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Figure 1: A nearest neighbour lattice tree in 2 dimensions.

1 Introduction

A lattice tree in Z¢ is a finite connected set of bonds containing no cycles (see Figure[1). Lattice
trees are an important model for branched polymers. They are of interest in statistical physics,
and perhaps combinatorics and graph theory. We expect that our results are also appealing to
probabilists, since there is a critical lattice tree weighting scheme and a corresponding sequence
of measures that are believed to converge (in dimensions d > 8) to the canonical measure of
super-Brownian motion, a well-known measure in the superprocesses literature. The main result
of this paper establishes asymptotic formulae for the Fourier transforms of the so-called r-point
functions, which goes part way to proving this convergence result. The 2-point function ¢, (x),
is (up to scaling) the probability that a (critically weighted) random lattice tree containing the
origin, also contains the point z € Z? at tree-distance n from the origin.

Lattice trees are self-avoiding objects by definition (since they contain no cycles). It is plausible
that the self-avoidance constraint imposed by the model becomes less important as the dimension
increases. Lubensky and Isaacson [23] proposed d. = 8 as the critical dimension for lattice trees
and animals, at which various critical exponents cease to depend on the dimension and take
on their mean-field values (with log corrections when d = 8). Macroscopic properties of the
model should be similar to a simpler model, called branching random walk, that does not have
the self-avoidance constraint. A good source of information on critical exponents for lattice
trees (self-avoiding branched polymers) is [7]. There are few rigorous results for lattice trees for
1 < d < 8. The scaling limit of the model in 2 dimensions is not expected to be conformally
invariant, so that the class of processes called Stochastic Loewner Evolution (SLE) (see for
example [27]) is not a suitable candidate for the scaling limit. Brydges and Imbrie [3] used a
dimensional reduction approach to obtain strong results for a continuum (i.e. not lattice based)
model for d = 2,3. Appealing to universality, we would expect lattice trees to have the same
critical exponents as the Brydges and Imbrie model.

In high dimensions much more is known. Let p, (z) =Y, t,(z). Hara and Slade [9], [10] proved
the finiteness of the square diagramy_, . pp.(2)pp.(y—2)pp. (2 —y)pp.(2) for sufficiently spread-
out lattice trees for d > 8, and for the nearest neighbour model for d > 8. With van der Hofstad
[8], they showed mean-field behaviour of py,, (z) for a sufficiently spread-out model when d > 8.
Derbez and Slade [6] studied sufficiently spread-out lattice trees containing exactly N bonds
(hence N + 1 vertices) under the same critical weighting scheme, and in dimensions d > 8.
They verified (in the sufficiently spread-out setting) a conjecture of Aldous [2] that says that
in the limit as N goes to infinity (with appropriate scaling), one obtains a random probability
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measure on RY called integrated super-Brownian excursion (ISE). The ISE is essentially what
one gets from integrating super-Brownian excursion (whose law is the canonical measure of
super-Brownian motion) over time and conditioning the resulting random measure to have total
mass 1. In this paper the total mass is unrestricted and the temporal component of the trees
and limiting process is retained.

Results of Hara and Slade (see for example [24]) show that for d > 4, self-avoiding walk (SAW)
converges to Brownian motion in the scaling limit. This is achieved by proving convergence of
the finite-dimensional distributions and tightness. In this case tightness follows from a nega-
tive correlation property of the model. Note that, almost surely, Brownian motion paths have
Hausdorff dimension 2 A d and are self-avoiding in 4 or more dimensions.

With appropriate scaling of space, time, and mass, critical branching random walk converges
weakly to super-Brownian motion (see for example [25]). One version of this statement is
that u, == Ny (as (sigma-finite) measures on the space D(Mp(R%)) of cadlag finite-measure-
valued paths on R?), where p, € Mp(D(Mp(RY)) is an appropriate scaling of the law of the
correspondingly scaled branching random walk, and N is a sigma-finite measure on D(Mp(R%)),
called the canonical measure of super-Brownian motion (CSBM). Denote by X; a measure-valued
path with law Np. The supports of the measures Y, ;] = fttol Xsds and Y, 4, = ftt; Xsds have
no intersection in dimensions d > 8 if to > ¢; (Np-almost everywhere) [5]. This is the appropriate
way to say that SBM is self-avoiding for d > 8. We might expect that critical lattice trees
(described as a measure-valued process with appropriate scaling) converge weakly to CSBM in
the same sense as branching random walk, for d > 8.

In this paper we use the lace expansion to prove asymptotic formulae for the Fourier trans-
forms of quantities called the r-point functions, for critical sufficiently spread-out lattice trees in
dimensions d > 8. Holmes and Perkins [21] prove that these formulae, together with an appro-
priate asymptotic formula for the survival probability, imply convergence of the model to CSBM
in the sense of finite-dimensional distributions. Tightness and the asymptotics of the survival
probability remain open problems. Similar results have been obtained for critical spread-out
models of oriented percolation [18], [13], [14] and the contact process [16] above their critical
dimension (see also [11] and [12] for ordinary percolation). For a comprehensive introduction to
the lace expansion and its applications up to 2005, see [26].

1.1 The model

We proceed to define the quantities of interest. We restrict ourselves to the vertex set of Z.
Definition 1.1.

1. A bond is an unordered pair of distinct vertices in the lattice.

2. A cycle is a set of distinct bonds {vive, vovs, ..., vi_1v;, vv1 }, for some | > 3.

3. A lattice tree is a finite set of vertices and lattice bonds connecting those vertices, that
contains no cycles. This includes the single vertex lattice tree that contains no bonds.

4. Let v > 2 and let x;, i € {1,...,r} be vertices in a lattice tree T. Since T contains no
cycles, there exists a minimal connected subtree containing all the x;, called the skeleton
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Figure 2: A nearest neighbour lattice tree in 2 dimensions. The backbone from x to y of length
n = 17 is highlighted in the second figure.

connecting the x;. If r = 2 we often refer to the skeleton connecting x1 to xo as the
backbone.

Remark 1.2. The nearest-neighbour model consists of nearest neighbour bonds {x1,xe} with

x1, 29 € Z% and |x1 — x2| = 1. Figures[1 and[2 show examples of nearest-neighbour lattice trees
in 72

We use Z4 to denote the nonnegative integers {0,1,2,...}.

Definition 1.3.

1. For£ € Z% let T(¥) = {T :x; € T,i € 1,...,1}. Note that T (z) always includes the single
vertex lattice tree, T'= {x} that contains no bonds.

2. For T € T (o) we let T; be the set of vertices x € T' such that the backbone from o to x
consists of i bonds. In particular for T € T (o) we have T, = {o}. A tree T € T (o) is said
to survive until time n if T, # (.

3. For X = (x1,...,2y-1) € 7= gnd i € Z’:l we we write X € Ty if ©; € Ty, for each i
and define Tz(X) ={T € T(0) : X € Tx}-

If we think of T' € 7 (0) as the path taken by a migrating population in discrete time, then T;
can be thought of as the set of locations of particles alive at time i. Figure 3| identifies the set
T for a fixed T'. Similarly 75(X) can be thought of as the set of trees for which there is a
particle at x; alive at time n; for each 1.

In order to provide a small parameter needed for convergence of the lace expansion, we consider
trees consisting of bonds connecting vertices separated by distance at most L for some L > 1.
Each bond is weighted according to a function D, supported on [—L, L]¢ with total mass 1. The
methods and results in this paper rely heavily on the main results of [8] and [17]. Since the
assumptions on the model are stronger in [8], we adopt the finite range L, D spread-out model
of that paper. The following definition and the subsequent remark are taken, almost verbatim
from [8].

Definition 1.4. Let h be a non-negative bounded function on R% which is piecewise continuous,
symmetric under the Z-symmetries of reflection in coordinate hyperplanes and rotation by 3
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Figure 3: A nearest neighbour lattice tree T in 2 dimensions with the set T; for i = 10.

supported in [—1,1]¢, and normalised (f[—l 174 h(z)d%z = 1). Then for large L we define

h(z/L)
2 weza M(x/L)

Remark 1.5. Since ) ,cgah(x/L) ~ L? wsing a Riemann sum approzimation to
f[—l 154 h(z)d%x, the assumption that L is large ensures that the denominator of (1.1) is non-zero.

Since h is bounded, Y, ,a h(z/L) ~ L% also implies that

D(z) = (1.1)

C

1Dl < 7.

We define 0% =3 |z|>*D(x). The sum Y, |z|"D(z) can be regarded as a Riemann sum and is
asymptotic to a multiple of L™ for r > 0. In particular o and L are comparable. A basic example
obeying the conditions of Definition|1.4 is given by the function h(z) = 2*dI[_171]d(a:) for which

D(z) = (2L + 1) I|_|, jjanga().

Definition 1.6 (L, D spread-out lattice trees). Let Qp = {x € Z% : D(x) > 0}. We define an
L, D spread-out lattice tree to be a lattice tree consisting of bonds {x,y} such that y —x € Qp.

The results of this paper are for L, D spread-out lattice trees in dimensions d > 8. Appealing
to the hypothesis of universality, we expect that the results also hold for nearest-neighbour
lattice trees. However from this point on, unless otherwise stated, “lattice trees” and related
terminology refers to L, D spread-out lattice trees.

Definition 1.7 (Weight of a tree). Given a finite set of bonds B and a nonnegative parameter
p, we define the weight of B to be

W,o(B)= [] »Dy-x),
{z,y}€B

with Wy, p(0) = 1. If T is a lattice tree we define
Wp,p(T) = Wp,p(Br),

where By is the set of bonds of T.
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Definition 1.8 (p(z)). Let
(@)= 3 Won(T).

TET (2)

Clearly we have p,(0) > 1 for all L, p since the single vertex lattice tree {o} contains no bonds
and therefore has weight 1. A standard subadditivity argument [22] shows that there is a finite,
positive p. at which ) pp,(z) converges for p < p. and diverges for p > p.. Hara, van der
Hofstad and Slade [8] proved the following Theorem, in which O(y) denotes a quantity that is
bounded in absolute value by a constant times y.

Theorem 1.9. Let d > 8 and fix v > 0. There exists a constant A (depending on d and L) and
an Lo (depending on d and v) such that for L > Ly,

I,(d—8)A2 12
o ((m V 1)((d—8)/\2)—y> +0 <W>] : (1.2)

Constants in the error terms are uniform in both x and L, and A is bounded above uniformly in
L.

