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Abstract

We give a sufficient conditions for uniqueness in law for the stochastic partial differ-
ential equation
0%u .
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where A is an operator mapping C|0, 1] into itself and W is a space-time white noise.
The approach is to first prove uniqueness for the martingale problem for the operator
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where \; = ¢i? and the a;; is a positive definite bounded operator in Toeplitz form.
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1 Introduction

Our goal is to obtain a uniqueness in law result for parabolic stochastic partial dif-
ferential equations (SPDEs) of the form
ou 0%u .
where W is a space-time white noise on [0, 1] x [0, c0), suitable boundary conditions are
imposed at 0 and 1, and A is an appropriate operator from C[0,1] to C]0,1] which is
bounded above and away from zero. A common approach to (1.1) (see, e.g., Chapter 3
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Uniqueness for SPDEs and SDEs

of Walsh [18]) is to convert it to a Hilbert space-valued stochastic differential equation
(SDE) by setting
XI(t) = (u, e5),

where {e;} is a complete orthonormal sequence of eigenfunctions for the Laplacian
(with the above boundary conditions) on L?[0, 1] with eigenvalues {—\;}, u:(-) = u(-,t),
and (-, ) is the usual inner product on L?[0,1]. This will convert the SPDE (1.1) to the
(?-valued SDE

dX7 (t) = =X\ X7 (t)dt + ) o (Xy) AW, (1.2)
k

where {W7} are i.i.d. one-dimensional Brownian motions, o(z) = +/a(z), Ly (¢?,¢?)
is the space of positive definite bounded self-adjoint operators on ¢2, and a : 2 —
L, (2,0?) is easily defined in terms of A (see (1.3) below). (1.2) has been studied exten-
sively (see, for example, Chapters 4 and 5 of Kallianpur and Xiong [10] or Chapters I and
II of Da Prato and Zabczyk [7]) but, as discussed in the introduction of Zambotti [20],
we are still far away from any uniqueness theory that would allow us to characterize
solutions to (1.1), except of course in the classical Lipschitz setting.

There has been some interesting work on Stroock-Varadhan type uniqueness re-
sults for equations such as (1.2). These focus on Schauder estimates, that is, smooth-
ing properties of the resolvent, for the constant coefficient case which correspond to
infinite-dimensional Ornstein-Uhlenbeck processes, and produce uniqueness under ap-
propriate Holder continuity conditions on a. For example Zambotti [20] and Athreya,
Bass, Gordina and Perkins [1] consider the above equation and Cannarsa and Da Prato
[6] considers the slightly different setting where there is no restorative drift but (nec-
essarily) a trace class condition on the driving noise. Cannarsa and Da Prato [6] and
Zambotti [20] use clever interpolation arguments to derive their Schauder estimates.
However, none of the above results appear to allow one to establish uniqueness in
equations arising from the SPDE (1.1). In [20] a is assumed to be a small trace class
perturbation of a constant operator (see (9) and (10) of that reference) and in [6] the
coefficient of the noise is essentially a Holder continuous trace class perturbation of
the identity. If we take e;(y) = exp(2mijy), j € Z (periodic boundary conditions) and
Aj = 27242, then it is not hard to see that in terms of these coordinates the correspond-
ing operator a = (a;;) associated with the SPDE (1.1) is

1
aji(z) = /0 Au(z))(y)?e*™ =M gy j k€ Z, (1.3)

where u = ). z;je;. In practice we will in fact work with cosine series and Neumann
boundary conditions and avoid complex values - see (9.7) in Section 9 for a more careful
derivation. Note that a is a Toeplitz matrix, that is, a;; depends only on j — k. In
particular a;;(z) = fol A(u(z))(y)? dy and a(x) will not be a trace class perturbation of a
constant operator unless A itself is constant. In [1] this restriction manifests itself in a
condition (5.3) which in particular forces the a-Holder norms |a;;|c« to approach zero
at a certain rate as ¢ — oo; a condition which evidently fails unless A is constant.

Our main results for infinite-dimensional SDEs (Theorems 2.1 and 9.1 below) in fact
will use the Toeplitz form of a (or more precisely its near Toeplitz form for our cosine
series) to obtain a uniqueness result under an appropriate Holder continuity condition
on a. See the discussion prior to (3.3) in Section 3 to see how the Toeplitz condition is
used. As a result these results can be used to prove a uniqueness in law result for the
SPDE (1.1) under a certain Hoélder continuity condition on A(-) (see Theorem 2.3 and
Theorem 2.4).
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There is a price to be paid for this advance. First, the Holder continuity of a in the
ex direction must improve as k gets large, that is, for appropriate 5 > 0

laij(y + her) — ai;(y)| < kgk™P|h|*. (1.4)

Secondly, we require a > 1/2. Finally, to handle the off-diagonal terms of a, we assume
that for appropriate v > 0,

() <

lagj(z)] < 1+ i—gp

To handle the SPDE, these conditions on the a;; translate to assumptions on A. The
operator A will have two types of smoothness. The more interesting type of smoothness
is the Holder continuity of the map u — A(u). In order that (1.4) be satisfied, we require
Holder continuity of the map « — A(u) of order @ > 1/2 and with respect to a weak
Wasserstein norm involving sufficiently smooth test functions (see (2.10) in Theorem 2.3
and (9.9) in Theorem 2.4). The other type of smoothness is that of A(u)(x) as a function
of z. In order that the a;; satisfy (1.5), we require that A map CJ0, 1] into a bounded
subset of C” for sufficiently large .

A consequence of the fact that A must be Holder continuous with respect to a weak
Wasserstein norm is that A(u)(z) cannot be a Hélder continuous function of point values
u(z + x;,t), i = 1,...,n but can be a Holder continuous function of (u,¢;), i = 1,...,n,
for sufficiently smooth test functions as in Corollary 2.6. One can of course argue that
all measurements are averages of v and so on physical grounds this restriction could
be reasonable in a number of settings. Although dependence on point values is not a
strong feature of our results, it is perhaps of interest to see what can be done in this
direction. Let {¢. : £ > 0} be a C*° compactly supported even approximate identity so
that ¢, % h(z) — h(x) as e — 0 for any bounded continuous h. Here # is convolution on
the line as usual. Let f : R™ — [a,b] (0 < a < b < o0) be Holder continuous of index
a > % and z1,...,x, € [0,1]. Then a special case of Corollary 2.7 implies uniqueness in
law for (1.1) with Neumann boundary conditions if

A(u)(y) = ths = (f (e # (21 + ), - .-, e xU(zn + ) (Y), (1.6)

where u(y) is the even 2-periodic extension of u to R. As 4,¢ | 0 the above approaches

(1.5)

A(u)(y) = f@(z1 +y), ..., u(zn + ). (1.7)

Proving uniqueness in (1.1) for A = A remains unresolved for any o < 1 unlessn =1
and x; = 0. In this case and for the equation (1.1) on the line, Mytnik and Perkins [14]
established pathwise uniqueness, and hence uniqueness in law for A(u)(y) = f(u(y))
when f is Holder continuous of index « > 3/4, while Mueller, Mytnik and Perkins [13]
showed uniqueness in law may fail in general for « < 3/4. These latter results are
infinite-dimensional extensions of the classical pathwise uniqueness results of Yamada
and Watanabe [19] and a classical example of Girsanov (see e.g. Section V.26 of [16]),
respectively. These equations are motivated by branching models with interactions
(f(u) = y/o(u)u, u > 0), the stepping stone models in population genetics (f(u) =
u(1 —u), u € [0,1]) and two type branching models with annihilation f(u) = /Ju[, u €
RR. Note these examples have degenerate diffusion coefficients and, as in the finite-
dimensional case, [14] does not require any non-degeneracy condition on f but is very
much confined to the diagonal case in which A(u)(y) depends on u(y). In particular
their result certainly cannot deal with A as in (1.6) (and conversely).
Due to the failure of standard perturbation methods to produce a uniqueness re-
sult for (1.2) which is applicable to (1.1), we follow a different and more recent ap-
proach used to prove well-posedness of martingale problems, first for jump processes
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in Bass[2], for uniformly elliptic finite dimensional diffusions in Bass and Perkins [5],
and recently for a class of degenerate diffusions in Menozzi [12]. Instead of perturbing
off a constant coefficient Ornstein-Uhlenbeck operator, the method perturbs off of a
mixture of such operators. Further details are provided in Section 3.

We have not spent too much effort on trying to minimize the coefficients § and ~
appearing in (1.4) and (1.5), and it would be nice to either get rid of + altogether or
produce examples showing some condition here is needed. Our current hypothesis in
Theorems 2.1 and 2.3 require v — oo as « | 1/2. Do the results here remain valid if the
strengthened Holder conditions (1.4), or (for the SPDE), (2.10) or (2.13), are replaced
with standard Holder continuity conditions? Are there examples showing that o > 1/2
is needed (with or without these additional regularity conditions on A) for uniqueness
to hold in (1.1)? Most of the motivating examples for [14] from population genetics and
measure-valued diffusions had a Hoélder coefficient of a = 1/2. (The counter-examples
in [13] are for A(u)(x) = |u(x)|*/~¢ and so do not satisfy our non-degeneracy condition
on A.)

The main existence and uniqueness results for (1.2) and (1.1) are stated in Section 2.
Section 3 contains a more detailed description of our basic method using mixtures of
Ornstein-Uhlenbeck densities. Section 4 collects some linear algebra results and ele-
mentary inequalities for Gaussian densities. In addition this section presents Jaffard’s
theorem and some useful applications of it. The heavy lifting is done in Sections 5 and 6
which give bounds on the mixtures of Ornstein-Uhlenbeck process and their moments,
and the second order derivatives of these quantities, respectively. Section 7 then proves
the main estimate on smoothing properties of our mixed semigroup. The main unique-
ness result for Hilbert space-valued SDEs (Theorem 2.1) is proved in Section 8. Finally
Section 9 proves the slightly more general uniqueness result for SDEs, Theorem 9.1,
and uses it to establish the existence and uniqueness results for the SPDE (1.1) (The-
orem 2.3 and Theorem 2.4) and then some specific applications (Corollaries 2.6 and
2.7).

The proofs of some of the linear algebra results and of the existence of a solution to
(2.7) are given in Appendices A and B.

We often use ¢; for constants appearing in statements of results and use cg, ¢, cs3, ¢4
etc. for constants appearing in the proofs.

2 Main results

We use D; f for the partial derivative of f in the i** coordinate direction and Dy, f for

the corresponding second derivatives. We denote the inner product in R? and the usual
inner product in L?[0, 1] by (-, -); no confusion should result.

Let CZ(R*) be the set of twice continuous differentiable functions on R* such that
the function together with all of its first and second partial derivatives are bounded, and
define C?(¢?) analogously. Let us say f € 7,2 if there exists an f;, € CZ(R¥) such that f(z)
= fr(z1,...,z) and we let 7;2’0 be the set of such f where f; is compactly supported.
Let 72 = U, 7.2 be the class of functions in CZ(¢?) which depend only on finitely many
coordinates. We let X,;(w) = w(t) denote the coordinate maps on C'(R, ¢?).

We are interested in the Ornstein-Uhlenbeck type operator

(oo} oo (oo}
Lf(zx)= ZZaij(x)Dijf(x) —Z)\ixiDif(x), PRRAR (2.1)
i=1j=1 i=1
for f € T2. Here {)\;} is a sequence of positive numbers satisfying
rai? <N\ < Ky i (2.2)
EJP 17 (2012), paper 36. ejp.ejpecp.org
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foralli = 1,2,..., where k) is a fixed positive finite constant. We assume throughout
that a is a map from ¢2 to £, (¢?,¢?) so that there exist 0 < Ag < A; < oo satisfying

Aglw]? < (a(z)w,w) < Ajjw|* forall z,w € £2. (2.3)

Later on we will suppose there exist v > 1 and a constant «. such that
Fy

<t 2.4
< T @D

|ai; (@)
for all z € ¢? and all 4, j. We will also suppose there exist a € (%, 1], 8 > 0 and a constant
ks such that for all i, j, k > 1 and y € 2,

laij(y + her) — ai;(y)| < kplh|*k~" forall h € R, (2.5)

where ¢}, is the unit vector in the z;, direction.

Recall that a;; is of Toeplitz form if a;; depends only on i — j.

We consider C(R, £2) together with the right continuous filtration generated by the
cylindrical sets. A probability P on C(R,,¢?) satisfies the martingale problem for £
starting at v € 2 if P(Xy = v) = 1 and

M) = F(X2) — F(Xo) — / LF(X,)ds

is a martingale under P for each f € T2.
Our main theorem on countable systems of SDEs, and the theorem whose proof
takes up the bulk of this paper, is the following.

Theorem 2.1. Suppose a € (3,1], 3> % —a, and v > 2a/(2a — 1). Suppose the a;;

satisfy (2.3), (2.4), and (2.5) and that the a;; are of Toeplitz form. Let v ¢ ¢?>. Then
there exists a solution to the martingale problem for L starting at v and the solution is
unique.

It is routine to derive the following corollary from Theorem 2.1.

Corollary 2.2. Let {W'}, i = 1,2,... be a sequence of independent Brownian motions.
Let 0;; be maps from ¢* into R such that if

Qij (IL) = % Z Uik(w)o—kj (l’),
k=1

then the a;; satisfy the assumptions of Theorem 2.1. Then the (*-valued continuous
solution to the system of SDEs

dX] = 0i(X0) dW] — N X[dt, i=1.2,..., (2.6)
Jj=1
is unique in law.

Uniqueness in law has the usual meaning here. If there exists another process X
with the same initial condition and satisfying

dX, =" 0iy(X0) dW, — N X, dt,
j=1
where {W} is a sequence of independent Brownian motions, then the joint laws of

(X,W) and (X, W) are the same.
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We now turn to the stochastic partial differential equation (SPDE) that we are con-
sidering:

ou 0?u .
a(m,t) = %@(:v,t) + Aug)(x) Wyt x €10,1], (2.7)

where u; () = u(x,t) and W, ; is an adapted space-time Brownian motion on [0, 1] x R,
defined on some filtered probability space ({2, F, F;, P). Here A maps continuous func-
tions on [0, 1] to continuous functions on [0,1]. We impose Neumann boundary con-

ditions at the endpoints. Following Chapter 3 of [18], this means that a continuous
([0, 1]-valued adapted process t — u(t,-) is a solution to (2.7) if and only if

(14,0} = {tio, ) + / (ter " /2) ds + / / (@) Aluy) () AW, 2.8)

for all t > 0. whenever ¢ € C?[0,1] satisfies ¢’(0) = ¢’(1) = 0. Solutions to (2.7) are
unique in law if and only if for a given ug € C|0, 1] the laws of any two solutions to (2.7)
on C(R4,CJ0,1]) coincide.

