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Two-sided random walks
conditioned to have no intersections”

Daisuke Shiraishi'

Abstract

Let S', 52 be independent simple random walks in Z¢ (d = 2, 3) started at the origin.
We construct two-sided random walk paths conditioned that S*[0, c0) N S?[1,00) = @
by showing the existence of the following limit:

lim P(- | S'[0,7"(n)] N S*[1,7%(n)] = 0),

n—oo

where 7(n) = inf{k > 0 : |S*(k)| > n}. Moreover, we give upper bounds of the rate
of the convergence. These are discrete analogues of results for Brownian motion
obtained in [3] and [8].
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1 Introduction and Main Results

1.1 Introduction

Let S = (S(n)) be a simple random walk in Z? (d = 2,3) started at the origin. Take
integers k < n. A time k is called cut time up to n if

S[0,k] N S[k 4+ 1,n] = 0, (1.1)

where S[0,k] = {S(j) : 0 < j < k}. We call S(k) a cut point if k is a cut time. Lawler [4]
has shown that there are constants 0 < ¢, ¢’ < co such that for all n,

en~% < P(S[0,n] N S[n+1,2n] = 0) < d'n"%, (1.2)

where ¢ = £, is the intersection exponent (see Section 2.1 below). Lawler, Schramm
and Werner [6] have proved that &; = % by using the SLE techniques. The value of &3 is
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not still known. Let Ji be the indicator function of the event that k is a cut time up to n

and let R,, = Ji. Lawler [4] also proved that there exists ¢ > 0 such that
k=0

P(R, >cn'"%)>c ford =2,

R, ~n'~% with probability one for d = 3,

where ~ denotes that the logarithms of both sides are asymptotic.

While the understanding of the number of cut times has been advanced, there is
a few results about the geometrical structure of the path around cut points, which is
the purpose of this paper. We consider the following problem. If we condition that
S[0,n] N S[n + 1,2n] = 0, then what kind of structure does the path have around S(n)?
Let S', S? be independent simple random walks started at the origin. Then, thanks to
the translation invariance and the reversibility of the simple random walk, our problem
may be deduced to clarify the structure of S', S? around the origin when we condition
that S*[0,n] N S?[1,n] = 0. Letting n — oo, we will face the following problems:

(1) Construct two-sided path conditioned that S'[0, c0) N S?[1,0) = 0.
(2) What kind of geometrical structure does such a conditioned path have?

(3) For each [, is the difference between the distribution of S[0,7]US?[0,!] conditioned
on {S1[0,n] N S?[1,n] = 0} and that conditioned on {S'[0, 00) N S?[1,00) = ()} small
for large n?

By (1.2), the probability that S*[0,00) N S?[1,00) = () is O for d = 2, 3, so question (i) is
not trivial. For Brownian motions, Lawler [3], and Lawler, Vermesi [8] have constructed
Brownian paths conditioned to have no intersections. More precisely, let B!, B2 be
Brownian motions in R® (d = 2, 3) starting distance one apart and

TY(R) = inf{t > 0: |B*(t)| = R}.
In [3], it was proved that for d = 2, the limit

lim P(- | BY0,T"(e")] N B*[0,T%(e")] = 0) (1.3)
exists and the rate of convergence is bounded above by O(e~*V") for some § > 0. For
d = 3, it was shown in [8] that the limit of (1.3) also exists and the rate of convergence
is at most O(e~°") (see Proposition 2.9).

In this paper we will answer the question (i) and (iii). We will construct the path in
(1) by proving the existence of the limit as in (1.3) for simple random walk (Theorem
1.1). Furthermore, we will derive same rates of convergence as Brownian cases. Since
the speed of convergence in Theorem 1.1 is relatively fast, it would give evidence that
the gap considered in (3) is small.

Even though the conditioned Brownian paths were already constructed as in (1.3),
it is not straightforward to construct it for the simple random walk. Both in [3] and [8],
the scaling property of Brownian motion is crucial in the construction and hence the
same arguments cannot be applied for the simple random walk case. To overcome this
problem, we will use the strong approximation of Brownian motion by simple random
walk derived from the Skorohod embedding. By this approximation, we can define
simple random walks S', S? and Brownian motions B!, B2 on the same probability space
so that with high probability, the paths of S? are very close to those of B?. However,
if S and S? start from a same point, then the difference between the path of S* and
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that of B is too large to control the difference between P(B'[0,n] N B%[1,n] = () and
P(S[0,n] N S%[1,n] = 0). (See Proposition 2.4 for the difference between S¢[0,n] and
B'[0,n]. We must admit the fact that the difference may be of order ni.) This difficulty
can be dealt with using the following ideas. Even if starting points of S' and S? are
very close, they gradually have a good chance of being reasonably far apart because
of the conditioning not to intersect. Once S' and S? are far apart, we can use the
Skorohod embedding to control the non-intersection probability of simple random walks
(see Proposition 3.19 for details).

The question (iii) will be discussed in a forthcoming paper [9]. Let gl,§2 be the
associated two-sided random walks whose probability law is P*in Theorem 1.1. In order
to show that paths of S' have different structures from those of usual simple random
walk S, we will consider a simple random walk on G := 5 [0, 00) US5[0, 00). (Here we
regard G as the subgraph consisting of all the vertices visited and edges traversed by
either ' or §°.) In [9], it will be shown that the simple random walk on G, say X, has
subdiffusive behavior for d = 2. This is due to that G has many so called bottleneck
edges and it takes much longer for X to move away from its starting point compared to
the simple random walk in Z2.

Throughout this paper, we use c,c’,c1,c2,6, -+ to denote arbitrary constants that
depend only on the dimension d. The values of them may change from place to place.

1.2 Framework and Main results
Let d = 2,3. For z € Z¢, let

B(z,n)={2€Z: |z —z| <n}
and
OB(z,n) = {z € Z\B(x,n) : |z — y| = 1 for some y € B(z,n)}.

We write B(n) = B(0,n) and 9B(n) = 9B(0,n). Let Bi(x) = B(z,2*) and 0B(z) =
0B(z,2%). We also write By = B (0) and 0B, = 9B (0).

A sequence of points v = [y(0),v(1),--- ,v(l)] C Z¢ is called path if |y(j)—v(j—1)| = 1
foreach j = 1,2, --- ,1. We let leny = [ be the length of the path, A(n) be the set of paths
satisfying that

v(0) =0,v(5) € B(n) forall j =0,1,--- ,leny — 1
~v(leny) € 9B(n).
Let
I(n) = {7 =(v",7*) € A(n)? : 71 (i) # ~+*(j) for all (i, 5) # (0,0)},

and I'(c0) = 02, I'(n). We write T, = I'(2%).

n=1

Let S, S? be the independent simple random walks in Z started at the origin. Let
7'(n) = inf{k > 0: S*(k) € 9B(n)},
and 77 = 7%(2%).
Theorem 1.1. Letd =2 or 3. For each L € N and7 € I'(L), the limit

Jim P((81[0,7 (L)), $2[0, 74(L)]) =7 | (8*[0,7 (N)], 820, A (N)]) € T(N) ) =: P¥(3)
(1.4)
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exists. Furthermore, there exist § > 0 and ¢ < co depending only on the dimension such
that the following holds for all L and 7 € T'(L).

|P((5M10,7 (L), 820, 72(L)]) = 7 | (S0, 7 (N)], $2[0, 73(N)]) € T(N)) = PH(7)| < ce™0VixT

(1.5)
ford =2,
|P((810, 71 (L)), $210, 72(L)]) = 7 | (S0, 7 ()], 820, ~2(N))) € T(N)) = PH(7)| < eN~*
(1.6)
ford =3,

and P* extends uniquely to a probability measure on I'(cc).