Pp.(T) = W

We henceforth take our trees at criticality and write

W() =Wp.p(-), and p(z) = pp(z). (1.3)

It was also shown in [8] that p.p(0) <1+ O (L2*") and

p(x) S C (IIO + L2_V (-’[;Ti)/ 1)d—2> ) (14)

where the constants in the above statements depend on v and d, but not L.

1.2 The r-point functions

In this section we define the main quantities of interest in this paper, the r-point functions, and
state the main results.

Definition 1.10 (2-point function). For ¢ >0, n € N, and € R? we define,

ta(w;Q)=¢" Y W(T). (1.5)

TeTn(o,x)
We also define t,(x) = t,(x;1).

Definition 1.11 (Fourier Transform). Given an absolutely summable function f : 74r=1) R,

~

we let f(k) =3, .., ¢l Tint ki%i £(E) denote the Fourier transform of f (kj € [-m,7]4).

In [17] the authors show that if a recursion relation of the form

n+1
fasr(]32) = 3 gualk 2) forsrcm (8 2) + enga (; 2) (1.6)

m=1
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holds, and certain assumptions S, D, E, and G on the functions fe, ge and e, hold, then there
exists a critical value z. of z such that f,(k, z.) (appropriately scaled) converges (up to a constant
factor) to the Fourier transform of the Gaussian density as n — oco. In [15] this result is
extended by generalizing assumptions E and G according to a parameter 6 > 2, where the
special case § = d/2 with d > 4 is that which is proved in [17]. In Section 3.1 we show that
tn(k; ¢) obeys the recursion relation

n+1

toi1(k; ) = Zﬂm 1 (5 Q) Cpe D (k) ng1—m (k5 €) + T (k5 ),

where 7, (2; () is a function that is defined in Section (3.1, After massaging this relation some-
what, the important ingredients in verifying assumptions E and G for our lattice trees model are
bounds on 7, using information about p(z) and #;(k;¢) for I < m. The quantities T_1(k;¢)
are reformulated using a technique known as the lace expansion, which is discussed in Section [2!
and ultimately reduces the problem to one of studying certain Feynman diagrams. As in some
of the references already discussed, the critical dimension d. = 8 appears in this analysis as the
dimension above which the square diagram

PP (0) =Y pla)py — 2)p(z — y)p(2)

x7y7Z

converges.

The parameter ¢ appears in (1.10) as an additional weight on bonds in the backbone of trees
T € T,(x). Those trees are already critically weighted by p. (a weight present on every bond in
the tree) as described by Definition 1.7/ and and exhibit mean-field behaviour in the form
of Theorem [1.9. One might therefore expect a Gaussian limit for %, with ¢ = 1. The following
theorem is proved using the induction approach of [15], together with a short argument showing
that the critical value of  obtained from the induction is (. = 1.

Theorem 1.12. Fiz d > 8,¢t >0, v € (0,1 A %) and 0 € (0,(1 A %) — 7). There exists a
positive Ly = Lo(d) such that: For every L > Ly there exist positive A and v depending on d
and L such that

. k k 2 k 2 1-6 1
ﬂm() A—+OC|)+O<|’)+O — .
voin n nd (ntv1)z

with the error estimate uniform in {k € R?: |k|*> < Ct~'log(|nt| vV 1)}, where C = C(y) and
the constants in the second and third error terms may depend on L.

More generally, we consider lattice trees containing the origin and r» — 1 other fixed points at
fixed times.

Definition 1.13 (r-point function). Forr >3, i € N'=! and % € R¥"1 we define

= > W) (1.7)

TeTa(X)
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Figure 4: The unique shape «(r) for » = 2,3 and the 3 shapes for r = 4.

To state a version of Theorem|[1.12 for r-point functions for » > 3 we need the notion of shapes,
which are abstract (partially labelled) sets of vertices and edges connecting those vertices, with
special binary tree topologies.

The degree of a vertex v is the number of edges incident to v. Vertices of degree 1 are called
leaves. Vertices of degree > 3 are called branch points. There is a unique shape for r = 2
consisting of 2 vertices (labelled 0, 1) connected by a single edge. The vertex labelled 0 is called
the root. For r > 3 we have H§:3(2j — 5) r-shapes obtained by adding a vertex to any of the
2(r — 1) — 3 edges of each (r — 1)-shape, and a new edge to that vertex. The leaf of this new
edge is labelled r — 1. Each r-shape has 2r — 3 edges, labelled in a fixed but arbitrary manner
as 1,...,2r — 3. This is illustrated in figure 4] which shows the shapes for r = 2,3,4. Let %,
denote the set of r-shapes. By convention, the edges in o € X, are directed away from the root.
By construction each r-shape has r — 2 branch points, each of degree 3.

Given a shape o € %, and k € ROD? we define #(a) € R34 a5 follows. For each leaf j in
a (other than 0) we let E; be the set of edges in « of the unique path in « from 0 to j. For
l=1,...,2r — 3, we define

r—1
a) =Y kiljyer;)- (1.8)
j=1

(2r=3) e define S(a) € RS:_I) by

a) = Zsl.

lEEj

Next, given a and 5 € RY

Finally we define
Ri(a) = {5 3(0) = F).

2=3)  For r = 3 we simply have

This is an (r — 2)-dimensional subset of RY
Ry(a) = {(s,t1 — s,t2 — 5) : s € [0,t1 A L2}

It is known [1] that for r > 2,0 < t; < ty--- < t,_1 and ¢p(x) = ¥,

r—1 27" 3 ()2
_m(e)Tsp

[IEACSIEDS / Srlas, (19)

j=1 Q€Y (@) 1=
where X;(¢) = [ ¢(x)Xi(dx), and Ey, denotes integration with respect to the sigma-finite
measure No For r = 3 this reduces to

L1t 0)2s  k2(t1—s)  k2(tg—s)
/ e_(k1+21:12) e~ Er e~ e ds. (1.10)
0
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Theorem 1.14. Fiz d > 8, and § € (0, (1 A %52)). There exists Lo = Lo(d) > 1 such that: for
each L > Lq there exists V = V(d, L) > 0 such that for every t € (0,00)"=Y, + >3, K > 0,

and ||kl < K,
i k 2777—2 42r—3 / BLTCOR ( 1 )
th o | ——= | =n"VTEAT ds+ 0= )|, 1.11
() 22 Jno 11 )]

where the constant in the error term depends on t, K, and L, and ||k« is the supremum norm
sup; k.

Theorem is proved in Section 4] using a version of the lace expansion on a tree of [19].
The proof proceeds by induction on r, with Theorem [1.12] as the initializing case. Lattice
trees T € T5(X) can be classified according to their skeleton (recall Definition [1.1). Such trees
typically have a skeleton with the topology of some a € ¥, and the lace expansion and induction
hypothesis combine to give the main contribution to (1.11). The relatively few trees that do not
have the topology of any « € ¥, are considered separately and are shown to contribute only to
the error term of (1.11).

1.3 A measure-valued “process”

Let Mp(R?) denote the space of finite measures on R? with the weak topology and B(D) denote
the Borel o-algebra on D. For each i,n € N and each lattice tree T', we define a finite measure
X" e Mp(RY) by

n

1
nT
Xi - VA2n Z 5:(:7 (1.12)
z:VvoinzeT;

where §,(B) = I,ep for all B € B(R?). Figure [3/ shows a fixed tree 7' and the set T} for
= 10. For this T, the measure X{Ld:_l assigns mass (VA?n)~! to each vertex in the set

Tio/Vvo?n = {x : Vvo2nz € Typ}. We extend this definition to all t € RT by
Xn T Xn T
i

nt]

so that for fixed n and T, we have {X,"" },>0 € D(Mp(R%)).

Next we must decide what we mean by a “random tree”. We define a probability measure P on
the countable set 7 (o) by P({T}) = p(o)"*W(T), so that

2reW(T)
p(o)
Lastly we define the measures p,, € Mp(D(Mp(R?))) by
pin(H) = V Ap(o)nP ({T XY g, € H}> . H e B(D(Mp(R%Y)). (1.14)

The constants in the definition of u,, have been chosen because of (1.9), (1.11) and the relation-
ship

P(B) = ., BcCT(o). (1.13)

VAp(o)n (
2

r—1
jl_IlXtZ(%j) =V Ap(o)nEp H XZ’T(%J-) = thﬂ

J=1

k ) . (1.15)
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Given a measure-valued path X = {X;};>0 let S(X) = inf{t > 0 : X;(1) = 0} denote the
extinction time of the path. It is known [21] that convergence of p,, to Ny in the sense of finite-
dimensional distributions for dimensions d > 8 follows from Theorems [1.12 and [1.14] together
with the conjectured result for the survival probability 1, (S > €¢) — No(S > €). It is also known
[21] that Theorems[1.12/and [1.14]imply the following Theorem, in which {X}"} denotes a process
chosen according to the finite measure u, and {X;} denotes super-Brownian excursion, i.e. a
measure-valued path chosen according to the o-finite measure Ny. We also use Dp to denote
the set of discontinuities of a function F. A function @ : Mp(R%)™ — R is called a multinomial
if Q(X) is a real multinomial in {X{(1),..., X,n(1)}. A function F : Mp(R%)™ — C is said to
be bounded by a multinomial if there exists a multinomial @ such that |F| < Q.

Theorem 1.15. There exists Lo > 1 such that for every L > Lg, with p,, defined by (1.14) the
following hold:

For every s,\ >0, m > 1, t € [0,00)" and every F : Mp(R%)™ — C bounded by a multinomial
and such that No(X; € Dp) =0,

E,, {F(X?)X?(l)} — Ex, [F()ZF)XS(U} . and (1.16)

Epu. {F(X}l)f{xgu)»}} — En, [F(XF)I{XS(1)>A}} : (1.17)

The factors in Theorem [1.15 involving the total mass at time s, are essentially two ways of
ensuring that our convergence statements are about finite measures. In particular these factors
ensure that there is no contribution from paths with arbitrarily small lifetime.

The remainder of this paper is organized as follows. In Section[2/we explain the lace construction
that will be used in bounding diagrams arising from the lace expansion. We apply the lace
expansion to prove Theorems and [1.14 in Sections[3 and 4, assuming certain diagrammatic
bounds. These bounds are proved in Sections 5/ and [6 respectively.