Recall that {e;} is a complete orthonormal system for L?[0, 1] of eigenfunctions of
the Laplacian satisfying appropriate boundary conditions. We specialize our earlier
notation and let ex(x) = v/2cos(kmz) if k > 1, and eg(x) = 1. Here is our theorem for
SPDEs. It is proved in Section 9 along with the remaining results in this section.

Theorem 2.3. Assume
u, — u in C[0,1] implies ||A(u,) — A(u)|]2 — 0. (2.9)
Suppose there exist
1 2a 9 ¥
21 e 22 (G)-)v(EH)
O‘E(Q "o P2 \g) ) vie

and also positive constants k1, ko and k3 such that for all u € C0, 1],

|A(u + hex) — A(u)||2 < mi|h|*(k+1)""  forallk >0, h € R, (2.10)
0 < ko < A(u)(z) < Ky, for all x € [0,1], (2.11)
and .
A(u)? <— % __ forallk>0. 2.12
I{ (U)7€k>|_1+(k+1)w orallk >0 ( )

Then for any ug € C([0,1]) there is a solution of (2.7) in the sense of (2.8) and the
solution is unique in law.

To give a better idea of what the above conditions (2.10) and (2.12) entail we formu-
late some regularity conditions on A(u) which will imply them.
For § € [0,1) and k € Z, ||u||cx+s has the usual definition:

k
; [u® (y) — u® (2)]
Jullgrrs =Y 4o + 1550y sup
; 20 ¢ tieelon ly — x|

where u( is the i derivative of u and we consider the 0" derivative of u to just be u
itself. C* is the usual space of k times continuously differentiable functions equipped
with || - ||ox and CF0 = {u € O : ||ju|cr+s < oo} with the norm ||ul|cw+s.

If f € C([0,1]) let f be the extension of f to R obtained by first reflecting to define
an even function on [—1, 1], and then extending to R as a 2-periodic continuous function.
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That is, f(—z) = f(z) for 0 < z < 1 and f(z + 2) = f(z) for all . In order to be able to
work with real valued processes and functions, we introduce the space

Cger = {f S OC([()? 1}) :? S OC(R)}a

that is, the set of f whose even extension to the circle of circumference 2 is in C¢. A bit
of calculus shows that f € CS,, if and only if f € C¢([0,1]) and f*)(0) = f*)(1) = 0 for
all odd £ < ¢. Such f will be even functions, and consequently their Fourier coefficients
(considered on the interval [—1, 1]) will be real.

The following theorem is a corollary to Theorem 2.3.

Theorem 2.4. Suppose there exist

ac (31, V>ﬁ’ B> ((%)‘QV(ﬁ)’

and also positive constants k1, ko and k3 such that for all u,v continuous on [0, 1],

[A(w) —A()[l2 < k1 sup [(u—v,9)|%, (2.13)
PECTer lloll L5 <1
0< ko <A(u)(z)<ky', 2€][0,1], (2.14)
and
A(u) € C),, and [|A(u)||c~ < k3. (2.15)

Then for any uo € C([0,1]) there is a solution of (2.7) and the solution is unique in law.
Note that (2.13) is imposing Holder continuity in a certain Wasserstein metric.

Remark 2.5. The above conditions on «, 8 and v hold if v > ;2% v 44, and 8 > ;> — 1.

As a consequence of Theorem 2.4, we give a class of examples. Let a € (%,1].
Suppose n > 1 and ¢y, ..., ¢, are functions in CJ,, for § > 5~ — 1. Suppose f : [0,1] x
R™ — [0,00) is bounded above and below by positive constants, and f as a function of

the first variable is in CJ,,. for y > 2= v % and satisfies sup,, . [[f(y1,- -, yn)lly <

per
k. Assume also that f is Holder continuous of order a with respect to its second through

(n + 1)% variables:

|f(x7y1a"'7yi71ayi +hayi+17"'7yn) - f(l'yyla~'~7yi71ayiayi+1»~~~ayn)|
< clh|®, forl <i<n,

where c does not depend on z, 41, ..., Yn.
Corollary 2.6. With f and ¢4, ..., p, as above, let

A(u)(z) = flx, (uy 1), ..., (U, n)).
Then a solution to (2.7) exists and is unique in law.

A second class of examples can be built from convolution operators. If f, g are
real-valued functions on the line, f * g is the usual convolution of f and g.

Corollary 2.7. Assume ¢ : R — Ry and ¢1,¢2,...¢, : R — R are even C'*™° functions
with compact support and 1 is not identically 0. Suppose also that for some 0 < a < b <
oo and some « € (1/2,1], f : R™ — [a, ] satisfies
|f(z) = f(a")] <cfllz—2'||S  forallz,z’ € R™. (2.16)
If
A(u)(z) =« (f(d1 *u(:), ..., on xa(-)))(z), (2.17)

then there is a solution to (2.7) and the solution is unique in law.
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One can construct a physical model corresponding to Corollaries 2.6 and 2.7. Con-
sider a thin metal rod of unit length with insulated ends and wrapped with a non-
homogeneous partially insulated material. Subject the rod to random heat along the
length of the rod; this represents Wm. The heat flows along the rod according to (1.1).
The partially insulated wrapping corresponds to A(u). If n = 1 and A is a function of a
weighted average of the temperatures along the rod, we are in the context of Corollary
2.6. If n = 1 and one can only measure temperatures as an average of a neighborhood
of any given point, then Corollary 2.7 might apply.

3 Overview of proof

In this section we give an overview of our argument. For most of this overview, we
focus on the stochastic differential equation (1.2) where a is of Toeplitz form, that is,
a;; depends only on i — j. This is where the difficulties lie and puts us in the context of
Theorem 2.1.

Assume we have a K x K matrix a that is of Toeplitz form, and we will require all of
our estimates to be independent of K. Define

K
M?f(x) = Z a;;(2)Dy; f (x Z)\ ;D f(x

i,j=1

where \; satisfies (2.2). Let p*(¢, x, y) be the corresponding transition probability densi-
ties and let 7§ (z, y) be the resolvent densities. Thus Lf(z) = M* f(x).

We were unable to get the standard perturbation method to work and instead we
used the method described in [5]. The idea is to suppose there are two solutions P,
and P to the martingale problem and to let S;f = E; fooo e % f(X;)dt. Some routine
calculations show that S;( — £)f = f, and so Sa(6 — £)f = 0, where Sx is the linear
functional S; — Ss. If

f@) = [ e 0)gtw)dy
were in the domain of £ when g is C*° with compact support, we would have
(0 —L)f(x) = /(9 = M)rg(a,y)g(y) dy + /(My = M")rg(x,y)g(y) dy
—gla) + [ (M7= MO (o)) d.
Such f need not be in the domain of £, but we can do an approximation to get around

that problem.
If we can show that

| [ = Mgt ] < gl 3.1)
for 6 large enough, we would then get

1Sagl < 511Sall lglloo,

which implies that the norm of the linear functional S is zero. It is then standard to
obtain the uniqueness of the martingale problem from this.
We derive (3.1) from a suitable bound on

/‘ pY(t,x,y)| dy. (3.2)
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Our bound needs to be independent of K, and it turns out the difficulties are all when ¢
is small.

When calculating D;;p¥(t, z,y), where the derivatives are with respect to the z vari-
able, we obtain a factor e~ (AtA)t (see (6.1)), and thus by (2.2), when summing over i
and j, we need only sum from 1 to J ~ ¢t~ /2 instead of from 1 to K. When we estimate
(3.2), we get a factor t~! from D;;p¥(t,z,y) and we get a factor |y — z|® ~ t*/2 from the
terms a,;(y) — a;j(z). If we consider only the main diagonal, we have J terms, but they
behave somewhat like sums of independent mean zero random variables, so we get a
factor v/J ~ t~!/* from summing over the main diagonal where i = j ranges from 1 to
J. Therefore when o > 1/2, we get a total contribution of order ¢t~!*" for some 1 > 0,
which is integrable near 0. The Toeplitz form of a allows us to factor out a;;(y) — ai;(z)
from the sum since it is independent of < and so we are indeed left with the integral in
y of

. (3.3)

J
i=1

Let us point out a number of difficulties. All of our estimates need to be independent
of K, and it is not at all clear that

/ p(t,z,y)dy
RK

can be bounded independently of K. That it can is Theorem 5.3. We replace the a;;(y)
by a matrix that does not depend on yx. This introduces an error, but not too bad a
one. We can then integrate over yx and reduce the situation from the case where a is a
K x K matrix to where it is (K — 1) x (K — 1) and we are now in the (K — 1) x (K — 1)
situation. We do an induction and keep track of the errors.

From (3.3) we need to handle

J
i=1

and here we use Cauchy-Schwarz, and get an estimate on

J
> Dup¥(t,2,y)D;p" (¢, 2, y) dy.

ij=1

This is done in a manner similar to bounding f pY(t, x,y) dy, although the calculations
are of course more complicated.

We are assuming that a,;(z) decays at a rate at least (1+|i—j|)” as |i — j| gets large.
Thus the other diagonals besides the main one can be handled in a similar manner and
v > 1 allows us to then sum over the diagonals.

A major complication that arises is that D;;p¥(¢,x,y) involves ™' and we need a
good off-diagonal decay on a~! as well as on a. An elegant linear algebra theorem of
Jaffard gives us the necessary decay, independently of the dimension.

To apply the above, or more precisely its cousin Theorem 9.1, to the SPDE (1.1)
with Neumann boundary conditions, we write a solution u(-,¢) in terms of a Fourier
cosine series with random coefficients. Let e, (r) = v/2cos(mnz) if n > 1, and ey(z) = 1,
A\, = n?7?/2 and define X"(t) = (u(-,t),e,). Then it is easy to see that X = (X")
satisfies (1.2) with

1

aji(z) = / A We;erly) dy, @ € C(Z),
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where u(z) = Y, zne,. We are suppressing some issues in this overview, such as
extending the domain of A to L%. Although (a;) is not of Toeplitz form it is easy to see it
is a small perturbation of a Toeplitz matrix and satisfies the hypotheses of Theorem 9.1.
This result then gives the uniqueness in law of X and hence of w.

4 Some linear algebra

Suppose m > 1 is given. Define g, = rI, where [ is the m x m identity matrix and let
E(s) be the diagonal matrix whose (i,1) entry is e~ for a given sequence of positive
reals \; <--- < \,,. Given an m x m matrix a, let

a(t) = tE(S)CLE(S) ds 4.1)

be the matrix whose (¢, j) entry is

1 _ e_(Ai+Aj)t
aij(t) = LA W
Note lim;_,¢ a;;(t)/t = a;;, and we may view a as a(0).

Given a nonsingular matrix a, we use A for a~1. When we write A(t), this will refer
to the inverse of a(t). Given a matrix b or g,, we define B, G,,b(t), g-(t), B(t), and G,(t)
analogously. If r = 1 we will write G for G; and g for ¢;.

Let ||a|| be the usual operator norm, that is, |ja|| = sup{|jaw]| : |Jw|| < 1}. If C' is a
m x m matrix, recall that the determinant of C' is the product of the eigenvalues and the
spectral radius is bounded by ||C/||. Hence

|det C| < ||C||I™. (4.2)
If @ and b are non-negative definite matrices, we write a > b if a — b is also non-

negative definite. Recall that if a > b, then deta > detb and B > A. This can be found,
for example, in [8, Corollary 7.7.4].

Lemma 4.1. Suppose a is a matrix with a > g,.. Then a(t) > g, (t) and
det a(t) > det g,(t). (4.3)

Proof. Using (4.1),

a(t):/o E(s)aE(s)dsZ/o E(s) g, E(s) ds = gr(t).

(4.3) follows. U

For arbitrary square matrices a we let
lalls = max{sup Y _ |as;|,sup Y _ [ai;|}-
[ j J i
Schur’s Lemma (see e.g., Lemma 1 of [9]) states that

lall < llal|s. (4.4)

As an immediate consequence we have:

EJP 17 (2012), paper 36. ejp.ejpecp.org
Page 10/54


http://dx.doi.org/10.1214/EJP.v17-2049
http://ejp.ejpecp.org/

Uniqueness for SPDEs and SDEs

Lemma 4.2. Ifa is a m X m matrix, then

[z, ay)| < |lz|[ layll < llz]l [lyllllalls-
Lemma 4.3. For all \;, \j,

, 1/2 /1 — e—(MitA))t . 1/2
( 20 ) (1 e ) ( 2); | ) <1 (4.5)
1-— 672)"'75 >\7, —+ Aj 1-— 672)‘7t

for allt > 0.

Proof. This is equivalent to

t t 1/2 t 1/2
/ e~ itd)s gg < (/ e 2his ds) / (/ e*QAdes) /
0 0 0

and so is immediate from Cauchy-Schwarz. O

Define
a(t) = G(t)2a(t)G(1)'/?,

so that
i (t) = Gu(t)?ai; ()G (t)' /2. (4.6)

Let A(t) be the inverse of a(t), that is,

A(t) = g2 A(t)g ()2, (4.7)
A calculus exercise will show that for all positive A, ¢,

L+ _ 22 2(1 + At)

< . .
2% ~1—e M ¢ (4.8)

Lemma 4.4. Suppose 0 < Ag < Ay < 00. If a be a positive definite matrix with gx, >

@2 gho, and 2Ant 21t
— 1—e o'm — 1 —e M
Rolt) =t —). B =m(5—).

then for allt > 0,
ga, 2 at) 2 ga,  9x, ) = a(t) = gx, -

For the proof see Appendix A.