The paper is organized as follows. Section 2 gives some preliminary propositions
about Brownian motions and simple random walks. In particular, we state the Skorohod
embedding which is crucial in this paper. Key estimates are given in Section 3 by using
this approximation. We give the proof of Theorem 1.1 in Section 4.

2 Known Results

In this section, we give a list of definition of the objects and known results commonly
used throughout this paper.

2.1 Intersection Exponent

In this subsection, we review the intersection exponent for Brownian motion and
simple random walk. Let d = 2 or 3. Let B!, B? be independent Brownian motions in
R®. We start by stating the estimate from [5]. Let

T'(n) = inf{t > 0:|B'(t)| = n},
and write P™¥ = P’} to denote probabilities assuming B'(0) = z, B*(0) = y. Then we
have the following proposition.

Proposition 2.1. ([5], Corollary 3.13.) There exist £ = &4, ¢ < oo and an increasing
function f : (0,2] — (0,00) such that if |x| = |y| = 1, then foralln > 1

f(lz —y))n=¢ < P»Y(BY0, T (n)] N B[0,T?%(n)] = 0) < cn”S. (2.1)

Note that ¢ is called the intersection exponent for Brownian motion. Next we state
the analogues for simple random walks. Let S', S? be independent simple random walks
in Z?. Again we write PV = P to denote probabilities assuming 5*(0) = , 5*(0) = y.
Let

7(n) = inf{k > 0:|S*(k)| > n}.

Then the following proposition was proved in [4].

Proposition 2.2. ([4], Theorem 1.3, Corollary 4.6.) Let £ be the exponent in Proposition
2.1. Then there exist constants c1, co such that the following holds.

cin~¢ <P%0(SY0, 71 (n)] N S%(0,7%(n)] = 0) < can™¢, (2.2)
sup  PPY(SM[0, 71 (n)] N S2(0, 72 (n)] = 0) < ea(—) ", (2.3)
], ly|[<m m
forallm < n.
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Remark 2.3. In [6], it was proved that

5

&L= (2.4)

The value of £3 is not known. Rigorous estimate ([1], [5]) show that % < &3 < 1. Simula-
tions suggests that {3 is around 0.57 (see Section 7 in [8]).

2.2 Skorohod Embedding

In this subsection, we state the strong approximation of Brownian motion by simple
random walk derived from the Skorohod embedding (see [4] for details).

Proposition 2.4. ([4], Lemma 3.1, Lemma 3.2.) There exist a probability space ({2, F, P)
containing a d-dimensional standard Brownian motion B and d-dimensional simple ran-
dom walk S such that the following holds. For every e > 0 there exist § > 0 and a < oo
such that
P( sup |B(t) — S(td)| > ni"'e) < aexp(—n?). (2.5)
0<t<n

Moreover, if we set
T(n) =inf{t: |B(t)| =n}, 7(n)=inf{j:[S(j)| = n}
then for every € > 0 there exist § > 0 and a < oo such that

P( sup |B(t) - S(td)| > n2*) < aexp(—n’). (2.6)
0<t<T(n)

We will be using the strong Markov property at time 7'(n). However, one slight
complication that arises is the fact that {B(¢), S(td) : ¢ < T'(n)} might contain a little
information about B(t) beyond time 7T'(n). To overcome this problem, we need the
following proposition.

Proposition 2.5. ([4], Lemma 3.3.) There exist § > 0 and a < oo such that the following
holds. For each n, there is an event ¥(n) with

P(¥(n)) > 1 — aexp(—n°)
such that on the event ¥(n),
{B(t) : t < max{T(n),7(n)}} U{S(td) : ¢ < max{T(n),7(n)}}
and
(B(t):t > T(2n)}
are conditionally independent given B(T'(2n)).

2.3 Beurling Estimate

For d = 2, thanks to the Beurling estimate stated in Proposition 2.6 below, we can
say intuitively that every path is ‘hittable’ for both simple random walk and Brownian
motion. Now we state it.

Let B be the Brownian motion in R? and S be the simple random walk in Z2. Then
the following are well-known (see [7] for the continuous case and [2] for discrete case).

Proposition 2.6. (i) ([7], Theorem 3.76) There exists a constant K < oo such that for
any R > 1, any x € R? with |x| < R, any A C R? with [0, R] C {|z] : z € A},

|z]

i

Nl

P*(T(R) < Ta) < K( (2.7)
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where T(R) = inf{t > 0: |B(t)| > R} and T4 = inf{t > 0: B(t) € A}.

(ii) ([2], Theorem 2.5.2.) There exists a constant K < oo such that for any n > 1, any
x € Z? with |x| < n, any connected set A C Z? containing the origin and such that
sup{|z| : z € A} > n,

P*(1(n) < 7a) < K(m)? (2.8)
n
where 7(n) =inf{j > 0:|S(j)| > n} and 74 = inf{j > 0: S(j) € A}.

For d = 3, there is no useful analogue of Proposition 2.6. So we need some more
work. Let B be the Brownian motion in R3. For each € > 0, b < oo and a curve v in R3,
define

f(v) = f(v.€,0) = sup P*(B[0,T(2n)] Ny = 0),
where the supremum is over all z with |z| < n such that
dist(z,v) < bn'™,

and T'(n) be the first hitting time of B to the boundary of disk centered at the origin
with radius n. Note that P* denotes the probability with B(0) = z and f(v) is a function
of 7. Let B’ be the another Brownian motion in R? and denote the first hitting time of it
to the boundary of disk centered at the origin with radius n by 77(n). Let

Zn = Zn(e,b) = f(B'[0,T'(2n)]).
Note that Z,, is a function of B’[0,7"(2n)]. In other words,
Z, =sup P*(B[0,T(2n)] N B'[0,T'(2n)] =0 | B'[0,T'(2n))),
where the supremum is over all z with |z| < n such that
dist(z, B'[0,T'(2n)]) < bn'~¢,
The following proposition says that Brownian path is a ‘hittable set’ with high probabil-
ity.

Proposition 2.7. ([4], Lemma 2.4.) For every M < oco,e > 0,b < oo, there exist § > 0
and a < oo such that for |z| <n,

P/x(Zn > nfz?) < (me

- )

(2.9)
where P'® denotes probability with B’(0) = «.

Finally, we state an analogue of this proposition for simple random walks. Let S, S’
be two independent simple random walks in Z3. For each € > 0 and b < oo, let

2} = Zn(e, b)* = sup P*(S[0,7(2n)] N 8'[0,7'(2n)] = 0 | 5[0, 7' (2n)]),
where the supremum is over all z with |z| < n and
dist(z, S'[0,7'(2n)]) < bn'~¢,

and 7(n) (resp. 7/(n)) be the first hitting time of S (resp. S’) to 9B(n). Again note that
P? denotes the probability with S(0) = z and Z! is a function of S’[0,7/(2n)]. Then we
have the following.

