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1 Introduction

Putting dynamics into random matrix models leads to finitely many nonintersecting Brownian mo-
tions on R for the eigenvalues, as was discovered by Dyson [[13]]. Applying scaling limits to the ran-
dom matrix models, combined with Dyson’s dynamics, then leads to interesting, infinite-dimensional
diffusions for the eigenvalues. This paper studies the relationship between two of the models,
namely the Airy and Pearcey processes and more precisely shows how to approximate the Pearcey
process by the Airy process with the help of a PDE [2]] governing the gap probabilities for the Pearcey
process. The Airy process was introduced by Priahofer-Spohn [[18] and further developed by K. Jo-
hansson [[14} 15]. A simple non-linear 3rd order PDE for the transition probabilities for this process
was found in [3]; see also [19,[20]]. The Pearcey process was introduced in [21},[T7] in the context of
non-intersecting Brownian motions and plane partitions, also based on prior work on matrix models
with external source [16, (10, 22} 23 [11},[12] 5} [7, [8, 9]].

Consider n nonintersecting Brownian particles on the real line R,
—00 < x1(t) <..<x,(t) <0

with (local) Brownian transition probability given by

(t ) 1 _x)?
X, Y)i=——€e t ,
p y s

all starting from the origin x = 0 at time t = 0 and such that g particles are forced to :I:\/g att=1.

For very large n, the average mean density of particles has its support, for t < %, on one interval
centered about x = 0, and for % < t <1 on two intervals symmetrically located about x = 0. The
end points of the interval(s) of support describe a heart-shaped region in (x, t)-space, with a cusp
at (xg,tp) = (0,1/2). The Pearcey process Z(7) is defined (see Figure 1) as the motion of these
nonintersecting Brownian motions for large n, about (x, t,) = (0,1/2) (i.e., near the cusp), with
space microscopically rescaled by a factor of n~1/4 and time rescaled by a factor n~ /2, in tune with
the Brownian motion rescaling. A partial differential equation for the Pearcey process was found
by Adler-van Moerbeke [4] and in [2]] a much better version was obtained, namely a simple third
order non-linear PDE for the transition probabilities; it was obtained by a scaling limit on a PDE
for non-intersecting Brownian motions with target points. This PDE is related to the Boussinesq
equation and its hierarchy; this is part of a general result on integrable kernels, as explained in the
paper [1]].

Near the boundary of the heart-shaped region of Figure 1, but away from the cusp, the local fluctu-
ations behave as the so-called Airy process, which describe the non-intersecting Brownian motions
with space stretched by the customary GUE edge rescaling n'/® and time rescaled by the factor n'/3,
again in tune with the Brownian motion space-time rescaling.

This paper shows how the Pearcey process statistics tends to the Airy process statistics when one is
moving out of the cusp x = 2%(3(«‘_ — t4))*/? very near the boundary, that is at a distance of (37)/°
for T very large, with T being the Pearcey time. To be precise, in the two-time case, the times t;
must be sufficiently near -in a very precise way- for the limit to hold. The main result of the paper
can be summarized as follows:
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Theorem 1.1. Given finite parameters t, < to, let both T, T, — 00, such that T, — T; — 00 behaves
in the following precise way:
ty—t;  2tts

1/3 -5/3
(371) +(3T1)1/3+ 30 +0(7;7"7). (1)

To—T1
2(ty — t1)

Let also Eq, E5 be two arbitrary finite intervals. The parameters t; and t, provide the Airy times in the
following approximation of the Airy process by the Pearcey process:

2 g(Ti)_i(?’Ti)B/z
(O en o))

i=1

—Pp (ﬂ {(t)N(=E) = (o}) (1 + o(#)) .

(2)

i=1

The same estimate holds as well for the one-time case. A similar (but different) result was then
obtained in [6]] for the one-time case in the situation when one is moving out of the cusp following
both the two branches of the cusp simultaneously. It is also worth recalling that, in this paper as
well as in [|6]], the statistics of the processes are studied on intervals rather than on general Borel
subsets.

The proof of this Theorem proceeds in two steps. At first, Proposition stated later, shows that,
using the scaling above, the Pearcey kernel tends to the Airy kernel. In a second step, we show,
using the PDE for the Pearcey process [2] and Proposition[2.1] the result of Theorem|[1.1

It is a fact that both the Airy and Pearcey processes are determinantal processes, for which the multi-
time gap probabilities is given by the matrix Fredholm determinant of the matrix kernel, which will
be described here.