Lemma 4.5. Let a and b be positive definite matrices with gx, > a,b > gp,. Then

[a(t) — b(t)|| < [[a(t) — b(t)lls < lla — blls, (4.9)
|A(t) — B(t)|| < Ag2[la—b]s, (4.10)

and for all w,w’, N N
[(w, (A(t) — B(t))w')| < Ag2|lwl|[w’||la — b, (4.11)

For the proof see Appendix A.

Lemma 4.6. Let a and b be positive definite matrices with gx, > a,b > ga,, and set
0 = Ay'ml|ja —b||s. Then

det b(¢

e7~() _ 1‘ < 9ef.

deta(t)
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For the proof see Appendix A.
Let us introduce the notation

Qum(w,C) = (27) "™ ?(det C)1/ 2~ (W:Cw)/2 (4.12)
where C'is a positive definite m x m matrix, and w € R™.

Proposition 4.7. Assume a,b are as in Lemma 4.6. Set
0 = Ay mlla bl and ¢ = Ag?||w]|*[|a — b]l,.
For any M > 0 there is a constant ¢c; = ¢1(M) so that if§,¢ < M, then

Qu(w, A®) | <c(p+0).

Qm (w, B(t))
For the proof see Appendix A.
We note that if a, b are m x m matrices satisfying sup, ; |a;; — b;;| < 6, we have the
trivial bound
la —b]|s < méd. (4.13)

Lemma 4.8. Suppose a is a (m + 1) x (m + 1) positive definite matrix, A is the inverse
of a, B is the m x m matrix defined by

Aimt+145 m+1

A7n+1,m+1
Let b be the m x m matrix defined by b;; = a;;, i,j <m. Thenb= B~

For the proof see Appendix A.
We will use the following result of Jaffard (Proposition 3 in [9]). Throughout the
remainder of this section v > 1 is fixed. Suppose 0 < Ag < A; < oo and let K > 1.

Proposition 4.9. Assume b is an invertible K x K matrix satisfying
ol < Ay, |B|| < Ayt, and

C1

bl < — L
bl T =T

for all i, j,

where B = b~!. There is a constant c,, depending only on c;, v, Ay and A4, but not K,

such that
C2

Bij| < — 2
S e

for all i, j.
The dependence of c» on the given parameters is implicit in the proof in [9].
We now suppose that a is a positive definite K x K matrix such that for some positive
AO) Al;
gA, = @ 2 ga,- (4.15)

We suppose also that (2.4) holds. Our estimates and constants in this section may
depend on A; and ., but will be independent of K, as is the case in Proposition 4.9.

Recall a(t) and @(t) are defined in (4.1) and (4.6), respectively, and A(t) and A(t),
respectively, are their inverses.

Lemma 4.10. Forallt > 0,

K

"/ . .
| < T m = for all i, j.

lai; (t)
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Proof. Since

2\
Gii(t) = Tt
then
_ 2\ 1/2 1 — e~ (MitA))t 2\ 1/2
() = (= 2mr) )—)
176 2t )\z+)\] 1*6 2)‘Jt
Using (2.4) and Lemma 4.3, we have our result. O

Lemma 4.11. There exists a constant c;, depending only on k., Ag and Ay, so that

C1

A < —2

450 < =

Proof. This follows immediately from Lemma 4.4, Lemma 4.10, and Jaffard’s theorem

(Proposition 4.9). O
We set

L(i,g.1) = (LEAT) (AL A

The proposition we will use in the later parts of the paper is the following.

Proposition 4.12. There exists a constant c;, depending only on k., Ag and Ay, such
that

-1 .o o B .o C1
(280) LG )14i= < A5 O] < 6.3, (777 =577)-
Proof. Since a(t) = G(t)'/?a(t)G(t)'/?, then
a(t) = g(t)"/*a(t)g(t)'/?,

and hence _
A(t) = G)YV2AM)G(t)Y2.
Therefore , ,
2\ 1/2 2\ 1/2
A0 = (T=2mm) - A0 (7= 2mr) (4.16)

The upper bound now follows from Lemma 4.11 and (4.8).
For the left hand inequality, by (4.16) and the lower bound in (4.8) it suffices to show

Ault) > AT, (4.17)

and this is immediate from the uniform upper bound on a(t) in Lemma 4.4.

5 A Gaussian-like measure

Let us suppose K is a fixed positive integer, 0 < Ag < A; < oo, and that we have a
K x K symmetric matrix-valued function a : RX — RX*X with

K K K
Ao D wil? < ai(@)yiy; <MD lwil? € Ry = (y1,...,yx) € R
i=1 i,j=1 i=1
EJP 17 (2012), paper 36. ejp.ejpecp.org
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It will be important that all our bounds and estimates in this section will not depend on
K. We will assume 0 < A\; < Ay < --- < A\ satisfy (2.2). As usual, A(z) denotes the
inverse to a(x), and we define

t
a;j(z,t) :aij(il')/ e~ itA)s g
0

and then A(z,t) to be the inverse of a(z, t). Let d(z,t) and A(z,t) be defined as in (4.6)
and (4.7), respectively. When x = (z1,...,2k), define 2’ = (2}, ..., 2%) by

xh = e Mty
and set w = y — 2. For j < K, define 7, , : RX — RX by

7TJ,$(y) = (917?427--~7yj7$;'+17~-~737/;{)7

and write 7; for 7; . if there is no ambiguity. From (4.12) we see that

Qrc(w, Ay, 1)) = (2m)~"/(det A(y, 1))"/? exp ( - <w»A(y7t)w>/2)~ (5.1)

The dependence of A on y but not z is not a misprint; y — Qx (y — ', A(y, t)) will not be
a probability density. It is however readily seen to be integrable; we show more below.

The choice of K in the next result is designed to implement a key induction argument
later in this section.

Lemma 5.1. Assume K = m + 1 and a(y) = a(m,,(y)) for all y € R¥, that is, a(y) does
not depend on y,,+1. Let b(y) be the m x m matrix with b;;(y) = a;;(y) fori,j < m, and
let B(y) be the inverse of b(y). Then for all z,

(a) we have

/ Qo1 (10, AW)) dymss = Qo (w, B(y).

(b) If y1, ..., ym are held fixed, Qm+1(w, A(y))/Qm(w, B(y)) equals the density of a nor-
mal random variable with mean
2211 wiAi,m+1(y)

Am+1,m+1 (y)

-1

u(ylv s 7ym) = -

and variance o*(y1, ..., ym) = (Am+1,m+1(y))

Proof. Lemma 4.8 and some algebra show that

m—+1 m
> (i — @)y — 2 Aiy) = > (i — 2})(y; — 2)Bij(y) (5.2)
i,j=1 i,j=1

+ Am+1,m+1(y)‘ym+1 - l’;n+1 - N’|2

Let C(y) be the (m + 1) x (m + 1) matrix such that
Ci;i(y) = Bi;(y), ihj < m;
Cim+1(y) =0, i <m;
Crns1,;(y) = Amy1,5(y), j<m+1.

If row; (D) denotes the i" row of a matrix D, note that

Ai m
row;(C(y)) = row; (A(y)) — l(igm)ﬁ

roW, 41 (A(Y)).
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Therefore det C(y) = det A(y) > 0, and it follows that
det A(y) = det C(y) = Am+1,m+1(y) det B(y). (5.3)

Part (a) now follows from (5.2), (5.3), and evaluating the standard Gaussian integral.
Part (b) is then immediate from (5.2) and (5.3). O

Let By = 8log(A1/Ag) + 4log 2 and for B > 0 let
Sprx =Sp={zeRE:|z|*> < BALK}. (5.4)
Recalling that w = y — 2/, we will often use the further change of variables
w' = G)Y?w = Gt)Y(y — ). (5.5)

Note that when integrating Q x(w’, A(y,t)) with respect to w’, y is an implicit function
of w'.

Lemma 5.2. (a) For any p > 0 there is a ¢, = ¢,(A1) such that if B > By and F is a
K x K symmetric matrix-valued function of w with G, > F > G,,, then

/ ||| Q (w, F) dw < ¢, KPe~BK/16,
S,

(b) Let z € R*. There exists c, not depending on x such that
| 1P Qe Ay ) du < e,
Sk

Proof. (a) We have G, = (A1/Ag)Ga,, and so
Qx(w, F) < (2m) E/2(det Gy, )/ 2e™ (0 CGarw)/2 (5.6)

— (%)K/QQK(U), Ga,).

Let Z; be i.i.d. mean zero normal random variables with variance 1 and let

Y, =+vVMANZ,.

From (5.6) we have
Aqy K/2
[l Quetw pydw < (£) [l Qucw,6a,) du.
s¢, 0 S

The right hand side is the same as

(%)K/QE {(ZK: AllZiP)p; iAﬂZiF > BAlK]
=1 i=1
K

< (%)K/Q(Al)pE {(i |Zz‘|2)p;z Zi|* > BK}

1= 1=

- (%;)K/Q(Al)p [E((i ‘Zi|2>2p} 1/2

=1

B exp(32 12 /4)] e

i=1

< o7 [ (31) B etz ) e )
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Since Eel211?/4 = v/2, our choice of B shows that the above is at most
¢pKP exp(—BK/16).

(b) By Lemma 4.4, g5, < a(y,t) < ga,, S0 Gp, > Z(y,t) > Gj,. Hence (b) follows
from (a). O

For m < K we let a™(y, t), respectively a™(y,t), be the m x m matrices whose (i, j)
entry is a;;(mm, (y),t), respectively a;;(mm. o/ (y),t). We use A™(y,t) and A™(y,t) to
denote their respective inverses.

The main theorem of this section is the following.

Theorem 5.3. Suppose (2.5) holds with 8 > 3 — . Let w’ = G(t)*/?(y — 2’). Then there
exists a constant c¢; depending on o, 3, kg, p, Ao, and Ay but not K, such that for all
t>0andz € R:

(a) Foralll1 < j <K,

[l Queta Ay
REK
<al [ g, B i +1].

(b)
QK (w/a Av(y7 t)) dw' <o,
]RK
and
Qr(y— 2", Aly,t))dy < c1.
]RK
Remark 5.4. This is one of the more important theorems of the paper. In the proof
of (a) we will define a geometrically decreasing sequence Ky, ..., Ky with Ky, = K and
Ky = j and let C,, be the expression on the right-hand side of (a) but with K, in place
of K and AX= in place of A. We will bound C,,, inductively in terms of C,,,; by using
Lemma 5.2 and Proposition 4.7. This will give (a) and reduce (b) to the boundedness in
the K =1 case, which is easy to check.

Proof of Theorem 5.3. All constants in this argument may depend on «, 3, g, Ao, A1,

and p. Let Ky, Ki,..., Ky be a decreasing sequence of positive integers such that
Ko=K, Ky =j,and 2 < K,,/K,41 < 4 for each 0 <m < N.
Let
Con = [ 1} PP Quc, (', A5 (1) 5.7)
Our plan is to bound C,, inductively over m. Write
Co= [ e, (', A (1))
SBo Km

s el Qu, (A (g, duf
SBo,Km
=1 + 5. (5.8)
Assume m < N. We can bound /; using Lemma 5.2 and conclude

I < cpKfne_B"Km/16 < c;,e_BoKm/". (5.9)

EJP 17 (2012), paper 36. ejp.ejpecp.org
Page 16/54


http://dx.doi.org/10.1214/EJP.v17-2049
http://ejp.ejpecp.org/

Uniqueness for SPDEs and SDEs

Turning to I, we see that by our hypothesis on a, we have

‘az’fj’m (y’ t)_agm (ﬂ-Kerl (y)7 t)‘
Km
<kg D> |wel*kP
k:Km+1+1
K’VYL
D DI N T G
k=Km41+1
K
ul (2—a)/2
< et A K;a)|\w'\|a[ 3 k—w/(z—a)} '
k=Kpm4+1+1
In the last line we use Holder’s inequality and the bound
t
gn(t) = / e M ds <t A (2Ae) T < et A KT, (5.10)
0

by (2.2). We also used the geometric decay of the {K,,}.
If w' € Sp, i, so that ||w'||* < (BoA1K,,)*/?, some elementary arithmetic shows
there is a constant c3 so that

|afi™ (Y, 1) = agy™ (T (), 8)] < e(t™? A KO K 2[R, 3P/ Gme)/2
<es(t?PANKOKLP. (5.11)

m

Set § = c3 K17#~*. We now apply Proposition 4.7 for w’ € Sp, k,, with a = = (y,t) and
b=a""(rk,, ,(y),t). In view of (4.13) and (5.11), we may take

0=A;'K26 and ¢ = Ay2AByK26,

so that
0 \/d) S CgKSiﬁia S C3.

m

Proposition 4.7 shows that for w’ € Sp, k

m’

QKm (10/7 gKm (yv t))
QK,,L (w’, AKmn (T‘—Kerl (y)a t))

— 1| < ey K378, (5.12)

Therefore we have
Iy < (L4 K379 / W} Q,, (w', A (g, (y), 1) du'.

Recall m+1 < N so that j < K,,4+;. Integrate over w’K using Lemma 5.1, then over
Wi, 41 using Lemma 5.1 again, and continue until we have integrated over wy . ., to
see that

/ i *PQ,, (w', AR (i, 4 (), 1) dw' = Coin, (5.13)

and hence
I < (14 caK3 %) Crsr. (5.14)

This and (5.9) together show that (5.8) implies that for 0 < m < N,

Cr < chem P BT 4 (1 4 ey K377 Crgr. (5.15)
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This and a simple induction imply

N-1
Cy < exp (04 Z K;O;l_ﬁ_o‘)CN (5.16)
m=0
N-1 m—1
+ ¢, Z e BoKm /17 oxpy ( Z C4K§’_’B_a)
m=0 =1

< e (p)[COn + 1,

since § > 3 — a. Part (a) follows.
For (b), we may apply (a) with p =0 and j = 1 to get

/QK(w’,fT(y, t)) dw’ (5.17)

< 06{/OC Ql(w/7jl(y7t))dw+l .

Recall from Lemma 4.5 that the scalar A'(y, t) satisfies (A;)~* < |AL(y,t)| < (Ag)~! and
so the above integral is at most

AN\1/2
()" [ @utw.rstydw = (a1 /a0)
The first bound in (b) follows from this and (5.17). Using the change of variables v’ =

G(t)l/Qw, we see that the second integral in (b) equals the first. O

Proposition 5.5. Under the hypotheses of Theorem 5.3,

/QK(y —a', AR (y, 1)) dy — 1
ast — 0, uniformly in K and x.

