., \o = —1 and Ay = (47%/L?) — 1. Thus the

coefficient Cy of the term 2?22 is given by

3 8n2 — 3L2 1 8n% — 3L2
Cy(L) = = —_— 2:—[U(‘l)o ——U"(0)?| . 4.60
(B =qat s = g (U O+ 4= U0 (4.60)
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In particular, at the bifurcation point we have

Cu(r) = %a4 + ga§ = ﬁ [U(4) (0) + gU”’(O)Q} . (4.61)
The expression (4.33) for the normal form shows that if Cy(7) > 0, the system undergoes
a supercritical pitchfork bifurcation at L = 7. This means that the origin is an isolated
stationary point if L < 7, while for L > 7 two new stationary points appear at a distance
of order v L — w from the origin. They correspond to the functions we denoted uj , . As
a consequence, the period 7'(F) defined in (2.18) must grow for small positive E, to be
compatible with the existence of nonconstant stationary solutions for L > 7. An analysis
of the Hessian matrices of V at uj 4 shows that they have one negative eigenvalue for
L slightly larger than «. This must remain true for all L > 7 because we know that the
stationary solutions uj , remain isolated when L grows.
In the case of periodic b.c., \y = —1 and )y = (16w2/L?) — 1. Thus the coefficient C,
of the term 2722 | is given by
3 32m% —3L% , 1 3272 — 3L2
Call) = gt Jg =% = 1672 — L2
The value C4(27) at the bifurcation point is equal to the value (4.61) of Cy(7) for Neu-
mann b.c. Thus the condition on the bifurcation being supercritical is exactly the same
as before. The difference is that instead of being equal, z; and z_; are only complex
conjugate, and thus the centre manifold at the bifurcation point is two-dimensional. The
invariance of the potential under translations u(x) — u(z+¢) for any ¢ € R implies that
V(z) is invariant under zj — e'¥¥27/L > This and the expression (4.33) for the normal
form show that for L > 2, there is a closed curve of stationary solutions at distance
of order L — 27 from the origin. It corresponds to the family of solutions we denoted
uj . An analysis of the Hessian of V at any uj , shows that it has one negative and one
vanishing eigenvalue (due to translation symmetry).
Finally note that a similar normal-form analysis can be made for the other bifur-
cations, at subsequent multiples of 7 or 27. We do not detail this analysis, since only
saddles with one negative eigenvalue are important for metastable transition times.

[U(4)(O) + U(0)2] . (4.62)

4.4 The truncated potential

Let V() be the restriction of the potential V to the subspace of Fourier modes zj
such that |k| < d. For given d, let us write z = (v, w), where v is the vector of Fourier
components with |k| < d and w contains the vector of remaining components. Then

VD) =V (v,0) . (4.63)

Proposition 4.9. There exists dy < oo such that for d > dy, the potentials V@ and V
have the same number of nondegenerate critical points, and with the same number of
negative eigenvalues.

Proof. A critical point (v*,w*) of V has to satisfy the conditions
81,17(11*,10*) =0, 8w17(v*7w*) =0, (4.64)
while a critical points v, of V(@ has to satisfy
9,V (v,,0) =0 (4.65)
Lemma 4.6 implies that all critical points of V have an H'-norm bounded by some
constant M. Let us prove that

Hawf/(u,o)H —O(dY) (4.66)

2
ZQ
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for ||v]| ;1 < M. Indeed it follows from (4.19) that

8‘7 B / ibkrx/L
a—wk(v,O) = ; U'(u(z))e dz , (4.67)
where u(z) = 340 etbe/L Since |[v||;: < M and U is at least continuously

differentiable, the Fourier components of U’(u(z)) decay like k! at least, which im-
plies (4.66). R
Let (v*,w*) be a critical point of V' and consider the function

F(&,w) = 8,V (0" + & w) . (4.68)

Then F(0,w*) = 0 and 9:F(0,w*) = Dy V (v*,w*). Thus if (v*,w*) is nondegenerate,
the implicit function theorem implies that in a neighbourhood of w = w*, there exists
a continuously differentiable function A with 2(w*) = 0 and such that all solutions of
F(&,w) = 0 in a neighbourhood of (0, w*) are given by ¢ = h(w). In particular, choosing
d large enough, we can assume that # is defined for w = 0, and we get

0 = F(h(0),0) = 8,V (v* + h(0),0) . (4.69)

This shows that v, = v* + h(0) is a stationary point of V(%, which is unique in the
neighbourhood of (v*, w*).

Conversely, let v, be a stationary point of V@, The same implicit-function-theorem
argument shows that if v, is nondegenerate, then there exists a continuously differen-
tiable function h, with h(0) = 0, such that all solutions of 8,V (v,w) = 0 near (v,,0)
satisfy v = v, + h(w). Now let us consider the function

g(w) = 0,V (vs + h(w),w) . (4.70)
Then ¢(0) = 8,V (vs, 0) has an ¢2-norm of order d~'/2 by (4.66). Furthermore,
Owg(w) = BuwV (Vs + h(w), w) + Oy V (vs + h(w), w)dph(w) . (4.71)

The first matrix on the right-hand side has eigenvalues of order d?, while the second one
is small as a consequence of (4.66). Thus J,¢ is invertible near w = 0 for sufficiently
large d, and the local inversion theorem shows that g(w) has an isolated zero at a point
w* near w = 0. This yields the existence of a unique stationary point (v* = h(w*), w*) of
V in the vicinity of (vs,0). O

5 A priori estimates
This section has two major aims:

* Show that the first-hitting time of a given set B admits a second moment, bounded
uniformly in the dimension d;

* Derive a priori bounds on the equilibrium potential h4 g(z) = P*{74 < 75}.

We start in Section 5.1 by recalling some general bounds involving sup and Holder
norms of solutions of the SPDE (2.1). In order to estimate moments of first-hitting
times, the space being unbounded, we repeatedly need the Markov property to restart
the process when it hits certain sets. This is most efficiently done using Laplace trans-
forms, and we prove some useful inequalities in Section 5.2. Section 5.3 recalls some
large-deviation results. Sections 5.4 and 5.5 contain the main estimates on moments,
respectively, for the infinite-dimensional system and for its Galerkin approximation. Fi-
nally, Section 5.6 contains the estimates of the equilibrium potential.
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5.1 A priori bounds on solutions of the SPDE

The solution of the heat equation d;u = Au with initial condition uy € L*(T!) can be

written

up =g | (5.1)

where 2! stands for convolution with the heat kernel

Gelz,y) = > e  ep(@)en(y) 10 - (5.2)
keZ

Here the e; are the eigenfunctions of the Laplacian, defined in (4.2).

Lemma 5.1 (Smoothing effect of the heat semigroup). For any s > 0, there is a finite
constant C(s) such that for all ug € L*(T*)

le* uo| . < A+ C(8)t™/?) |luoll. VE>0. (5.3)
Proof. We have )
eAMug =" e My (0)es . (5.4)
keZ

The result follows by computing the H*-norm, and using the fact that (2zt)*e=2%! is
bounded by a constant, depending only on s. O

Note that by Lemma 4.1, this implies
1
€2t up|| o < CL+E72) ugll e < C(L+E72) Jugll e VE>0, Vs> a+ 5 (55

where the constant C depends only on « and s.
Consider now the stochastic convolution

t
Wa(t) = / A= AW (s) | (5.6)
0

where W (t) is a cylindrical Wiener process on L?(T%). It is known that
Wa(t) € HS(T') and  Wa(t) € C¥(T) (5.7)

almost surely, forall ¢t > 0 and all s < 1/2 and « < 1/2 (see e.g. [25, p. 50]).
We will need to control the sup and Hélder norms of the rescaled process v/2cWa ().

Proposition 5.2 (Large-deviation estimate for Wa). For any o € [0,1/2) and T > 0,
there exists a constant x > 0 such that for all H,n > 0, there exists an ¢y > 0 such that
foralle < g,

1?{ sup_[|vV2e Wa(t)]| oo > H} e (RH - 2e (5.8)
0<t<T

Proof. Let H denote the Cameron-Martin space of the cylindrical Wiener process, de-
fined by

H= {cp: oi(z) = /Ot /j o(u, z)dudz , ¢ € L*([0,T] x Tl)} . (5.9)

Schilder’s theorem for Gaussian fields shows that the family {v/2s W}, satisfies a
large-deviation principle with good rate function

1 -2 .
To(g) = 3 ||S0||L2([0,T]x1r1) ifoeH, (5.10)
400 otherwise .
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Define a map Z : H — L?([0,T] x T') by

t
o Zg], Z[w]t:/ A9 o ds (5.11)
0

From the large-deviation principle for parabolic SPDEs established in [20, 14], it follows
in particular, that the family {v/2eWa }.~¢ satisfies a large-deviation principle with good
rate function

) - {inf{[o(g)): Z[g] = w} if 1 € Im(Z), 512

+00 otherwise .