2 The lace expansion

The lace expansion on an interval was introduced in [4] for weakly self-avoiding walk, and was
applied to lattice trees in [9; 10; 6; 8]. It has also been applied to various other models such as
strictly self-avoiding walk, oriented and unoriented percolation, and the contact process. The
lace expansion on a tree was introduced and applied to networks of mutually avoiding SAW
joined with the topology of a tree in [19]. It was subsequently used to study networks with
arbitrary topology [20]. In this section we closely follow [19] although we require modifications
to the definitions of connected graphs and laces to suit the lattice trees setting. In Section
we introduce our terminology and define and construct laces on star-shaped networks of degree
1 or 3. In Section 2.3 we analyse products of the form [[ . [1 + Ug] and perform the lace
expansion in a general setting. Such products will appear in formulas for the r-point functions
in Sections/3 and [4!
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Figure 5: A shape o € X, for r = 4 with fixed branch labellings, followed by a graph T" on
N(«,(2,4,3,1,1)), and the subnetwork A,(T).

2.1 Graphs and Laces

Given a shape a € 3., and 7 € N?"~3 we define N' = N(a, 1) to be the skeleton network formed
by inserting n; — 1 vertices into edge i of o, i = 1,...,2r — 3. Thus edge ¢ in o becomes a path
consisting of n; edges in N.

A subnetwork M C N is a subset of the vertices and edges of A/ such that if uv is an edge in M
then u and v are vertices in M. Fix a connected subnetwork M C N. The degree of a vertex v
in M is the number of edges in M incident to v. A vertex of M is a leaf (resp. branch point) of
M if it is of degree 1 (resp. 3) in M. A path in M is any connected subnetwork M; C M such
that My has no branch points. A branch of M is a path of M containing at least two vertices,
whose two endvertices are either leaves or branch points of M, and whose interior vertices (if
they exist) are not leaves or branch points of M. Note that if ¥’ € M; C M is a branch point
of M then it is also a branch point of M. Similarly if v € M; C M is a leaf of M then it
is also a leaf of Mj. The reverse implications need not hold in general. Two vertices s,t are
branch neighbours in M if there exists some branch in M of which s,t are the two endvertices
(this forces s and t to be of degree 1 or 3). Two vertices s,t of M are said to be adjacent if
there is an edge in M that is incident to both s and t.

For r > 3, let b denote the unique branch neighbour of the root in N. If r = 2, let b be one of
the leaves of N. Without loss of generality we assume that the edge in o (and hence the branch
in AV) containing the root is labelled 1 and we assume that the other two branches incident to
b are labelled 2, 3. Vertices in /' may be relabelled according to branch and distance along the
branch, with branches oriented away from the root. For example the vertices on branch 1 from
the root 0 to the branch point b neighbouring the root (or leaf to leaf if » = 2) would be labelled
0=(1,0),(1,1),...,(1,n1) =b.

Examples illustrating some of the following definitions appear in Figures[546.

Definition 2.1. Let M C N.

1. A bond is a pair {s,t} of vertices in M with the vertex labelling inherited from N . Let
E ¢ denote the set of bonds of M. The set of edges and vertices of the unique minimal
path in M joining (and including) s and t is denoted by [s,t]. The bond {s,t} is said to
cover [s,t]. We often abuse the notation and write st for {s,t}.

2. A graph on M is a set of bonds. Let Gprq denote the set of graphs on M. The graph
containing no bonds will be denoted by ().
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Figure 6: A graph I' € G(N) that contains a bond in R.

3. Let R = R denote the set of bonds which cover more than one branch point of M (see
Figure|6). If r < 3 then R = () since in this case M C N cannot have more than one
branch point. Let QXAR ={T € Gr : TNRu = 0}, i.e. the set of graphs on M containing
no bonds in R.

4. A graph T' € Gaq is a connected graph on M if Uger[s,t] = M (i.e. if every edge of
M is covered by some st € I'). Let G§' denote the set of connected graphs on M, and
—R,con __ ~con R
G m =G0 NGy -

5. A connected graph I' € G3J* is said to be minimal or minimally connected if the removal of

any of its bonds results in a graph that is not connected (i.e. for every st € I', I'\ st ¢ G3*).
6. GivenI' € Grq and a subnetwork A C M we define I'|4 = {st € " : s,t € A}.

7. Given a verter v € M and I' € Gy we let A, (I") be the largest connected subnetwork A
of M containing v such that T'| 4 is a connected graph on A. In particular A,(0) = v.
Note that if A1 and As are connected subnetworks of M containing v such that I'| 4, is a
connected graph on A;, then Ay U Ay also has this property.

8. Let 5}{/ be the set of graphs ' € QX/R such that Ap(T") contains a vertex adjacent to some
branch point b’ # b of N'. Note that this set is empty if r < 3, since then N contains at
most one branch point. Note also that if b is adjacent to another branch point of N', then
EY = G\%, since Ay(0) = b.

For A € {0,1,3}, @ € N2, let SﬁA denote the network consisting of A paths meeting at a
common vertex v, where path i is of length n; > 0 (i.e. it contains n; edges). This is called
a star-shaped network of degree A. By definition of our networks N(«,#), with 77 € N?"=3,
for any I' € QX/R \ 5}{/, Ap(T') contains at most one branch point and is therefore a star-shaped
subnetwork of degree 3 (if it contains a branch point), 1, or 0 (if A,(I') is a single vertex).
A star-shaped network S} of degree 1 containing n edges may be identified with the interval
[0, 7], since it contains no branch point. We therefore sometimes write S[0,n] for S1. Note that

the “missing” star-shaped network S(2m n2) of degree 2 may be identified with the star shaped
network Svlu Ty

3

Figure|[7/shows graphs on each of S and S( AAT

): The first graph in each case is connected, while
the second is disconnected.

682



Figure 7: Two graphs on each of S and 8(34 47)" The first graph for each star is connected. The
second is disconnected. The connected graph on 8534 47) is a lace while the connected graph on

Sg is not a lace.

Definition 2.2. Fiz a connected subnetwork M C N, containing more than 1 vertex. Let
I'e QXAR’C‘W be given and let v be a branch point of M if such a branch point exists. Otherwise
let v be one of the leaves of M. Let T% C T be the set of bonds s;t; in T which cover the vertex
v and which have an endpoint (without loss of generality t;) strictly on branch M. (i.e. t; is a
vertez of branch M, and t; # v). By definition of connected graph, I'Y will be nonempty. From
[V we select the set U™ for which the network distance from t; to v is maximal. We choose
the bond associated to branch M, at v as follows:

1. If there ewists a unique element s;t; of Te'™™ whose network distance from s; to v is

mazimal, then this s;t; is the bond associated to branch M. at v.

2. If not then the bond associated to branch M. at v is chosen (from the elements T'e"™*"
whose network distances from s; to v are mazximal) to be the bond s;t; with s; on the branch
of highest label.

Definition 2.3 (Lace). A lace on a star shape S = S5, with ii € N®, A € {1,3} is a connected
graph L € G&™ such that:

o If st € L covers a branch point v of S then st is the bond in L associated to some branch
S, atwv.

e If st € L does not cover such a branch point then L\ {st} is not connected.

We write L(S) for the set of laces on S, and LN (S) for the set of laces on S consisting of exactly
N bonds.

See Figure [7] for some examples of connected graphs and laces. We now describe a method of
constructing a lace Lr from a given connected graph I', on a star-shaped network S of degree 1
or 3. Note that the only (connected) graph on a star-shape of degree 0 (i.e. a single vertex) is
the graph I' = () containing no bonds, and we define Ly = (.

Definition 2.4 (Lace construction). Let S be a star-shaped network of degree 1 or 3. In the
latter case, b is the branch point, otherwise b denotes one of the leaves of S. Fiz I' € QER’CO",
Let F be the set of branch labels for branches incident to b. For each e in F,

683



o Let s{t{ be the bond in I' associated to branch Se at b, and let b, be the other endvertex of
Se.

o Suppose we have chosen {s{t{,...,sft;}, and that UL_ [s6t¢] does mot cover b.. Then we
define
tiyy = max{t € Sc: 3 s € Se,s <p t] such that st € T'},

2.1
s{yq = min{s € S¢ : sty €'}, 21)

where max (min) refers to choosing t (s) of mazimum (minimum) network distance from
b. Similarly s <p t if the network distance from t to b is greater than the network distance
of s from b.

e We terminate this procedure as soon as b is covered by U_,[s5t5], and set Lr(e) =
{s{ts, ..., s7t7}.

Next we define

Lr = ELEJFLF(G).
Given a lace L € L(S) we define
C(L)y={ste Es\ L:Lpyss =L} (2.2)

to be the set of bonds compatible with L. In particular if L € £(S) and if there is a bond s't' € L
(with s't’ # st) which covers both s and t (i.e. [s,t] C [s't]), then st is compatible with L.

The following results (with only small modifications required for the different notion of connec-
tivity) are proved for star-shaped networks in [19].

Lemma 2.5. Given a star shaped network S = 87%, A € {1,3}, and a connected graph I" €
G"(S), the graph Ly is a lace on S.

Lemma 2.6. Let I € gngcO”. Then Lr = L if and only if L C T is a lace and T'\ L C C(L).

See Figure 8] for an example of a connected graph I on a star-shaped network of degree 3, and
its corresponding lace L.

2.2 Classification of laces
Definition 2.7 (Minimal lace). We write L,in(S) for the set of minimal laces on S.

A lace L on a star shape S of degree 1 (or equivalently 2) is necessarily minimal by Definitions
2.3 and [2.1. For a lace on a star shape of degree 3 this need not be true. See Figure [9] for an
example of a minimal and a non-minimal lace for A = 3. A non-minimal lace contains a bond
st that is “removable” in the sense that L \ {st} is still a lace. In general such a bond is not
unique. One can easily construct a lace on a star shaped network of degree 3 for which each of
the bonds s1t1, ..., s3t3 covering the branch point satisfy L\ {s;t;} € L(S).

Definition 2.8 (Acyclic). A lace L on S is acyclic if there is at least one branch S (called a
special branch) such that there is exactly one bond, st in L, covering the branch point of S® that
has an endpoint strictly on branch Se. A lace that is not acyclic is called cyclic.
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Figure 8: An illustration of the construction of a lace from a connected graph. The first figure

shows a connected graph I" on a star S ?m nom)” The intermediate figures show each of the Lr(e)

for e € Fy, while the last figure shows the lace L.