The Airy process is a determinantal process, for which the multi-time gap probabilitie are given
by the matrix Fredholm determinant for t; < ... < t,,

1
P (ﬂ(.d(ti) NE = 0)) =det (T - (25K 1z, — 3

i=1

of the matrix kernel in ¥ = (xq,...,x,) and y = (¥1,...,Y,), denoted as follows:

.....

K{itl(xb}ﬁ)\/dxldyl K;ite(xl,yg)\/dxldye C))
K{itl(xe,)ﬁ)\/dxed}ﬁ K{it[(xbyg)\/d)('gdyg

where, for arbitrary t; and ¢;, the extended Airy kernel Kf"t.(x, y) is given by (see Johansson [[14]
i»lj
15D

K{%.(X;}’) = K;.Z(t.(xay) - ][(tl < t])pﬂ(t] - ti;X;J’), (5)
it e

1y is the indicator function for the set E
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n/2 # of particles n/2

\/n_/Z \/n/2

Figure 1: The Pearcey process.

where o
R, () = f e MDAk + ALy + 1)dA
0
1 e—v3/3+yv 1
= dv du
(27Ti)2 r. . e—u3/3+xu (V + t]) — (u + ti)
1 3 () ¢
o — S Coed T GV
pe(t,x,y):= ez 4 2 , for t > 0.
Vant

The contour u € I'_ consists of two rays emanating from the origin with angles 6; and 6; with the
positive real axis, and the contour v € T',. also consists of two rays with angles 6, and 6, with the
negative real axis, as indicated in Figure 2. As is well known, one may choose 6, 6,, 9{ , 92’ =/3.

In particular, for ¢; = t;, this is the customary Airy kernel
> AL)A (y) —AA (x)

Kffti ::K"d(x,y):zj dAA(x +VA(y + 1) = x—y
0

(6)

The Pearcey process is determinantal as well, for which the multi-time gap probability is given by
the Fredholm determinant for 7; <... < 7y,

14
P (ﬂ(gw(ri) NE = @)) =det (T (1K, 15,)) )

1<i,j<t
i=1 J
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for the Pearcey matrix kernel in 5= (&1,-..,&¢) and 7= (n4,...,ny), denoted as follows:

K? (& iy/dE dif
K2 _(Ep,m)y/dEdny ... K2 (E1,m)y/dEdn,
K,fj’fl(gl’nl)\/dggdnl Krgz,n(gf’m)’/dgldm

where for arbitrary 7; and 7, (see Tracy-Widom [21]])

Kﬁ:’?ﬁj(g: n) = I?Z,Tj(i,n) —1I(7; < Tj)Pga(Tj —75;8,1M),

with
AT L
& () = 1 Ju dV e 472
7S )= A2 ; L, V-U . UT4+Tizuz ve
1 _En?

p7(7;8,m) =

e 2 ,fort>0,

VanT

8

9)

where X and Y are the following contours: X = X; UX, consists of four rays emanating from the
origin with angles o', ] with the positive real axis and o,, 0, with the negative real axis, as given
in Figure 2. The contour Y consists of two rays emanating from the origin with angles 7, v/ with the

negative real axis; it is customary to pick 0; =0, =0 =0, =n/4and v = 1" = 1t/2.

Uex,

n/8<0,,0,,07,0,<3m/8 n/6<6,,0,,6,,0, <m/2

3n/8< 1,7 <51/8
Pearcey contour Airy contour

Figure 2: Integration paths for the kernels.
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In [[4] 2], it was shown that, given intervals
E =P, ),
the log of the probability
¢
Q = Q(T].J . -->T€;E1> . -"Eﬂ) = IOgIP (m{'@(rl) r]Ei = 0})
i=1

satisfies a non-linear PDE, which we describe here. Given the times and the intervals above, one
defines the following operators:

Kl %,
aT ;=Za—7i, 8Ei I:;@, 8E Z:ZaEi

£, 1= ZTI-%, £p 1= ZZ ggj) d (10)
i i i

T oogy
Then Q satisfies the Pearcey partial differential equation in its arguments and the boundary of the

intervalg?t

1
203Q + (e teg— 2)82Q - (Z 7,8,)3:3:Q +{2:3;Q, 8EzQ}aE =0. (11)