Now observe that if ) = Z[p], for any 71 € [0,7] and any s € [0,1) one has by Lemma 5.1

T
A(Ty—t) -
el < [ ™0,

T
: C(s) .
< /o <1 + (Tl—t)5/2> [6¢ll 2y di

s </T (1 i <Tc(t)>/)dt>/ (270(¢))""* (5.13)

Since s < 1, the integral is finite (and increasing in 7}). Together with Lemma 4.1, this

proves that
1 2

1Y) 2 ——— N 5.14

W) 2> Gy I¥m e (5.14)

forall T} € [0,7], 0 < o < 1/2 and s satisfying o + 1/2 < s < 1, where ( is increasing
in T;. By a standard application of the large-deviation principle (see e.g. [20, 14])

limsup2slogIP{ sup ||[vV2eWa(t)]| o > H} < —inf{I(¥): 3Ty € [0,T] : |7y ||lce > H} .
<t<T

e—0
(5.15)
The bound (5.14) implies that the right-hand side is bounded above by —H?/C:(T, a),
which concludes the proof. O

We now turn to properties of mild solutions of the full nonlinear SPDE, given by

t
up = e ug + V2 Wal(t) + / A= U (uy) ds . (5.16)
0

Results in [11, 12] provide estimates on the sup norm of wu;:

Proposition 5.3 (Uniform bounds on the sup norm). For any uy, € C°(T') and any
T > 0, there exists a unique mild solution on [0, T] such that E{sup,c[ 1 ||ut|\%oo} < 00.
Furthermore, there is a constant ¢ depending only on U’ such that the following bounds
hold:

1. There exists v > 0 such that for any ug and any t > 0,

lull o < ™ Jluollpo + V26 sup [[Wa(s)] e
0<s<t

t
+ ce”t/ (1 + (2¢)(po—1)/2 ||WA(S)||2Lp0271) ds, (5.17)
0
2. Foranyt >0,

sup gl o < C<1 +V2¢e sup |WA(5)||L°°>t_1/2(pO_1) + V2 [Wa®)llp~ -
up€CO(T1) 0
(5.18)

<s<t
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Proof. Existence and uniqueness of the mild solution are proved in [16, Theorem 7.13].
The estimate (5.17) is Proposition 3.2 of [12], with m = py—1, while the uniform estimate
(5.18) is Proposition 3.4 of [12], c.f. also [11, Lemma 3.4]. O

Observe that in the case ¢ = 0, we can find a constant M uniform in ¢ such that
lluell poo < M(1+ |luoll ;) for all t > 0. Hence Proposition 5.2 shows that for all H; > 0,

Puo{ sup sl >M<1+||uo||Lw>+Hl}<e“‘T)“H”/%, (5.19)
0<t<T
where

F(Hy) = min{H2, g/ o=} | (5.20)

for some x(T") > 0 and ¢ small enough.
Combining (5.16) and Proposition 5.3, we obtain the following estimate on the Hol-
der norm of ur at a given time 7" > 0.

Proposition 5.4 (Bound on the Holder norm). For any T > 0 and 0 < « < 1/2, there
exist constants x1 (T, «), k2 (T, @) > 0, c(«) > 0 such that

P {|lurflc. > H} < exp{—;“; min{ H2, f (ks H = 1)YE0D — M (1 + ||uo||Loe>)}}

(5.21)
for all ug € L™ and H > c(a)(1 + T~/?) |jug|| .~ such that

(ko H — 1)Y= M (1 4 |lug| o) > 0, (5.22)

and all € < go(, T, H).

Proof. Denote by ug ), () and u(g) the three summands on the right-hand side of (5 16).

Then the probability (5 21) can be bounded by ZZ o Pi, where P; = IP“0{||uT loa >
H/3}.

Pick s > o+ 1/2. Then Lemma 4.1 and Lemma 5.1 show that there exists C;(«, s)
such that Py = 0, provided we choose H/3 > Ci(1 + T7%/2)||ug| ;. Furthermore,
Proposition 5.2 provides a bound on P; of order e r1H? /2

As for P,, it can be bounded as follows. Since |U’(u)| < My(1 + |u|?Po~1) for some
constant M, we have by (5.5)

[, < [ ool a
ce ce
s/2 2po—1
< / Ol )1+ (T — 1)~/ dt My (1 + oup el 72 ). (5.23)
0 telo,T
The integral is bounded provided s < 2. The result then follows by using (5.19). O

5.2 Laplace transforms

Let (E, ||-||) be a Banach space, and let (x;);>0 be an E-valued Markov process with
continuous sample paths. All subsets of E considered below are assumed to be measur-
able with respect to the Borel o-algebra on F.

Recall that the Laplace transform of an almost surely finite positive random variable
T is given by

E{e*} =1 +/ AMP{r >t}dt (5.24)
0
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for any A € C. There exists a ¢ € [0, c0] such that the Laplace transform is analytic in A
for Re \ < c.

To control first-hitting times of bounded sets B C E, we will introduce an auxiliary
set C' with bounded complement, B N C' = {}, such that the process is unlikely to hit C
before B. On the rare occasions the process does hit C before B, we will use the strong
Markov property to restart the process on the boundary 0C. The following proposition
recalls how the restart procedure is encoded in Laplace transforms.

Proposition 5.5 (Effect of restart on Laplace transform). Let B,C' C FE be disjoint sets,
andletxz ¢ BUC. Then

E{e?} = BT {000} £ BHe M0 L pe oy [B77e {27} — 1]} (5.25)
= BN 1y ooy } A BN ooy BT {7} ) (5.26)

In the same way, or by differentiating (5.25) with respect to A and evaluating in
A = 0, the moments of first-hitting times can be expressed. Assuming their existence,
for the first two moments we find

E*{rp} = E"{tpuc} + E*{1{rc<rsy B¢ {TB}}, (5.27)
E*{r3} = B*{730c} + 2B {7Buc1{ro<rs} B {TB}} + B* {170 <rpy Bc {75} }
(5.28)

for any choice of disjoint sets B and C, and any = ¢ (B U C).
Below we will use the notations

PYX e -}=supP{X e} and EA{X}=supE?Y{X}. (5.29)
yeA yeA

It follows that for any three pairwise disjoint sets A, B and C,
EYrp} <EYrpuc} + EA{1l{rocrpy E7c {T5}}
< EA{TBUc} + IPA{TC < TB}EaC{TB} , (5.30)
and a similar relation holds for the second moment.
Lemma 5.6 (Moment estimate based on the Markov property). Let B C E be such that
PP {5 >T} <1 (5.31)
for some T > 0. Then foranyn € IN,

n!T™

! _ 5.32
(1—P% (s > 1)) (5:32)

EBC{TE} <

Proof. The Markov property implies that for any m € IN and any « € B¢,

P*{rg > (m+ )T} = E*{1{ryspmr PV {75 > T}} <P {15 > T}P*{r5 > mT} ,
(5.33)
so that P*{r5 > mT} < (PB"{r5 > T})™. Integration by parts shows that
E“{rp} = n/ P {rp >t} dt <nT™ Y (m+1)"'P {75 >mT}.  (5.34)
0 m=0
The result is thus a consequence of the inequality
(m+ 1)71—1pm <

m=0

(n—1)!
(1-pr

which follows from properties of the polylogarithm function and Eulerian numbers. O

Vpeo,1), (5.35)
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Remark 5.7. Equation (5.32) implies that if (5.31) holds, the Laplace transform of g

exists for

A< %(1 ~ P55 >1T}) (5.36)

and satisfies
1

1 NT[/(1—PB{rs>T}))

IEBC{e)\TB} < (5.37)

A sharper bound on the Laplace transform can be obtained by a direct integration by
parts, but this does not automatically lead to better bounds on the moments.

Next, we will iterate the estimate (5.30) in order to get a better bound on the mo-
ments of first hitting times.

Corollary 5.8 (Three-set argument). Let A, B,C C E be such that A,B and C are

pairwise disjoint, and assume P4 {rc < 75} < 1, E4 {7f} < 00 and E?“ {7};} < oo for
k =1,2. Then

EA{TBUC} + IPA{TC < TB}EaC{TAug}

E4 {75} < Y : (5.38)
EA{T%} < 4EA{TJQBUC} + EBC{DQ&UZB} ) (5.39)
(1-PArc <78})
Proof. We introduce the shorthands
X, =EYrE ), Y=E% 7k 5}, p=Prc<1s}, (5.40)

for k = 1,2. Note that X;,Y, < oo and p < 1 according to our assumptions. Apply-
ing (5.30), once to the triple (A, B, C) and once to the triple (0C, B, A), yields

<Xy erIEaC{TB} ,
B {rp} < Vi + B9 {rg} = Vi + BA{rs} 6.41)

where we have bounded ]Pac{m < 7p} by 1. In addition, we used that hitting B requires
first exiting from A which is necessarily realized by passing through 0A. This implies

X )¢
B4 {rp} < T2
1—p
X1+ Y
EOC {75} < 2L (5.42)
I—p
which proves (5.38). Starting from (5.28), we find
EA{T]%} < Xo + 2X1E8C{TB} —&-pIEaC{T%} ,
E%{r3} < Yo+ 2ViEH 75} + E4 {72} . (5.43)
Together with (5.42), this gives
(1-p)’E 73} < (1 —p)(X2 +pYa) + 2(XT + (1 +p) X1 Y1 + YY), (5.44)
and the result follows after some algebra, using Jensen’s inequality. Note that we have
overestimated some terms in order to obtain a more compact expression. O
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5.3 Large deviations
As shown in [20, 23], the family {u;}.>0 of mild solutions of the SPDE with initial

condition ug € E = C°(T!) satisfies a large-deviation principle in E, equipped with the
sup norm, with rate function

1 /T (L 5

. / / [64(2) @/ (2) + U'(0(x))] dzdt if the integral is finite
Iio (@) = 0 70
+oo

otherwise .

(5.45)
Forug € Fand A C E, let

1
H A) = = inf inf I 5.46
(uo, 4) 2%20<¢:@(0)_1L0,32Ts.t. o(t)EA wﬂ(w))’ ( )

where the second infimum runs over all continuous paths ¢ : [0,7] — E connecting u
in a time ¢t < T to a point in A (if up is a local minimum, then u — 2H (ug,u) is called
quasipotential).

We define the relative communication height between uy and A by

¥ (uo, A) sup Vi - V[uO]) , (5.47)

= inf (
:p(0)=uo,¥(1)€A \te[0,1]

where the infimum now runs over all continuous paths 1 : [0,1] — E connecting uo to an
endpoint in A (the parameter ¢ need not be associated to time in this definition). Note
that V (ug, A) = 0 if and only if one can find a path from u to A along which the potential
is nonincreasing. This holds in particular when uq lies in the basin of attraction of A. If
V(ug, A) > 0, then one has to cross a potential barrier in order to reach A from u.

The following classical result shows that H(ug, A) can be estimated below in terms
of the relative communication height.

Lemma 5.9. For any ug € E and any A C E, we have

Proof. Let ¢ be a path connecting u( to A in time 7'. By definition of the communication
height, the potential on any such path has to reach the value V(ug, A) + V]uo] at least
once. Denoting by T} the first time this happens, we have

Ijo,ry(p) 2 ;/OTI /OL [th(f) + ) (z) — U'(got(x))r dz dt
+2 /0 : /0 ) [—so;’(af) +U’<wt(:c>)]¢t(a:) d dt
s [ [ e + U] ara

=2 [V[%] - V[@o]} =2V (up, 4) . (5.49)
The right-hand side being independent of T, the result follows. O

By a direct application of the large-deviation principle to the set of paths starting
in ug and reaching A in a time less or equal to 7', we obtain the following estimate.