Proof. We will use the notation of the proof of Theorem 5.3 with j =1, p=0, and ¢ < 1.
Using the change of variables w’ = G(t)'/?(y — '), it suffices to prove

/ Qrc(w', AX (y, 1)) du’

converges to 1 uniformly as ¢t — 0.
We define a decreasing sequence Kjy,..., Ky as in the proof of Theorem 5.3 with
Ko=Kand Ky =1, we let

Con(t) = / Qx, (W', A (y, 1)) du,

we let R > 0 be a real number to be chosen later, and we write

N—-1
Colt) = 1] < O () = 1+ 3 [Coa() = Cona (1) (5.18)

m=0

We will bound each term on the right hand side of (5.18) appropriately, and that will
complete the proof.
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Using (5.13) and with Sp gk defined by (5.4), we write
|Cm(t) — Crs1 ()]

< /S [QKm (w/7 Ava (ya t)) + QKm (’LU/, AVKM (WKm+1 (y)7 t))] dw/

c
R,Km

-1

N / | Qr, (w', A (y, 1)
Sem QK (W AR (T, 1 (Y),1))
X Q. (W AKm (i s (), 1)) d’
= Ji(t) + Ja(t).
By Lemma 5.2(a),
Ji(t) < cre” 2 tkm

Choose 0 < 1 < 8— (3 — «) and note that (5.11) implies there exists ¢o = ¢3(R) such that

@l (y, 1) — alSm (mre,, (), )] < et KL B0 = 4,

Follow the argument in the proof of Theorem 5.3 with this value of § to see that

Jo(t) < otV 2K 3 Ao / Qi (W', ABm 41 (y, 1)) du’

= Cgtn/2KS;67a+nOm+1 (t)

< 0375’7/2[(21_5_“"‘".

We used the uniform boundedness of C,, 1 from Theorem 5.3 for the last inequality.
A very similar argument shows that

‘C’N(t) - /Ql(w’, AL 1) dw'| < cpe™ T 4 5t®/?,

where ¢; depends on R. For example, in bounding the analog of J>(t), we may now
take § = cgR“t*/? by adjusting the argument leading up to (5.11). Now use that
Q1 (w', A(2/, 1)) is the density of a normal random variable, hence JQ1(w', A2 1)) dw' =
1. Substituting in (5.18), we obtain

N—-1
|CN(t) B 1‘ < C4€—C4R + c5ta/2 + Z [cle—czRKm + Cgtn/2KT3n—ﬂ—a+n]
m=0

< cre TR 4 08(t0‘/2 + t"/Q);

cg depends on R but ¢; does not. For the second inequality recall that3 — 6 —a+n <0
and the K,, were chosen in the proof of Theorem 5.3 so that % < Kp/Km+1 < 4
Given ¢ > 0, choose R large so that c;e“"® < ¢ and then take ¢ small enough so that
cg(t/? +11/?) < e. 0

Corollary 5.6. Assume the hypotheses of Theorem 5.3. For any p > 0 there exists
¢1 = c1(p) > 0 such that

/ 1|2 Quc (!, Ay, 1)) dw! < e, KP

forallt > 0.
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Proof. Bound the above integral by

/S ||w/||2pQK(w/7Al(y7t)) dw' + (BOAlK)p QK(w/7Av(yat))dw/

c
Bg Sy

The first term is at most ¢, KPe~50%/16 by Lemma 5.2. The integral in the second term
is at most ¢; by Theorem 5.3 (b). The result follows. O

Lemma 5.7. Ifr > 0,7 > 1, then there exists ¢; = ¢1(r,~y) such that for all N,

N T
m r— T
3 T SaVT F lomn loe N 4.

Proof. The above sum is bounded by
N N 1
TN ppm—
{Z |m k|7 mz::11+|m_kh

m=1

The first term is at most c3 25:1 n"~7 and the second term is at most c;k". The result
follows. |

For the remainder of this subsection, except for Theorem 5.12, we take p > 1/2,
a>1/2,v>3/2, 8> (2—-a/2+p)V(3—a), and assume (2.4) holds. With a bit of
additional work the condition on v may be weakened to v > 1 but in Section 7 we will
need stronger conditions on v so we made no attempt to optimize here.

Forp > 1/2 and f : RX — R define

Il = [ [ 15P2Qs w0 Aty ],

the L7 norm of f.
We start with a rather crude bound. We write Aw’ for A(y, t)w’

Lemma 5.8. There exists c¢; such that foralll1 <k < j <K,

(A Yillzp < e2g'/2.

Proof. By (2.4) and Lemma 4.11 we have

mmuw%<@HZj

1+|m k|“/

= s Z (1+ Im — k\v)”w%”r"p'

m=1

We can use Corollary 5.6 with K = j to bound ||w, |2, by

1w’ ll2p < caf*.

The bound follows. O
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Lemma 5.9. Assume there exists ¢; > 0 such that
[ 100 rQs (0! Aty 1)) e’ < (5.19)

forall j > k > ((j/2) v2) and ¢t > 0. Then there is a constant ce, so that forall1 < j < K
and allt > 0,

/|w§'|2pQK(wa~1(y,t)) dw' < cy. (5.20)

Proof. If z = A(y,t)w’, then by Lemma 4.10
J
Hw;‘H?p = H ZaijkHQP (5.21)
k=1

J
K
<§ 772 .
—k:11+|k_]|7|| k||2p

Use Lemma 5.8 to bound ||zx||2, for £ < (j/2) V1 and (5.19) to bound it for k£ > (j/2) v 1.
This leads to

Li/2]v1 J

1
’ c—y :1/2
ity <o 32 57 3 ()] <
= k=[j/2]v2

where v > 3/2 is used in the last line. This gives (5.20). 0

In order to apply Lemma 5.9 we need to establish (5.19); to do so we argue in a way
similar to that of Theorem 5.3. For j > k, as in (5.19), define 7 : R — R’ by

ﬁ(yh"' ayj> = (y17"'ayk717x;wyk+17"'ayj>

and
b(y,t) = a(7(y),t),  Bly,t) = AT(y),1).
As usual
by, t) = G(t)'/*b(y, t)G(1)"/?

with inverse _
Bly,t) = g(t)"*B(y, t)g(t)"/*.

Lemma 5.10. There exists ¢y such that forall K > j >k > j/2 >0,
/I(Ew’)kIQ”[Qj(w’,ﬁ(y,t)) —Q;(w', B(y,1)] dw' < .

Proof. As usual, v’ = G(t)l/Q(y —a'). If j, k are as above, then by (2.5) and (5.10)

|amn(y7t) - bmn(yvt)l < Hﬁ’|wk‘ak76
< co|jw!|| k7P (5.22)

by (5.10) and k > 2. So for w’ € Sp, ; we can use k > j/2 to conclude
|amn(y7 t) - b'rrm(ya t)| < CSkia/27ﬂ,
and therefore using k > j/2 again,

la(y, ) — by, t)||s < 2c3k’ /275,
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For v’ € Sp,,; we may therefore apply Proposition 4.7 with
0+ ¢ < csk? 0278 <.
It follows from Proposition 4.7 and the first inequality in (5.23) that

Qj(w/’%v(y’t)) _1l < 05k2—0¢/2—5
Qj(w/7 B(y7t)) B

By our off-diagonal bound (2.4) and Lemma 4.11 we have

’
forw’ € SBo,j-

|Brl < co(1+ [k —m[") ™",

and so (the constants below may depend on p)
~ ] ~ 4
(Bl < | 37 B[ |
m=1
< erf|w'|*P.
Use (5.24) and (5.26) to bound the required integral by

IR

B

" / (B k[ Q, (w', Bly, 1)) du csk?=*/>~7
SBO

<er / o' |22Q; (', Ay, £)) du
SC

Bo

+ cgh?m/2HP=h Q;(w', B(y,t)) dw'.

Sg,

(5.23)

(5.24)

(5.25)

(5.26)

The first term is at most c,jPe~507/16 by Lemma 5.2, and the last term is bounded by
cok?~®/2tP=F  thanks to Theorem 5.3. Adding the above bounds gives the required

result because § > 2 — a/2 +p.

Lemma 5.11. There exists a constant ¢; such that forall j > k > (j/2) V 2,

J = B, Ay, ) du! < .

Proof. We use L . B L B
|A =B = [|A(b—a)B| < [|AllIb—al || Bl

Lemma 4.4 implies L
IB] 4]l < Ay,

and Lemma 4.5 and (5.22) show that
b —a|l < |b—alls < eaflw'||*k P
These bounds give
[ 1) = By ) uPrQs ', Aly, 1) du
< [14G1) = Bl 07|10 Aty 1) du
< c3k2p<1*ﬂ*a>/|\w'||2p<1+a>Qj(w',E(y,t))dw'.
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By Corollary 5.6 this is at most c4k?(~26=2) which gives the required bound since
B>3-—a>(3—-a)/2 O

Theorem 5.12. Assume (2.4) for some v > 3/2 and (2.5) for some « > 1/2 and

B>2—a/24p)V(E—a/2)V(3-a).

Letp > 0. Letw’ = G(t)'/?(y — 2'). Then there is a ¢; = ¢;(p) such that foralli < j < K,
t >0, and v € RX,

/ |} PP Qx (w', Ay, 1)) dw’ < ey, (5.27)
and

< cptP. (5.28)

P
|27 A <¢l——
/|w7\ Qr(w, Ay, t))dw < ¢y e

Proof. Consider (5.27). First assume p > 1/2. As 8 > 3 — «, Theorem 5.3(a) allows us
to assume K = j. Lemma 5.9 reduces the proof to establishing (5.19) in Lemma 5.9 for
j and k as in that result, so assume j > k > (j/2) V 2. Lemmas 5.10 and 5.11 imply that

/ |(Aly, )w' ) [P Q;(w', Ay, t)) du (5.29)
< o[ [ 1A.1) = Bly 0)u)n Qs Alyot) '
+ [ 1B 00622 Qs (', Ay, ) |
<1t / (Bly, el Qs ', By, 1)) |
call + 1.
To evaluate the integral I, note that

- Bn ’ n 2p
I:/\Bkk(% ‘IU-FZ Bim(v. ),

m#£k Bkk (yv )
x Q;(w', B(y,t)) dw'.

Changing the indices in Lemma 5.1 with @ andgplaying the roles of a and b, respectively,
we see that provided we hold the coordinates w = (w});zx fixed, if ¥ = (y;);» and

g(?ﬁ ) is the inverse of (bmn(y7 t))7n7ék,n7ék: then Qj (w/7 é(y7 t))/Qj—l(ﬁ)\7 §(§7 t)) dw/ asa
function of wj, is the density of a normal random variable with mean

Ekm (ya t)

w=-
m#k Bkk(yvt)

and variance o2 = Ekk(% t)~!. So if we integrate over w},, Lemma 5.1 implies
1= [ 1By 0P, (.B(7.1) do
<y [ Q1(@. BG.1) o,

Finally we use Theorem 6.3(b) to bound the above integral by c;. Put this bound into
(5.29) to complete the proof of (5.27) when p > 1/2.
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For p < 1/2, we write

/|w‘;|2pQK(w’,g(y,t))dw’ < /(1 + W) Qxk (W', A(y, 1)) duw’

and apply the above and Theorem 5.3(b).
The change of variables w’ = G(t)'/?w shows that

/ 0} [2Q; (1w, Ay, £)) dw = gy (t)? / ! P Q; (', Ay, 1)) du.

Now use (4.8) to see that

() < .
g]]()—l_’_)\jt

This and (5.27) now give (5.28).

6 A second derivative estimate

We assume 0 < \; < Ay < ... < A satisfies (2.2) for all ¢ < K. Our goal in this
section is to bound the second derivatives

2

- O0x;0xy,

DirQr(y — ', Ay, 1)) Qi (y—a', A(y,t))

uniformly in K. Here a(y,t) and A(y,t) = a(y,t)"! are as in Section 5, and we assume
(2.5) for appropriate 8 and (2.4) for v > 3/2 throughout. The precise conditions on
will be specified in each of the results below. The notations A™, A™, A from Section 5
are also used.

A routine calculation shows that for j, k < K,

DjrQr(y — 2, Ay, ) = e~ M tMIES, ) (w, A(y, 1)) (6.1)
X QK(wa A(yv t))7

where w = y — 2’ and for a K x K matrix A,

K K
Sjak = Sj7k(w7 A) = (Z Ajnwn> (Z Aknwn) — Ajk
n=1 n=1
== (Aw)J(Aw)k — Ajk.

We use the same notation if A is an m x m matrix for m < K, but then our sums are up
to m instead of K.

We will need a bound on the L? norm of a sum of second derivatives. The usual
change of variables w’ = G(t)'/?(y — z') will reduce this to bounds on

IjKu:/ S jreSkpre(w', Ay, 1) Qi (w', Ay, t)) du'.
]RK

These bounds will be derived by induction as in Theorem 5.3 and so we introduce for
m< K,

™ = / S, ke (s A™ (5, £)) Qo (!, A7 (3, 1))
Rm,

As the argument is more involved than the one in the proof of Theorem 5.3, to
simplify things we will do our induction from m to m — 1 rather than using geometric

EJP 17 (2012), paper 36. ejp.ejpecp.org
Page 24/54


http://dx.doi.org/10.1214/EJP.v17-2049
http://ejp.ejpecp.org/

Uniqueness for SPDEs and SDEs

blocks of variables. This leads to a slightly stronger condition on 3 in Proposition 6.6
below than would otherwise be needed.

If Ais an m x m matrix, we set A;; = 0 if ¢ or j is greater than m. This means, for
example, that S; ;(w, A) = 0if j V & > m. In what follows z is always fixed, all bounds
are uniform in z, and when integrating over w’, we will be integrating over y; = y;(w})
as well.

Since w’ = G(t)'/?w we have from (5.11)

a(VIA()wl| ifn>2

(6.2)
c1Vt|wl| ifn=1.