Figure 9: Basic examples of a minimal and a non-minimal lace for A = 3. For the non-minimal
lace, a “removable” edge is highlighted.
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Figure 10: Basic examples of a cyclic and an acyclic lace.

It is obvious that in the above definition, st is the bond in L associated to branch S,. In addition,
it is immediate from Definition [2.8] that for a cyclic lace, the bonds covering the branch point
can be ordered as {sptx : k = 1,...,3}, with ¢; and sgy; on the same branch for each k (with
s4 identified with s1). See Figure 10 for an example of this classification.

Let £V (S) be the set of laces L € LN (S), such that L\ {s¢t¢} € £LN1(S), where s°t¢ is the
bond in L associated to S.. Let

Efr’i-\gl ={L e £Y-1(S) : 3st with LU {st} € LN (S), st associated to S, for LU {st}}, (2.3)

min
and observe that Ef,;]l-\;_l is a subset of the (acyclic) laces with two bonds covering the branch

point. Given L € Ee’N_l, define

Pe(L) = {st : LU {st} € LN (S), st associated to S, for L U {st}}. (2.4)

Using U to denote a disjoint union, as shown in [19],

ﬁe,N(S) - OLEﬁfﬁﬁil(s) L.JstE’Pe(L) {LU{st}}. (2.5)

The set P¢(L) can be totally ordered firstly according to distances from the branch point and
then by branch numbers. The following Lemma is proved in [19].
Lemma 2.9 ([19], Lemma 6.4). Given a lace L € L5 and st € P¢(L),

min

C(LU{st}) =C(L)U{ij € P*(L) : ij < st}. (2.6)

2.3 The Expansion

Here we examine products of the form [[, g [1 + Us). Following the method of [20], we write

I[Io+vad= J] +vad-| JI [1+Ud (1— 11 [1+U5t]>. (2.7)

steEn steEA\R steEx\R steER

Define K(M) = [[qeg,\r[l + Ust]. Expanding this we obtain, for each possible subset of
Enr \ R, a product of Uy for st in that subset. The subsets of Exq \ R are precisely the graphs
on M which contain no elements of R, hence

K(M) = Z H Ust, (2.8)

FGQXAR stel’
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where the empty product [] .4 Ust = 1 by convention. Similarly we define

JM)= > T[] Ua (2.9)

FEQX/R’COH stel’

If M is a single vertex then J(M) = 1. If S is a star-shaped network of degree 1 or 3 then

SR I (D N | 2D |

LeL(S)Teggm: stel LeL(S) stel regem™: s't'el'\L

Lr=L Lr=L (2.10)
=Y [ve ¥ Mow=> 5 Tlva I[ 40wl
LeL(S) stel I’cC(L) s't’el” N=1LeLN(S)steL s't’eC(L)

where the second to last equality holds since for fixed L, {T' € G&" : Ly = L} = {LUT" :
I C C(L)} by Lemma [2.6. The last equality holds as in the discussion preceding since
expanding [ [ srec( L)[l + Ugy] we obtain for each possible subset of C(L), a product of Uy for
st in that subset.

In Section 4 we will have Ug; € {—1,0} whence

< D ] -Us D, [1+Ual. (2.11)

LEL(S) steL s't'eC(L)

We use (2.5) and (2.6) to bound the contribution to (2.11) from non-minimal laces (containing
N > 3 bonds) as follows,

I -v« ] 0+val< D> JI-Ua D>, Uy ] [1+Us

LeLeN (8) stel s't'eC(L) LGE%?;_I(S) steL ijePe(L) s't’eC(LU{is})
Y Oow I unay o I v
LecLyy t(s) stek s't'eC(L) ijePe(L) i'j'ePe(L):
i’ <ij
(2.12)

Now using the fact (e.g. see [19]) that
0< > Uy 11 M+Tppl=1- ] N+U« <1, (2.13)
ijePe(L) i'jlePe(L):i'j' <ij stePe(L)
the last line of (2.12) is bounded by
Z H —Ug H [1 + Us’t’]-
LeLsN=1(s) stel s't'eC(L)

Summing over e € {1,2,3}, we see that the contribution to (2.11) from non-minimal laces
containing N bonds is bounded by 3 times the contribution from minimal laces containing N —1
bonds. This will be important as we will only need to bound the diagrams arising from minimal
laces in Section (4.
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2.3.1 Recursion type expression for K(N)

Recall that N = N (a, i1) where o € %, and 77 € N =3 for some r > 2. If » = 2 then let b be the
root of V. Otherwise let b be the branch point neighbouring the root of A'. In each case let S
be the largest connected subnetwork of N containing b and no vertices that are adjacent to any
other branch points of N (Sy could be empty or a single vertex). Observe that for any graph
I'e QX/R \ €%, the subnetwork A,(I") contains no branch point of A" other than b (if r > 3) and
hence is a star shape of degree 0, 1 or 3.

Definition 2.10. If M is a connected subnetwork of N then we define N'\ M to be the set
of vertices of N that are not in M together with the edges of N connecting them. In general

(N \ M) UM contains fewer edges than N, and N\ M need not be connected. However if
M C Sy then N'\ M has at most 3 connected components (at most 1 if 1 = 2) and we write
N\ M);, i =1,2,3 for these components, where we allow (N \ M); = 0.

Definition [2.10 allows us to write

K(WN) = Z HUst+ZHUst

reg R\l stel reg}, stel
3 (2.14)
=2 > vl > Il et >[I0
ACSy: regyn steld i=1 Fieg(?\?\A)- sitiel; Feg/b\/ stel’
beA !

where the sum over A is a sum over connected subnetworks of A containing b and no vertices
adjacent to any other branch points of N'. Some of the (N '\ .A); may be a single vertex or empty
and we define 3 g lgiicr, Usii = 1. Defining E®(N) = ZFES}V [Istcr Ust, we have

3
KWN)= Y JAOTTEWN\A))+EDW).

ACSX[: i=1
be A

(2.15)

Depending on N, the first term of (2.15) may be zero since S, may be empty. The fact that for
any A contributing to this first term, the subtrees (N \ A); are of degree r; < r is what allows
for an inductive proof of Theorem [1.14.

If = 2 then A\ contains no branch point. In this case we may identify the star-shaped network
S'(m) with the interval [0,m] and - reduce to

K([0,n)) = Y J([0,m]) K ([m + 1,n)), (2.16)

m<n

which is the usual relation for the expansion of K (-) on an interval for this notion of connectivity
(see for example [8]). Otherwise b is a branch point of A and we let K (0)) = 1, and I; = I;(N') be
the indicator function that the branch i is incident to b and another branch point b;. Therefore
for a fixed network AV such that S is nonempty, n; —2Iy = n; — 2I3(N) is equal to either ny —2
(if branch 2 is incident to b and another branch point b;) or n;. Then (2.14)-(2.15) give

3

KNy= Y Y JSa) [[ KW\ Sa)) + EQ W), (2.17)

mi1<ny mo<ng—2Io i=1
m3<ng—2I[3



where Sy is a star-shaped network satisfying

{0} if 1 =0,
_ ) s if m; # 0 for all 4,
S = S0, mq] if m; # 0 and m; = 0 for j # 1, (2.18)

S[—mj,m;] if j >4, m; #0, m; #0, and my, =0 for k # 1, j.

In the case where there is another branch point b, that is adjacent to b in N (so that ng or
ng is 1), the sum over at least one of ma, ms3 in (2.17) is empty. However note that this case
contributes to the term E(®) (N, as required.

3 The 2-point function

In this section we prove Theorem [1.12 using an extension of the inductive approach to the lace
expansion of [17]. The extension of the induction approach is described and proved in a general
setting in [15]. Broadly speaking there are two main ingredients involved in applying the results
of [15]. Firstly we must obtain a recursion relation for the quantity of interest, the Fourier
transform of the 2-point function, and massage this relation so that it takes the form (1.6),
with each f;, g; having continuous second derivative in a neighbourhood of 0 and fy(k;2) = 1,
fi(k;z) = zﬁ(k), e1(k;z) = 0. Secondly we must verify the hypotheses that certain bounds
on the quantities f,, for 1 < m < n appearing in (1.6) imply further bounds on the quantities
Ims €m, for 2 < m < n+ 1. This second ingredient consists of reducing the bounds required to
diagrammatic estimates, and then estimating the relevant diagrams.

In Section 3.1l we prove a recursion relation of the form (1.6) for a quantity closely related
to the Fourier transform of the 2-point function. In Section [3.2 we state the assumptions
of the inductive approach for a specific choice of parameters corresponding to our particular
model. In Section[3.3/we reduce the verification of these assumptions to proving a single result,
Proposition Assuming Proposition [3.6, the induction approach then yields Theorem 3.7,
which we show in Section [3.4 implies Theorem [1.12. The diagrammatic estimates involved in
proving Proposition[3.6 provide the most model dependent aspect of the analysis and these are
postponed until Section 5.

3.1 Recursion relation for the 2-point function

Recall Definitions [1.6, and [1.8. Also recall from Definition 1.10 that the two point function
is defined as

t(z;0) =¢" D W(T).

TeTn(x)

Now T' € T,(x) if and only if T is the union (as a set of vertices and edges) of an n-step
(self-avoiding) walk w from o to = together with a collection of mutually avoiding branches
R; € T(w(i)),i =0,1,...,n (see Figure[11). Let

~1, fRNR £D

0, otherwise. (3.1)

U = U(Ro, By) — {
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FeEi j alf

Figure 11: The first figure is of a lattice tree T' € 7, (x) for n = 17. The second figure shows
the backbone w, while the third shows the mutually avoiding lattice trees Ry, ..., R, emanating
from the backbone.

Then [ [y« ci<nll + Us) is the indicator function that all the R; avoid each other. Summarising
the above discussion and using the fact that the weight W (T') of a tree factorises into (bond)
disjoint components (see Definition [1.7) we can write,

=" Y Ww) Y, W([R) Y. W(R)- Z W(R) I +ual,

wo Ro€T (w(0)) Ri1€T (w(1)) Rp€T(w 0<s<t<n
wi=n

(3.2)

where the first sum is over random walk paths of length n from 0 to . To simplify this expression,
we abuse notation and replace (3.2) with

t(z;0)=¢" > W H Z W(R» Il o+va. (3.3)

u\) olﬂx i=0 R;e7T (w 0<s<t<n
w

Recall Definition 2.1]and the discussion following it. The set of vertices [0, n] corresponds to the
set of vertices of N («, n), where « is the unique shape in 5. Since this N contains no branch
points, we have R = ) and therefore from Section we have [Jyc,cicn, 1 +Uy] = K(N) =
K([0,n]). Hence -

ta(z; ) =C" Y W H > W(R)K([0,n)). (3.4)

"“)wc"z: =0 R; €T (w(7))

Definition 3.1. For m > 0 we define

=" ) W H > W(R)J(0,m]). (3-5)

Wi =0 R; €T (w(i))

Note that for m = 0 this is simply EROGT(O) W(R;) = p(o), if x =0, and zero otherwise.