Corollary 5.10. For anyn > 0, there exists ¢y(n) > 0 such that
Puo{ry < T} < e”HluoA)=m)/e (5.50)
forall e < gg.
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5.4 Bounds on moments of 75 in infinite dimension

We will now apply the results of the previous sections to the mild solution u; of the
SPDE, with £ = C°(T!) equipped with the sup norm. We fix o € (0,1/2) and introduce
two families of sets

A1(R) = {u e CO(TY): [|ull ;= < R},
Ay(R) = {ueC®(T"): |ull¢a <R} . (5.51)

Note that A, C A4, and that A, is a compact subset of F, while A; is not compact as a
subset of F.
Let B C C°(T") be a non-empty, bounded open set in the [|-||; .-topology. We let

Hy = Hy(B) = H(u*, B) V H(u’., B) (5.52)

be the cost, in terms of the rate function, to reach the set B from either one of the
local minima. Our aim is to estimate the first two moments of 75, using the three-set
argument Corollary 5.8 for A = A2(R2) \ B and C = A;(Ry)¢, with appropriately chosen
Ry and R;. We thus proceed to estimating the quantities appearing in the right-hand
side of (5.38) and (5.39).

We will use repeatedly the fact that Proposition 5.2 and (5.18) yield the estimate

oy PO COAHH) | —emPony)2e
ubouepEIP {||uT||Lm > H + TG [ S© , (5.53)

valid for all € < go(T,n, H).

Proposition 5.11 (Bounds on moments of 74,). For any sufficiently large Rs, there
exist Ty < 0o, €9 > 0 such that for e < ¢,

EA2(R)frn o} <nlTy (5.54)
holds for alln > 1.

Proof. Choose a fixed T; > 0. Then the Markov property applied at time 7 /2 shows
that for any R; > 0,

IPAz(Rz)C{TAQ(R2) >T1} < IPAZ(Rz)C{HuTl/Q > R1} +]PA1(R1){||UT1/2 > Rg} .
(5.55)
The estimate (5.53) shows that for Ry = ¢(2/7})'/?Po~1) 4§ with > 0, the first term on
the right-hand side is smaller than 1/4 for ¢ < €¢(7}), uniformly in the initial condition.
By Proposition 5.4, we can find R, such that the second term is also smaller than 1/4.

This shows

HL°° Hca

PAB) Lr) py > T} < (5.56)

DN | =

By Lemma 5.6, this yields (5.54) with Ty = 277. O
Proposition 5.12. For any R»,n > 0, there exists a constant T'(n) € (0,00) such that
PAF)frp > T} <1 - %e_(HUJF")/E (5.57)

for sufficiently small ¢.

Proof. We start by fixing an initial condition ug € As(Rs). By the large-deviation princi-
ple, we have

liminf2510g]P“°{7‘B < T} > —inf{[(cp): po = Up, YT € B} . (5.58)
e—0
EJP 18 (2013), paper 24. ejp.ejpecp.org

Page 33/58


http://dx.doi.org/10.1214/EJP.v18-1802
http://ejp.ejpecp.org/

Metastable lifetimes in parabolic SPDEs

Following a classical procedure similar to the one in the proof of [20, Theorem 9.1], we
construct a path ¢, connecting ug to a point u* € B such that I(y}, ) < 2Ho + 7. This
can be done by following the deterministic flow from uo to the neighbourhood of a sta-
tionary solution of the deterministic PDE at zero cost, then connecting to that stationary
solution at finite cost. Any two stationary solutions and «* can also be connected at fi-
nite cost, and ¢}, is obtained by concatenation. It follows that there exists (7, up) > 0
such that

IPuO{TB < T} 2 87(1(¢20)+n)/26 VE < 5()(77,11,()) . (559)

The set A3(R2) being compact, we can find, for any ¢ > 0, a finite cover of A3(R2) with
N(6) balls of the form D,, = {u € C°(T"): ||u — uy,|| -~ < J}. Hence

max P {rp < T} >e TOHN/2 e < g(n,0), (5.60)
1<n<N(5)

where I*(5) = max, I(p}, ) < 2Ho +n and £1(n,d) = min, go(n, un) > 0.
Consider now two solutions ugl), uf) of the SPDE with initial conditions uél), uff) €
D,,. By a Gronwall-type argument similar to the one given in [20, Theorem 5.10] and

the bound (5.21), for any x; > 0 there exist K (k1) > 0 such that

IP{ sup. [l = [>T [uf) — | }<e—”1/25 . (5.61)
0<t<T Lee Lee

The set B being open, it contains a ball {u € C°(T"): |[u — u*|;~ < p} with p > 0. Thus

choosing § = e &7 p, combining (5.60) and (5.61), we get

PA2(F2) frp 5 T} <1 — e (Hotm/e 4 gmr/2e (5.62)
for all sufficiently small e. Now choosing, e.g., k1 = I(y},,) and § = e~ KT 5 guaran-
tees that the term e *1/2¢ is negligible. O

Proposition 5.13. For every > 0 and sufficiently large Ry, Ry satisfying Ry > R,
there exists Ty(n) € (0,00) such that

EA RN T8 AL (Roye } < T e ot /e (5.63)
foralln > 1.
Proof. For any 77 > 1 and R; > 0, we have

PARINE L 7p 4 (moye > Th} S PAEINE g o[ > R}
B g, o, > o)
+ P [ 5 Ty /3) (5.64)

The third term on the right-hand side is bounded by 1 — % e~ (Hotn)/e 1y Proposition 5.12.
Proposition 5.4 shows that

IPAl(Rl){HuTl/gnca >Ry} < exp{;; IHiH{R%,f((KJQRQ —1)Y/Cro=) _ pr(1 4 Rl)) }} ,

(5.65)
while (5.53) shows that there exists x3(71) > 0 such that
c K3 Ty —1/2(po—1)\ 2
PARINE Ly ]|, > Ra} < exp{25 (Rl —c <3) > } . (5.66)
EJP 18 (2013), paper 24. ejp.ejpecp.org

Page 34/58


http://dx.doi.org/10.1214/EJP.v18-1802
http://ejp.ejpecp.org/

Metastable lifetimes in parabolic SPDEs

We have estimated the probability in (5.64) by three terms. By first choosing R; large
enough so that the exponent in (5.66) is smaller than —(Hy + 27)/e, and then Ry suf-
ficiently large for the exponent in (5.65) to be smaller than —(Hy + 27)/e as well, we
see that the third summand in (5.64) is of leading order. This shows that the probability
in (5.64) is smaller than 1 — 1 e~(Ho+7)/¢ for sufficiently small ¢, and therefore, the result
follows from Lemma 5.6 with Ty = 47;. O

Proposition 5.14. For any R, > 0, there exists a constant Ry > Rs such that

P (14 e <75} < 5 5.67)
for sufficiently small €.
Proof. Forany T > 0 and n € IN, we have
PAE) L) pe <7p) S PA2EI L, oo <nT )+ PAErp S 0T L (5.68)
We introduce the quantities
P = IPA2(R2){7'B > nT} ,
=P Ly, Ax(Ro)}
=PI, gy <nT}. (5.69)

Using the Markov property, they can all be expressed in terms of p;, ¢; and r;. Namely,

Gn1 S P fuyr @ A5 (Ro) ) + B0, ey () P {ur ¢ A2(R2)}}
<gnta(l—qn), (5.70)

and one easily shows by induction that
<1-(1-q)" <ng . (5.71)
Splitting again according to whether wu,,7 belongs to A;(R3) or not, we get
Tnt1 < g +71(L—gn) <71 4101 (5.72)

In a similar way, we have
Pt B2 10 s (ro) g snry P {75 > T}
+ P42 Ly ¢ Ay(Ry), 75 > nT'}
< pllPA"‘(R2){unT € As(Ry), 7B > nT} + IPAQ(RQ){unT ¢ As(Ra), 75 > nT}
=p1pn + (1 — p1)PA2I) 0 ¢ Ay(Ry), 75 > nT'}
<pipn + (1= p1)gn - (5.73)

It follows by induction that
P <PT+ 1@ (1 —p1) . (5.74)

Putting together the different estimates, we obtain
PA2F {7 e <TB} <pn+rn <P 471 +nqi[14+n(1—p1)] . (5.75)

It remains to estimate pi, g1 and ;. Proposition 5.12 shows that

1
pr<1— ie*Hl/E , (5.76)
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where H; = Hy + 1. We can estimate ¢; by

q1 < ]PA2(RZ){||UT/2 > Rl} + ]PAI(RI){HUT/Q > RQ} 5 (577)

I le-
and both terms can be bounded as in the proof of Proposition 5.13. An appropriate

choice of R, R, ensures that ¢; < e—Hi/e, Finally, by (5.19) we also have

T
= PAE (o T < exp{—'f;gmo - M+ R2>>} <ol (5.78)
for sufficiently large Ry. The choice
n— [(4 log 2) eHl/E—‘ (5.79)

yields log(p}) < —3ne~H1/5 < —2log(2) so that p} < 1/4, while the other terms in (5.75)
are exponentially small. This concludes the proof. O

Combining Propositions 5.11, 5.13 and 5.14, we finally get the main result of this
section.

Corollary 5.15 (Main estimate on the moments of 75). Let B C C°(T!) be a non-empty,
bounded open set in the ||-||,~-topology. Then for all Ry, > 0, there exist constants
g0 > 0 and Ty < oo such that

]EAI(RU){TB} <T e(Ho(B)+n)/e and EAI(RO){TIQB} < T02 o2(Ho(B)+n)/e (5.80)
forall e < gg.