2 From the Pearcey to the Airy kernel

Define the rational functions

1 t + x — t2 + 4t + ut2
— — —tx + =t°x
4(3u)®  (3u)? 3u 3 6 (12)

ux )
h(x, t;u) := T(X +6t°),

&(x,t;u) =

and the diagonal matrix

6. ( e@(x,tl;z4)—h(x,t1;z4) 0 )

0 o200 t232 ) —h0x,t535%)

We now state:

Proposition 2.1. Given a parameter z — 0, define two times T, and T, blowing up like z=® and
depending on two parameters t, and t,,
1 4 10
T = _6(1 + 6tiz )+ O(Z ) (13)
3z

2 Here and below, given two arbitrary functions f, g and a vector field X, we denote {f, g}y := gX(f) — fX(g)
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Given large &; and 7);, define new space variables x; and y;, using T; above,

2
2—7(3Ti)3/2 - (37)"°x;

2
ny = 2—7(3Tj)3/2 - (3Tj)1/6y]'-

€=
(14)

With this space-time rescaling, the following asymptotic expansion holds for the Pearcey kernel in powers
of 2%, with polynomial coefficients in t; + to,

SKZ (&MY dEdTs™ = (1+(t1+6)01(z) K7 (%, )4/ dxdy +0G®),  (15)

where O; refers to a differential operator in 0 /9dx,3/0dy, with polynomial coefficients in x,y, t; %+ ty
and (t; — t,)~! and varying with the four matrix entries of the matrix kernel.

On general grounds, due to the Fredholm determinant formula, this would give Theorem but
with a much poorer estimate in , namely instead of O(Tl_4/ 3), the estimate would be O(T1—2/ 3).
The existence of the PDE for the Fredholm determinant of the Pearcey process enables us to boot-

strap the O(Tl_z/ 3) estimate to O(Tl_4/ 3), without tears!

Also note that conjugating a kernel does not change its Fredholm determinant. Before proving
Proposition [2.1], we shall need the following identities:

Lemma 2.2. Introducing the polynomial

14,3 22 3
U(x,s;w):= Zw +§a) 5% —4s(xw — w°), (16)

the Airy kernel (6) and the (double) integral part of the extended Airy kernel (5), at t; =s, t, = —s,
satisfy the following differential equations,

(\If(x,s, —0,)—¥(y,s,d,)+ 45)K“‘27(x,y)

1 2\ an
=7 (= y)x +y + 65K (x, y),
and
3 3 .
W(x,s,—0x) —¥(y,—s,0,) — Esa(ax —9y) | KZ (x,5)
1 (18)
= 20 =00 +y + 65K 7 (x, ).
Proof. The operator on the left hand side of reads
W((x,s,=0) = ¥((y,s,0y) +4s
(19)

3 1
= 4s(1+yd, — 9> +x9,— )+ 5sz(ax2 — 3N+ Z(a; — ).

Using the first representation (6)) of the Airy kernel, one checks using the differential equation for
the Airy kernel, A”(x) = xA(x) and thus A”/(x) = xA’(x) + A(x) and ATV (x) = 24/(x) + x2A(x),
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and using differentiation by parts to establish the last equality,
(8, =8 +(xa - 39)) K (x, )
o d
= —f dz (ZE + 2) Alx +2)A(y +2) = —K“(x,y).
0

In order to take care of the other pieces in (19), one uses the second representation (6) of the kernel
K“(x,y), yielding

(82-3)K(x,y) = (x—y)K7(x,y)
(8} - aj)Kd(x,y) = (x®>—y)K7(x,y).