Definition 3.2. The convolution of functions f;, i1 = 1,...n is defined as the function

(fl*f2* *fn Z Z Z fl yl Hfz Yi — Yi— 1fn($_yn 1)

y1€Z4 yo 7.2 Yn—1E€Z%
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at all points x where this converges.

We often write f((z) for the n-fold convolution convolution of f with itself, e.g. f®)(z) =
(f * f) ().

The following recursion relation is the starting point for obtaining a relation of the form (1.6).

Proposition 3.3. For z € Z¢,

n

tn+1 (55; C) = Z (7rm * (peD * tnfm)(x; C) + 7Tn+1(l‘; C) + IO(O)(CPCD * tn)(x§ C) (3'6)

m=1

Proof. Firstly recall that ¢, and D have finite range. Similarly, the bound (2.11) and the fact that
there are only finitely many laces on S([0,7]) for each n shows that |m,(z; ¢)| < cpn¢™ D™ ()
for some ¢, depending on n but not z. In particular each m,,(x;() also has finite range and
therefore all of the convolutions in exist for all z.

By definition

n+1
toy1(:Q) = ¢ Y W@ [T Y. WEIE(0,n+1]). (3.7)
e i=0 RieT ()
Equation (2.16) gives
K(0,n+1]))=K([1,n+1]) + i J([0,m])K([m + 1,n+1]) + J([0,n + 1]). (3.8)
m=1

Putting this expression into equation gives rise to three terms which we consider separately.

1. The contribution from graphs for which 0 is not covered by any bond: We break the
backbone from 0 to x (a walk of length n + 1) into a single step walk and the remaining
n-step walk as follows.

n+1
YT W [ DY) WER)K([Ln+1]
wio—T, i=0 R;€T (w(i))
|w|=n+1
n+1
= > WR) DD D W) Y W) [[ Y WR)K([L,n+1),
Ro€T (o) yEQp W1:0—Y, w2y —T, i=1 R;eT (wa(i—1))

|wi|=1 |wa|=n

(3.9)

where K[1,n + 1] depends on Ry, ..., R,41 but not Ry. Therefore using the substitutions
R’ = Rj41 this is equal to

Y Y awvw) S ewen ][ S WR)E(o,n)

Ve et sl 770 B €T (2(7)) (3.10)
0) Y peCD(Y)tn(z —y; () = p(0)pel (D  t)(x).
yeQp
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2. The contribution from graphs which are connected on [0,n + 1]:

n+1
¢CTEYT W@ T Y. W(R)I(0,n+1]) = mga (5€) (3.11)
wio—, i=0 R, €T (w(3))
|w|=n+1
3. The contribution from graphs which are connected on [0, m] for some m € {1,...,n}: We

break the backbone from 0 to x (a walk of length n 4 1) up into three walks, of lengths m,
1 and n — m respectively

n+1 n
ST ww S ww) D g0, mlKm+ 1,0+ 1]
wio—z, i=0 R;eT (w(i)) m=1

|w\:n+1

SYY Y e (H 5 wm) ot | 5 v |
i)

m=1 u v W1:0—U, i=0 R; €T (w1 (i w2:u—,
\wl\:m |wz|=1

n+1
oo wiws) | ] > W(R:) | K[m+1,n+1].
w3W—T i=m+1 R;€T (w3 (i—(m+1)))

|ws|=n—m

(3.12)

Now [0,m] and [m + 1,n + 1] are disjoint, so J([0,m]) and K([m + 1,n + 1]) contain
information about disjoint subsets of {R; : i € {0,...,n + 1}}. Using the substitutions
R = Rjym+1 this is equal to:

ZZZ > W (w) (H > W(Ri)) J[0, m]x
(1))

m=1 u v w1:0—uU, =0 R;€T (w1
lw1]=m

pe{D(v—u) > ("W (ws) H ST W(Ry) | K[0,n—m] (3.13)
R D mETG)
—ZZZWm w; QO)peCD(v — u)tp—m(x — Z (T * DeCD * ty—m)(x; C).
m=1 u v m=1

Dividing both sides of (3.6) by p(0) and taking Fourier transforms, we get

b1 (k0 _ 5 Fnlhi Q) om0 Fan(h) s Fa(ki0)
p(0) _Z p(0) p(0)¢peD () p(0) + p(0) + p(o)CpcD(k) o0) (3.14)

Definition 3.4. For fized ( > 0, define

m=1

1) z = p(0)(pe.
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2) folk;z) =1, fi(k;2) = g1(k; z) = 2D(k), and e (k;z) = 0.

3) Forn > 2,
fulhiz) = 25D g (i = Tt g
p(o) p(0) (3.15)
en(k; 2) = gn-1(k; 2) [h{i?‘;)() —zD(k)| + ﬁ"p((lz)o
We note from (3.14) with n = 0 that since to(x) = p(0)I,—o, we have to(k) = p(0) and

p(o) p(o)

Therefore for n > 2

en(ki 2) = g1 (k zﬁlp(’“ Q) | Fulki¢) (3.17)

For n > 3 this is R
p(o)

Lemma 3.5. The choices of fim, gm, em above satisfy (1.6)).

Proof. This is an easy exercise using (3.14]).

3.2 Assumptions of the induction method

The induction approach to the lace expansion of [17] is extended in [15] with the introduction

of two parameters 6 and p* and a set B C [1,p*]. In this section we apply the extension with
d

the choices 6 = %, p* =2, B={2} and we define f = L™ #»* = L~%. We have already shown

in Section [3.1] that for our choices of fi,, gm, €m as given in Definition 3.4,

n+1
fn+1(k; Z) = Z gm(k; Z)fnJrlfm(k; Z) + €n+1(k; Z) (n > O),

m=1
with fo(k; z) = 1. The assumptions of [15] in our lattice trees setting are as follows.

Assumption S. For every n € N and z > 0, the mapping k — f,(k; 2) is symmetric under
replacement of any component k; of k by —k;, and under permutations of the components of k.
The same holds for e, (-; z) and g, (+; 2). In addition, for each n, |f,(k; z)| is bounded uniformly
in k € [-m,7]¢ and 2 in a neighbourhood of 1 (which may depend on n). The functions f,, and
gn have continuous second derivatives with respect to k in a neighbourhood of 0 for every n.

Assumption D. As part of Assumption D, we assume that:
(i) D is normalised so that D(0) = 1, and has 2 + 2¢ moments for some € € (0,1 A %58), i.e.,

> 2T D(z) < oo. (3.18)

z€Z4
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(ii) There is a constant C' such that, for all L > 1,

Dl <CL™,  0* =07 <CL?, (3.19)

~

(iii) Define a(k) = 1 — D(k). There exist constants 7, c1, 2 > 0 such that

aLl?k? < a(k) < c2L2k* (koo < L7, (3.20)
a(k) >n (ke > L7, (3.21)
a(k) <2—n (ke [-m ). (3.22)
For h : [-m, 7] — C, we define
) ~ 0
V2h(ko) = Z Sz (k) . (3.23)
7=1 J k=ko

The relevant bounds on f,,,, which a priori may or may not be satisfied, are that

- K
ID? fin (5 2)ll2 < Pl [fm(0:2)| S K, [V fin(052)] < Ko®m, (3.24)

2ma

for some positive constant K. Recall that

B=1L"%. (3.25)

Assumption E. There is an interval I C [1—a, 14+a] with a € (0,1), and a function K +— C,(K),
such that: if (3.24) holds for some K,L > 1, z € I and all m with 1 < m < n, then for this K,
L and z, and for all k € [—, 7r]d and 2 < m < n + 1, the following bounds hold:

d—4 d—6

lem (k; 2)| < Ce(K)pm™ 2, |em(k; 2) — em(0; 2)| < Co(K)a(k)Bm™ = .

Assumption G. There is an interval I C [1 — a, 1+ o] with « € (0,1), and a function K
Cy(K), such that: if (3.24) holds for some K,L > 1, z € I and all m with 1 < m < n, then for
this K, L and z, and for all k& € [~7,7]¢ and 2 < m < n + 1, the following bounds hold:

—6

|gm (k; 2)] < Co(K)Bm™ 7", [V (05 2)| < Cy(K)o>Bm™ 2",
102 (0; 2)| < Cy(K)Bm™ 3",
d—6

|9 (K3 2) = 9 (05 2) — a(k)o Vg5, (05 2)| < Cy(K)Ba(k)+m™ "2+,
with the last bound valid for any €' € [0, €).
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3.3 Verifying assumptions

Assumption S: The quantities f,(k;z), n = 0,1,... are (up to constants) the Fourier trans-
forms of t,(x, (), and hence have all required symmetries since D does. Similarly the 7, are
symmetric, so that the quantities g,, e, also have the required symmetries. Now fy = 1 is triv-
ially uniformly bounded in k and z < 2. Recall that 3 t,(2;¢) < (Cpe)"plo)" 1Y, DM (z) =
(Cpe)™p(0)™*1, where D™ denotes the n-fold convolution of D. Then for n > 1, |fau(k,2)| <
p(0) LY tn(2;¢) < ((pep(0))™ = 2" so that f,, is bounded uniformly in k € [—m,7]¢ and z in
an n-dependent neighbourhood of 1. Continuity of the second derivatives holds for each n as
the quantities in question are Fourier transforms of functions with finite support. An immediate
consequence of Assumption S is that the mixed partials of f,, and g, at £k = 0 are all equal to
Zero.

Assumption D: By Definition and Remark [1.5, and (3.19) hold trivially. The
remaining conditions (iii) are verified in [17].

We therefore turn our attention to verifying assumptions E and G. Recall from Definition |3.4/
and that for n > 2, g, and e, could be expressed in terms of the quantities 7, for m < n.
In Section |5 we will prove the following proposition.