Proof. Making R, larger if necessary, we choose R, and Ry > Ry large enough for
the three previous results to hold, and such that B C A;(Ry). We apply the three-
set argument Corollary 5.8 with A = A3(R3) \ B and C = A;(Ry)°. Noting that A C
Al(Ro) \ B, we have

EA{rh o} S EMENBLn o} < T enHotn)/e (5.81)
by Proposition 5.13. Since T4up < Ta,(r,) and A;(Ro)® C Az(R2)¢, we have
B {rlup} < B (14, )} <TG 582

by Proposition 5.11. Finally, P4{7rc < 73} < 1/2 by Proposition 5.14. This shows the
result for initial conditions in As(Rs) \ B. Now we can easily extend these bounds to all
initial conditions in A; (Ry) by using Proposition 5.11 and restarting the process when
it first hits A2(R2) \ B. O

Note that in the proof of Proposition 3.2, we apply this result when B is a neigh-
bourhood of u%. In that case, Ho(B) is equal to the potential difference between the
transition state and the local minimum u* .

5.5 TUniform bounds on moments of 73 in finite dimension

In this section, we derive bounds on the moments of first-hitting times, similar to
those in Corollary 5.15, for the finite-dimensional process, uniformly in the dimension.
For £ = C°(T') and d € IN, we denote by E, the finite-dimensional space

E; = {u € CY(T): u(z) = Z yrer(x), yr € ]R} , (5.83)

k: |k|<d

and by {uﬁ‘”}t;() the solution of the projected equation, cf. (3.17). Given a set A C FE,
we write A; = AN Ey, and denote by 71(4(? the first time ugd) hits A4, while 74 denotes as

before the first time the infinite-dimensional process u; hits A.
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Proposition 5.16 (Main estimate on moments of (d)) Let B C E be an open ball
of radius r in the ||-||,~-norm. We assume that the centre of B is some w € E;. As
in Corollary 5.15, we define A = As(R3) \ B. Then, there exist constants ¢y > 0 and
H,, T < oo such that for any € € (0,¢y), there is a dy(¢) € IN such that

EAr) <Tie/s and  BA(rf))?) < T7HC (5.84)
foralld > dy(e).

Proof. We fix constants 6,7 > 0, and let 4 be the event

Qq = { sup

0<t<T

ul® “tHLm < 5} . (5.85)

Theorem 3.1 shows that for given v < 1/2, there exists an almost surely finite random
variable Z such that
P(Qg) <P{Z>édd} . (5.86)

Given D C C°(T'), we define the sets

Dyt ={u€Eg: eDst |Jv—ul. <6},
Dy_={u€Es:{veE: |v—ul.<d CD}, (5.87)

which satisfy Dy~ C Dgq C Dy 4. Then for any initial condition vg € E;, we have the
two inequalities

Pro{ry) >T}<PU"{rp>T}+P(Q),
IP"U{TDd - < T} < IP“O{TD T} +P(QF) . (5.88)
Let Ry be as in the proof of Corollary 5.15, and define the sets

C= {u€E: |lull e > Ro},
={u€E: ||[ul|p« > Ro+26},
B’:{ueE:{veE: v —ul = <0} C B} . (5.89)

We assume § to be small enough for B’ to be non-empty. Note that C' and C’ are the
complements of open balls in the ||-||,.-norm while B’ is the open ball of radius r —
around the center w of B.

Applying the three-set argument (5.38) to the triple (A4 + \ Bq, B4, Cq4,—), where the
sets are disjoint for sufficiently large Ry, we get

“{rhgcs )+ B {rE) <TB)}ECd {7 o)

(5.90)
1— ]PAdHr{T(d) <Th )}

EAd{TB }

Using the facts that Ay C A4y, (B )a+ = Bg and (C')44+ C C4—, we now reduce the
estimation of each of the terms on the right-hand side of (5.90) to probabilities that can
be controlled, via (5.88), in terms of the infinite-dimensional process.

Since Cy,_ C Eq\ (A2(R2))q,+ for sufficiently large Ry and Ag 4 U Bg D (A2(R2))d,+,
we have by Lemma 5.6

ECd N {TAd +UBd} < EEd\(AQ(RZ))d " {T (A2(R2))a, +}

T

(d) '
— PEi\(A2(R2))q, +{7— A (Ra))a. > T}

(5.91)
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By (5.88) we have for any ug € Ey \ (A2(R2))a,+
U d u c
P LD rapas > T <P {7a,r,) > T} +P(QF) . (5.92)

As we have seen in (5.56), the first term on the right-hand side can be bounded by
1/2. As for the second term, (5.86) shows that it is smaller than 1/4 for d > dy(¢) large
enough. Hence the right-hand side of (5.91) can be bounded by 47'/3.

d d
The term EAdYJr{Téd)UCd,f} < EAd‘+{T((B)')d,+U(C')d,+

way, by comparing with P44+ {75/, > T} and proceeding as in the proof of Proposi-
tion 5.13, cf. (5.64).

Finally, we have the bounds

} can be estimated in a similar

PA 7)< T} SPA{rE) < Tha PR > T}
<

PAvH{rc < T} + P4+ {75 > T} +2P(Q) . (5.93)

Proposition 5.12 and (5.78) show that the sum of the first two terms on the right-hand
side can be bounded by 1 — 1 e #1/¢. The third term can be bounded by e H1/¢,
provided d is larger than some (possibly large) dy(e).

This completes the bound on the first moment, and the second moment can be esti-
mated in the same way. O

5.6 Bounds on the equilibrium potential in finite dimension

The aim of this subsection is to obtain bounds on the equilibrium potential

WS s (o) = P {r() < (Y | (5.94)
when A and B are small open balls, in the L>°-norm, around the local minima u* of the
potential V, and as before A; = AN E; and B; = BN E;. We denote the centre of A by
uy and the centre of B by u3, where either v} = u* and uj = u or vice versa.

We now derive a bound on h(fi B, (o), which is useful when v lies in the basin of
attraction of Bj.

Proposition 5.17. Let u] and u} be two different local minima of V and consider the
balls A = {||lu—uj|| «~ < r} and B = {||lu — u}||,« < r}, where r is small enough to
guarantee AN B = (). Then for any n > 0, there exist ¢y = £¢(n) > 0, dy = do(n,¢) < oo
and Hy = Hy(n) > 0 such that

S 5 (ug) < de /e (5.95)

holds for all ¢ < ey, all d > dy and all ug satistfying H(ug, A) > n and H(ug, B) = 0. The
result holds uniformly for ug from a ||-||; . -bounded subset of Eg.

Proof. Fix a ug such that H(ug,A) > n and H(ug, B) = 0. For any constant 7" > 0, we
can write

hY) 5 (uo) <P {7’ <T} + P {ry) > T} . (5.96)
For 0 < 0 < r, we define Q; = Q4(d) as in (5.85). Then we have, in a way similar
to (5.88),

P {r{) <T} <PU{r4, <T}+P(Q5),
PUo{ry) > T} <P {rp_ > T} +P(Q3), (5.97)
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where A, = {|ju —uf||; <7+ 3} and B_ = {|ju — uj||; <7 —J}. We choose § small
enough that H(ug, A1) > n/2. The large-deviation principle shows that

lim sup 2¢ log IP“O{TA+ < T} = —2H(up,A+) < —1. (5.98)

e—0

Thus there exists £¢(7n7) > 0, independent of T, such that
Pulry, <T}<e W (5.99)

holds for all € < gy. Choosing d > dy(n, <) where d; is large enough that IP(Q@O) L e /4,
we have

P {7V <T) <207/ (5.100)

fore < egand d > dy.

To estimate the second term in (5.97), we assume that 6 < r/2 and introduce the
ball B = {|lu—u}|; < r — 20}. Assume T is large enough that the deterministic
solution starting in uy reaches B’ in time 7. Then the large-deviation principle in [23]
shows that the stochastic sample path starting in u( is unlikely to leave a tube of size
¢ in the L°°-norm around the deterministic solution before time 7', which implies that
there exists k > 0 such that

P {rp >T}<e /e (5.101)

for £ small enough. This implies the result, with Hy = k6% A /4.

As for the uniformity in wug, note that after a first finite time 7} we may assume that
the process has reached a compact subset, cf. the proof of Proposition 5.13. Restarting
from this compact subset a standard compactness argument yields the uniformity of ¢,
50 and Hj in ug. O

Next we derive a more precise bound, which is useful in situations where we know
V{up] explicitly.

Proposition 5.18. Let u] and uj be two different local minima of V and consider the
balls A = {||u — u}||~ <7} and B = {|lu — u3|| ,« < r}. Assume that r is small enough
that AN B = (). Then for any n, M > 0, there exist ¢g = co(n, M) > 0 and dy =
do(n, M,e) < oo such that

hY) 5, (o) <3 (e“’(“m“)’ﬂ/f + el/nf) (5.102)

holds for all e < ¢y, all d > dy and all uy € E4 such that Vug] < M.

Proof. Fix a ug with V]ug] < M. We decompose the equilibrium potential in the same
way as in (5.96) and (5.97). It follows from (5.98) and Lemma 5.9 that there exists
eo(n) > 0, independent of 7', such that

]P’lLQ{TA+ < T} g e—(v(’u.o,A+)—17/2)/E (5.103)

holds for all ¢ < 5. We choose ¢ in the definition of A, small enough that V (ug, A} ) >
V(uo, A) — /2, and finally d > do(, ¢) where dj is large enough that P(Qg ) < e t/me,
This shows that

Pu”{ﬁ&? <T) < e~ (Vuwo,A)=n)/e 4 —1/ne (5.104)

fore < egand d > dp.
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In order to estimate P“{rp_ > T}, we let D(x) be the set of u € E such that
V(u,A;) > 0and [|[VV[u]|| . > k. Then we can decompose

PUo{rp_ > T} <P"{rp(ee > T} +P"{rpu) < T} . (5.105)
where F(k) = D(k)¢ N BS. Now the same argument as above shows that
P {7p( < T} < o~ Vw0 Fi)=n/2)/e (5.106)

Note that lim,_,o V (ug, F'(x)) = V(uo, F(0)). Let us show that V(ug, F(0)) = V(ug, A4)
provided ¢ is small enough. We proceed in two steps:

1. First we show that V (ug, F(0)) < V(ug, A+). Observe that F'(0)° = D(0) U B_. The
fact that A and B have disjoint closure implies that A, N B_ = (@ for sufficiently
small 6. The fact that V(u, A;) > 0 in D(0) shows that A, N D(0) = 0. It follows
that A, N F(0)¢ =, and thus A, C F(0), which implies V (ug, F(0)) < V(ug, A4).