Proposition 2.8. ([4], Lemma 2.6.) For every M < oco,e > 0,b < oo, there exist 6 > 0
and a < oo such that for x| < n,

P(Z8 >n7%) <an™M, (2.10)
where P'* denotes probability with S’(0) = x.
Throughout this paper, we use Proposition 2.8 for M = 6.
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2.4 Nonintersecting Brownian motions

In this subsection, we state convergence theorems for Brownian motion in R? and
R? obtained in [3] and [8], respectively. Let d = 2 or 3, and B!, B? be independent
Brownian motions in R%. Let D = {z € R?: |z| < 1} and 9D = {z € R? : |2| = 1}. For
Ki1,K> C D and w = (wy,ws) € 9D? with w; € K; N D, define

Ay (K, K2) = {BH0, T (e"))NB*[0, T%(e™)] = 0, BY[0, T (e")NK: = 0, B[0, T%(e"))NkK, = 0},
where T%(R) = inf{t > 0:|B‘(t)| > R}. Let
Qn (I, w) = " P> (A, (K1, K>)).

Here £ = £, is the intersection exponent defined as in Section 2.1. In [3] and [8], it was
shown the following convergence theorems for d = 2 and d = 3, respectively.

Proposition 2.9. ([3], Theorem 1.2 and [8], Proposition 4.8.) Let d = 2 or 3. For each
K{,Ky CDandw = (wl,wz) € 0D? with w; € Kj N ID, the limit

lim Q,(K,w)=: Q(K,w) (2.11)

n—oo

exists. Moreover there exist ¢ < co and 8 > 0 depending only on the dimension such
that the following holds.

1Q(K,w) — Qn(K,w)| < ce PV"Q(K,w) ford=2, (2.12)
|Q(K,w) — Qn(K,w)| < ce P"Q(K,w)  ford=23. (2.13)

As mentioned, our main result Theorem 1.1 (or Theorem 4.1 below) is a random walk
version of this proposition. Notice that the rate of convergence in Theorem 1.1 is same
as that of Proposition 2.9.

3 Approximation of non-intersection probabilities

3.1 Preliminary
Fix L € Nand ¥ = (v},9?) € I'.. We write w' = ~‘(leny?) for the end point of
+*. Assume 10L < m < n. Let S',S? be two independent simple random walks in Z¢
starting at w!, w? respectively. Let A,,(¥) denote the event
Sl[o’ T’rln} n 72 = @,
An(¥) =< S?0,72] Nyt =10, . (3.1)
S0, 711N S2%[0,72] =0

The goal of this section is to prove the following proposition.

Proposition 3.1. Letd = 2,3. Forall L € N and 5 = (y',~?) € 'y, there exist ¢ < oo
and § > 0 such that for alln > m > 10L,

d_ 1
12m=DEP(A,, (7)) — 2" REP(A, (7)) < 2702 2. (3.2)
3.2 Several Lemmas
For%ﬁjﬁ%,let
D; = min{dist(S" (7} ), 5?(0,7;]), dist(S*(77), S'[0, 7, 1)} (3.3)

The next lemma shows the probability that a pair of random walk paths come close to
each other, but still stay apart for a long time afterward, is small.
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Lemma 3.2. There exist ¢ < co and § > 0 such that for all N > m,
P(An(7), D; < 20997) < 2= (N=L)Eg=05, (3.4)
for each 5 < j < 7.
Proof. It is enough to show that
P(An(¥),dist(S*(1}), S2[0,77]) < 2099) < 2~ (N=L)g=05, (3.5)
By the strong Markov property,
P(An(®), dist(Sl(le), S2(0, Tf}) < 20-997) < 02_(N_j_1)5P(Aj+1(7), dist(Sl(le), S2 [O7Tj2]) < 20:997),

Applying Proposition 2.8 with e = 0.01, b = 1, S = S! and S’ = S?, we see that there
exist § > 0 and ¢ < oo such that

P(Aj+1(7)7 dlSt(Sl (le)7 52 [07 T]’Q]) < 20.99].)
< P(Z,(0.01,1) > 27%) + P(A;41 (%), dist(S (r}), $2[0, 72]) < 2999, 7 (0.01,1) < 27%)
< 279 4 P(A;41(7), dist(S" (}), $2(0,77]) < 2% Z5,(0.01,1) < 27%).
By the strong Markov property,
P(Aj1(7),dist(S* (7)), S2[0,77]) < 20999, Z5,(0.01,1) < 27%7) < 279 P(4;(7)).

Since P(A;(¥)) < c2=U~1), the lemma is finished.

O
Let
Fp = {Dn >2"5%}, (3.6)
By Lemma 3.2, there exists § > 0 such that
P(An(7),FS) < 2~ (N—L)gg—om (3.7)

for every N > m.
For each i = 1, 2, define

ol =o' =inf{k > 725 —2%") : Si(k) € OB(S (7} (25 —2%%")),2%)}.

The next lemma shows that conditioned on Ay (7¥), if the random walk stays at a point
x near the boundary of a ball, then it hits the boundary near by x with high probability.

Lemma 3.3. There exist § > 0 and ¢ < oo such that for each N > m,
P(An(¥),0" < 7h) < 2 (N-P)eg=om, (3.8)

Proof. By the strong Markov property,

P(AN(),0" <7h) <2 W5EP(An(3),0" < 7h).

3

Since ¢! > 74, _,, we see that
3

Pl o 2m ) )
P(An(7),0" < 7i) < By i(B:(1{Az . (}P7 27 727 V(o < 7)),
where P? denotes the probability measure of S* with S?(0) = z. It is easy to see that
there exist § > 0 and ¢ < oo such that

PS(#(Q%—Q%”))

(o8 < T%) < c27m

and the lemma is proved.
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m 2m ; m 2m

Let G, = {S'[r7(2% —275"), 7la ] C B(S*(7(2% —279")), 2%), for i = 1,2} From Lemma
3.3, we have
P(An(7),Gy,) < c2” (- Bgmom, (3.9)

Let S be the another simple random walk whose probability measure is denoted by P~*
when we assume S(0) = z. Then let

Z}, =sup P*(S[0,72] N S0, 7] = D), (3.10)

where the supremum is over all z with

m 2 11
3

dist(z, S0, 71(2% —2797)]) < 270 .

Note that Z! is a function of S%[0, 7= ]. By Proposition 2.8, we see that there exist § > 0
and ¢ < oo such that
Pi(Zi >270m) < 27%m, (3.11)

Therefore, if we set H, = {Z! < 27°™} and H,, = H}, N H2, we have
P(AN(7), Hy,) < c2” (N=0)egmom, (3.12)

3.3 Coupling
Using the strong Markov property, we see that

SN (7 ),S% (Th )
P(AN(7)7Fm;GmaHm,) = E(l{A%(W)aFmaGmyHm}PLQ K 3 (R%,N))v (313)

where we let R%, ~ be the event

S°[0, 7] N (S%[0, 7R ] U~?) =0
Ry =1 50,7310 ("0, 7h]U~r") =0 (3.14)
50,741 N5°[0,72] = 0

Here S' and 5 are independent simple random walks starting at 51(71% ) and S? (72?,7)

respectively, and we use same notation 7¢(l), 75 for the hitting time of S'. More precisely,
let ‘

() =inf{j >0:5 € aB(l)}
and 77 = 7%(2¥). Throughout this section we will let (B',S') and (B2,5°) be two in-

dependent Brownian motion - random walk pairs coupled as in Section 2.2. Assume

-

Bi(0) =S (0) = Si(T%) =: win/g. Let
TU() = inf{t > 0:|B"| =1}, (3.15)

and T} = T%(2*). From now on, we assume the event Aw (3) N Fy N Gpy N Hy, holds and
compare the probability that two Brownian motions do not intersect each other with
the probability that simple random walks do not intersect. For this purpose, let