This establishes the first identity of Lemma The operator on the left hand side of the
second identity reads:

30
W0x,5,—0) — U0y, =5,0,) — 2552 — 3,)
L4 o4y, 32,42 a2 3 5y 3 0
= Z(ax—ﬁy)+55 (ax—ay)+4s(x8x—3x —y&'y—l—ﬁy)—zsa(ﬁx—a},),

of which we will evaluate all the different terms acting on the integral. Notice at first that, since the
expression under the differentiation vanishes at 0 and oo, one has

(0.0]
%,
0=| dzo—(2e™K9(x+2,y+
fo 2 e (ze (x+2,y z))
(0.0] o0
= f dz e 2 K9 (x 4+ 2,y +2) — J zdz e 2*A(x + 2)A(y + 2) (20)
0 0
o0
— ZSJ zdz e 2P K9 (x + 2,y +2),
0
Again, using the second representation @ of the kernel K*“(x, y), one checks

(0, — %,)I?f (x,y)=—(x— y)f dz e K (x +2,y +2)
,—S 0
(07— 3},2)1%:21(%)’) =(x— y)f(fs(xd’),

and also
d - > —2sz 1.4
sa—(ax—ay)K (x,y) = 2s(x—y) zdz e’ K7 (x + 2,y +2)
s 5,—s
0
and, using the differential equation (xd, — 83)A(x) = —A(x) and ,
=25 (x8, - 8) - (y8, - 82) ) R (x, )

o0
= —2s(x — y)f zdz e 2K (x + 2,y +2)
0
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Using A%V (x) = 24’(x) 4+ x2A(x) and the Darboux-Christoffel representation @ of the Airy kernel,
one checks

(8¢ = 3NK7 (x,¥)
= f e 225 (AM) (x + 2)A(y +2) —A(x + z)A(iV)(y +2))dz
0

o0
= —2(x—y)f dz e 2K (x + 2,y +2)+ (x% — yz)ﬁf (x,¥)
0 ,—S

+2(x — y)J zdz e 22 A(x 4+ 2)A(y + 2).
0

Adding all these different pieces and using the expression for
o0
—2s(x — y)f zdz e 2 K9 (x +3,y +32),
0

given by (20), leads to the statement of Lemma O

For the sake of notational convenience in the proof below, set

Kﬁ(él,m)v d&dm Kﬁ’(él,nz)v d&,dn,

K? . (EMy/dE dij= 21)

Kﬁ(&z,m)\/ d&ydm, Kg(gz,nz)\/ d&ydmy

and similarly for the Airy kernel leftZ; the K’g’ and k{j{ refer, as before, to the (double) integral
part.

Proof of Proposition ' Notice that acting with J, and J, on the kernels K ff (x,y) and K f; (x,¥),
22 21
amounts to multiplication of the integrand of the kernels with —u and v respectively; i.e., u «— —0,

and v «— 8y.

Given the (small) parameter z € R, consider the following (i, j)-dependent change of integration
variables (U, V) — (u, v) in the four Pearcey kernels K? in , namely

1 1
U=—(1+43uz")(1+3tz%), V=-—=(1+3vz")(1+3t;z%), (22)
3z3 3z3

together with the changes of variables (&,7,7;, T

(14),

i) — (x,¥,t;,t;), in accordance with ll and

1
T, = g(1+6tiz4)+0(zlo), T;

1
ji= g(l + 6tj24) + O(Zlo)

(23)
2 2
£ = 2_7(3Ti)3/2 —(37,)Yx, n= —27(37j)3/2 —(37))"®y.

To be precise, for KZ;, one sets in the transformations above i = j = k, for Klg; and Kf{, one sets

i=1, j=2andi=2, j =1 respectively. Then, remembering the expressions ¢ and ¥, defined in
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and (16)), the following estimate holds for small z:

4 v4 1'jv2 4 v3
e—‘i’()’,fj;z ) e‘T"' 7 —Vn e % W(y,tj5v) e_?""yv 8 8
= 14+t;0(2°)+t:0(2%))
— Legd U2 ) . 3 ( 1
e <I>(x,t,,z ) e_UT4+T12U _Ug e Z \I/(x,tl,u) e_”?_l,.xu J

(24)
—(yt;:0,) — oty
e Yt539y) p= 5y

= 1+t,0(28)+t.0(=%));
e_z4q,(x’ti;_ax) e—%-}—xu( L ( ) ] ( ))

replacing in the latter expression u and v by differentiations d, and J, has the advantage that
upon doubly integrating in u and v, the fraction of exponentials in front can be taken out of the
integration. Moreover, setting t; =t +s and t, =t —s, one also checkf]:

e—tb(y,tj;z4) »
— P (i T EmvdEdn
e (25)

4
=p“(=2s,x,y)y/dxdy (1 + Zz [(x—y)(x+y+ 6s2) + gr(x,y,s)J + O(zg)) .