[wn| = gun ()2 w,| < {

Lemma 6.1. Assume (3 > g There exists ¢; such that for all m,j,k > 0 and ¢ > 0

satisfying (j Vk)+{<m < K andm > 2,

/ [S;.5+0Skmre(w', A™(y,1)) = Sj e Sk ere(w's A™ (1 (y), 1))
X Qu(w, A™(y, 1)) duw'

< clm5/2—[3—a.

Proof. Let j, k,¢ and m be as above. The pointwise bound on A™ in Lemma 4.11 implies

|Sk,k+€(w/agm(yat))| (6.3)

< e[ SIS In— k)Tl — k- 7))

and so B
[Skre(w', AT (y, 0))| < es((Jw']? +1). (6.4)

The triangle inequality gives
1S je(w’, A (y, 1) = S je(w, A™ (7 1(y),1))] (6.5)
<A™y, 1) = A™(Tm1(y), )w);] [(A™ (g, )w') 4]
+ (A" (1 (), ) )| (A7 (y,8) = A™ (1 (), )0 )]
+ AT oy t) = AT (o (9), 1)1
By (4.10) in Lemma 4.5, for i <m,
(A" (y, £) =A™ (1 (), ') (6.6)

<A™y, t) = A (w0 (), )] o
<A@ (yst) = @™ (w1 (y), )|l 1w’

= ASQZKﬂIwmlam‘ﬁHw'H

< cylw|| |, |*m! P,
where (6.2) and m > 2 are used in the last line.
Lemma 4.11 implies that for ¢ < m,
. m
[(A™ (g, t)w')i] < e5 Y (L4 v — i) M), (6.7)
v=1
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and (4.11) together with the calculation in (6.6) implies

‘Avm(ya t)j,jJr@ - Avm(ﬂ-mfl(y)? t)j,Jr@‘ S A62|\am(y7 t) - am(ﬂ-mfl(y)a t)”s (68)

1-B—«a

3

|“m

< cglwy,

as in (6.6) above.
Now use (6.6), (6.7), and (6.8) in (6.5) and then appeal to (6.4) to conclude that

/|5j,j+e(w'ﬁm(yvt)) — Sje (W, A (M1 (), )] Sk (W', A™ (g, 1))
X Qu(w', A" (y, 1)) dw' (6.9)

< com =5 { [ (2 4 1) ) Qo' A7 (3, 1)
3 (A =g A= - )7
v=1
< [l 12 + 0/} @', A7 (9, 6) du

There are several integrals to bound but the one giving the largest contribution and
requiring the strongest condition on g will be

I= / )| [l | | Qo (a0, A (3, 1))

Apply Hélder’s inequality for triples with p = 112, ¢ = a%fj‘g) and r = ¢! to conclude

I< [/|wL|me(w’,ﬁm(y,t))dw’} e {/|w;n|anm(w’,ﬁ"”(y,t))dw’]l/q

/1137 I Am 1 r
<[ [ 101 @', A7) |
§08m3/2.

Here we used Corollary 5.6, Theorem 5.12 and the fact that 5 > 5/2 means the hy-
potheses of this last result are satisfied for € small enough. The other integrals on the
right-hand side of (6.9) lead to smaller bounds and so the left-hand side of (6.9) is at
most com®/2~#~*_ A similar bound applies with the roles of j and k reversed, and so the
required result is proved. O

Lemma 6.2. Assume 8 > 2 — («a/2). There exists ¢, such that for all j, k,¢,m as in
Lemma 6.1 and satisfying 2 < m,

/ T A O CIC N

X |Qu(w', A™(y, 1)) = Qu(w', A™ (i —1(y), )| du’
< eym2—(e/2-8,

Proof. Recall that By is as in Lemma 5.2. Use (6.4) on SICBO,M and (6.3) on Sp,m to
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bound the above integrand by

CQ[/SC ([ [[* + D)[Qu (w', A™ (y,)) + Qun (W', A™ (1 (y), 1))] du’

Bg,m

<, (3030 = k)0 b= k7)) + 1

Bg,m n=1v=1
" ‘ Qm(tg’ﬁm(%t))
Qm (W', A™(mm-1(y), 1))
= co(I1(t) + L2(1)).

1| Quw!, A (1 (), )] |

By Lemma 5.2,
I (t) < 03m e —Bom/16 <y e—Bom/17
We bound I»(t) as in the proof of Theorem 5.3 but with m in place of K,,. This requires

some minor changes. Now for w’ € Sg, ., the § coming from (5.11) is less than or equal
to

cslw!, |“m =P < cem /> P,

and

oV o< C7m2_°‘/2_ﬁ < cy.

So for w’ € Sp,.m, applying Proposition 4.7 as before, we get

’ Qu (W', A" (y,1))
Qm (w/’ Am (Wmfl (y)’ t))

_ 1‘ < cgm?=/28,

and therefore

Iy(t) <c8m2—a/2—6/[(§:§: A+ ln—k") YA+ — k-

x| w)]) + 1] Qu(w', A™ (-1 (3), 1)) du
< 69m27o¢/27ﬁ’

where Theorem 5.12 and Cauchy-Schwarz are used in the last line. The lower bound on
B shows the hypotheses of Theorem 5.12 are satisfied. Combining the bounds on I; ()
and I»(t) completes the proof. O

Note that if Z is a standard normal random variable, then E [(Z2 — 1)?] = 2.
Lemma 6.3. Ifj, k, ¢, m are as in Lemma 6.1 and for w' € R™,
rmow = (w,...,w, 1),
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then

Qm(w A (7Tm 1(y) t)) dwl
Qm 1(rm 1’lU Am 1(:'/ t)) "

= {Sj7j+fsk,k+f(wlvgm_l(y»t))l((jvk)+€§m—1)} (6.10)
{5 (1 (), ) A (g 1)
+A]+£m(7rm ( ) )(;{miwyat)rm 1w/)j]
[Akm(ﬂ-m 1(y), )(Am 1(y7t)rm 1w )k-‘ré
A (o1 () A" (g, )10
X At (T2 (), )7 |
+ {20 A A A ) (o1 (9), D) A (2 (1), )2
= V4, k, 6,m) + V24, k, £,m) + V3(4, k, £,m).

[SissaStaraw!, A ms(0),0)

Proof. We apply Lemma 5.1 with m in place of m+ 1 and @™ (7,,,—1(y), t) playing the role

of a(y). Then under

Qm(w/a"z{m(’”m—l(y),t))
Gy, 1) = v , (6.11
(y ) Qm—l(rm—lwlaAmil(yat)) )

w!,, has a normal distribution with mean

- _ - ﬁ%i(”mﬂ(y),t)w
g ; Av%m(ﬂmfl(y),t)

and variance 02 = A™, (7,_1(y),w') "L, Set @), = wy, — 4,

= Z Aﬁ(ﬁm—l(y)7t)w7{7 Jj<m,

m—1
R =" An My tywj, forj<m-—1, Rp'=0,
=1
and (= AT i (Tm—1(y), 1), Jj<m.

Lemma 4.8 with a = @™ (m,,,-1(y), t) and m in place of m — 1 gives
Aft (T (), 1) = AT (y,0) + C5Ci0®, G <m,

. Tm—1 cp - .
where we recall that by convention A;’f (y,t) = 0 if 4 or j is greater than m — 1.

Therefore
R;n = R;'n_l - ij’a ] <m,

and so for j, k, ¢, m as in the lemma,
Sj.i+eSkpre(w', A (1 (y), 1))
= (R} + Cywl) (R} + Ciawy) = AT 4y (min 1 (1), 1))
x [(R}" + Crwp, ) (Ri'y g + Crgewp,) — Z?k+g(ﬂm_1(y), t)]
= (R + 4@, ) (R, + Ciye),) — AT (0,1) — C5Cje0”]
X (R + O, ) (RIS + Crope®,) — A7 Ly (y,1) — CkCryr0”].
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Rearranging terms, we see that the above equals

m—1 pm—1 Am—1
(R R, — AT Ly, t)
+ @, (C R} + Ciee RY ) + (|0, — 0)C5Cad] (6.12)
<Ry TURYS = ATl (0. t) + @, (ChRYG + Crpe BT
+ ([@), > = 0®)CrCh 4]
= (RPTIRY = AT (y ) (R TI R — A (y. 1)
+|@,, P (Cy R 4+ Cie R (CRRY S + Crpe R
+ (|}, |* — 02)*C;C;44CxCryr + off-diagonal terms.
When we multiply each off-diagonal term by G,,(y,t) and integrate over w/,, we get
zero. This is because the conditional normal distribution of w/, under G,,(y,t) implies
that each of

/ @ Gy, ) dut,
/ (18, — 02)Gom(y, 1) du,, and
/ (@) (@2 — 0°) G (. 1)

equals zero.
Now integrate the remaining terms on the right hand side of (6.12) with respect to
Gm(y,t) dw!,, noting that R’Z’-”_l, C;, and A;}L—l do not depend on w’, . Use the fact that

m’ m*

18, PGl t) duty = 0 = A7 (1 (5), 1)

and
/ (@ 2 — 022G (y, m) du, = 20% = 2A™ (71 (y), £)~2

to obtain the desired expression. In particular note that

(R R = A ) (R RY — AT ()

= Sj,jHSk,kw(?‘mﬂw/, gm_l(% t))l((jwc)Hgmq)-

We treat V2 and V3 in (6.10) as error terms and so introduce
El(j7k7£7m):/ |V2(j7k7f,m)|dw/,
]Rm—l

EQ(j,M,m):/ V35, k, £, m)| dw’,
]Rm—l

and
E(j, k,1,m) = E*(j,k, £, m) + E*(j, k, £, m).

We are ready for our inductive bounds on the integral I7},, defined at the beginning
of this section.
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Proposition 6.4. Assume [ > % — «. There exists c; such that for all integers j, k,/

suchthatl <j<k<k+/(<K,

K
Iy <ak+0727F 4 N~ Bk 6m).
m=(k+£)V2

Proof. If K > m > 2V (k+ (), we can combine Lemmas 6.1, 6.2 and 6.3 to see that

ij;}@cz < I;'y]lczll(kJrZSmfl) + c27,”‘5/2—5—0¢ + 03m2—0¢/2—/3 + E‘(]7 k., ¢, m)

Therefore by induction

K
If}i[ < I;];/z(k+£71)1(k+£§1v(k+€71)) +cq Z m(®/2)=h=a (6.13)
m=2V (k+£)
K
+ > E(,4k0).
m=2V(k+¢)

The first term in the above is I{;y1(;4+¢=1). For m =1, Al(y,t) is a scalar and an
argument similar to that in (b) of Theorem 5.3 shows that

I =S (W', Ay, 1)? Qi (w', A (y, t))duw’ (6.14)
<cs / (14 0 [)@Qu (!, A (g, 1))dw’ (by (6.4))
SCG.

Use (6.14) to bound the first term in (6.13) and then bound the second terms in the
obvious manner to complete the proof. O

To use the above bound we of course will have to control the E(j, k,£,m)’s. If > 0,
set
J = Jc(t) = [(Clog(t™" +1))/6)/]. (6.15)

Lemma 6.5. Assume § > 3 — («/2). There exists a ¢; such that forall 0 < ¢ < K,

K
> > E(k,tm) < e Je(t).

1<5<k<Je(t) m=2V(k+£)

Proof. We consider E'(j, k,¢,m). There is a product giving rise to four terms, all of
which are handled in a similar way. We consider only

E{(j, k, £,m)
:/]R » ‘gj-&-é,m(ﬂ'm—l(y)at)(gmil(yat)w/)jgk—&-é,m(ﬂm—l(y)vt)

X (A (g, 0w )| A (1 (1), 8) ™ Q1 (W, A (y, 1))

as this is the worst term. Use the upper bound on ZZL and the lower bound on /lel from
Lemma 4.11 to see that
E1(j,k, 6ym) < ea(L+[m—j —£7) (14 m =k —¢7) 7

m—1m—1

x> > Atln—jM) T L+ v =k

n=1 v=1

x / | [ | Q (!, A7y, ) e’
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An application of Cauchy-Schwarz and Theorem 5.12 shows that for our value of § the
last integral is bounded by c3. This leads to

EL(j, ko tym) < ca(1+m—j— 7)1+ |m —k— )7
Now sum over j,m, and k in that order to see that

K
> > Ei(ktm)

1<5<k<J m=2V(k+£)
K k
ST S m— - ) A k- ) e
m=k+{ j=1
K
S (lm—k =) e
=k+¢

The other terms making up E'(j, k, ¢, m) are bounded in a similar manner.
Consider now E? (j, k,¢,m). Again the upper and lower bounds in Lemma 4.11 and
Theorem 5.3(b) imply that for j <k < k+/<m,

B2(j,k, 0,m) < er(1+|m = ") 71+ m = B[7) 7L+ fm — =€)
x(1+|m—k—e) !
Scr(l4fm—j =) A+ |m—k—¢)7"
Again sum over j then m and then k to see
K
Z Z E2(j,k,0,m) < cgJ.

1< <k<T m=2V(k+¥£)

Combining the above bounds gives the required result. O

Proposition 6.6. Assume (§ > % — «. There exists c; so that forany 0 < (¢ < J,

J
/ (Dot ey — o', Al 1)) Qucly — ', Ay 1)) dy

=1
< e Jt2
Proof. As usual we set w = g(t)'/?w’, which leads to
Sjre(w, Ay, 1)) = Sjjre(9(t)*w', Aly, 1))
= G028 e, Ay, 1)) G e (8)2.
Let H;(t) = e *G;(t)'/2, so that

t —1/2
0< Hi(t) = (/ 2Ailt=s) ds) <t 2 (6.16)
0
The integral we have to bound now becomes
J - 2
[ (080w, Al 000
j=1
x Qr (w', Ay, t)) duw’
J
= > H(t)Hy(t) Hjo(t) Hire(8) I
Jok=1
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Now use the upper bound on H;, Lemma 6.5, Proposition 6.4 for j < k, and symmetry
n (j, k) to bound the above by

cQt—z{ > [(k+€)<7/2>‘ﬂ“’+ EK: E(jyk,&m)}}

J<k<J m=2V(k+¢)
< egt 2 IO/ ]

where Lemma 6.5 and the condition on 5 are used in the last line. O

We need a separate (and much simpler) bound to handle the absolute values of
DijK(y . LE’, A(y,t)) fOI‘j Vk> Jc(t).