PATH} = PATH} ,, = {z € R" : dist(z, 5[0, 7] U~") < 275" ). (3.16)

be a fattened path of S'[0, 7] U~". Set

S )0 (S7[0, 7] U S2[0, 73] UA?) = 0
. m _ _
B=inf{ T <k<N: S, R1nE 0,7 us'0,rhluy) =0 ¢, (17
SN S I, 73] =0
EJP 17 (2012), paper 18. ejp.ejpecp.org
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where 3 = oo if no such k exists. Note that 3 = oo implies ?1(71{,) = 32(712\,) and
w71n/37w72n/3 <l 1 o2/ 2 —-N
P1,2 (S (ry) =8 (1)) < e277.

wh o w? 1 — — )
Here P, ;/*"™/* denotes the probability measure of (5", 5°) with §'(0) = w}, 5. BY
definition of 3, we see that 3 = ¢ implies that R n holds. Therefore, if we let J,, x be

the event
Jm,n = {B'[0, T\]NPATH} = §, B*[0, T{]NPATH} = §, B'[0, T\ ]NB*[0,Tx] = 0}, (3.18)

then

1 2 1 2 N 1 2
Py (Tn) < PLy P (R )+ S Py (Jn, B = k) +e27N. (3.19)
k=141

Since
0.99m _q

min{dist(w,, 5, PATH}), dist(w, 5, PATH})} > 275

1 2
on the event F,,, we see that Pfj 5 8%m/ *(Jm,n) > 0. In this section, we will estimate
1 2
Pf’jg”/?”w"‘/‘”’(Jm,N,ﬁ = k) for 2 < k < N assuming that F,,,, G,,, and H,, hold.

1 2
Before starting estimates of Pf /31 mys (Jm,n, B = k), we give an intuitive idea here.
If 3 =k and % < k < N, then we have

—1 —2
S [7'117177']%](7(5 [07713}U52[077—é]u72>7&®

or

—2 —1
S [Tl?flleg]m(S [O’Tli}usl[oaTl%]U’yl)?é@-

Assume S'[7} . 7}] 0 (570, 77| U S2[0, 73] U?) # 0. £ S [r}_,,7}] N 5[0, 77] # 0, then
roughly speaking, B'[T}}_,,T}] intersects B?[0, 7] with high probability because of the
strong approximation in Proposition 2.4 and the fact Brownian path is a ‘hittable’ set.

1 2
Hence by the strong Markov property, P1w7 /3 m *(Jm,n, B = k) is much smaller than
1 2 J—
Py 3/ (] ). A slight difficulty arises when k = N and S'[rL_,. 7L] intersects
R — ! P 2.
SH 7%] around 52(71%,). In this case, we cannot conclude that Pf;”/“" L oy B = k)

1 2
is much smaller than Pluj 5" 3tm/ *(Jm,n) by using the strong approximation as above.

However, the probability that ' [T%_1, 7% ] intersects 5 [0, 7%] around 32(712\,) is small,

so we can overcome this difficulty (see subsection 3.3.3 for details). Next, assume
ch [ i TN s? [O,Té} # () and d = 2. Then by the strong approximation, B*[T} |, T}!]
intersects S?[0, 72%] U B2[0, T%] with high probability. Hence by using the strong Markov

1 2 1 2
property, we conclude Pf’f;"“’“’m/-*(Jm,N, B = k) is much smaller than Pfﬁ;/:"w’“/g(Jm}N).
For d = 3, we need more careful observation because Brownian motion does not inter-
sect simple random walk path with probability one. To overcome this problem we first

m

consider the case that 2™ < k. In this case, the probability that 5t [Ti TN B(27%)

w 1

)2
is small, so by the strong Markov property, we can say that PL;"/"”“ ’””’(Jm’N,B = k)

is much smaller than Plﬂjgl”/g”w’z”/?’(Jm,N) (see subsection 3.3.2). For 2 < k < 2%, by
the strong approximation, one can show that B'[T}!_,, T}!] intersects PATH} U B2[0, T3]
with high probability under the assumption that F;,, G,, and H,, hold (see subsection
3.3.1). Hence we have the same conclusion. The same idea works for the case that

Sl T N2 £0.
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3.3.1 Bounds for % <k < 2n
Let 3 <k < Qé—g’. It is easy to see that 8 = k implies that
—1 =2
S [me—1, 7] N (S7[0, 75 U S*[0, 7] UA?) # 0
or
—=2 —1
S 21N (5[0, 7 U ST 0, rh] Uy £ 0.

We assume that the first event holds. (Similar arguments work for the second one.)
Let

1k

Q' ={ sup |[Bi(s) -5 (ds)| = 2%},

0<s<T}

and Q = Q' U Q% Let U!(2F+1) W2(2F*+1) be the events given in Proposition 2.5 for
(B',S') and (B2, 5°), respectively, and let & = W' (2++1) 0 §2(2++1).

Lemma 3.4. There exist § > 0 and ¢ < oo such that
P{“’fg"/i’””?”/s (Joons 8 7L 1, 71N S0, 72] # 0) < 2~ W= %)6g=0k, (3.20)
Proof. There exist ¢ < co and § > 0 such that
P(Jm.n, U¢) < 27 N=F=2)8 oxp(—29K), (3.21)

By Proposition 2.5, Q and {B*(t) : t > T} ,} U{B?(t) : t > T7,,} are conditionally
independent given B! (T}, ,), B' (T}, ,) on the event V. Hence by Proposition 2.4,

P(Jm,N’ \Iij) < P(Bl[Tlir%T]u N BQ[Tk2+27T]%I] = (Z), \IJ,Q)
< 27 (N=F=2)8 oxpy (—29F), (3.22)

Now we give an upper bound of
P(Jme, 0, QS [}y, 7] NS [0,72) # 0). (3.23)
By the strong Markov property, this probability is bounded above by
C27(Nﬁk72)51:’(Jm,k-+17 v, chgl [7'1@1-—1’71%} QEQ[OJI?] #0).
Assume Q€ holds. Then it is easy to see that
AT (281 =290 ) < 7f | < 7} < dT'(2F +2°%0).

Hence on the event Q° N {5 [, TN %[0, 2] # 0}, we see that there exist s, ¢ with

such that S'(s) = 5°(t). For such s and t, we have

S

d

t 31k
B(5) - BY(5)| < 2%,

Namely, the following event holds,

Dy, := {dist(B'[T" (2" ! — 2%), T (2% + 2°%5")], B2[0, T?(2" + 2°50)]) < 250 +1}. (3.24)
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Let
Zy = sup P*(B[0, Ty 11] N B?[0, Ty11] = 0),
where the supremum is over all z with z € B(2* 4+ 2% ) and

31k

dist(z, B2[0, T?(2" + 2% )) < 2%

+
-

We let Hy, be the event {Z;, < 27°F}. By Proposition 2.7, there exists § > 0 such that
P(Hy,) < 275,
Therefore, we have only to estimate

P(Jm,k+17 \Ilkav H]?)

dlk )

On the event Jy, 41 N Dy N HE, BYT (21 — 2%0°), T}, ] does not intersect B2[0, T7, ,]
nevertheless B! comes close to B?[0, T}, ;] which is a hittable set. By the strong Markov
property,

P(Jpsos1, U, Dy, HE) < 2k (h=5)¢

and this finishes the proof.

Lemma 3.5. There exist § > 0 and ¢ < oo such that
wl g U]2 —_—
Py (T S ey, T 0 (S2]0, TR]U~?) #0) < 2"V H)Eexp(-27F). (3.25)

Proof. Recall ¥ and @ are the events given before the statement of Lemma 3.4. By
(3.21) and (3.22), it suffices to estimate

/3 Wi =1
Py (T, ' 1, ] 0 (710,73 UA2) £ 0,9, Q°).