Proposition 3.6 (7, bounds). For every K > 1 there exists Lr(K) > 1 such that: if (3.24)
holds for all L > Lo, and m < n with this K, for some Ly > L, and z € (0,2), then for this
K,z and each L > Ly, m <n+1 and q € {0,1,2},

S laf ¥ (@ ¢)] < SEDTETE (3.26)

- m 2 ¢

where ¢ = p(o)~p 1z, the constant C = C(K,d) does not depend on L, m and z, and v > 0 is
the constant appearing in Theorem[1.9.

We choose v < 1 in (1.4) so that 2 — %’ > 1 and therefore 62_% <p@= L~5. We now direct our
efforts towards verifying assumptions E and G, in the case where the conditions in Proposition
3.6 are met.

Assumption E: Suppose that there exist K > 1, Ly > L,(K) and z € (0,2) such that (3.24)
holds for this K,z and all L > Ly and 1 < m < n. Fix such an L. Since Ly > L(K),
Proposition[3.6 holds for L > Ly. Recall that e;(k; z) = 0 and observe from (3.17) that

A= Lpn Tk Q) (ki) .

@(lﬁ;o’ _ CUE)PE

d—4
272

‘éz

where we have applied Proposition [3.6 with |7, (k; ()| < > |mm(x;()|, and have also used
p(o) > 1. Similarly for 3 <m <n+1,

= |7 D FE Q| [Tk C)
el 2)] = [fn-a(h: )2D (1) B 4 [Tl .
p(0)2(m —2)" pom= ~ mF
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Thus we have obtained the first bound of Assumption E. It follows immediately that for all
m > 1,

af@

/ 2—
em(k:2) — em(0:2)] < lem(ks 2)] + lem(0; 2)] < ST

m 2

for all m > 2. By (3.21) this satisfies the second bound of Assumption E for ||k||sc > L™!. Thus
it remains to establish the second bound of Assumption E for ||k||s < L~!, for which we use
the method of [19].

Let h: Z%* — R be ﬁniﬁely supported and symmetric in each coordinate and under permutations
of coordinates. Then h(k) =) cos(k-x)h(x) and

L&

~ —~ k|2
‘h h(o)(g A(k) = h(0) = 5 -V7h(0 )' i ‘v2 ‘
’ - (3.29)
= Z <cos(k x)—1+ = (k‘ x) ) h(z)| + ’V ’
There exists a ¢ > 0 such that for all € [0,1], | cos(t) — 1 + 3t < ct*>*27. Thus
]E(k) } < CZ\ 2)#2h ()| + KL (VQE(O)( (3.30)
2d ' '
In particular choosing n = 0 we get
(k) = h(0)| < CIR2 D 2 (). (3.31)

Now e, (k; 2) — e (05 2) is equal to

71(k; ¢) 71(k; ¢) — 71(0;¢) +ﬁm(k;4)—%m(0;C)_

In—1(k; 2) = gn-1(0; 2 + gn-1(0; 2
By (3.31) and Proposition 3.6 with ¢ = 1 we have [Tn(k;() — Tn(0;¢)] <
C(K)|k|?*o 2B2_Tm “2°. Therefore lem (k5 2) — e (05 2)| is bounded above by
6v 6v
71(k; Q) 0’3 s 070 T
Im—1(k;2) — gm—1(0; 2)| ——= + |gm-1(0; 2)|C(K) |k|* ——— + C(K)|k|"—————
|9m—1(k; 2) = gm-1(0; 2)] 00) |9m—1(0; 2)|C(K) || 00) )| o
C(K)p> ¢ k|20?
< SV (s 052) = o109 + gm0 2) P+ ).
p(o) ms
(3.32)
Recalling that g1 (k; z) = 2D (k) we have
2% 2 2
ea(h52) — ea(0:2) < CEE (e +slupto? + L) (3.33)
272
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For m > 3, recall that g,,,—1(k; 2) = 7Tm%okozD(k) which gives

z

) [Fin—2(k;¢) = Fin2(0; Q)| D(0) + a(k)|Frm—2(0; Q)|

< CUIKPAPTE | C(K)a()p %
(m -2 (m-2)7

|gm71(k;z) 9m— 1(0 Z)|

)

(3.34)

Therefore for m > 3,

2 2 2 bv 9_ 6v 9 9 2_67 9 9
em(k: 2) — em(052)] < C(K)B> ('“ L e ML )
3

=% m-2F  m-n%

Both (3.33) for m = 2 and (3.35) for m > 3 are bounded above by C'(K)a (k:)ﬁm_ for
|lk]loo < L™1 by (3.20) and the fact that 02 ~ L? (see Remark[1.5).

Assumption G: Suppose that there exist K > 1, Ly > L,(K) and z € (0,2) such that (3.24)
holds for this K,z and all L > Ly and 1 < m < n. As for Assumption E, we may apply
Proposition [3.6 to obtain for this K,z and all L > Ly, 2 <m <n+1,
P (k c>‘ CE)* % _ Cu)s
p(o) ~ plo)(m — 1)% - m'T
which gives the first bound of Assumption G.

6v

(3.36)

|9m (k; )| = |zD(k)

For the second bound we note that by symmetry the first derivatives of 7, and D vanish at 0.
Hence for m > 2,

= V%R 1(0) + 1 (0)V2D(0)]

V0 0:2) = |77 [ 2B ]

p(o) —ol  p(o) (337)
: (CE)pPTe?  C)PTT L) CK)P |
o —_—
~ p(o) mz m 2 B ms’
This verifies the second bound of Assumption G.
Next for m > 2, we have that
- =D(k) Fm-1(k: Q) D(k)
m(k;2) = Tm-1(k; =2"
om((32) = a0 ) ) — o (Bt (850 ) B
where # does not depend on z (or (). Therefore
Fm_1(k; Q) D(k _ Dk)| _ c'(k)p
Ouan(hs )] = et (P B) O D0 < SIS s
z p(0) p(0) m'z
which proves the third part of assumption G.
For ||k|ls > L~!, (3.21) applies and we have that for m > 2,
- C(K)F* T C(E)FPE C'(K)p*
(03 2) — g (0:2) — a(k)o 2V gy, (0:2)] < ST CUOTTE gy CEIT
m 2 mi m 2
Cl(K)B> &
<appEt2 "
m 2
(3.39)
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since a(k) > n, and where the constant depends on 7. This satisfies the final part of assumption
G for ||k|leo > L1

For ||k|loc < L7!, we again use the method of [19]. By the triangle inequality we bound
|9m (k; 2) — g (05 2) — a(k)o™>V2gm (0; 2)| by

k 2
9 (:2) — g0 (0:.2) — 1o 7g,,(0:2)

L5

+ (a(k)—a(O))a‘Q—];—d V26, (0:2)]. (3.40)

Recall that for m > 2, g (k; 2) = ﬁ(?‘(’;*\D)(k) On the first term we apply the analysis of

the first term of (3.29), to the symmetric function m,,_1 * D. Choosing n = € we see that the
first term of (3.40) is bounded by

2CLKPT2N 7 |22 (7 # D) ()], (3.41)

with the constant independent of ¢/. By Hélder’s inequality

1—¢ 1+el
2

> a2 (D) ()] < (Z |(Tm—1 % D)(ﬂf)!) (Z | (1 % D)(ﬂ«“)l) - (342)

T T

Applying Proposition 3.6 with ¢ = 0 gives

3 (s * DY) < - o ) 3 D — ) < CEZ T (3.43)

m 2

We now apply Proposition 3.6 with ¢ = 0,2 together with the inequality (a + b)* < 8(a* + b%)
to get

S @t (-1 * D)(x)| <8 (Z " mm 1 (W) D@ =) + > mma ()] D e —y|* D - y))
<C (Z I ()] + > !Wm_l(y)|04)
) Yy

0O/ ()BT
S—— a8 -
m 2

(3.44)

Note that we have used Remark/[1.5/to obtain ) |z|"D(z) < Co” with the constant independent
of L (it may depend on 7). Putting (3.43) and (3.44) back into (3.42) we get

1+6/

_6v L _6v e _6v
o (2] < <C(K)g2 d) 2 <U4C(K)52 d) C_ o) s
E m— = d—4 = .

d—8 d=6_

m 2

m 2 m 2

(3.45)
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Combining (3.45) with (3.41]) gives

2 C(K) 32 % (o2|k|2) 1+
gm(k; 2) — gm(0; Z)_LVQ ('Z)‘g 9l df(i J’) S a—6__, )

2d m 2z ¢ m 2

when k|| < L~!. This satisfies the required final bound of Assumption G.

It remains to verify this bound for the term inside the second absolute value in expression (3.40).
For this term we write

alk) PP
—= — |D(k) — D D 3.47
= = | D) - Doy - £LvEb) (3.47)
and proceed as for the first term to obtain
1-D(k) |k dW“/ 242¢ cw2f 1o
= 5 Z |z|*+2|D(x)] < ——— L20Fe),

Together with Proposition [3.6 with ¢ = 1 this gives

an(0:2)] < <m:“2wmmHa

m 2 o?

(1= Do - ,
which satisfies the required final bound of Assumption G for [|k|| < L.

We have now verified that Assumptions S,D,E,G all hold, provided L > L, i.e. assuming that
Proposition holds. Thus assuming Proposition we may apply the induction method of
[15] and obtain the following theorem.

Theorem 3.7. Fizd > 8, v € (0,1 A %2) and 6 € (0,(1 A 552) — 7). There exists a positive
Lo = Lo(d) such that: For every L > Lg there exist A',v, z. depending on d and L such that the
following statements hold:

(a)

o () A% o () o)) e

with the error estimate uniform in {k € R%: 1 — D(k/vvo®n) < yn~'logn}.

(b)
v 7, (0, W)

1
tn (05 p(o)pc> = v [1 o <L2n5>} '

D%, ()
p(0)pe

(c) For everyp > 1,

<
p Lrn
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(d) The constants z., A" and v are all 1 + O (L_g> and

o 1+ eo m(0; 2z ~_ VQ m (05 z¢
1= E gm(o’ Zc)a A/ - mel € ( 2 ) _ mel g ( 2 ) (349)
m=1

= , V= — .
Z;)nozl mgm (05 z¢) o? Z%}:l mgm (0; 2c)

In particular, provided Proposition holds, the induction method shows that there exists
Lo, K > 1 such that (3.24) holds for all m and all L > Ly for this K. The induction method
itself is rather complicated but is logically structured as follows: Firstly we find the functions
Ce and C, in Assumptions E and G, as appears in the verification of these assumptions for
large L above. The induction method then defines a host of constants including K, that are
independent of L, but depend on the functions C,, C,. It also identifies L;,q > 1, depending
on these constants, for which it is required that L > L;,4 to advance (3.24). One then chooses
Ly = LV Lj,q, so that Proposition holds and the advancement of (3.24) for all L > L for
our chosen K.