Lemma 6.7. Assume 3 > 3 — 5. There exists c; such that for alli,j,k < K andp > 0,
[l Ay, ) Qs (0!, Aly. ) du’ < .

Proof. By (6.3) the above integral is at most

ca [(D0 Dol — ) k= )+ 1)

n=1v=1
X |wl?PQrc (w', Ay, t)) dw'.

Now apply Theorem 5.12 and Cauchy-Schwarz to obtain the required bound. O

The proof of the following is left to the reader.

Lemma 6.8. There exists a constant ¢; so that forall§ >0, r > 1,

-2 2 C 2
E 6—9] e—@k < gle—GT /4.
7|+ =r

Proposition 6.9. Assume (3 > 3 — 5. There exists c; such that for all i, j, k and p
[ 1w PPDQucty — ' Al )] dy < 7.
]RK

Proof. As in the proof of Proposition 6.6, if H;(t) = e~ **G;(t)'/?, then the substitution
w = g(t)'/?w’ leads to

/ i | Dy Qi (y — 2/, Aly, £))] dy
:/ PP, Ay, )] @i (w, Ay, £)) do

< CH () [ w7150, Ay, )| Qe (0, Aly ) du
S Cgtij (t)Hk (t),

the last by Lemma 6.7.
A bit of calculus shows that
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Proposition 6.10. Assume 3 > 3 — 3. There are constants (o and c; such that if ¢ > (o
and J = J¢(t), then

K K
Z Z Lgvesa) / 1DikQxk(y — 2’ A(y, 1) dy < cr(t +1)72
]RK

j=1k=1

Proof. Using Proposition 6.9, the sum is at most

K K K K
X4+ A)t/2,—1 —c3(§24E2)t,—1
ZZ (jvk>T)€ =\ +Ak)t/2 SC?ZZI(jvk>J)e cs(§5+k%)ty
j=1 k=1 j=1k=1
2
SC4€_C4J tt_2.

Lemma 6.8 is used in the last line, and (2.2) and j V k > J > 1 are used in the next to
the last line. The above bound is at most

cs(t71 4 1)7eact 2

Now take (o = 2/c4 to complete the proof. O

7 Main estimate

We assume now that « satisfying (2.3) is also of Toeplitz form. For a point v in ¢2
define v}, = e~ *ty, and, abusing our earlier notation slightly, define 7, = 7, : 2 — (2
by

me(r) = (24 ..., 25,0,0,...).

For1<i,5 < K welet

t
oy (2) = S () = ag(rxe (@), 0 () = af () / O e 2,

and let A% (z,t) be the inverse of a®(z,t). We will apply the results of Sections 6 and
7 to these K x K matrices. We will sometimes write ZTx for (z1,...,2x), and when
convenient will identify 7x(z) with Tx. It will be convenient now to work with the
notation

NK(tax7y) :QK(wK(y_x/>7AK(yat))a (71)
so that
NK(taw7y) = NK(tvﬂK($)>7rK(y>)a T,y € £2' (72)

As before D;j Nk (t,z,y) denotes second order partial derivatives in the « variable.
Our goal in this section is to prove the following:

Theorem 7.1. Assume (a;;(y)) satisfies (2.5) and (2.4) for all i,j,k € N, for some
ae(31,8>2- 520 Then there is a c; > 0 and n1 = 11 (o, y) > 0 so that
forallz € ?, K € N, andt > 0,

/ ’ Z aij ( WDy Nk (t, 2, y) | dy (7.3)

1,j=1
<ot (L4 [z ]1)-
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Proof. Note first that by (7.2) D;;Nx = 0if ¢ V j > K and so by the symmetry of a(z)
and the Toeplitz form of a, the integral we need to bound is

IE/]RK‘ZZ(afj{(x) —ag(y))DijNK(tvxay)’dyK

K
D (af (@) = af ) Dyees Nic(t..)| dix

Now let J = J¢(t) where ( is as in Proposition 6.10. If j > J or £ > J then clearly
i=74+¢>J, sothat

J—1 J
<2 / 3 16f () = a3 Dives ()| i (7.4

3 Lo, [ 1605 @) = afS(0) Dy Nic(t..9)

=1 j=1
=211 + I.

Note that

jaf ()] = [{a" (2)ei, e5)] < [{a™ (2)es, e0)] /[ (2)ej, €5)[ 1/ < Ay (7.5)

)

by Cauchy-Schwarz. Then Proposition 6.10 implies that

Iy < 2Ajcp(t+1)72 (7.6)

— gt

Recalling that =}, = e”**'x;, we can write

I gz/mm 1|32 Do)
=0 j=1

J—1
+ lag* () — ag' ( ‘/’ZDJ j+eNk (b, @ y)‘ dyg (7.7)

=0
=h+ 1. (7.8)

Let
dop(z,y) Z\xn—yn| n_P. (7.9)
By (2.5) and (2.4),

lag* (2") — ai (y)| < ezmin((1 + 7)1, do 5 (2, 1)) (7.10)

Therefore by (6.1)
J—1
I =Z/|af(a: —al( |‘Zexp (Aj +X+0)t)
=0
x Sjge(macly — '), AR (y,0)) | Nic (8,2, ) (7.11)
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< Z[ J(040772 ot g?) Nty ]

X {/(zexp((kj + Xjge)t)S;je(mr (y — 2'), AK(y,t)))2

1/2
x Nk (t,z,y) @K}
J-1 K , 12
SC5<£_O ((1 +07)” [/(; |z7, — n| anfﬁ)NK(tvl’vy) d?K] ))
X \/jt_ .

In the last line we used Proposition 6.6 on the second factor and the Cauchy-Schwarz
inequality on the sum in the first factor and then Theorem 5.3(b) to bound the total
mass in this factor. Next use Theorem 5.12 with p = « to conclude that

/Ix; — yn|**Ni (t, 2,y) dy < ct™.

It now follows from (7.11) and the choice of J that I; ; is at most
J—1

e S+ ) a0 Y (g 1)) o

£=0
< Cs{

By splitting the above sum up at £ = [t~ %/?7| we see that

(77 A2} (1og<% + 1))1/47&—5/4. (7.12)

M&

~
Il
—

J 9 2\ (v=D/v
S At?) < (ta/ ) . (7.13)
=1
Using this in (7.12), we may bound I; ; by
1 1/4
clo(log(g n 1)) aO=D/20)=5/4 < o y=14n, (7.14)
for some 1 = n(«a,)
Turning to I 2, note that
da,p(2’, ) len\ [1—e Ao~
o0
< al%tr > Aen?
n=1
< cpallzf|St, (7.15)
where (2.2) and 8 — 2a > 1 are used in the last line. Therefore (7.10) now gives
laX (2') — af (2)] < cr3min((1 + 7)1, ||z t%). (7.16)
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As in (7.11) we now get (again using Proposition 6.6)

J—1
Lo <Y cymin((1+6) 7 [l %)
=0

J 2 1/2
[ [ (30 Oty sty - ), AR (1)) Nic(t,9) ]
j=1
J—-1
< VI min((1+ )71 [la]|%te). (7.17)
£=0

Now use (7.13) with ||z||2,t* in place of t*/2 to conclude that

1 1/4
N < ess(log(5+1)) " 7 4(ll2] %) 077 < exg(all + 17 (7.18)
_ 2a 4o
for some 7 = n(a,v) > 0 because y > 57%5 > ;%5

Finally use the above bound on I; » and the bound on I, ; in (7.14) to bound I; by
the right-hand side of (7.3). Combining this with the bound on /5 in (7.6) completes the
proof. O

For R > 0 let pr : R — R be given by pr(z) = (x A R) V (—R) and define a truncation
operator 7g : £2 — (% by (7rx), = pr(z,). Define o’ by

a®(x) = a(Tgrx). (7.19)

Clearly af*(r) = a(z) whenever ||z| - = sup, |z,| < R. We write a’F for the K x K
matrix (af?)X.

Lemma 7.2. Forany A > 0 and t,R > 0, sup,cg |[pr(z) — pr(ze )| < RAL.

Proof. Assume without loss of generality that > 0 and set 2/ = e Mz, If 2/ > R,

pr(z) = pr(z’) = R, and if < R, then
pr(z) = pr(a’)| = |z — 2’| = (1 — e )z < MR.
Finally if 2/ < R < z, then

lpr(z) —pr(z)|=R—2'=R—e Mz < R(1—e ™M) < MR.

Lemma 7.3. If a satisfies (2.3), (2.5), and (2.4) and is of Toeplitz form, then for any
R > 0, o' satisfies the same conditions with the same constants.

Proof. This is elementary and so we only consider (2.5). For this note that

|a}(y + hex) — al(y)| < Kplpr(zr + h) — prlzy)|*k™"
< "i5|h|ak_ﬁv

as required. O

EJP 17 (2012), paper 36. ejp.ejpecp.org
Page 36/54


http://dx.doi.org/10.1214/EJP.v17-2049
http://ejp.ejpecp.org/

Uniqueness for SPDEs and SDEs

Corollary 7.4. Assume the hypotheses of Theorem 7.1. Then for all z € ¢2, K € IN and
R,t>0,

/ ‘ Z — agy "()|Dy N (t 2,y) | dy (7.20)

4,j=1
S Clt71+n1(1 + Ra)

Proof. We use the notation in the proof of Theorem 7.1. By Lemma 7.3 and the proof of
Theorem 7.1 it suffices to show that we have

o < co(R*+ 1)t 1 (7.21)
instead of (7.18). We have by Lemma 7.2

dop(TR', TRT) = Z Ipr(xn) — pr(e™ " 2p)[*n ™7

n=1

K
Z (RAt)®
< (Rt)%cs Z n2e=8
n=1

< cg Rt (7.22)

The fact that 8 — 2a > 1 is used in the last line. Now use (7.22) in place of (7.15) and
argue exactly as in the proof of (7.18) to derive (7.21) and so complete the proof. O

8 Uniqueness

In this section we prove Theorem 2.1. Recall the definitions of 7,2 and 7;20 and the
definition of the martingale problem for the operator £ from Section 2. Throughout this
section we assume the hypotheses of Theorem 2.1 are in force.

Lemma 8.1. There exists ¢, so that for all z,y € (2,

la(z) — a()Il < lla(z) — a(y)lls < exla —y|*>.

Proof. We need only consider the second inequality by (4.4). Our hypotheses (2.5) and
(2.4) imply

. 2K
|aij(x) — ai;(y)| < mln(T Kp Z lze =yl k™ ﬁ)
< st 4 1i = 572 (X b k)
K

The second inequality follows from min(r,s) < r'/2s'/2 if r,s > 0. We have v > 2 and
28 > 2 — «a by (2.5), and so

Z'aw —a” | < C3<Z|$k —yk|“k—5)1/2
k
2 a/4 2820
§63(zk:|9:k Yk ) (zk:k )

< callz — yl| /2.

(2—a)/4
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Proposition 8.2. For each v € (? there is a solution to the martingale problem for L
starting at v.

Proof. This is well known and follows, for example from the continuity of a given by
Lemma 8.1 and Theorem 4.2 of [1]. O

We turn to uniqueness. Let £L%(z) be defined in terms of a* analogously to how L is
defined in terms of a.

Lemma 8.3. For any R > 0 and v € (? there is a unique solution to the martingale
problem for L starting at v.

Proof. By Lemma 7.3 and Proposition 8.2 we only need show uniqueness.
We fix R > 0 and for K € IN define

Kf(z)= Y al(@)Dijf(z) = > NjzDif(z

i,j<K J<K

Note that if f € 7,2 and K > k, then

Lrf(x) = M [ (). (8.1)

Let
v (dy) = m(dyy) - - - m(dyr )00 (dyr+1)d0(dyx+2) - -

where m is Lebesgue measure on R and J, is point mass at z. Define
[fllco = sup[f(2)]. (8.2)
z

Suppose Py, P, are two solutions to the martingale problem for Lz started at some
fixed point v. For § > 0 and f bounded and measurable on /2, let

Séf:Ei/ e (X dt,  i=1,2,
0

and Saf = Spf — Saf. Set
'= sup [Saf].

Ifllcg <1
Note
I'< (8.3)
by the definition of S f.
If f € T2, we have
F(X0) — F(Xo) = / Crf(X

where M/ is a martingale under each P;. Taking expectations, multiplying both sides
by fe—?, and integrating over ¢ from 0 to co, we see that

f) = Sy(0f — Lrf).
Now take differences in the above to get

SA(0f — Lrf) = 0. (8.4)
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Next let g € 7;62’C and for K > k set

fora / ve / e Nic (2, 9)g (y) dt e (dy).

Recall that N is defined in (7.1). Since Nk (t,x,y) is smooth in z, bounded uniformly
fort > ¢ and Nk (¢, z,y) depends on z only through 7 (), we see that f.xx € T2.
If we write

Wer(2,y) = ¢ / e Nic(t,2,y) dt, (8.5)
then
fex (z / Wek (z,9)9(y) vk (dy).

Holding y fixed and viewing Nk (¢, x,y) and W_k (x,y) as functions of z, we see by Kol-
mogorov’s backward equation for the Ornstein-Uhlenbeck process with diffusion matrix
(ai;(y))ij<x that

0
MED Nt y) = 5. Nic(t,2,).

Alternatively, one can explicitly calculate the derivatives. Using dominated converge to
differentiate under the integral in (8.5) gives

(0 — MEEDY W (2,) = Nk (e, 2, ). (8.6)
By (8.1) for all 2 and K > k
(0 = LR) ferc(z) = (0 — M) fer () (8.7)
= [0~ MW, )g(0) ()

— [OMEES — MEE O Wesel, )90 e )
- / (M — MEEWeic (2, )9(y) i (dy)

+ [ [ Ve o) 1w ) - g(0)
- / (MEE® = MEEOYW. e (2, )9 ) e (dy)

~ [ (Ml = MGEOW.se (. 9)g(w) )
=g(z)+ Lis, K,z) + Ir(e, K, x) + I3(e, K, x).