2. Assume by contradiction that V(ug, F(0)) < V(ug, A;). Then there must exist a
path ¢, connecting ug to a point u € F(0), on which the potential remains strictly
smaller than V (ug, A1)+ V[ug]. If we can show that V(u, A, ) = 0, then this implies
that we can connect ug to Ay, via u, by a path on which the potential remains
strictly smaller than V (ug, A1) + V[uo], contradicting the definition of V (ug, A).

It thus remains to show that V(u, A;) = 0. Note that
={u:V(u,Ay) >0,VVu] #0} . (5.107)

Since u € F(0) = D(0)°N B¢, we have u # u} and either V(u, A,) =0, or VV[u] =
0. However, the assumptions imply that u3 is the only stationary point in the set
{u: V(u, Ay) > 0}, so that necessarily V (u, A;) = 0.

We have thus proved that V(ug, F(0)) = V(ug, A4), and it follows that there exists a
ko(n) such that for k < ko(7n)

P {rp(ey < T} < o=V An) =)/ (5.108)

It remains to estimate the first term on the right-hand side of (5.105). Let ¢ be a
continuous path starting in uy and remaining in D(x) up to time 7'. Then its rate function
satisfies

// z) + U (e ))}pt ydedt + - // z) + U (py(x ))rdxdt

1
Viper] — Vuo] + 3~ ’T, (5.109)

where we have used the fact that the second integral is proportional to HVV||2LQ, cf.
(4.25). The large-deviation principle implies that

lim sup 2¢ log IP“O{TD(K)C > T} < — BRZT + inf V — V[uo]} . (5.110)
e—0 D(x)
Since V{ug] < M, we can find for any x > 0, a T = T'(k, M) such that the right-hand side
is smaller than —V (ug, A).

Finally note that {ug: V[ug] < M} is contained in a closed ball in the C'/2-norm, so
that a standard compactness argument allows to choose ¢y and dy uniformly in uy from
this set. This concludes the proof. O
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6 Estimating capacities

6.1 Neumann b.c.

We consider the potential energy

Viu] = /OL [;u’(x)Q + U(u(x))} dz (6.1)

for functions u(z) containing at most 2d + 1 nonvanishing Fourier modes and satisfying
Neumann boundary conditions, that is

d .
ezkﬂx/L 1

d
2
u(x) = Z ZkT = y0ﬁ + ;yk\/;cos(kww/ll) ’ (6.2)

k=—d

where yo = 2o and y = v/22x = /22_;, for k > 1. The expression V of the potential in
Fourier variables follows from (4.31) and (4.32), with the sums restricted to —d < k < d.
Note that

d
uw(L — z) = yo% + 2_3(1)’6%\/?;08(14”/@ , (6.3)

k=1
so that the fact that V[u] = V[u(L — -)] implies the symmetry

~

V(y()a Yy 7yd) = ‘7(1/07 Y1y (_1)dyd) . (64)

Our aim is to estimate the capacity cap 4 (B), where A is a ball of radius r in the L*°-norm
around the stationary point v* , and B is a ball of radius r around v” . Note that v* has
y-coordinates (u_+/L,0,...,0) and u} has y-coordinates (uyVL,0,...,0). We will rely
on the variational representation of capacities

capy(B) = hei“rrtlf\ N ®aup)(h) (6.5)

in terms of the Dirichlet form
eo(h) == [ VOV V() dy (6.6)
D

where in (6.5), H 4 p denotes the set of functions h satisfying the boundary conditions
h=1on dAand h = 0 on 9B for which ®4p)-(h) is defined and finite.
6.1.1 L<nw

We consider first the case where L < 7 — ¢ for some constant ¢ > 0. We know that in
this case, V has only three stationary points, all lying on the yjp-axis. One of them is the
origin O, where the Hessian of V' has eigenvalues

Er\?
)\k:_1+(L> , k=0,...,d. (6.7)

Thus O is a saddle with one-dimensional unstable manifold, which in this case is con-
tained in the yp-axis. Let W*(O) denote the d-dimensional stable manifold of the origin.

Lemma 6.1 (Growth of the potential on the stable manifold). There exists a constant
mo > 0 such that for all y € W*5(0),

V(y) =mollyli - (6.8)
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Proof. Let y, = (y1,...,y4). The centre-stable manifold theorem for differential equa-
tions in Banach spaces [24, Theorem 1.1] shows that W*(O) can be locally described by
a graph of the form yy = g(y.). More precisely, the nonlinear part of VXA/(y) being of
order ||yH§J for s > 1/4, there exist constants p, M > 0 such that

lay)| < My 3. Yyi: lyilly. <p- (6.9)
Since
- 1
Vi) =5 > Mwvi +O(llyll.) (6.10)
k=0

holds for all s > 1/4, we have in particular

~

d

1 1

Vig(y),ye) = =590 + 5 - M+ O(lyllzn) (6.11)
k=1

whenever ||y |5 < p. Thus using (6.9) to bound g(y1)?, we obtain the existence of
constants my, p1 > 0 such that

V) =milylf Yy e WH(O): lylly <o (6.12)

We have used the fact that [|y||3; = |yo|* + yL]|%: and estimated |yo|* on the stable
manifold by applying (6.9) once more. A similar computation shows that

—VV () V(i) <0 Yy e WHO): llylly: < pr s (6.13)

that is, the vector field —V‘A/(y) points inward the ball of radius p; on the stable mani-
fold. By definition of the stable manifold, V' has to decrease on W?(0O) along orbits of
the gradient flow y = —VV (y). We thus conclude from (6.12) and (6.13) that

Viy) Zmipl Yy e W(O): lyll > p1 - (6.14)
Next, recall that by Lemma 4.5, there exist constants «, 8 > 0 such that
V(y) > —a+ 8yl (6.15)

for all y € R4*!. Define v > 0 by —a + 37% = 1. Then for all y € W*(O) such that
p1 < ||yl g2 < 7, we have

> P% P% 2
V(y) =mipi = mlﬁf > lyll - (6.16)

Together with (6.12) and (6.15) for ||y||;;: > <, this proves (6.8), with the choice my =
min{my, (m1p7/7?), (1/7%)}. m

Proposition 6.2 (Upper bound on the capacity). There exist constants vy, > 0 and
eo > 0 such that

d
€ 2me
cap,(B) < —— 221+ e et?logel3/? (6.17)
ba(B) Tﬂg(ﬂ*/xkﬁ e/ log =[]

holds for all r < rg, alle < g9 and all d > 1, where the constant c; is independent of ¢
and d.

EJP 18 (2013), paper 24. ejp.ejpecp.org
Page 42/58


http://dx.doi.org/10.1214/EJP.v18-1802
http://ejp.ejpecp.org/

Metastable lifetimes in parabolic SPDEs

Proof. Choosing the radius r of the balls A and B small enough, we can ensure that A
and B lie at a L*°-distance of order 1 from the stable manifold W*(O).

By the variational principle (6.5), it is sufficient to construct a particular function
ht € Ha,p for which the claimed upper bound holds. We define h separately in differ-
ent sets D, S defined below, and the remaining part of R ?*!. Let

by = | Cellogel o (6.18)
| Ak

with ¢, = ¢o(1 + log(1 + k)). We will choose ¢ sufficiently large below. We set

d

D = []1~0k: 6] - (6.19)
k=0
Note that for any s < 1/2 one has
2 oL+ k2)®
Iyl = > =57 closel = Oelloge]) (6.20)
k=0

for any y € D, uniformly in d. By (6.10) we thus have

d

EN 1
Viy) =3 > Xyi + O(72|loge[?) (6.21)
k=0

for all y € D, where again the remainder is uniformly bounded in the dimension d. On
D, we define h by

eV (t,0,...,0) /2

do
hi(y) = f(yo)::/ /50 dt . (6.22)
Yo

oV (5.0,.,0)/2 4
—60

The contribution of h4 on D to the Dirichlet form is given by

p(hy) =< / ()2 e @/ a4y
D

/ e_‘7(1/)/5"!‘2‘7(310,0,...,0)/5
=¢
D

2
do
/ oV (50,..0)/¢ g
—5

Using the expression (6.21) of the potential, one readily gets

dy . (6.23)

—1
60 d 6k:

Op(hy) < 5(/ e Vo /2 dy()) H / e MUi/2e dye[1 + 0(51/2|10g5\3/2)} , (6.24)
—% k=170

which implies that ® (k4 ) its bounded above by the right-hand side of (6.17), provided
co is chosen large enough.

We now continue h; outside the set D. Let S be a layer of thickness of order
V¢ellogel in [-[|,,-norm around the stable manifold W*(O). We set hy = 1 in the con-
nected component of R4\ S containing 4, h; = 0 in the connected component of
R ?+1\ S containing B, and interpolate %, in an arbitrary way inside S, requiring only
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||Vh+(y)||§2 < M/(¢|loge|) for some constant M. Then the contribution @ a1\ g(hy) to
the capacity is zero, and it remains to estimate ®g\ p(h, ). By Lemma 6.1, we have

Me
elloge| Js\p

ZH/ emmo(+i /e gy 2/ o1k /e gy

kO;ék_

< ek 6.25
6|10g£\H\/ mo 1+] Z ( )

where x > 0 depends only on mg and L. Recalling the choice ¢; = ¢(1 + log(1 + k)), we
find

Ps\p(hy) < om0 Ximo(LHk)ui/e gy

< 5|log gl

d d
§ ghick L ghico +/ €nco(l+log(1+w)) dx
0
d+1
— ghco +5nc0/ x*lﬁ}CDllOgE‘ dx
1

g E:HC()

1 ] , (6.26)

kecolloge| — 1

uniformly in d, provided xco|loge| > 1. Thus we can ensure that ®¢\ p(h; ) is negligible
by making cg large enough. O

Proposition 6.3 (Lower bound on the capacity). There existro > 0, &9 > 0 and dy(e) <

oo such that .,
€ 2me
cap,(B) > —— Y 1—c_e'?logel?/? (6.27)

holds for all r < rg, alle < g and all d > dy(¢), where the constant c_ is independent of
€ and d.
Proof. We write as before y = (yo,y, ), where y, = (y1,...,ya). Let

d
ﬁJ_ = H[_Sk’ 51@] with 51@ =
k=1

érellog el

2
SV (6.28)

where the constants ¢, are of the form ¢, = ¢é(1 + log(1l + k)). Note that as in the
previous proof, this implies ||y, ||,;. = O(y/¢|loge|) for y, € D, and all s < 1. Given
p >0, we set R R