3.4 Proof of Theorem

In this section we show that Theorem [1.12 follows from Theorem [3.7(a). Comparing the two
theorems and setting A = A’p(0) (recall that (. = z.p(0)"'p; 1), it is clear that to prove Theorem
it is sufficient to prove the following two lemmas. The first incorporates the continuous
time variable ¢ into the asymptotic formula (3.48), while the second confirms that our artificially

introduced parameter ( is trivial.

Lemma 3.8. For d, vy, § and Lo as in Theorem 3.7, there ezists a constant Co = Co(d,7y) > 0
such that

~ R N | |k|? |k|2t1—0 1
o () =2 e () w0 () vo ()

with the error estimates uniform in {k € R? : [k|? < Cot~'log(|nt] v 1)}.

Zc

Lemma 3.9. The critical value (. = 2lo)pe —

Proof of Lemma [3.8. The statement is trivial for [nt| = 0, so we assume that |nt| > 1.

n

k2] = 1
1+O( , )+O<Lntjd28)]’ (3.50)

Incorporating a time variable into (3.48)) by n +— |nt], k — ky/ "] e have that ?me | (\/ﬁ, CC)
is equal to

_ k2| nt]

n__. = Ae” 3dn

) | =1
Lt Va2 [nt] ¢

where the error estimate is uniform in

kq/ L0t
H,;={keR¥":1-D | —L2— | <~|nt] log|nt|
vo?|nt]
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We leave it as an exercise to show that there exists a constant Cp such that {k : |k|?
Cot~tlog(|nt])} C Hpy, and thus (3.50) holds with the error estimate uniform in {k : |k|?
Colog(|nt])}. Since |nt] < nt in the first error term of (3.50), and

A )-o(%)

we have proved Lemma O
Proof of Lemmal3.9. The susceptibility, x(z) is

=3 (02 = 3 ) =Y s ¥ o

T TeT,(x)

IAIA

_ k2| nt] _ k%
e 2dn — e 2d

HI
\_/

(3.51)

where ¢ = zp(0)~!p-!. By Theorem[3.7 there exists a (. such that

Z > W)= A>0, (3.52)

T TeT,(x)

so that

- —.
e,z W :
T TeT,(z ¢
Thus the radius of convergence of X(¢) is ¢c > 0. Since >, /(|7 V 1)~ ~ M@, it follows
from Theorem 1.9 that y(1) = oo which implies that (. < 1.

For ( <1, ), ("tp(z) < e~(Al#lp(z), which implies that

S Ctale) < (VO S (VO (@) < (VO S e Ollp(a),  (3.53)

r m>n x

which goes to 0 as n — co. Hence (. > 1 and the result follows. O

Assuming that Proposition [3.6 holds, we have now verified Lemmas [3.8 and and hence we
have proved Theorem [1.12. We postpone the proof of Proposition [3.6/ to Section [5]

4 The r-point functions

We have shown Gaussian behaviour (Theorem [1.12) of the 2-point function with appropriate
scaling in Section 3. We now wish to prove the analogous result for r-point functions, Theorem
1.14. The proof is by induction on r, having already verified the initializing case r = 2 in Section
3. We use the technology of the lace expansion on a tree [19] as expressed in Section 2, and prove
the result assuming certain diagrammatic bounds. The diagrammatic estimates are postponed
until Section 6]
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4.1 Preliminaries

Recall from Definitions[1.3 and that for fixed r > 2, n € Zirl and % € R¥—1 we have
Ta(X)={T€T(0) :x3€Ty, i=1,...,r—1}

and

TETx(R)

where we may have x; = x; and n; = n; for some i # j. For T' € T (o,z), let T.,, be the
backbone in T" from 0 to z.

Definition 4.1 (Bare tree). For i € Z'[' and X € Z‘i(T_l), a lattice tree B is said to be an
(fi, %) bare tree if B € Ta(X) and Ul_{ By, = B. We let B(R,X) denote the set of (R, %) bare
trees. If B € B(n,X%x) then we write Tg = {T' € T(0) : B C T} for the set of lattice trees
containing B as a subtree.

Since every T € T5(X) has a unique minimal connected subtree (U;:llwai) connecting 0 to the
X;, 1 =1,...,7—1, we have

HE = > > WD) (4.1)

BeB(n,%) TeTp
The degree of a vertex x € B is the number of bonds {a,b} € B such that either a =z or b = x.

Definition 4.2 (Branch point). Let B € B(n,X). A vertez x € B is a branch point of B if
there exist i # j such that x; # o and x; # o are distinct leaves (vertices of degree 1) of B and
Box; N Beox; = By

As they are defined in terms of the leaves of B € B(n,X), branch points of B depend on B
but not the set B(n, X) of which B is a member. In particular if B is also in B(@’, X’) then our
definition gives rise to the same set of branch points. By definition, a branch point that is not
the origin must have degree > 3. It is clear that the number of leaves# o is at least 1 plus the
number of branch points, so if B € B(n, X) for X € Z4r=1) then B contains at most r — 2 branch
points.

Definition 4.3 (Degenerate bare tree). For fized r > 3, n € ngl and X € RV ¢ bare
tree B € B(n,X) is said to be non-degenerate if B contains exactly r — 2 distinct branch points,
each of degree 3, none of which is the origin. Otherwise B is said to be degenerate. We write

Bp(n,X) for the set of degenerate trees in B(,X) and set B}, (h, %) = B(h, X) \ Bp(i, X).
Clearly from (4.1) we have

A=) Y WM+ Y D> WD), (4.2)

BeBS, (#,%) T€Tp BeBp(i,%) T€Tn

Definition 4.4. Let B € B(n, X). Two distinct vertices y, y* in B are said to be net-neighbours
in B if the unique path in B from y to y* contains no branch points of B other than (perhaps)
Yy, y*. A net-path in B is a path in B connecting the origin or a branch point in B to a

net-neighbouring branch point or leaf in B.
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Lemma 4.5. Fizr >3, e N1 e 741,

1. If B € BG(n,X) then B consists of 2r — 3 net-paths joined together with the topology of o
for some o € 3.

2. If B € Bp(n,X) then B contains fewer than 2r — 3 nonempty netpaths and fewer than
r — 2 branch points that are not the origin.

Proof. By induction on r. For r = 3, the nondegenerate bare trees satisfy the claim since they
contain exactly one branch point, of degree 3. All degenerate bare trees have fewer netpaths as
there can be at most one branch point and it can only be the origin. Suppose the result holds
for all v/ < r.

If B € B} (n,%x) then B contains r — 2 branch points, each of which is of degree 3, none
of which is the origin. This implies that the x; are all distinct leaves, and not the origin
(otherwise B € B(#/,%’) for some @t € Z',? and X' € Z%" 2 but has r — 2 branch points).
Let  # 0,%,_1 be the unique branch point in B net-neighbouring x,_1. Removing the netpath
B..x,_, \ Bz, we have that x is a vertex of degree 2 in B* = B\ (B.sx,_; \ B-sz) and therefore
B* contains r — 3 branchpoints, each of degree 3, none of which is the origin. Thus B* €
B ((n,...,n,-2),(x1,...,%X,—2)). By definition of a netpath and the fact that z is not a branch
point of B*, we see that B* contains two fewer netpaths than B. By the induction hypothesis,
B* consists of 2(r — 1) — 3 net paths joined together with the topology of a* for some o* € ¥,_;.
Therefore B contained 2r — 3 netpaths joined together with the topology of o € ¥,._1, where «
is the shape obtained by adding a vertex to the edge of a* corresponding to the unique net-path
in B* containing x and adding an edge to that vertex.

Suppose instead that B € Bp(n,X). If any x; = 0 or x; = x; then B € B(@',X’) for some
i € Z7? and X' € Z%"~2) and the result holds by the induction hypothesis. Otherwise we
use the same decomposition as for part 1, and let the degree of the branch point z # 0 be
[. If ] = 3 then B* above is a degenerate bare tree and the result hold by induction. If
[ > 3 then B* contains one fewer netpath and the same number of branch points as B. By

induction B* € B((ny,...,n,_2),(X1,...,X,_2)) contains at most 2(r — 1) — 3 netpaths and
(r —1) — 2 =r — 3 branch points that are not the origin. Therefore B contained at most 2r — 4
netpaths and r — 3 branch points that are not the origin. O

We have thus far been dealing with descriptions of trees specified only up to the location of fixed
points X at distances n from the origin. We now introduce further notation of the form ¥, 7
that refers to displacements and lengths of the netpaths of a bare tree.

Definition 4.6. Let M = M(7i) be any network containing l labelled edges joined together with
arbitrary topology with n; — 1 € Z vertices being added to edge j for each j € {1,...,l}. Let
B € B(n,x). We say that B has network shape M if B and M are graph isomorphic and for each
i the graph isomorphism maps leaf i of M to x; (where xg =0). For § = (y1,...,y2r_3) € ZU,
we define Ty(7) to be the set of lattice trees T € T (0) such that there exists X, i and B € B(n, X)
such that

1. T eTp,

2. B has network shape M, and
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01 2 02 1 0 12 01

Figure 12: The seven possible degenerate shapes for » = 3. The second (resp. third) shape is
only a possible candidate for the shape of B € Bp(n, X) if ny > nj (resp. ny < nj).

3. if the endvertices of netpath B; are u;,v; € R?, where Bsu; C Besy; then v — uj = yj,
foreach j=1,...,2r —3.

We then define

= > W(T (4.3)

TeTm(Y)

By ignoring the interaction between the branches emanating from different net-paths in each B
with network shape M and using Lemma [5.10/ with [ = 1 and ¢ = 0, it is easy to prove that

Z tam() < K (4.4)

We wish to rewrite in terms of a sum over underlying network shapes that describe the
possible bare trees connecting the x; and 0. For a fixed shape a € %, (with fixed but arbitrary
edge labelling) and 77 € Nir_3, we let N'(«, 1) be the abstract network shape obtained by inserting
n; — 1 vertices onto edge j of o, j = 1,...,2r — 3. Each edge j of o has two vertices ji, j2 in
« incident to it. We define branch N; of N to be the smallest connected subnetwork of N that
contains the vertices ji, jo.