By the strong Markov property, this probability is bounded above by
2~ NRE Pt (g W,Q0 B [y T N (520,73 ] UA?) £ 0).

On the event Q° N {5 (71,761 N (S%[0, 7] U~?) # 0}, it is easy to see that there exists
t with

TH2F 1 —2%0 ) <t < T (2K +2%0)

such that
dist(B' (t), (5%(0,7%] U~?%)) < 270 .

Since k < 21, we have 3610’“ < Sm < L Therefore,

B'[0,T;,] N PATH? # 0,

and the lemma is finished.
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3.3.2 Boundsfor21m<k<N 3

From now we assume that Qé—(’)” < k < N — 3. The similar argument in the proof of

Lemma 3.4 gives the following lemma, so we omit the proof.

Lemma 3.6. There exist § > 0 and ¢ < oo such that
wl ..w2 P —_ —_. m
Py (Jn, S g, 7] N 5[0, 7] # 0) < c2” (V= )60k, (3.26)

Let ¥ and @ be the events defined before the statement of Lemma 3.4. By (3.21)
and (3.22), in order to prove

u}in/?ﬂwfn/B —(N—-2)¢ _51¢
P172 (Jva,ﬁ = k‘) < c2 2

21m

for < k < N — 3, it is enough to show the following lemma.

Lemma 3.7. There exist § > 0 and ¢ < oo such that
}1 2 —_— m
Py (T 8 kg, ] 0 (210,751 UA%) £ 0,0,Q°) < c2” W= 890k (3.27)

Proof. By the strong Markov property, the left hand side of (3.27) is bounded above by
w1 ﬂ,l)?n
2 (VRSP (g, W, Q5 Iy, 7] 0 (5710, 73] UA?) £ 0).

Assume d = 3 and &2 < k < 2™ 5o that 31k < 2 Ifgl[Tk LTI N (8?0, TR UA?) # 0,
then 5 [}, 7] N B(2%) # (. On the other hand, on the event Q°, we have

3

3721 —2%0) < 1}, <7} < 3TV (2F 4+ 2%0).

Since 3k < 1 we have
BT (2K — 2% ), 71 (2F + 2°0 )| N B(25+1) #£ .
For k > 2L™  a standard estimate shows that

60
Py(BYTH (21— 2%0), 71 (2 + 2°%0) N B2 1) £ 0) < 2=+ %),

Using the strong Markov property at 7' (2%~! —2%) first, and then estimating P(J,, x—2),
we have

wl ’wfn & m
Pl,én/s e (Jm k"rl?\:[/ Q S [Tk 177—]6] (52[0 th] U'y ) # @) é c2” (k )2 (k— )

Therefore, the proof for d = 3 and 21" < k < 2™ s finished.

Next we assume d = 3 and 2™ < k: <N - 3 In this case, if ' [r}_,,7}] N B(2%F) # 0
and Q€ hold, then

BT (21 = 2%0), T (28 + 2%0 )| n B2 +1) £ 0. (3.28)

Since this event occur with probability at most 02*? the lemma is proved for d = 3.

Assume d = 2. In this case, the probability of the event (3.28) is bounded below by
1/k, so we need to change the proof. Assume 21’” < k< 20’” (For the otherwise, the
proof is almost same as this case. So we only con51der this case.) Let

n=inf{t > T"(2"1 —2°%): B'(1) € B2 ).
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We already showed that if 5 [7i1, 7] N (S2[0,7%] U+?) # 0 and Q° hold, then n <
T*(2* + 2% ). By the Proposition 2.6, we see that
win/B’wzn/S < 1/0k 31k
P 5 (Jm g1, < TH2R 4 270))
2 1 .
< By " (By ™ (W gean < TH (25 +2°90), B0, T} 1] 1 B2(0, T3] = 0}))
wl . w2 . o
< P ()27 8
<2865

and the lemma is proved for all cases.

3.3.3 Boundsfor N -2<k<N

Finally, we give estimates for NV — 2 < k£ < N. Since a proof is similar, we only consider
for K = N. By definition of S in (3.17), we see that § = N implies the event

U 'k k] 0 87 [0, 71U 8370, 737 Uy # 0. (3.29)
i=1,2

We will only give bounds on the probability of the event for ¢ = 1 in (3.29). First we
show the following lemma.

Lemma 3.8. There exist § > 0 and ¢ < oo such that
wl wZ - m
Py (o, S [rh s TR O (S%[0, 78] U~?) # ) < c2” (N 560N, (3.30)
Proof. Recall @ is the event defined before the statement of Lemma 3.4 (k = N in this
case). By Proposition 2.4,

wl . w?
Pl,é”/s m3Q) < ceXp(—(QéN))- (3.31)

Assume Q° holds. Then dT™(2VN~1—2%0") < 71, _,. Therefore, if 5" (51, TN (S?[0, Té]u
v?) # (), we have ‘
BT}, _,,00) N B2 +1) £ (. (3.32)

For d = 3, the probability of the event (3.32) is bounded above by ¢2=% . Therefore, by
the strong Markov property,

w,ln ‘7“’7211 —1
P1,2 e /3(Jm,NvS [le\ffllel\l]m(Sz[07T?§]U'y2)75@)
N

31

wl w2 ‘
<P (T N2, QB Ty _g,00) NB(2760 T1) # 0) + cexp(—(2°V))
< 02—%2—(1\7—%)57
ford = 3. .

Next we consider the two dimensional case. Assume S [71(2V —2%"), 71,]N(S2[0, TQ%]U
~42) # 0 and Q° holds. This implies that §' [r!(2V —2°%%"), Th]NB(2%0 ) # . On the event
Q°, we have

2T (2N — 2% t1) < 712N — 2% ) < 7L < 27 (2N 4+ 2%0 ).

Therefore,
1N 1N 1N
BT (2N — 2%0 +1) T (2N 4 2%0 )| 0 B(2 0 +1) £ . (3.33)
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Using Proposition 2.6, the probability of the event (3.33) is bounded above by 2%,
Hence by the strong Markov property,

wl .w2 — m
Py (L, S (2N - 27%8), 74 N (570, TR]UY?) £0) <252 (VEE

31

Assume S [rh T (2N — 2% )] n (520, 7#%]U~?) # 0 and Q° holds. This implies that

BT (2N — 2%0) TL] N B2 +1) £ 0. (3.34)

So let
31N

p=inf{t > T" 2N 2% ) : B'(r) € B2'w T}
Again by using Proposition 2.6,

31N

wl Aw2 —_
Py (T e, S Iy, @Y = 2°8)] 0 (82[0, 73] UA?) £ 0, Q)
w ,,w2 P _ 31N
<P Ty 2, p € [TH2N T = 27%0), T, BY[p, Th] N B2(0, T3] = 0)

U)l ’LU2 N
m/3:Wm/3 _N
<Py (Jm,N—2)27

m

<2 IN=8)9- %

and the lemma is proved.