The multiplication by the quotient of the exponentials on the left hand side of the expressions above
will amount to a conjugation of the kernel, which will not change the Fredholm determinant. Setting
t;=t+sand t, =t —s, with t =0, one finds for the non-exponential part in the kernel

Vdxdy dudv(l+ Z(t; +t:)z%)
= 2 4 0(z%)

v+t —u—t;+ 324(vt]- —ut;)

dxdy dudv
v—u

(1+4s2* +0(=*)) for{ :1

ydxdy dudv (1 g 30swhv) | o(zs)) for { i _ ) j _ :

V—uF2s v—uF2s

(26)

Along the same vein as the remark in the beginning of the proof of this Theorem, one notices
that multiplication of the integrand of the kernel K fz‘/ (x, y) with the fraction, appearing in the last

21
formula of (26)), amounts to an appropriate differentiation, to wit:

:I:Ss(u—l-v) 3 8(8 a) 27)
V—Uu¥2s 2585 yoooxs

3The precise expression for r(x, y,s) := (x — y)? — 8s%(x + y — 2s%) will be irrelevant in the sequel.
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So we have, using (24, (25), (26)), and the differential equation for K of Lemma [2.2]

—®(y,t1;2%)
- - o
—2(oty ) T dedn —o_K (x,y)ydxdy
e _
=2 (F4s + W((x, £5,~0,) = W((y, %5, 8,)) K/ (x, )/ dxdy + 0% (28)

4
= ZZ (x — y)x 4+ y + 65K (x,y)/dxdy + 0(z®);

the upper(lower)-indices correspond to the upper(lower)-signs. Using (27), and the differential
equation for K ;‘f of Lemma

21

—3(y,t2;2%)

dEdn —

dxdy

12

—e(xtye) 2
e

= (3 (8, — ) + W(x, +s5,—3,) — \I/(y,q:s,ﬁ))Kf(xy)\/dxd

Lo t=0 (29)
+0(2%)
4
— 2NTr . 8
=7 (x—y)(x+y+6s )Kg (x,y)Vdxdy| +0(=®).
t=0
Also, using (25)),
e~ 2tasz Y
=0 (x, t_z4)P Z(ty—71;€,m)V/dEdn p”d(—Zs,x,y)\/dxdy‘
t=0 (30)
4

= Z(x —¥)(x +y +652)p?(=2s,x,y)/dxdy + 0(z).

Since h(y, t;,z%) — h(x, t 752 zh) = —‘%(x — ¥)(x + y + 6s2) for arbitrary t;;=t=+satt =0, and thus

e~ h(rtisz*) 74
_ _ 2 8
preres Iab RiICRCAR AL PR (31)

Then the following approximations follow upon combining the three estimates above (28), (29),

and using (3I):
-®(y, t1 ;2D +h(y,t132%)
e

2 9 o B .
et =) +h(xt %) 11 (€,m)v d&dn K“9(x,y)y/dxdy =0(z°)

t=0

—3(y, tz Z4)+h(_y to;z )
e

L g / _ / — (8
—<I>(xt1 24)+h(xt1 24) 12 (g n) dgd K% (X,J’) dxd_y—O(z )

t=0

—‘P(}' t2;zH)+h(y,ta;2)

o _ 8
P T V|~ p?(=25,x,y)/dxdy = 06,
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The reader is reminded that this estimate sofar is done at t = 0. It then follows for t # 0 from the

estimates (22), (23), 24), (23), @6), (27) that the right hand side of (I5) is an asymptotic series

in z* with polynomial coefficients in t; + t, = 2t, proving the claim about O;.

So far an important point was omitted, namely to analyze how the Pearcey contour turns in the
limit into an Airy contour; a detailed description of the possible contours was given in Figure 2.
The Pearcey-rays X;, with angles 01,07 € (7/8,31/8) can be deformed into two acceptable rays
61,6 € (1/6,m/2) for the I' _-Airy contour, since the two intervals have a non-empty intersection.
Also, since (37t/8,57/8)N(1t/6,/2) # B, the Pearcey Y -contour can be deformed into an acceptable
v € T'.-Airy contour. Again, since the admissible interval (7/8,37/8) for o, and o7, in the X,-
Pearcey contour contains 7t/6, one ends up in the limit integrating the function et’/3 along a contour
of the form I'., which we may choose to have an angle of /6 — & with the negative real axis, for
small arbitrary 5§ > 0. In the sector I's, with 0 < 6, = 6, < ©/6 — &, the function w3 decays
exponentially fast. Therefore, the contribution, due to the u-integration of e’ /3 x (lower order
terms) over I'., having an angle of w/6—6 with the negative real axis, vanishes by applying Cauchy’s