We used (8.6) in the third equality.
For z € (? fixed we first claim that

L, K,2) =0 (8.8)

boundedly and uniformly in K > k as € — 0. By virtue of Proposition 5.5, it suffices to
show

/NK(Emy)[g(y) — g(@)] vk (dy) — 0

boundedly and pointwise as ¢ — 0, uniformly in K > k. The boundedness is immediate
from Theorem 5.3. Since g € 7,2, given 7 there exists § such that |g(y) — g(x)| < n if
|Tx(y — )| < §, and using Theorem 5.3, it suffices to show

/ Nic(e,2,) 7 (dy) = 0
{y: 20 lyi—=i|2>62}
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A

pointwise as ¢ — 0, uniformly in K. Since e”"°x; — x; for 7« < k as ¢ — 0, it suffices to

show (recall 5 = (y1,.--,YK))

/ Nk (e, z,y)dgg — 0 (8.9)
{0y lyi—w}[22062/2}

as € — 0 uniformly in K > k. By Theorem 5.12 the above integral is at most

~ ly — 2%|? crke
E ’71 5 < A
/- (52/2 NK(Ea‘r7y)dyK — (52/2

and (8.8) is established.
Next we claim that for each e > 0

im sup |I3(e, K,z)| = 0. (8.10)

1
K—oo g

Since t > ¢ in the integral defining W.k(x,y) we can use dominated convergence to
differentiate through the integral and conclude that

I3(e. K, )| (811
< [ e Y afi@) - afi(m) Lol

,j<K

x [ S, 0, AR () QL A (g, ) .
RK

As in the proof of Proposition 6.6, the substitution w’ = G(t)'/?w shows that the integral
over R¥ in (8.11) equals

H()H;(t) [Si,;(w', AR (y,4)|Qx (w AX (y, 1)) dw < et ™, (8.12)
]RK

where (6.16) and Lemma 6.7 are used in the above. By (2.5) we have

> @) —af(m @)l < D7 > wplpr(ee)|*e” (8.13)
i <K i, <K I(>K
< kgK*R* Y (7P
>K
< C3RQK3_’B.

Use (8.12) and (8.13) in (8.11) to get

|I5(e, K, z)| g/ e 00t ROK3 P at
€
<0 teTTROKE A,

which proves (8.10) by our hypothesis on 5.
Finally for I,, we use Corollary 7.4 and multiply both sides of (7.20) by e~?(:=<), and
then integrate over ¢ from ¢ to oo to obtain by Fubini

I2(g, K, )| (8.14)
| [ MO pMpE ) [ [N (o) e | ) a)|
yeR €
< illglico,
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foralle € (0,1) and K > k, provided we choose 6 > 6, > 1, where 6, depends on R and
the ¢; and n; of Theorem 7.1. This implies that for 8 > 6y,

sup |Sa(Iz(e, K, )| < %F||g||co. (8.15)
c€(0,1),K>k

Using (8.4) and (8.7) for K > k, we have
|SAg| < |SA(11(57Ka ))l + |SA(12(65K7 ))‘ + |SA(I3(€7K7 ))'
Now let K — oo and use (8.10) and (8.15) to conclude that

[Sag| < limsup|Sa(I1(g, K, -))| + limsup |Sa (L2(e, k, -))]

K—oo K—oco
< limsup [Sa (1 (e, K, )| + 5 lgllc, -
K—oo

Then letting ¢ — 0 and using (8.8), we obtain
1Sagl < 2Tl

provided g € 7;2’C. By a monotone class argument and the fact that Sa is the difference
of two finite measures, we have the above inequality for ¢ € 7. The o-field we are
using is generated by the cylindrical sets, so another application of the monotone class
theorem leads to

[Sagl < 1T0lgllc,

for all bounded g which are measurable with respect to ¢(U;7;). Taking the supremum
over all such g bounded by 1, we obtain

r<sT.

1
2
Since I' < oo by (8.3), then I' = 0 for every 6 > 6.

This proves that Sj f = S3 f for every bounded and continuous f. By the uniqueness
of the Laplace transform, this shows that the one-dimensional distributions of X; are
the same under IP; and IP;. We now proceed as in [17, Chapter 6] or [3, Chapter 5] to
obtain uniqueness of the martingale problem for L. O

We now complete the proof of the main result for infinite-dimensional stochastic
differential equations from the introduction.

Proof of Theorem 2.1. We have existence holding by Proposition 8.2. Uniqueness fol-
lows from Lemma 8.3 by a standard localization argument; see [4, Section 6]. O

To derive Corollary 2.2 from Theorem 2.1 is completely standard and is left to the
reader.

9 SPDEs

Before proving our uniqueness result for our SPDE, we first need need a variant of
Theorem 2.1 for our application to SPDEs. Let Ao = 0 and now let

L' f(x) = Z a;;(z)D;; f(x) — Z iz D f(x)
4,§=0 =0

for f € T. In this case (? = (*(Z.).
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Theorem 9.1. Suppose «, 3,7, and the \; are as in Theorem 2.1 and in addition § >
v/(y — 2). Suppose a satisfies (2.3) and a can be written as a;; = a(l) + ag), where

the ag;) satisfy (2.4) and (2.5) and is of Toeplitz form, and agj) satisfies (2.5) and there
exists a constant /@’7 such that

K,,

(2) 9.1
jai; (@) < L+ (i+4)7 )
for all * € ¢ and i,j > 0. Then if v € (2, there exists a solution to the martingale

problem for L' starting at v and the solution is unique in law.

Proof. First, all the arguments of the previous sections are still valid when we let our
indices run over {0,1,2,...} instead of {1,2,...} provided

—2)\it)

(1) we replace expressions like 2);/(1—e by 1/t when \; = 0, which happens only

when ¢ = 0, and
(2) we replace expressions like n=* by (1 +n)=#

Existence follows from Theorem 4.2 of [1] as in the proof of Theorem 2.1.
Define Nk in terms of a and its inverse A as in (7.1). We prove the following analog
of (7.20) exactly as in the proof of Corollary 7.4 and Theorem 7.1:

/. |Z (@Y (@) — (@D)ER ()] Dy Nic (8, 2, 9) | dy (9.2)

7,7=1
S CltilJrnl(l -+ Ra).

Here note that the proof uses the bounds on Ng and D;; Nk from Sections 5 and 6
and the regularity properties of a(!) (which are the same as those of a in the proof of
Theorem 2.1) separately. If we prove the analog of (9.2) with a(!) replaced by a(?), we
can then proceed exactly as in Section 8 to obtain our theorem. That is, it suffices to fix
K and R and to show that for some ¢y, > 0,

I8 \Z 55 ) = @O)G WDy Nic( 2, 9) | dy < ext™H 0 (9.3)

1,0=1

Very similarly to the derivation of (7.16) (see also that of (7.22)), we have
(@) 5 (@) — (@) (@)] < ermin((1+i + 5) 77, R*t%).

Since « € (1/2,1] and v > 2a/(2a — 1), then v > 2. We can choose 7, € (0,1) such that
~v(1 —mn2) > 2, and then
(@?)5 (@) = (a5 (@) < er(1 + i+ j) ORI R gom2,
Using this and Proposition 6.9 with p = 0 and observing that (a(?)*-F satisfies all the
hypotheses in Section 6, we conclude that

Z /' N5 (@) = (@) @) [Dij Nic (8, 2, )| dy (9.4)
1,j=0
J
<cp Y (L4i ) rUmmigen—t
i,5=0
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The condition 8 > /(v — 2), allows us to find 73 such that v(1 —n3) > 2 and Sns > 1.
Fix ¢ and j for the moment and let d, g(z,y) be defined as in (7.9). We write

/da,ﬁ(l"/,?J)n3|DijNK(t7$’y)|dy
o0
= /Z |, — yn|*™ (n + 1)~ |Dij Nk (¢, 2, )| dy
n=0

< Z(n + 1)~ Pnsgams/2-1

n=0

< Cgtan3/271’
using Proposition 6.9. Since

(a®);5 7 (@) = ()7 ()] < camin((1+i + )77, das(@’,y)),

then
(@5 (@) = (@) 5T W) < ca@+i+5) g g(a! y)™.
Consequently
J
>[I ) ~ @) @)l 1Dy Nt ,3)] dy (9.5)
i,j=0
J
<es Yy (L4i+7)77" ™) sup / de5(2',y)"? |Dij Nk (t, 2,y)| dy
i,j=0 b
< C5tan3/2_1.
Combining with (9.4) gives (9.3), as required. O

Before proving Theorem 2.3, we need the following lemma. Recall that e, (z) =
V2cosnmz forn > 1 and eg = 1.

Lemma 9.2. Suppose f € C’g
only on ( such that

and || f|lcc < 1. There exists a constant ¢; depending

er

[(frend] < 5 fnc foralln € Z..
Proof. Let T be the circle of circumference 2 obtained by identifying +1 in [-1, 1]. Since
we can extend the domain of f to T so that f is C° on T and cosy = 3(e" + e~ %), it
suffices to show that the Fourier coefficients of a C¢ function on T decay at the rate
|n|=¢. If( = k+6for k € Z, and § € [0,1), [21, 11.2.5] says that the n'" Fourier
coefficients of f(¥) is cy|n|* times the n'* Fourier coefficient of f. Writing g for the
Fourier coefficients of g, we then have |f(n)| < cs|n|=%|f*) (n)|. By [21, I1.4.1],

FB )] < ealn =

Combining proves the lemma. O

We now prove Theorem 2.3.
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Proof of Theorem 2.3. Our first job will be to use the given A : C0, 1] — C][0, 1] to build
a corresponding mapping a : ¢ — L, (¢% (?), where L (¢?,¢?) is the space of self-
adjoint bounded positive definite mappings on ¢2, so that a satisfies the hypotheses of
Theorem 9.1.

We first argue that A has a unique continuous extension to a map A : L%[0,1] —
L?[0,1]. Let S be the space of finite linear combinations of the {e;}. If u = Zfio x€;,
v = Zﬁio yie; € S, then by (2.10) and Holder’s inequality we have

N
[A(u) — A(v)[l2 < K1 Z 2 —yi| (i +1)7°
i=0
N (2=e)/2
< kyllu —v[|§ (Z(z + 1)_25/(2_a)>
i=0

< eillu —vll3,
because 3 > § —a > (2 — a)/2. Using (2.9), we have
[A(u) — A(v)|l2 < erflu —v[|3 (9.6)

for u,v € C[0,1]. Therefore A, whose domain is C[0, 1], is a bounded operator with
respect to the L? norm. Thus there is a unique extension of A to all of L2. By continuity,
it is clear that the extension satisfies (2.10), (2.11) (for almost every x with respect to
Lebesgue measure), and (2.12).

Ifz = {z;} € £* let u(z) = 372, xje; € L* and define a symmetric operator on ¢ by

/ Au(w)) (9)%e; wex(v) dy.

If z € /2, then

oo
_ .2 2
—K2§ Zis
=0

using the lower bound in (2.11) and the fact that the e; are an orthonormal basis. The
upper bound is done in the very same fashion, and thus (2.3) holds.
Using the identity

cos Acos B = $[cos(A — B) + cos(A + B)],

we see that if 7,5 > 1,

a;;(z / A(u)(y)?ei(y)e; (y dy-?/ A(u)(y)? cos(imy) cos(jmy) dy
/ A(u)(y)? cos((i — J)my) dy + / A(u)(y) cos((i + )my) dy
0
e >+a<2>< )
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If i or j is 0, there is a trivial adjustment of a multiplicative constant. Note both (") and
a® are symmetric because cosine is an even function, and that a(!) is of Toeplitz form.
Also (2.12) now shows that a(!) satisfies (2.4) and «(? satisfies (9.1).

Finally we check (2.5). We have

la}) (@ + hex) — alf) (2)|* < [(A(u + her)? — A(u)?, e;_;)[?
< | A(u + hex)? — A(w)?|3

< 43| A(u + her) — Au)[3

< dry 2R |R P (k4 1) 7%

by (2.11) and (2.10). This establishes (2.5) for a™® and virtually the same argument
gives it for a(?). Hence a satisfies the hypotheses of Theorem 9.1.

Turning next to uniqueness in law, let u satisfy (2.7) with vy € C]0,1] and define
Xn(t) = (u(-,t),en). The continuity of t — u(t,-) in C0, 1] shows that ¢t — X; = {X,,(¢t)}
is a continuous ¢?-valued process. Applying (2.8) with ¢ = ¢, we see that

t k_2ﬂ.2
Xelt) = X0(0) — [ T Xus) ds+ M)
0
where Mj(t) is a martingale such that
t t
(Mj, My), = / (A(us)ej, A(us)er) ds = / a;x(X(s))ds. (9.7)
0 0

Thus we see that { X} } satisfies (2.6) with \; = i?72/2.

Since u, is the L? limit of the sums }_;'_ X (¢)ex () and u, is continuous in z, then u,
is easily seen to be a Borel measurable function of X (¢). Thus to prove uniqueness in law
of u, it suffices to prove uniqueness in law of X. It is routine to show the equivalence of
uniqueness in law of (2.6) to uniqueness of the martingale problem for £. Since the a;;
satisfy the hypotheses of Theorem 9.1, we have uniqueness of the martingale problem
for L.

Finally, the proof of Theorem 2.3 will be complete once we establish the existence of
solutions to (2.7). The proof of this is standard, but we include it in Appendix B for the
sake of completeness. O

Proposition 9.3. Let «, 3,7 > 0.
(a) If
A:C0,1] = C),,. and sup |[[A(u)llcv < k3, (9.8)
ueC|0,1]

then (2.12) holds for some k3 depending on % and .
(b) If

[A(u) — A(v)[|l2 < &) sup [(u — v, o) (9.9)

soecﬁe/fﬁ\wl\cﬂ/aél

for all u,v continuous on [0, 1], then (2.9) holds and (2.10) holds for some 1, depending
on k', « and 8.