O
To estimate the probability of (3.29), we have only to show the following lemma.
Lemma 3.9. There exist § > 0 and ¢ < oo such that
Pf;l““’wf”/g(Jm,NEl [Tl T NS0, 72] #£ 0) < 2~ (N=%)$9-0N, (3.35)

Before we start to prove this lemma, we need to prepare several lemmas.
Lemma 3.10. There exist § > 0 and ¢ < oo such that

2N
3

’Ll)1 7JJ2 —_ f— m
Py (T, S k1, i) NS P2 2N = 2%8), 73] £ 0) < - (V- $)8270N(3.36)

Proof. Let Q be the event defined in the proof of Lemma 3.8. Let

o =inf{k > 22V — 2%) ;Ei c 33(§2(T2(2N B 2%)),2%)}.
If Q¢ holds and o < 7%, then
7= inf{t > T2(2N -2 42°%) : B2(1) € 9B(BA(T2(2V 2% 42%), 2% —2%)} < 122V 427,

(3.37)
It is easy to see that the probability of (3.37) is bounded above by 27" for some ¢ < oo
and § > 0. Hence by the strong Markov property,

1 2 . . m
Py (e, 8 kg, TR NS [P2@N = 2%), 73] # 0,0 < 73) < 2 N~ (N=%)¢,

2N
3

Now assume o < 7%. Then S22V — 23, %] C B(S(r2(2N — 2%)),2). Therefore

35! [Tl 7N 52 [72(2N — 2%7), 7%] # 0 implies that

S k1, Th] N B (22N —2%7)),2°7) £ 0. (3.38)
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If Q° and (3.38) hold, we see that
BT (2N~ = 2%0 ), T (2N + 2%0 )| 0 B(BX(T?(2N — 2% )),2°7 +1) £ 0. (3.39)

For any z € dB(2Y — 2%"), we have

2

PUBT (2Nt = 2%0 ), T (2N + 270 )| N B(z, 27 1) £ 0) < 27 7.
By the strong Markov property,

2N
3

1 2 _ _ m
Pfjg”/e”w'"/a(Jm,N, =k [TN_1, 7] N 52[7'2(2N —2%), 73] # 0,0 > 73) < 27N~ (N=%)¢

and hence prove the lemma.

Remark 3.11. Similar arguments in the proof of Lemma 3.10 give that

P st (g SR N — 28, L R0, 73] £ 0) < 2= (VBN (3.40)

By Lemma 3.10 and Remark 3.11, we have only to show the following lemma to
prove Lemma 3.9.

Lemma 3.12. There exist § > 0 and ¢ < oo such that

Wy 3 W g <l 1oN 62N\ G210 _2/6N o2N —(N=m)¢o—6N
P (Jm.N, S [Ty, 7 (20 =275)NS7[0,77(2% —275)] £ 0) < 2 315970

(3.41)
Proof. Let @ be the event defined in the proof of Lemma 3.8. If
Sy @Y =25 NS0, 22N - 2%)] £ 0
and Q€ holds, then we have
dist(BYT' (2N~ — 2%0 ), T (2N — 2% 4 2% )], B2[0, T2(2N — 2% +2%0)]) < 2%0 1,
(3.42)
Let
Z = sup P*(B[0, Tn] N B[0,T}] = 0,
where the supremum is over all z with z € B(2V — 2% +2%0 ) and
N N

dist(z, B2[0,T?(2V — 25 42750 )]) < 2% +1,
Then by Proposition 2.7,
w2
P2 m/3 (Z 2 2—6N) S 82_6N,

for some § > 0 and ¢ < oo. Therefore,

1 2 _ .
Py (Jns 8 o1, 72N = 259 0 570, 722N — 2%7)] £ 0,Q°)
is bounded above by

31N

+27%50)], B2[0,T2(2N — 2% + 27 )])

31N 2N
3

’LU1 ’U)2
Pl,;/?” 7”/3(Jm,N,dist(Bl[Tl(zN_l _ 26—0),T1(2N _ 9%
< 2% 1, 7 < 27Ny 4 276N

Using the strong Markov property for B!, we see that this probability is bounded above
by
—0N w}n/i}’wfn/(}
2 P1,2 (Jm,N72)a

and hence the proof is finished.
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3.3.4 Conclusion Lower Bound

Combining estimates obtained in subsections 3.3.1, 3.3.2 and 3.3.3 with (3.19), we have
the following proposition.

Proposition 3.13. There exist § > 0 and ¢ < oo such that

wl w? . wl w2 v m 3
Py (Jn) < Py (R ) 4 27 (N7 5)870m, (3.43)

on the event F,,, N G,, N H,,.

3.3.5 Upper bound

w.

. . s W3 W, W,
From this subsection, we will give an upper bound of P, ;/*""/*(Rm n) by using P, 5"/*""/* (Jpm )

on the event F,, N G,, N H,,. For this purpose, define

m BT, TN (B2[0, T2 UPATH?) = 0
B* = inf 3 SkR<N: B2[T?,T%] N (B0, T} UPATH}) =0 . (3.44)
BTy, TN N BT, TR = 0

Note that 3% < N almost surely and 3¢ = % implies J;, v holds. Therefore,

P1,2 e /3(R%7N): 1,2 a /S(Rﬂ,Nag SNSN)

3

o waln/:sawfnm (R J N Pw*rln/ii’wfn/ii R Bﬁ —k
=P m N, m.,N)+k > g (Re N, 8% =k)
.:%J’_

W), 5wh g N Wi /3, Wi, 3
<P o (Jm,N)+k ;HP“ Y (Re N, B = k). (3.45)
=3

We will give bounds for the second term in the right hand side of (3.45). For % + 1 <
k < N, 5% = k implies that

U {B' [T, TR INB2 (TR, TR = O} { BT, TiN(B? [0, T JUPATHY ") # 0)}. (3.46)
i=1,2

wl w2
We only consider the case i = 1in (3.46). The idea to estimate P, ;**" "/*(Rxz v, = k)

1 2
is essentially same as that for P;‘jé"/g’wm/S(Jm,N, B = k). Roughly speaking, if two Brow-

nian motions intersect, then with high probability, corresponding two simple random
walks also intersect.

3.3.6 Bounds for 2 <k < N -3

Lemma 3.14. There exist § > 0 and ¢ < oo such that

wl w2 m
Py 3/ (BT, TNINB2(TE, TR] = 0, BTy, TANB20, T3] # 0, R i) < 2~ (N=5)8270k,
(3.47)

Proof. Since the idea is quite similar as in the proof of Lemma 3.4, we will just sketch
the proof. By the strong Markov property, the probability in the left hand side of (3.47)
can be bounded above by

U)l w2
2~ WN=REp /B (BYTE L T N B0, T7] # 0, Rex o).
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By Proposition 2.4, if B! [T}, T}]NB?[0,T7] # 0, then S" comes close to 5[0, 2] during
[L |, 7}] with probability greater than 1 — cexp(—2°*), for some § > 0 and ¢ < co. By
Proposition 2.8, once S comes close to 5 [0, 77] during [r} ,,7}], then S' intersects
5 [0,72,,] until 7}, ; with probability greater than 1 — 27°*. Hence by using the strong
Markov property, the lemma can be proved.

O

Lemma 3.15. There exist § > 0 and ¢ < oo such that

11)1 11)2 m
Pl,;/z, /3 (BT}, TLINB2(T2, T3] = (Z),Bl[Tklfl,Tkl]ﬁPATH?c #0,Rm y) < 2~ (N=3)69—dk
(3.48)

Proof. Similar idea used in the proof of Lemma 3.7 works here. So we just state the
idea of the proof.

First let d = 3. The probability that B![T}},T)] does not intersect B*[T7?,T%] is
bounded above by c2~(N="$_ Assume B'[T}}_,, T}]NPATH7 # 0, then B! enters in B(2%)
during [T} ,,T}]. The probability that B'[T} |, T}] N B(2%) # 0 is at most 2~ (F=%),

1 2
Finally, using Pf;"'/s’wm/s(R%_yk,g) < ¢2=k=%3)¢ and the strong Markov property, the
lemma is finished for d = 3.