Theorem in that sector. This ends the proof of Proposition O

3 From the Pearcey to the Airy statistics

This section concerns itself with proving Theorem
Proof of Theorem For any intervals E; and E,, the function
2
Q(71,T; Ey, Ep) =logP (ﬂ(«@(’fi)ﬂEi =@)) (32)
i=1
satisfies the Pearcey PDE (11)). Reparametrizing, without loss of generality,
T1:T+O-) To=171T—0, E1:(€+n+.‘/"ag+n_“)> E2:(§_n+1v)§_n_v)a (33)
leads to a manageable PDE for the function
F(T; og; 5: TI,M:V) = Q(TlaTZ;ElaEZ)’ (34)

namely the PDE:

3%F 1 K, ] 0 0 0 02F
22—+ - (0—0—1—)+§—+n—+,u—+ 2| ==

ot 4 & ou  ov 0&?
d3F 0°F O0°F (35)
o + , =
0t9&dn {8185 652}

To go from the Pearcey PDE (11) to the PDE (35)), one notices that the operators (10), appearing in
the Pearcey PDE (11]), have simple expressions in terms of the variables 7,0, &,n, u, v,

s OF L OF (§+a+a+a)F
TQ_aT, EQ_agy EQ Tla Au’a 'V )
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d d d d
€,Q:= (a% +T%)F, ZTiBEin (’ra—g +0'%)F.

i

The change of variables, considered in and (14), combined with a linear change of variables,
in parallel with (33)),

1

Ti= g(l + 66,27 with { 2 z Efz
2 3/2 1/6 . Ey=(x+y+ux+y—u) (0
E; = 2—7(371-) —(37;)/°E; with { By=(x—y+v.x—y—v)
yields a z-dependent invertible map,
T: (t,s,x,y,u,v)—(7,0,5,m,U,v), @37)

and thus the function F in leads to a new z-dependent function G:
F(TJ o-; g’ n’ ll'l" Iv) = F(T(tJSJ x’ y) u’ v)) :: G(t)‘s’ x’ y’ u’ V)J

of which we compute, in principle, the series in z. From Proposition it follows that the z*-term
in the asymptotic expansion in Il vanishes when t = 0; so, omitting 4/dxdy, one has

o0
SK? _s7'=K7, +3'K, + Zz4iKi’ with K, = (I,
2

for some kernel H, with the K; polynomial in t. Then defining

— o -1
Li T (I - Ktbtz) IKI': (38)
one finds:
G(t,s,x,y,u,v)
=F(7,0;&,m,u,v)
2
= logIP(ﬂ{g’(Ti) NE; = (Z)})
i=1 (39)
_ P
=logdet(I — ]KTDTZ)EIX}S2
1
=logdet(I ~ K7 ), . —z*TrL; —z*Tr(L, + EL{) — ...
= Go(s; EIJE‘Z) — Gl(t,s; El,E2)24 — Gz(t,s; El,Ez)ZS + O(le),
where

Go(s; Eq, E;) =logdet(I — K )

fl,fz EIXEZ’
(40)
Gy(t,s;E1,Ey) = ¢ Tr((I - K;‘itz ~'H)

ByxEy "

Note Gy(s; Ey, E,) is t-independent, since the Airy process is stationary. Then setting

F(t,0;&,m,u,v)=G(T (7,0, &,m,u,v)) = G(t,8,X,y,u,V)
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into the PDE yields, using differentiation by parts, a new PDE for G(t,s, x, y,u,v). Upon setting
the expansion of G for small z,

G(t,s,%,y,u,v) = Go(s; By, Ey) — Gy (t,s5 E1, Eo)z* + 0(2%),

into this new PDE leads to

2 ( %G, 2%°G

2 - +0(z%) =0, 41
S 250x2 8t8x2) (&) “

3

with G; being polynomial in t. From the term % in the PDE ll it would seem like the leading

term would be of order z7°; in fact, by explicit but non-enlightening calculations, there are two
consecutive cancellations, so that the first non-trivial term has order z2, thus leading to a simple
PDE connecting G; with G,. But since G, is t-independent, from equation (41]) we deduce