D=[-p,p]x D, . (6.29)

Let h* = ha p denote the equilibrium potential defined by cap,(B) = ®aup)-(ha,B),
cf. (6.5). Then the capacity can be bounded below as follows:

capy(B) = ‘I’(AUB)c(h*)
5(h")

= / / V(ov)/= |7 h* (yo, y1)|7 dyo dy.
Dy

/ / V(yo,yL)/e oh
Dy

. 2
8y0 (yanJ_)
P ~
> e inf e Vwoy)/e 1y V2 dyo| dy, . (6.30)
AL L’f( p)=h*(~ pyuf(p)—h*(p,yn/p £(wo)"dyo ] dy.

dyo dy1
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Solving a one-dimensional Euler-Lagrange problem, we obtain that the infimum is re-
alised by the function f such that

W (p,yL) — h*(—p,y)] eV Wowvs)/e
f'(yo) = (o) - E ) . (6.31)
/ eV (tyi)/e gt
-p
Substituting in (6.30) and carrying out the integral over 3, we obtain
[ (p,yL) — h*(—p.yr)]”
cap4(B) > 6[ dy, . (6.32)

13
Dy / eV(ZIOa?IJ_)/E dyo
—p

By the bound (6.9) (which also applies to the infinite-dimensional system) and the fact
that ||y || 4. = O(y/€lloge|), any point (p, y. ) lies on the same side of the stable manifold
W5(0) as u’. This implies that H((p,y.),B) = 0 while H((p,y1),A) > n, where 7 is
uniform in y, € D 1. We can thus apply Proposition 5.17 to obtain the existence of
Hy > 0 such that

W (p,yr) = PPV {ry <rp} <de Ho/e, (6.33)

provided ¢ is small enough and d is larger than some dq(¢). For similar reasons, we also
have

K (=p,y)=1- IP(_”’“){TB < TA} >1—4de Hole (6.34)

Substituting in (6.32), we obtain

1 —8e” HU/E]Q

CapA /
D, / V(yo,y1)/e dyo

dyL . (6.35)

Consider now, for fixed y, € D, the function y, — 9(yo) = 17(y0, y1 ). It satisfies, for all
1/4<s<1/2,

d
1, 1 s
9(vo) = _53/8 + 3 Z)\kyi +O(llyllys) »

9'(y0) = —yo + O(IIyIIHs) = —yo + O(y5) + O(elloge])
9" (o) = =1+ O(|lyll ) = =1+ O(yo) + O('*|loge|"/?) . (6.36)
The assumption on U being a double-well potential, the definitions of A, B and the

implicit-function theorem imply that g admits a unique maximum at y; = O(s )
and we have

d d
1 1
9w5) = 5 D Mwwi + O(us*) + Ollywllz-) = 5 D v + O(*/*[loge*/?)
k=1 k=1
9" (yg) = =1+ O(c"/?|loge|'/?) . (6.37)

Thus by applying standard Laplace asymptotics, we obtain

P 1 &
/ eV (WoyL)/e dyo = V2me exp{25 Z /\kyi} [1 + 0(51/2|log g|3/2)] . (6.38)
-P k=1
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Substituting in (6.35) yields

cap (B ﬁ/‘sk ,Akyk/%dy [1_ ( 1/2|10g6|3/2)]
o
! (\/7 (/)] ) [1- O tog )]
€ d 2me
= %(U \/7) { (Z 5%/2)] (’)(51/2\log5|3/2)] 7 (6.39)
and the result follows from the same estimate as in (6.26), taking ¢y > 1. 0

6.1.2 L near

We now turn to the case |L — 7| < ¢, with ¢ small. Then the eigenvalue \; associated
with the first Fourier mode satisfies |A\;| < 1, where we can assume 7 to be small by
making c small.

Recall from Proposition 4.8 that if the local potential U is of class C°, there exists a
change of variables y = z + g(z), with [|g(2)| ;. = O(||z|/3;.) for all 5/12 < s < 1/2 and
t <2s—1/2, such that

d

. 1 1

V(z+9(2)) = 5 ) Mwzk + 5Cazi + O(l2ll.) (6.40)
k=0

with C4y > 0. Note that the factor 1/2 in front of C, results from the change from
complex to real Fourier series. In order to localise this change of variables, it will be
convenient to introduce a C* cut-off function # : R*! — [0, 1] satisfying

1 f . <1,
0(z) = or [12] 1 (6.41)
0 for|z||ly. =2.
Given p > 0, we consider the potential
Vp(z) = ‘7(2 + G(Z)g(z)) , (6.42)

which is equal to ‘A/(z) for ||z|| ;. > 2p, and to the normal form (6.40) for ||z||,,. < p. It
what follows, we will always assume that p > |\{].
The expression (6.40) of the normal form shows that for sufficiently small p,

« if Ay > 0, the origin O is the only stationary point of \7/, in the ball ||z|| ;1 < p, and
Ao = —1 is the only negative eigenvalue of the Hessian of I7p at O;

e if \; < 0, the origin O is a stationary point with two negative eigenvalues, and
there are two additional stationary points Py with coordinates

2 = £V2IM|/CL+ 0N, 2E=00\/\,) fork=0,2....d. (6.43)

The symmetry (6.4) implies that z = (—1)*z, and V(Py) = V(P_). The eigen-
values of the Hessian of the potential at P, are the same, owing to the symmetry,
and of the form

1 =—=22 +O(MP?) . =M+ O(N|P?) fork=0,2...,d, (6.44)

which shows that P, and P_ are saddles with a one-dimensional unstable man-
ifold, and a d-dimensional stable manifold. The unstable manifolds necessarily
converge to the two local minima of the potential.
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The basins of attraction of the two minima of the potential are separated by a d-
dimensional manifold that we will denote W*. For A\; > 0, W* = W?5(O) is the stable
manifold of the origin. For A\; < 0, we have W* = W*(0) U W5(P_) U W5(P,). See for
instance [27] for a picture of the situation.

Lemma 6.4 (Growth of the potential along W*®). Let z; = (z2,...,24). There exist
constants p > 0, mo > 0 and n > 0 such that for |A\;| < n and all = € W*, one has

1 1
Vo(2) = mo {28 + 22N <§Alz% + 504211) + ||ZJ_||§_11:| . (6.45)

Proof. The manifold W* can be locally described by a graph zy = ¢(z1, 21 ), where
[(21,20)] < M(2f + |z0][.)  whenever 2 + |21 3. < s (6.46)

for any s > 1/4 and some M > 0 and pp > 0. This implies

d

~ 1 1 1

Vp(¢(zl7 ZJ_)7 21, ZJ_) = 5)\12% + 56142411 + 5 Z )\kzi + O(lZﬂ + ||ZJ_||iIS) (647)
k=2

for 22 + ||z1[|%. < (po A p)> = p?, and proves (6.45) for ||z ;. < p1. In particular, for
22+ ||zL |3 = p?, we obtain the existence of a constant my > 0 such that V,(z) > map?,
provided |\;| is small enough. The remainder of the proof is similar to the proof of
Lemma 6.1. O

Proposition 6.5 (Upper bound on the capacity). There exist constants cg,n,c4+ > 0
such that fore < egandd > 1,

1. If0 < A\ <1, then

d
€ e 2me
cap 4 (B) < e~mly)/eq < ,/) 1+c RN\, (6.48)
pA( ) \/%/700 Y1 a1 A& [ + ( 1)}

where

1 1
u () = Mt + 5Ca (6.49)
and "
elloge|? ]
R(e,\) = | ——F—— (6.50)
(&) {)\\/\/sﬂoge

2. If —mp < A1 <0, then

d
(o] 2 e
cap,(B) < 2= M/ e/ qy, [ TT /25 ) e 7P/ [1 4 ¢, Rie, )]
2me Jo w1k

(6.51)
where
1 2 M1 2
=-C -—— . 6.52
uz(y1) = 5 4(191 4C4> (6.52)
Proof. The proof is similar to those of [7, Proposition 5.1 and Theorem 4.1], the main
difference lying in the dimension-dependence of the domains of integration. The capac-
ity can be bounded above by ®sup(h4+) for any Ay € Ha p. The change of variables
y =z + g(z) and (4.36) lead to

Baop(hy) == /

e VR ()% [1+ 11s1,. < Ol ) | 42 (6.53)
(AUB)¢
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Consider first the case \; > 0. Let D be a box defined by (6.19), where we take d; as

in (6.18) for k # 1, while ¢; is the positive solution of u;(d1) = ci¢[loge|, which satisfies
I
52 = 0(6|0g5|> . (6.54)
A1V y/ellog el

Note that if z € D, then ||z|/ . = O(61) for all s < 1. This ensures that the potential 17,)
is given by the normal form (6.40). The rest of the proof then proceeds exactly as in
Proposition 6.2. We have slightly overestimated the logarithmic part of the error terms
to get more compact expressions.

For —cy/c[loge| < A\; < 0, the proof is the same, with §; of order (¢|loge|)'/*. Note

that in this case, the potential at the saddles P, has order ¢|loge|, so that e~ V(P£)/¢ ig
still close to 1 for small c.

Finally, for —n < A\ < —cy/elloge|, we evaluate separately the capacities on each
half-space {z; < 0} and {z; > 0}. Each Dirichlet form is dominated by the integral over
a box around P, respectively P_, where the extension of the box in the z;-direction is

of order y/¢|loge|/p1. The main point is to notice that

1 L
we) = 5Ca(52 - o) +TolPa) + O 4R) (655

(see [7, Proposition 5.4]). O

Remark 6.6. As shown in [7, Section 5.4], the integrals ofe~w1(W1)/e and e*“f(yl)/E can
be expressed in terms of Bessel functions, yielding the functions V¥ given in (2.30)
and (2.31).