Proof. (a) It follows easily from Leibniz’s formula that
1A% (W)llcv < ey [lAMW)IE--
It is also clear that A(u) € C., implies that the same is true of A(u)?. The result now

per
follows from Lemma 9.2.
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(b) Cauchy-Schwarz shows the left-hand side of (9.9) is bounded above by ) |ju — v||§
and so (2.9) follows. By (9.9) and Lemma 9.2 we have

[[A(u + hex) — A(u)2 < Ky sup |h]*|(ex, p)|*
wecﬁe/f,\lcpl\cg/aél
A (6% Cl(ﬁ/a) “
< K |h] (1—|—kﬂ/0¢
< klea(a, B (1 + k)P,

Proof of Theorem 2.4. This is an immediate consequence of Theorem 2.3 and Proposi-
tion 9.3. 0O

Proof of Corollary 2.6. By our assumptions on f, A(u)(x) is bounded above and below
by positive constants, is in C},,, and is bounded in C” norm uniformly in u. By our
assumptions on f,

<y sup [{(u — v, p)|*.

B
PECHerllell z<1

Squaring and integrating over [0, 1] shows that A satisfies (2.13) and we can then apply
Theorem 2.4. |

Proof of Corollary 2.7. We verify the hypotheses of Theorem 2.3. Use (2.17) to define
A(u)(z) for all z in the line, not just [0, 1]. It is clear that for any v € C[0,1], A(u) is then
an even C'*° function on R with period two, and so in particular

A:C[0,1] = C%. = iCh,.

Moreover the kth derivative of A(u)(z) is bounded uniformly in « and u. If we choose ~
and S large enough so that the conditions of Theorem 2.3 are satisfied, we see from the
above and Proposition 9.3(a) that (2.12) holds.

Turning to the boundedness condition (2.11), we have

A(u)(z) > a/w(x —y)dy = al|v]; >0,

and the corresponding upper bound is similar.
For (2.10), note that by the Holder continuity of f,

sup [A(u + heg)(x) — Au)(2)]

z€(0,1]
< sw | [ 66— plfor e GTRDW) . bun GTRR)
x€(0,1
- f(¢1 * ﬂ(y)’ s 7¢n * ﬂ(y))] dy
< |[¢llicy  sup  [R]*[¢; * ex(y)|®. (9.10)
yER,j<n
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In the last inequality we use the linearity of v — uw and e, = e;,. Since ¢; is smooth with
compact support, its Fourier transform decays faster than any power, and so

’/@(w)e“"?” dw' < Cgjai(1+[2mz])7P/*  forall x. (9.11)
Now for k£ > 0,

67 cul)] < V2| [ 65(y — 2) cos(2rhz) =

< \/5 /¢j(y _ Z)ei27rkz dz

— \/§ /qu(w)efi%rk:w dw ei27rky

< V2ep/0,5(1+ k)70,

by (9.11). Use this in (9.10) to obtain (2.10). Finally, the proof of (2.9) is easy and should
be clear from (9.10). The result now follows from Theorem 2.3. O

A Proofs of linear algebra results
We give the proofs of some of the linear algebra results of Section 4.

Proof of Lemma 4.4. Our definitions imply
t
(at)z,z) = (G(t)l/Q/ E(s)aE(s)ds G(t)/?z, x)
0
t
- / (@B (s)G(1) 2, B(s)G(1)/21) ds

0

zAO/O (E(s)G(t)2z, E(s)G(t)"%x) ds,

by the hypotheses on a. The right side is

AO/ Ze 2/\“(’ — _2>\t|x1|2d8_A0HCL'||2

The upper bound is similar. The bounds on a(¢) are a reformulation of Lemma 4.1 and
the analogous upper bound. O

Proof of Lemma 4.5. The first inequality in (4.9) follows from (4.4). The second inequal-
ity holds since

[a(t) — b(e)|s
= |G(&)?(a(t) — b(t)G ()|

1— e()\ +A5)t
—supZG“ )/ 2( PNy )ij(t)1/2|aij_bij|

< sup E lai; = bij| = lla —bl|s,
7 ~
J

where Lemma 4.3 is used in the last line and symmetry is used in the next to last line.
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Turning to (4.10), we have

IA(t) = B(#)l| = [ A@®)(b(¢) — a(£) B()]
< | A@IB@)IB(E) - @) (A1)

The lower bound on (t) (and hence b(t)) in Lemma 4.4 implies that
IABIIB®I < Ag™.

Use this and (4.9) in (A.1) to derive (4.10). (4.11) is then immediate. O

Proof of Lemma 4.6. We write

detb(t) | == S
dotal) det(b(t)A(t)) = det(I + (b(t)A(t) — 1)) (A.2)
= det(I + (b(t) — a(t))A(t)).
Clearly B N N N
11+ (b(t) — a(t) A@)| < ]| + [1b(t) — a(@)] [[AE)]- (A.3)

Use the lower bound on @(t) in Lemma 4.4 to see that ||A(t)|| < A;', and then use (4.9)
in the above to conclude that

17+ (b(t) — a(t) A1) <1+ Agtfla —b]s.
Hence from (A.2) and (4.2) we have the bound

det b(t)
deta(t)

| <+ (B - ) A

m
< (1445 a - blls)

< Ao tmlla=ble

Observe that a(t) and b(t) are positive definite, so det@(t) and det b(t) are positive real
numbers. We now use the inequality e* < 1 + ze® for x > 0 to obtain

det b(t) )
— = <14 60€°.
deta(t) — e
Reversing the roles of a and b,
deta(t) _, | 9,
det b(t)
and so, B
det b(t) 0
— > >1-—0e".
deta(t) = 1+6e? — ¢
[l
Proof of Proposition 4.7. Using the inequality
le® —1] < |x|e(w+), (A.4)
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we have from Lemma 4.5,

e—(w-,(1‘7(1‘/)—@(1‘/))“1)/2 — 1| < ¢e?.
Using the inequalities

1-Vz|<[1-z, x>0,

and
loy — 1 < [z[ly =1+ |z = 1], =,y >0,

the proposition now follows by Lemmas 4.5 and 4.6 with
c1 = eM(1 4+ MeM)L/2, O

Proof of Lemma 4.8. Let 0;; be 1 if i = j and 0 otherwise. If i, j < m, then

m m m
Akmi14;
) J,m+1
D biBrj =Y aindr;— Y e
k=1 k=1 b—1 m+1,m+41
m+1 m+1
o A A Ak,m+1Aj,7n+1
= Z Qi Akj — i m+1Am+1,5 — Z az‘kA—
k=1 k=1 m+1,m+1
A77L+1,m+1Aj,m+1
+ @i m+1 A
m+1.m+1
o 5 5i,m+1Aj,m+1 o 5
= Oij — = Oij.
A
m—+1,m+1
The last equality holds because i < m. O

B Proof of existence

We give here the proof of existence to a solution to (2.7).

Proof. Let X"(t) = (us,e,). By Theorem 9.1 there is a unique continuous ¢*-valued
solution X to (2.6) with \,, = n?7?/2, where a is constructed from A as above. If

u(s,x) = ZX"(s)en(x), (B.1)
n=0

then the continuity of X (¢) in /2 shows that the above series converges in L2[0, 1] for all
s> 0a.s. and s — u(s,-) is a continuous L2-valued stochastic process. It follows from
(2.6) that

t
X™(t) = (ug, en) + My (t) — )\n/ X"(s)ds, (B.2)
0
where each M, is a continuous square integrable martingale such that
t t 1
(M, M) = / A (Xs) ds = / / Alus)(y)em(y)en(y) dy ds. (B.3)
0 o Jo

We next verify that u satisfies (2.8). Let ¢ € C2[0,1] satisfy ¢'(0) = ¢’(1) = 0. Note
that

N
uN(s,z) = Z X"(s)en(x) — u(s,x) in L?[0, 1] (B.4)
n=0

EJP 17 (2012), paper 36. ejp.ejpecp.org
Page 49/54


http://dx.doi.org/10.1214/EJP.v17-2049
http://ejp.ejpecp.org/

Uniqueness for SPDEs and SDEs

as N — oo for all s > 0 a.s. By (B.2) we have

N N
W 0) = 3 (o, en) (6, en) + 3 Ma(t){, e0) — jf S ALK (5) en, ) ds
n=0 n=0 n=1
= IY(¢) + MY (¢) + V. (9). (B.5)

Parseval’s equality shows that
lim I{¥(¢) = (uo, ¢). (B.6)
N—o00

Integrating by parts twice in (¢, e,), and using the boundary conditions of ¢, we find
that

N _ K ’U,N i s
mwwﬂu¢Md

Now sup,; [[ull|l2 < sup,<; [Jus|l2 < oo for all ¢ > 0 and so by dominated convergence

we see from the above and (B.4) that

N—o00

¢
lim V.Y (¢) :/ (us,¢"/2)ds forallt >0 a.s. (B.7)
0

If Ny > N;, then by (B.3) and (2.11) we have

«MM—M%@»=[AUWMW(§§@mmmwwws
n=N;+1
< Ky // Z (en,d eny)dyds

n=N1+1

= Ky 2t Z (en, ®)> — 0 as Ny, Ny — 0.
n=N1+1

It follows that there is a continuous L? martingale M;(¢) such that for any 7' > 0,

sup M (¢) — My(¢)| — 0 in L?,
t<T

and

(M(¢))e = L' — lim (MM (¢)),

N—o0

—m//A% <%wmﬁ@w

N—oc0

/ / (us)(y)2(y)? dy ds.

Since A is bounded, M is an orthogonal martingale measure in the sense of Chapter 2
of [18] and so is a continuous orthogonal martingale measure in the sense of Chapter 2
of [18]. This (see especially Theorem 2.5 and Proposition 2.10 of [18]) and the fact that
A is bounded below means one can define a white noise 1/ on [0, 1] x [0, c0) on the same
probability space, so that

// (us)(y)¢(y) dWs,, forallt >0a.s. forall ¢ € L*[0,1].
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Therefore we may take limits in (B.5) and use the above, together with (B.6) and (B.7),
to conclude that u satisfies (2.8).

It remains to show that there is a jointly continuous version of u(¢, x). Note first that

t
X"(t) = ef)‘"t<u0, €n) +/ e~ An(t=5) dM,(s), (B.8)
0

and so

N
=3 e g, enden(e +Z/ MO A (s)en(z)  (B.O)

n=0 n=0

a™ (t, ) + a (t, ).

Let p(t,z,y) denote the fundamental solution of % = %aa—;p(t,x,y) on [0,1] with Neu-
mann boundary conditions, and let P, be the corresponding semigroup. By Mercer’s
theorem (see, e.g., Theorem 11 of Chapter 30 of [11]),

oo

p(t,z,y) = Z eiA"ten(x)en(y)»

n=0

where the series converges uniformly on ¢ > ¢, z,y € [0, 1] for every £ > 0. It follows
that

N(x,y) = Pyug(z) forall t > 0, z € [0,1].

An easy L?(P) convergence argument using square functions shows there is a jointly
measurable random field {a(¢,z) : ¢ > 0,z € [0, 1]} so that @(0,-) =0 and

a™ (t,z) — a(t,z) in L?(P) uniformly in (¢, z),
and so for some subsequence
a™N*(t,x) — a(t,z) a.s. for each (t,z). (B.10)
So let N = N — oo in (B.9) to conclude
lilgn uMNr(t,2) = Pauo(x) +a(t,z) a.s. forallt >0, z € [0,1].
It now follows easily from (B.4) that
u(t,z) = Pyug(z) + u(t, x) a.a. z, P—a.s. forallt >0, (B.11)
where the equality holds trivially for all x if ¢ = 0.
Clearly P,ug(z) is jointly continuous by the continuity of uy, and so we next show

there is a continuous version of @ (¢, x). Let 0 < s < ¢, choose reals x < y and fix ¢ > 1.
Our constants ¢; below may depend on ¢ but not s,¢,x,y. By Burkholder’s inequality
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and (B.3) we have
E (|a™ (t, ) — a™ (s, y)|7)
N t
<ar(B(a"(ta) - o)) + B (|3 [ e, w)enw)
n=0"vS
N . v
a0 e eneant, e, )|
—4 /0

N

< cz / / (uw)( Z “Malt=ve (2)(en(z) — en(y))rdz dv}
)

)

NS
N—

M)

+E (/t /01 Aluy)(2)? {Z e Mt (z)en(y)} ’ dz dv}
s n=0

B([[ [ awer

N 9 a
X [Z(ef)‘"(tfu) - ef/\"(sfu))en(z)en(y)] dz dv] ’ ) }

n=1

Next use the uniform boundedness of A(u,)(z) (by (2.11)) and the fact that {e,} is an
orthonormal system in L?([0, 1]) to bound the above by

t N 2 .
cg{(/o ;e—z\n(t—v)(en(m) —en 2 / Ze_z,\ (=), (y)? dv)2

g

s N .

@ =)+ (000 51’
(EN: e lt=9))2) - )%}
EC4{T1+T2—|—T3}. (B.12)

Let § € (0,1/2). For T3, use the fact that

len(2) — en(y)| < 8[njz —y| A 1]

to see that

N
T <ecs [Z n"2[(n]z —y|)® A 1]} o (B.13)

N
q/2
e[S n e — o] < eo@)le —y 009,

n=1

Elementary reasoning gives

N a
T <t —s/+ Y (t=5)i0(1/@N)) 1]
n=1
< er(@)fit = sl + 1t - 5|38, (B.14)
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and

[0S

13

IN

|
[

By using (B.13)-(B.15) in (B.12) we may conclude that for all 7' > 0 there is a ¢(7, ¢, 0)
sothatfor0<s<t<Tandz,y € R,

(Ot — ) A 12N }

[SIS)
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B (| (t, 2) — @~ (s,9)|7) < (T, g)[|lz — y| =% 4 |t — 5|52
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By Fatou’s Lemma and (B.10) the same upper bound is valid for
E (|a(t, x)—u(s,y)|?). Kolmogorov’s continuity criterion (see, for example, Theorem (2.1)
in Chapter I of [15]) shows there is a jointly continuous version of u on R, x R.

We have shown that there is a jointly continuous process v(t, z) such that

u(t,z) = v(t,z) a.a. x forall t > 0, and v(0,-) = ug(-), P — a.s.

Here the continuity in ¢ in L? of both sides allows us to find a null set independent of .
As A has been continuously extended to a map from L? to L?, we have A(u,) = A(v,)
in LQ[O, 1] for all s > 0 a.s. and so the white noise integral in (2.8) remains unchanged
if u is replaced by v. It now follows easily that (2.8) remains valid with v in place of w.
Therefore v is the required continuous C0, 1]-valued solution of (2.7). m|
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