92" (6 226 ) =0 (42)
dtox2 \ 1Pt T

From (40), one finds [
9 o -1 d
G, — 2t5£G0 =t | Tr((I — Kfp’fz) H)Elxéz — 25&(;0

4
= taisix,y,u,v),
1

which substituted back in (42), leads to the PDE’s for the a;, namely

a 2
(—) a;(s;x,y,u,v) =0, (43)
dx
implying
a;(s;x,y,u,v) =xb;(s; y,u,v)+c;(s; y,u,v). 44

Letting the intervals E; and E, go to oo, while keeping their relative position 2y fixed and widths
—2u and —2v fixed as well, is achieved by letting x — oo, as follows from (33). Remember
ty,ty, By, Ey from . But in the limit x — oo, the expressions G, namely

Go(s; By, Ey) = logdet(I — K

t1,t2 7 Fy xEy

tends to 0 exponentially fast using the exponential decay of the four components of the matrix Airy
kernel ; note that the term p”’Z’ (t,x,y) tends to 0 as well, when x and y tend to oo, due to the
presence of e~{*¥)/2_ Next, we sketch the proof that

Gy(t,s; By, By) = ¢ Te((I - K7, )"'H)

ty,ty EqxEy

tends to 0 exponentially fast, when x — co. Indeed, using the identity (R := K7, (I - K )7 is
the resolvent of the Airy kernel lef tz)

o \—lr — o o -l — o
I-KZ ) 'H=H+KZ (-KZ ) '"H=H+KZ (+R)H,

“The series is finite as IK:¥ . depends on t, — t; = —2s, G, is t-independent and H, by Prop. is a polynomial in t.

ty,t
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one computes

Gy =Tr((I - K7, )7'Ky)
=t Tr((I — ]Kfitz)_llH
_ o T
= tTr]HElXE2 + tTr(]Ktl’tz]H)

where

Tr

ty,t

FqxEq
)

EqxEy

S TT — e T o -1
withH:=(I+R)H, R:= ]Ktl’tz(l -K

By xBy’ t1,to

2
i=1 i

2
Tr(K? ]I:I)Elxﬁ2 = fo ) K;fii(u,v)lflii(v, u)dudv
=1 El-XEi

+ Jf K;‘f}z(u, v)Hoq (v, u)dudv

By xE,

+ ff K;;dtl(u, V)H{,(v,u)dudv.

EyXEq

Each of these integrals tend to 0 because each of them contains the Airy kernel and also because H
is obtained by acting with differential operators on the Airy kernel, as explained in section [2| This
ends the proof that G(t,s; E;,E;) — 0, when the E; tend to co. This fact together with the form
(44) of the a; imply b;(s; y,u,v) = ¢;(s; y,u,v) =0 for i > 1, and thus a; = 0 for i > 1, implying

G, =2t 0 G
=2ts—Gy.
1 9570

Summarizing, this implies that for E; = 217(3'51-)3/2 —(37;)V/°E;, substituting G; = 2ts(8G,/ds) into

(139D,

logP (ﬂ{

P (7)) — (37,2 N
(8 =0})

I 4. 9Gy 8
= Gy(s;Eq1,Ey) —22 tsKJrO(z )

= Go(s —2tsz*; E1, Ey) +0(2%)

in view of the change of variables

2
log P (ﬂ {a(t;(1—tz)n(-E) = @}) +0(z%),

i=1

given in , one has that s—2tsz* = %(tl(l—tlz4)—t2(1—tzz4)).

Then, substituting t; = u;(14u;z%) into t;(1 — t;z*) and 7; = (1 + 6t;2%)/(32°) + 0(21?), as in ,

yields

t;(1—t;z%) =u; — 2us2® —

1

2u;
ulez and 7, = — + —- + 21?22 + 021 fori = 1,2.
326 22 !

Then eliminating z between the two expressions above for 7, and 7,, by first expressing z as a series
in 74, yields and (2, with ¢; replaced by u;. This ends the proof of Theorem 1.1 O
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