Proposition 6.7 (Lower bound on the capacity). There exist constants g, n,c_ > 0 and
do(e) < oo such that fore < ¢y and d > dy(e),

1. If0 < A\ < n, then

d
~ 2

\/26%/ emmW/e gy (H ;:) [1—c_R(s,\1)], (6.56)
o k=2

where u; and R are defined in (6.49) and (6.50).
2. If -m < A1 <0, then

d
ol % sy 2me ) -~V (P
capy(B) > 22 ore /) e WIS dyy kl;[Q e e =)/e[1—c_R(e, )] ,

(6.57)

capy(B) >

where uy is the function defined in (6.52).

Proof. For —cy/¢elloge| < A1 < n, the proof is exactly the same as the proof of Propo-
sition 6.3, except that 51 is defined in a similar way as §; in (6.54), and thus the error
terms are larger. For —n < A\ < c¢y/¢|logz|, the definition of the set D has to be slightly
modified. Since the same modification is needed for all L — 7 of order 1, we postpone
that part of the proof to the next subsection. O

6.1.3 L>n7
We finally consider the case L > 7 + c. Recall from Section 2.2 the following properties

of the deterministic system:
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1. The infinite-dimensional system has exactly two saddles of index 1, given by func-
tions u’ (z) of class C? (at least). The fact that u’ (z) € C? implies that their Fourier
components decrease like k2.

2. The Hessian of V' corresponds to the second Fréchet derivative of V' at u}, given
by the map

e [ [+ U @] ds
_ / [vl( o ( )+U”(u;(ag))m<x)u2(x)} dz . (6.58)

0
The eigenvalues puj of the Hessian are solutions of the Sturm-Liouville problem
v (x) = =U"(ui(x))v(z). They satisfy pgp <0 < py < ... and

— ek < <k Yk (6.59)

for some constants v, 2,3 > 0 (this follows from expressions for the asymptotics
of the eigenvalues of Sturm-Liouville equations, see for instance [39]). In Fourier
variables, we have R

VAV (ui) = A+ Qul), (6.60)

where A is a diagonal matrix with entries \x, and the matrix @) represents the
second summand in the integral (6.58). Thus if v has Fourier coefficients z, we
have

L
z,Q(ul)z) = U" (. (x))v(z)? dr . (6.61)
(2,Q(ul)z) ; i

If M is a constant such that |U"(u% (z))| < M, for all z, we get
|(z, QL)) | < M vl7= = M2z - (6.62)

3. As shown in Section 4.4, similar statements hold true for the finite-dimensional
potential for sufficiently large d. As above we denote the two saddles by Py, and
the eigenvalues of the Hessian by uj, = ux(d). Let Si be the orthogonal change-
of-basis matrices such that

S:V2V (ui)ST = diag(uo, - . ., pta) - (6.63)

Lemma 6.8 (Equivalence of norms). There exists a constant 3y > 0, independent of d,
such that

1
Bo llyllz < 1Seyl3m < N [ (6.64)

Proof. On one hand, the S; being orthogonal, y and z = Siy have the same ¢>-norm
and we have the obvious bound

2 2 2
1Yl = llylle = N2l - (6.65)

On the other hand, using 1 + k% = 1 + (1 + A\;)L?/7? and again equality of the /2-norms,
we get

L2 2 <
ol = (1 5 ) el 25 3 Mk (6.66)
k=0
Now by (6.60) and (6.62), we have
d
Zukzk = (y, V2V (P} )y Z)\kyk + (W, Q) <> (M + M)y; . (6.67)
k=0 k=0 k=0
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It follows that

d d
L2
2
|7 22(1+7T2[1+uk—M]>z,3 = oz (6.68)
k=0 k=0
The lower bound (6.59) implies that
L? L?
=1+ 5[ -M—m]+r5k. (6.69)
Vs i

Let ko be the smallest integer such that ¢, > 1. We may assume d > kg, since otherwise
there is nothing to prove. It is easy to check that

_ﬁl for()gkgko,
cL = (6.70)
14 Bok? forkg+1<k<d,
where 3; = (M + 1 — 1)(L?/7?) — 1 and 32 = 72 L?/((k} + 1)7?). Thus setting
ko d d
a=>» 2z, b= Yz, b= Y (1+Bk)7, (6.71)
k=0 k=ko+1 k=ko+1
we can write the bounds (6.65) and (6.68) in the form
lyl3: = a+b  and  |yl%. = —Bra+by . (6.72)

By distinguishing the cases (1+81)a < —b1 +b2 and (14 1)a > —b; +bs, one can deduce
from these two inequalities that

a+ by
2+ 61

2
191z = (6.73)

which implies ||y||%: > o ||2]/3: for some By > 0. The inequality ||z||%: > fo ||yl/3: can
be proved in a similar way, using the upper bound on the . O

We denote again by W?* the basin boundary, which is formed by the closure of the
stable manifolds of P; and P-_.

Lemma 6.9 (Growth of the potential along W*). There exists a constant mg > 0 such
that for all y € W*,

V(y) = V(Py) = V(y) = V(P-) = mo(lly — Pelin Ally — P_|l3) - (6.74)
Proof. We have

d

~ ~ 1 )

V(Pe+ ST2) = V(Py) + 5 3 i + Ozl (6.75)
k=0

for any s > 1/4. Since the stable manifold can be described locally by an equation of
the form zy = g(z, ), we obtain, as in the proof of Lemma 6.1, the existence of constants
m1, p1 > 0 such that

V(P +ST2) > V(P +ma |23 Vz: Py +8Tze W, |2l <p1. (6.76)
By Lemma 6.8, this implies
V() 2 V(P + Bom lly = Pelin Yy e W's lly =Pl < VBopr . (6.77)

A similar bound holds in the neighbourhood of P_.
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Now choose a y > 0 such that —a + $72/4 > 1, where o and j are the constants
appearing in (6.15), and such that v > 3|/ P;||;:. We want to consider the case of
y € W¥ satisfying v/Bop1 < [ly — Pyl Ally — P-| 1 < . Without loss of generality we
may assume ||y — Py || > |ly — P-[|g:. As in the proof of Lemma 6.1, we use the fact
that the vector field —VV (y) is pointing inward. Thus,

. R 2

V(y) = V(Py) = mifo(v/ Bopr)? = mlﬁg%(ﬂy — Pl Ally = P-ll7) - (6.78)
Together with (6.15) for |y — Py ||y A ly — Pz > ~, this proves (6.74) for all y €
WS, O

Proposition 6.10 (Upper bound on the capacity). There exist rg,e9 > 0 and dy < oo
such that forr < rg, € < eg and d > d,

cap 4(B) < V';jfg (H,/ ) V(PL)/e[1 4 ¢y e/ ?flogel’/?] (6.79)

where the constant c, is independent of € and d.

Proof. The proof is similar to the proof of Proposition 6.2. We first compute the Dirich-
let form over a box D, defined in rotated coordinates z = S, (y — Py) by |zk| <
verelloge|/|pk|. Constructing hy as a function of zy as before yields a contribution
equal to half the expression in (6.79). The other half comes from a similar contribution
from a box D_ centred in P_. The remaining part of the Dirichlet form can be shown to
be negligible with the help of Lemmas 6.8 and 6.9. O

Proposition 6.11 (Lower bound on the capacity). There exist ro,eq > 0 and do(e) < o0
such that forr < rg, € < g9 and d > dy(e),

capa(B) = 2/ 5 L] <H \/7> VP[] — ¢V |logel?] (6.80)

where the constant c_ is independent of € and d.

Proof. We perform the change of variables y = P, + SJTrz in the Dirichlet form, which is
an isometry, and thus of unit Jacobian. Let A’, B’ denote the images of A and B under
the inverse isometry.

Let V(z) = V(S4(y — P.)) be the expression of the potential in the new variables,
given by (6.75). We define lA)L as in (6.28) and set

B+:{Z:(ZO,ZJ_):ZJ_EBJ_,_p<ZQ<p}. (6.81)
Then by the same computation as in (6.30)—(6.35), we have

_HO/E):I 2

k/DJ_ / V(Z[),ZL)/& dZ

dzy . (6.82)

The function zy — V (2o, z. ) admits its maximum in a point z; = O(|loge|). We can thus
apply the Laplace method to obtain

d
/p oV Goplzo)z) /e g0 — | ZTE (D(Py)/e eXp{l Z/Wi} 1+ O log */2)] .
—p |MO| 2e k=1

(6.83)
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Substituting this into (6.82), the Dirichlet form <I>5+ (h*) can be estimated as in (6.39).

Now a similar estimate holds for the Dirichlet form ®5 (h*) on a set D_ constructed
around P_. The two sets may overlap, but the contribution of the overlap to the capacity
is negligible. O

6.2 Periodic b.c.

We turn now to the study of capacities for periodic b.c. Since most arguments are
the same as for Neumann b.c., we only give the main results and briefly comment on a
few differences.

The potential energy (6.1) is invariant under translations u — u(- + ¢). As a conse-
quence, when expressed in Fourier variables it satisfies the symmetry

?({Zk}—dgkgd) = ?({eQiﬂ—k@/L Zk}—dgkgd) . (684)

The eigenvalues of the Hessian of V at the origin are of the form

2k \ 2
Ak=—1+(;) . k=—d,....d, (6.85)
and are thus doubly degenerate for k£ # 0.

The case L < 27 — c is treated in exactly the same way as the case L < 7 — ¢ for
Neumann b.c., with the result

d
_ ¢t 2me 1/2 3/2
cap 4 (B) = \/%(k]:[l " )[1+(’)(5 loge[*?)] , (6.86)

where the error term is uniform in d.

For 2m — ¢ < L < 27, the capacity can again be estimated by using the normal form.
The only difference is that the centre manifold is now two-dimensional, which leads to
the expression

2 o) d

2

CapA(B):\/;Tg/O / eu(m,cpl)/frldmdgm(ﬂ;T:>[1+O(R(s,)\1))], (6.87)
o0 k=2

where )
u(ry, 1) = §A1r% + Cyrt (6.88)

results from the terms in z1; written in polar coordinates, and R(e, A1) is the same as in
(6.50). The integral can be expressed in terms of the distribution function of a Gaussian
random variable, cf. [7, Section 5.4].

For 27 < L < 27 + ¢, the expression for the capacity is given by (6.87) with an extra
term ¢/, where V ~ —\?/(16C,¢) is the value of the potential at the transition state.