Next let d = 2. In this case, if B! enters in B(2%) during [T} ,,7}], then S en-
ters B(2(5V?% )+1) during [r]_,,7}] with probability greater than 1 — exp(—2°%). Once
K [rl 7 N B2(5 V%3 )+1) £ (), the probability that S" intersects 5[0, 2] until 7} is
greater than 1 — 27%%, Therefore, by using the strong Markov property, we finish the
proof of the lemma for d = 2.

O

3.3.7 Boundsfor ¢ +1<k< %

We can prove the following lemma by using the same idea of Lemma 3.14. So we omit
its proof.

Lemma 3.16. There exist § > 0 and ¢ < oo such that

wl ..w2 E m
Py (BT, TY)INB TR, TR) = 0, BMTEy, TRINB2(0, T7] # 0, Rep ) < 27 (V- 862708,

(3.49)

@[3

For % +1<k< 2%—6”, we have only to show the following lemma.

Lemma 3.17. There exist § > 0 and ¢ < oo such that

)1 2 . .
Py g/ (BT, TYINB2TR, T) = 0, BV [T}y, TNPATH? # 0, R ) < c2~(N=%)6970k,
(3.50)

Proof. We will give a full proof of this lemma. Recall the definition of PATH? in (3.16).
Let

2PATH] = {= € R" : dist(=, 50,73 U %) < 2941},

and )
. p— - 31k
Q'={ sup [§'(dt)— Bi(t)|>27%}.

0<t<T},,
We write Q = Q' U Q2. By Proposition 2.4, we see that

“Hln/svwfn/s Sk

P1,2 (Q) < cexp(—2°7),
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for some § > 0 and ¢ < oo. Let U1(2F+1), W2(2%+1) be the event in Proposition 2.5 for

(BY,S"), (B2,5°), respectively. Let ¥ = W!(2"+1) 0 ¥2(2++1). By Proposition 2.5,

Wi /30 Wi /3 1 Sk
P (7€) < cexp(—2°%),
for some § > 0 and ¢ < oo. Recall that on the event ¥,

U {B(t) : t < Tjy Vi Y ULS (dt)  t < Tiyy Vris )
i=1,2

and

U {B'(t): t > Tj,»}

i=1,2
are conditionally independent given B'(T}., ,) and B*(T},,). Therefore,

Py 3/ (BT, TN N BT, TR = 0, BT, Ty N PATH} # 0, R v, Q°, V)

1 2
< e~ W=Replp /s /s (BUTL | T N PATHG # 0, Rop g1, Q°, 0).
U]l 'LU2

From now we will estimate for P, 5*/*"""/* (BT}, T}] NPATH} # 0, Rz 441, Q°).

First, let d = 2. If Q° holds, then it is easy to see that

T2kl - 2%
2

TH2F 4 2%0)

<TE L <TE< 5

(3.51)

Therefore, on the event Q° N {B![T}_,, T}}] N PATH} # 0}, we have

dist(S' (2t), 570, 73] U~?) < 28 4 2% < 2%+

)

31k 31k
[Tl(zkfl—zw) 71(2’“+2W)] 1m
2 ) 2

for some t € . Here we use k < 2

in the last inequality.

60
Hence,
wl w? §
Pl,én/3, M/S(Bl[Tklthli] n PATH? # 0, R%,k+17 Q°)
wl q w2 P
< PGS (2R - ) £l (28 + 288 )] N 2PATHE £ 0, Ry 1), (3.52)

Let
. . _ 31k —=1,.
o =inf{j > 7'(2"1 —2%0 ) : § (j) € 2PATH7}.

Then the right hand side in (3.52) is bounded above by
Wi /s (W3 (q Gk 1 <2 19k 3lk
Ey, " (B (S0, 73] N Sj_g =0,0 <71 (2% + 270 )}
=1 —_ —
x PS (S0, 78,110 (570,72, ] U S[0, 721 UA2) = 0))).  (3.53)
Since S [0,77,] U S[0,75] U~? is a path from the origin to OB(2F 1),

S'(0) € B2F + 2% )

and X
Wal 11lm
dist(S (O’),SQ[OyTé] Uq?) < 27500t

by using Proposition 2.6, we see that

PSS 10,7 1] N (510,72, U S0, 7h ] UA?) = 0) < 2,
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for some § > 0 and ¢ < co. Hence (3.53) is bounded above by
—6k pWm/3 W3 Gl 1 2 _ —0ko—(k—2)¢
c27"Py 5 (S[0, 7o) NS)_g =0) < c27°%2 38

and the proof for d = 2 is finished.
Next we estimate for d = 3. Recall the events F,,, GG,, and H,, in (3.13). By (3.52),
we need to estimate

31k

’LU1 11)2 —
P/t (S (24 - 265), (2% + 2°%5)] 1 2PATHS # 0, Ry 1)

on the event F,,, NG, N H,,. For this end, we decompose 2PATH?C into three parts Uy, Us
and Us as follows.

Uy = {z € R? : dist(z,~?) < 276" 1}

U; = {Z S Rd . dlSt(Z,S [O 7_2(2? _ 22m)]) < 11m+1}
Us={z€ RY : dist(z, S?

m 2m

276
[F2(2% - 2%),73]) < 27" +1)

Since v2 € B(2)and L <

1, it is easy to see that

1 2 o m
Py (S @R = 2), 7 (28 1 28 N UL £ 0, Ry o) < 272,
for some § > 0 and ¢ < co. Since S?[r2(2% — 2277"),7-2% C B(S2(r2(2% — 2%")),2%) on

2

}
the event G,,, we see that Us C B(S2(r2(2% — 2%)),2%+1). Therefore S [r}((2"~! —

2%0 ) v 2%), 71(2% + 2% )] N Us # 0 implies that

Tl lrrgk—1 _ 93kky\ om\ 15k | o3k 2(, 209 _ 52my\y 5]

ST (287 =260 ) v25), 7 (2° +2%0 )| NB(S(79(25 —279)),24 7). (3.54)
However,

S (FH (2P — 2% ) v 2F) — §2(r2(2% — 2%"))| > 25"

0. 99'm

on the event F,,,. So the probability of (3.54) is bounded above by ¢2~3i for some ¢ < co.
Using the strong Markov property,

1 2 o i ) m
P;‘j2rn/3vuim/3 (Sl[Tl((Qk—l _ 2%) Vi 2?)77_1(2/9 + 2%)] ) U3 7& ®7 R%,k+1) < 02—5k2—(k—§)§7

for some § > 0 and ¢ < co. Finally we consider U,. Let

31k

—inf{j > 712" — 2%) : §'(j) € Ua).
Then by the strong Markov property,

31k

'Ll)l 'U)z —_—
Py (G 2kt — z%),rl(zk +27%0)]NUz # 0, Ry j41)
w2 g wl
< B (B (U R o < (26 4 2]
.
x P2 0G0, 7L ,] 0 20, 3] =10))). (3.55)
Note that PS (¢F (S [0,71] N S0, 78] = @) < Z7,. Hence on the event ,,, the right
hand side of (3.55) can be bounded above by ¢2~%2~(*=3)¢ for some § > 0 and ¢ < oo,

and the lemma is proved.
O
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3.3.8 Boundsfork=N-2 N—1l,and k=N

Again, we will only consider the case that £ = N, as in Section 3.3.3. Other cases can
be proved similarly.