Finally in the case L > 27 + ¢, we have to take into account the fact that instead
of isolated transition states, there is a whole family of transition states {P(¢)}o<y<rL,
satisfying by symmetry

Pi(p) = ?im¢/L p(0) . (6.89)

The eigenvalues p; of the Hessian at any transition state satisfy
po < p—1 =0 < pg < po, g < ... (6.90)
When evaluating the Dirichlet form, we construct an approximation of the equilibrium

potential in a neighbourhood of the transition states in a way which is invariant under
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the symmetry. The result is

d 1/2
€ 2me 2me —V(P(0))/e 1/2 3/2
CapA(B):Esaddle( Il > e VP [1+O(c"?|logel*?)] , (6.91)
V/ 2me| ol is2 P

where flgqq1e is the “length of the saddle”, due to the integration along the direction
with vanishing eigenvalue p_;. It is given by

L
oP
gsaddle = / ) dQD y (6.92)
0 2
where (6.89) shows that
2k7r
= P , (6.93)

Hence we have

which converges as d — oo, by Parseval’s identity, to ||(uio)/H2LQ.

(6.94)

dingogsaddle(d) =L ||(“T,0)/HL2 :

When L is close to 27, the normal form shows that |P;(0)|? = |\;|/(2C,) + O(\?), while
the other components of P(0) are of order \?. Also the eigenvalue p; satisfies yu; =
—2X\; + O(]A1]?/?). This shows that fsaqaqie = 27\/11/(8C4) + O(u1), and allows to check
that the expressions (6.91) and (6.87) for the capacity are indeed compatible.

7 Uniform bounds on expected first-hitting times

7.1 Integrating the equilibrium potential against the invariant measure
We define as before the sets A, B C F as the open balls

A={ueE: Hu—u”’iHLC>O <r},
B:{UEE: Hufuj_HLm <p}. (7.1)

The aim of this subsection is to obtain sharp upper and lower bounds on the integral
AB) = [ e T e ay, 7.2)
Ed\Bd

where hffjﬁ B, is the equilibrium potential

W) g, () =P {0 <0} (7.3)

Recall that the local minima u} of V are also local minima of the truncated poten-
tial, and that the eigenvalues of the Hessian of the potential at u* are given by v, =
(bkm/L)? + U"(u_), where b = 1 and k € IN for Neumann b.c., and b = 2 and k € Z for
periodic b.c. Recall that u, denote the minima of the local potential U.

Proposition 7.1 (Upper bound on the integral). There exist constants rq > 0, g > 0
such that for any € < ¢, there exists a dy = dy(g) < oo such that

H e VIull/e [1 + c+51/2\log5|3/2] (7.4)
|k|<d Vi
forall0 < r,p < 1o, and all d > dy, where the constant c, is independent of € and d.
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Proof. Let §;, = \/ckellogel|/v, , where ¢, = co(1 + log(1 + |k|)). We introduce two sets

Ca=lu_ —do,u_+6]x [ [0k,
0<|k|<d

Dy={y € Eqs: V(y,u*) >0}, (7.5)

and split the domain of integration into Cy, Dy \ By, and the remaining part of E; \ By.
By Laplace asymptotics (cf. the quadratic approximation argument used in the proof of
Proposition 6.2) one obtains that

/hfﬂ,Bd(y)e_‘?(y)/ady</ e_v(y)/ady (7.6)
Cyq Ca

satisfies the upper bound (7.4). To bound the integral over D , we use the bound on the
equilibrium potential in Proposition 5.18 to get

| e Ty < [
d

(e—[vw,A)—nW(yn/s +e—[1/n+‘7(y)]/6) O
Dg

If uj, denotes a transition state, we have V(y, A) = V]uy] — V(y). Choosing n small
enough that 1/n > V[uj] — V[u} ], we thus obtain

| s e Ty < ge Vil [ gy, (7.8)
Dy D

d

The lower bound (4.20) on the potential implies that Dy is contained in a set {||y|| ;. <
M} for some M. The scaling y, = /M/(1 + k?)z;, shows that

1
dy < MHH1/2 7/ dz . (7.9)
/Dd Y H \/1+k2 g 2d

|k|<d

The volume of the sphere $2¢ is given by 27?/I'(d), which by Stirling’s formula is
bounded by (M;/d)¢ for some constant M;. Thus choosing dy of order 1/¢ or larger
ensures that the integral (7.7) is negligible if we take 1 small enough.

Finally, we can bound the integral of e~V (¥)/¢ over the remaining space in the same
way as in the proof of Proposition 6.2, using again (4.20) to bound the potential below
by a quadratic form. Choosing ¢y large enough ensures that this integral is negligible
as well. O

Proposition 7.2 (Lower bound on the integral). There exist constants ro > 0, g > 0
such that for any € < ¢, there exists a dy = dy(g) < oo such that

2 -
Ji(A,B) > H E e_V["*V‘E[l - c,51/2|log5|3/2] (7.10)
v
kl<d ¥ 7k

forall0 < r,p < 1o, and all d > dy, where the constant c_ is independent of ¢ and d.

Proof. We define Cj; as in the previous proof. The fact that hfij B,(Yy) =1- hgd) 4,)

shows that

Ja(A,B) > / B () e TW/e gy

Cyq
= / eV W)/e dy — / hgj 4,) Ve dy . (7.11)
Cd Cd 1

The first term on the right-hand side satisfies the claimed lower bound, by a compu-
tation similar to the one in the proof of Proposition 6.3, cf. (6.39). Proposition 5.17
shows that the second term on the right-hand side is smaller than the first one by an
exponentially small term. O
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7.2 Averaged bounds on expected first-hitting times
We define the sets A and B as in (7.1). According to (3.11),

—V(2)/e

(d) (dz) _ _eAthd,(dZ)e

v (7.12)
A,B capAd(Bd)

is a probability measure on 0A,.
The following result implies Proposition 3.3.

Proposition 7.3. There exist rg,e9 > 0 such that for0 < r,p < rg and 0 < € < &g, there
exists a dy = dy(g) < oo such that for all d > dy,

C(d,e)efl /e [1- R;B(s)] < / EZ{T](B?}V%)B((ZZ) < O(d,e) et D/e [1+ RIB(e)] ,

DAy
(7.13)
where the quantities C(d, <), H(d) and RiB(a) are detailed below.
Proof. By (3.12), we have
2f (D) (D) Ja(A, B)
E#{r vy pldz) = ————. (7.14)
o B OB A ) = O

Hence the result follows immediately from Propositions 7.1, 7.2 and the bounds on
capacities obtained in Section 6. O

We end by listing the expressions of the quantities appearing in (7.13). In the case
of Neumann b.c., they are of the following form, depending on the value of L.

e For L. < m — ¢, Propositions 6.2 and 6.3 yield a prefactor

d

1 A 1/2
C(d,s):%( 11 ) (7.15)

|)‘0|V0_ k=1 Vk_

(recall that \g = —1). As d — oo, the product converges to an infinite product
which is finite, due to the fact that both A, and v, grow like (kw/L)?. Since the
transition state is uj, the exponent is given by

H(d) = V[u] - V[u*] = |U(u_)] (7.16)

and is independent of d. The error terms satisfy
Ry p(e) = O("?|loge*?) (7.17)

uniformly in d.
e For L. > m + ¢, Propositions 6.10 and 6.11 yield a prefactor

C’(d7g):ﬂ( 1 ﬁ/tk(d))1/2

lwo(d)lvy =y Vi

, (7.18)

where the eigenvalues ux(d) depend on d. They converge, as d — oo, to those of
the Hessian at the transition state uj ., by the implicit-function theorem argument
given in Proposition 4.9. The exponent is given by

~

H(d) = V(Py(d)) — V]u'], (7.19)

and converges to V[uj , ] —V[u*] as d — oo. The error terms satisfy (7.17) as well.
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e For L < m, the value of the prefactor follows from Propositions 6.5 and 6.7. Using
the computations of [7, Section 5.4] to determine the integral in (6.48) (note that
our Cjy is equal to half the C; in that reference), we get

7r( 1 A+ VCye d ) 2 1
[Xolvg v{ s Vi U, (A /VCae)’

where V¥, is the function defined in (2.30). The exponent is still given by (7.16),
while the error terms are of the form

R:I: (E) O({e'bgd&] 1/2> (7 21)
@B A1V y/elloge| ' '
e For L > m, again by Propositions 6.5 and 6.7 and [7, Section 5.4],

oL mld) + VTiE p m@))? L
Cld.e) =2 (Iuo(d)IVo v kf:[ Vi ) V_Gu@)voe) . P

where U is the function defined in (2.31). The exponent is again given by (7.19),
and the error terms satisfy (7.21).

C(d,e) =2

(7.20)

The expressions are similar for periodic b.c.

A Monotonicity of the period

Consider the Hamiltonian system defined by the Hamiltonian (2.16). Let T'(F) be
the period of its periodic solution with energy F, given by (2.18). The following lemma
provides a sufficient condition for 7" being increasing in F.

Lemma A.1. Assume that

U'(u)? = 2U(u)U"(u) >0  forallu € (u_,uy)\ {0} . (A1)
Then T'(E) is strictly increasing on [0, Ey).
Proof. We parametrize the upper half of the periodic orbit by

u =V2Esing,
—U(u) = Ecos® ¢, (A.2)

where ¢ € [0,7]. The second relation can be inverted, writing v = fg(y), where the
function fg : [0, 7] — [u2(E), us(E)] is increasing and maps [0, 7/2] on [us, 0] and [r/2, 7]
on [0, us]. Differentiating the relation E cos? ¢ = —U(fr(p)) shows that

Ofg _ 2Esinpcosp ofs _ cos? ¢ (A.3)
I U'(fe(e)) = OE U'(fe(e)) '
The period is given by
us(E)
T(E) _ / du / \/2Ecosg0 d (A4)
2 U'(fe(e
By (A.3) we have
d (\/QECOSQO) " COS
—= | Ty "(Fe()? = 2U(fe(@)U" (fE(O)] e 5 (A.5)
U'(fe(0)) v ]\/2EU’(fE(<ﬂ))3
Since cos¢ and —U’(fg(y) have the same sign, the assumption (A.1) implies that the
integral (A.4) is strictly increasing in F. O
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