Lemma 3.18. There exist § > 0 and ¢ < oo such that
wl ’l,U2 m
Py 3/ (BTN, T N (B2[0, T U PATH}) # 0, R ) < 27N 7508279V (3.56)

Proof. We will sketch the proof. First we consider the following probability,
wl ,wfn -
Py 57 (BYTN .y, Ty] N PATH} # 0, R ). (3.57)

The probability that B! enters Bz during [T _,,7T%] is bounded above by 2~ (V=%
for d = 3. Therefore by using the strong Markov property, we see that (3.57) can be
bounded above by 2= (N=3)2-(N=3)¢  Since N > m, we have 2-(N=%)2-(N-3)¢ <
-9~ (N-2)¢,

For d = 2, we use Proposition 2.6 as follows. Assume B' enters B during [Ty _, Tx].
Then by a similar argument given in the proof of Lemma 3.8, §1 also enters B (2%) dur-
ing [r},_,, %] with probability greater than 1 — 2~ % . After S enters B(2%"), it follows

from Proposition 2.6 that the probability that 5 does not intersect S [0,7%] until it
reaches 0B(2") is bounded above by 27%. Combining these estimate, we see that
(3.57) can be bounded above by 2~ % 2~ N=%)¢ for d = 2.

Therefore, in order to show (3.56), we need to estimate the following probability,

Pf}“’wgﬂs (BTN 1, TX] N B*[0,T%] # 0, Rz n). (3.58)
By similar arguments as in Lemma 3.10 and Remark 3.11, we have
P (BT, Th) 0 BTN — %), T £ 0, Ry ) < eV (V-6
Pl (BT 2N — 2%), TH) 1 B0, T3] # 0, Ry ) < c2= N 2= (V=95

for some § > 0 and ¢ < co. So, assume B! [T}, |, T* (2N —2%")]n B2[0, T2(2N —2%")] # 0.
Then by Proposition 2.4,

dist(S' [r1 (2N =20 ), 712V — 2% +27%0)], 5[0, 72 (2N — 25 4276 )]) < 2%, (3.59)
with probability greater than 1 — exp(—2°Y). Let

31N 31N

T = {aist(3'[r (271 —2%), 712V - 2% 4278, Fo, 22 - 2 2% ) < 2%,
then by modifying the proof of Lemma 3.10, we see that
wl w? —_— m
P 3o (U N R ) < 27 N2 (V=508

which gives the proof of the lemma.

3.3.9 Conclusion Upper Bound

Combining estimates obtained in subsections 3.3.6, 3.3.7 and 3.3.8 with (3.45) and
Proposition 3.13, we have the following.

Proposition 3.19. There exist § > 0 and ¢ < oo such that

w !

Wi /3 W /3 /87 Win /3 —dmeo—(N—2)¢
1Py 5 (Ryp,n) = Py (Jm,N)| < 2772 5, (3.60)

on the event F,, NG,, N H,,.
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4 Proof of Main Theorem

4.1 Cauchy sequence
Fix L e Nand 5 € I',. For m > 10L, define

Q(m,7) = 2" HEP(A,,(7)). 4.1)
We will show the following Theorem.

Theorem 4.1. There exist § > 0 and ¢ < oo depending only on the dimension such that
for allm > m > 10L, we have

Q(m,7) = Q)| < 27°V™, ford =2, (4.2)
1Q(m,7) — Q(n,7)| < 27°™,  ford = 3. (4.3)
Proof. Fix L€ IN,5 € ', and n > m > 10L. Then by (3.7), (3.9) and (3.12), we have
1Q(m,7) — Q(n,7)]
< [20m=BEP(A,,(F) N Foy NGy N Hy) — 20 DEP(A,(7) N Ey 0 Gy N Hyy)| + 2707,
for some § > 0 and ¢ < co. By the strong Markov property,
12m=LEP(A,,(F) N Fp N Gy N Hyy) — 20 DEP(AL(7) N Fy NG N Hy)

2m

wl P 71.)2 P
=205 "R (1{An (3) N Fn N Gy N Hy }275°5P 3/ (R )
wl ’Ll)2
— 28 T LEE(1{An (F) N Fo N Gy 0 Hy, J20 5P 5/ (Rin )| (4.4)

By Proposition 3.19, we have

2m

1 2 w?t w2
[P (R ) = Prg ™ ()| < 270727

m

1 2 1 2
|P1“j;n/3,wm/3(R%’n) . Plujén/g,wm/a (Jm,n)| < C276m27(n7?)§,

on the event F,, NG,, N H,,. Therefore, the right hand side of (4.4) is bounded above by

B 2me Jwl 1 s,
23 —DEp(L{V™ 2 Py (R ) — Py (T m))

2

wl ,wfn n—2 w’ln ’wf"’
+ 2B DB (V2P 3 (T ) — 2007 P () )

m m

Wy /350, Wy /350,
+ 9205 7L)§E(1{Vm}2("7?)5\P17571/3 /3 (R%,n) - P /3 Wm /3 (Jmﬂl)D
1 2 1 2
S 2(%—L)&E(l{vm}|227m§P]’i)én/37wm/3(Jm’m) _ 2(7L—%)§P]’i)én/37wm/3(Jm’n)|)
4 270maF-LEp(ym),
where V'™ = A%(W) NnF, NG, N H,,. By Proposition 2.9,
2m wl w2 m wl w2
|QT£P1;’/37 m/3(Jm’m) _ Q(n—?)fpl,;/& m/3(Jm’n)| < C2—5\/17%7
for d = 2 and
2m w), 37“*2 3 = w, 3’w'2 3 3
2P () — 2P (g )| < 20,
for d = 3 on the event V™. Hence
2m wl . ,w2 _m wl . ,w?n
2UE DB (V2 8P () — 200 P () )
< cQ*ém%*%(%*L)ﬁP(vm).
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Finally, by the strong Markov property,
P(V™) < P(Ap1(7))e2” 8708,

and the proof is finished.

From Theorem 4.1, we get the following corollary immediately.

Corollary 4.2. There exist 6 > 0 and ¢ < oo such that the following holds. For each
L e N and7 € T'g, there exists Q(¥) € (0,1) such that

Tm_Qm,7) = Q) 5)
Q(m,7) - Q)| < 2= . (4.6)

Especially, there exists a « € (0,1) such that

lim P((S'[0,7,],5%[0,72]) € [,)2" =« 4.7)

n—oo

a_
|P((S'[0,7,],5%[0,72]) € T,,)2"¢ — o < 2777 2,

(B

(4.8)

Corollary 4.3. There exist 6 > 0 and ¢ < oo such that the following holds. For each
L eNand® €I'g, the limit

lim P((S'[0, 7], %[0, 77]) =7 | (S'[0,7x], $*[0,7%]) € T'w) (4.9)

N—oc0

exists. If we denote the limit by P*(¥), then

P(S110, 7], S210, 72)) =7 | (S*[0,74], $[0,73]) € Tw) — PEP)| < =N . (4.10)
Proof. Fix Le Nand#5 €I'. Let
p(7) = P((S'[0,7}], 5[0, 72]) = 7).
Then

P((8'[0,1],8%[0,77]) =7 | (S*[0,7x], $%[0,7X]) € T'w)

) P(F)P(An (7))
P((Sl[ovle\/‘LSQ[O?TJZV]) € FN)

By Corollary 4.2, if we let P*(¥) be

p(7)2" Q)
a b
the proof is finished. O

Remark 4.4. In order to simplify the notations, all results above were stated for the
first hitting time of OB(2Y) instead of OB(N). However there is no essential difference
between them and similar arguments also work for the latter case. Since it is easy to
extend above results to the hitting time of 0B(N), we leave the details to the reader.
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