Suppose T' € T (q,m)(¥), With corresponding X, fi, B as in Definition [4.6. Since B has shape
N (a, 1), we may label the netpaths { By, ..., Ba,_3} of B according to the edge labels {1, ..., 2r—
3} of a. Let E; = {j : Bj C B..x,} denote the set of labels of edges in the unique path in «
from the root to leaf i. By definition we have ZjeEi yj =x; and ) n;. See Figure
for an illustration of this.

jeB;

Lemmal4.5 implies that if 7' € 7p for some B € B, (1, X), then T' € Tyr(o,7)(¥) for some a € %y,
i € N3 7 e 742r=3) gatisfying ZjeEi n; = ny, EjeEi yj = x4, ¢ € {1,...,7 —1}. On the
other hand suppose T' € Ty (o) (%) Let x; be the vertex in T' corresponding to leaf i of «,
i =1,...,7r — 1, and let n; be the number of edges in T..,,. Then T € T5(X) by definition.
Choosing B = U[_{ T..x,, it is easy to see that B € B(f,%) and T € Tp. Finally since N(a, )
contains r — 2 distinct branch points, each of degree 3 (of which none are the origin), B must
also have this property and thus B € B}, (n, X).

For fixed a € ¥,, i € N~ and % € 241 we write > ae; to denote the sum over {7 € N2r=3 .
> jer, M =Mi, i=1,...,7 =1} and } -a ; to denote the sum over {i € Z.42r=3) . djer Yi =
xij, ¢t =1,...,7—1}. Then

o> wm=>Y_ Y > Y w@. (4.5)

BGBC ﬁ i) TETB aEX, 70 g«%;( TGTN(a,ﬁ) (g)
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5

Figure 13: A shape o € X4 with labelled edges, and a nearest neighbour lattice tree T €
TN(an)( y) for i = (3,5,7,7,2), ¥ = ((2,-1),(-2,-3),(2,3),(3,4),(2,0)). Also T € Tx(x)
where n = (17,12,8) and x = ((7,6), (6,2), (0,—4)). Note for example that y1 + y3 + y4 = 1.

Definition 4.7 (Degenerate Shape). Forr > 3, let 3, be the set of rooted trees & such that the
root is labelled 0 and

1. @ contains fewer than 2r — 3 edges, and fewer than r — 2 branch points (vertices of degree
> 3) that are not the root, and

2. for each i € {0,...,r — 1} there exists a vertex in & with label i, and each leaf (vertex of
degree 1) of & has labels from the set {0,...,r —1}.

We call & € 3, a degenerate shape. Clearly there are only finitely many degenerate shapes for
each fized r. See Figure[12 for the set 3.

By Definition 4.3 and Lemma 4.5, if B € Bp (i, %) for some @i € Z'7! and % € Z"~V) then B
has the topology of some & € X,. For @ € ¥, consisting of [ < 2r —3 edges and 7 € N! we define
D(a, ) to be the abstract network shape obtained by inserting n; — 1 vertices onto edge j of &,
j=1,...,1. Then

IIEDIEDIUCEDIDID IS DD IR U

X BeBp(n,x)T€Tn aes, i%ha X §%xT€Tpa,n) ()

Note that for any given i € N"~! we may have many & € X, for which the set {f : 77 % f} is
empty.
Recall the definition of & from (1.8). The main result of this section is the following theorem.

Theorem 4.8. Fiz d > 8, v € (0,1 A %52) and § € (0,(1 A 458) —5). There exists Ly =
Lo(d,~) > 1 such that: For each L > Ly there exists V =V (d, L) > 0 such that for everyr > 2,
a€X, neN”3 R>0, and & € [-R, R]* 34,

N (o) ( ) =V2AT 3 [ e\ ) +O —~ | +0 |, @7
o2un =1 =1n.Z j=1 "

J
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where A and v are the constants appearing in Theorem!1.12 and the constants in the error terms
may depend on r and R.

In view of (4.2)) and we have that

=2 KNI @+ Y S W)

ac¥, 7 nwnywx X BGBD(ﬁ 5&) TeTR

Z ihex Z Z ZtN(an An(l;)'

aChr G A §S%

(4.8)

The following Lemma 4.9 will be used to show that the contribution gg from degenerate trees
gives rise to an error term.

Lemma 4.9. For allk € [—w’w](r—l)tﬂ
G (k)| < Cr i, (4.9)

Proof. Let | = l(@) be the number of edges in &. Applying (4.4) to D we obtain

T (0) < K. (4.10)
Therefore, (4.6) implies that
Pr) < >0 Y K< YRR < G At (4.11)
acT, 7% a acy,

The second inequality holds since Zﬁ 3,5 Is a sum over at most  —3 temporal locations of branch
points which are not the origin, each of which must be smaller than ||fi||s by definition. O

Recall that FE; is the set of edges of the unique path in « from 0 to leaf j. Then x; =
> wilper,) and

2r—3 2r—3 r—1 2r—3

r—1
D kX = Zk 2 wltery = 3w Zk luepy = 2 wm=F-g. (412
j=1

where x; was defined in (1.8). Thus the first term on the right of (4.8)) is equal to

IIDIPIS INTIUEDIDIPICLITIED BP DETRICRNIRE

ac¥r i nSshn X Q€Y 7 nsn y aEX, 7 nshn

This becomes clearer if we consider the case r = 3, for which there is a unique shape a (which
we suppress in the notation for NV'), and a single branch point. If we denote the spatial location
of the branch point by y then

n1/\n2
g?nlm (k1, ko) — Z Z zkl,xlezkz-xz Z EAf (g —nna—n) (U X1 — 4, X2 — ¥) (4.14)
X1,X2 Y ’
+ (Zsfl( )7
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where informally one may think of (ZS as consisting of the n = 0 and n = n; A ny terms missing
from the sum over n. The first term on the right of is equal to

(nl/\ng)fl

Z Z Z ei(kl'(xl_y)+k2'(x2_y)+(kl+k2)'y)t/\f(n,n1—n,nz—n) (y, %1 — Yy, X2 — y)

n=1 X1,X2 Y

4.1
(n1Ang)—1 (4.15)
= Z t/\f(n7n1—n,n2—n) (Hly K2, HS)-
n=1

Recall from (3.2)—(3.3) and the fact that (. = 1, that we were able to express the critical 2-point

function as
th(x)= > W H > W) ] +Udl,

‘-‘" O‘Hm =0 R; €T (w(7)) 0<s<t<n
w

using the notation J[;' o 3= p ey W(Ri) [To<s<i<n [1 + Ust] to represent

Yoo W(Re) Y W(R) [T i+u..

Ro€eT (w(0)) Rn€T (w(n) 0<s<t<n

The product [[[1 4+ Us| incorporates the mutual avoidance of the branches R; emanating from
the backbone w (which is a random walk), and we analysed this product using the lace expansion.
For higher-point functions, the backbone structure in question may be interpreted as a branching
random walk, with the temporal (resp. spatial) location and ancestry of the branching given by
N (7, «) (resp. 7).

Definition 4.10. Fiz N'(7i,a). We say that w is an embedding of N into Z% if w is a map
from the vertex set of N into Z¢ that maps the root to 0 and adjacent vertices in N to D(-)
neighbours in Z. Let Qar(7) be the set of embeddings w of N into Z% such that the embedding
w; of branch i has displacement y;.

We now generalise (3.3) to the r-point functions. For a collection of lattice trees { Rs}senr, define

-1, if RyN Ry #0 (as sets of vertices)

0, otherwise. (4.16)

U = U(Ro, By) — {

Recall (Definition [2.1) that Exr = {st : s,t € N,s # t}. Also recall that a vertex s € N
is uniquely described by a pair (i,m;), where i is an edge in o and m; < n;. We write
[Lsen 2-R,e7(w(s)) @s shorthand notation for

2. 2 2. 2

Ro€T (w(0)) R(1,1)€7 (w(1,1)) R1,2)€7 (w(1,2))  R(2r—3,ny, 3)€7 (w(2r—3,n2,—3))

It follows from (4.3) that

tnr o) (7 Z ww T > Wy [[ b+, (4.17)

weEQN (T seN RoeT (w(s)) beEN

since any combination (w € Qn (%), {RS} sew) such that the Ry are all mutually avoiding lattice
trees, uniquely defines a lattice tree T € TN(aﬁ)(g') and vice versa.
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4.2 Application of the Lace Expansion

We now apply the expansion described in Section Let

ON(H) = Z ww [ > W(R)(H[Hw)(1—H[1+Ub]). (4.18)

WEQN (T SEN R;€T (w(s)) beRe beER

Then by expressions (2.7) and (4.17) we can write

tven@= Y, W ][ > WERIEW) -} (4.19)

weQN(Y) seN RseT (w(s))

where K(N) = [[,ege [1 + U,]. We will see shortly that 5}\2/(/%’) is an error term. Another such
error term comes from

= > Ww]] Z W(R) > [0 (4.20)

wEQN(Y) SEN Rs€T (w(s)) reg;([ bel’

where b is the branch point neighbouring the origin and 5}{/ is defined in part 8 of Definition|2.1.

Recall the definition of a branch from the second paragraph of Section 2.1l Let i, = (n1, ne, ng)
be the vector of branch lengths for branches incident to b and let G = G(N') C {2,3} be the set
of branch labels for branches incident to b and another branch point of N'. Define Hz, (N) C Z2
and Hz, (N) C Z3 by

—, 1=1,23tn{m:m; <n; — 2,1 € G
3 i i <n } (4.21)
= {m:Ogmigni, i:1,2,3}ﬁ{m:m,~Sni—Q,ieG})\Hﬁb.

Note from (2.17) that Hz, Uﬂﬁb ={m:m1 <ni,ma < ng—2I,m3 < ns— 2I3} and that this
is empty if n; = 1 for some ¢ € G. Equations (2.14)—(2.17) give an expansion for K(N') which
yields

3
@) = Y, W) Yo W) Y JSA) [[ K (V\S20))

wE (7) SEN Rs€T (w(s)) MeH, i=1 (4.22)

3
= > W] > Wk J(S2m) [ K (W \S2(m))) . (4.23)
1=1

weQN(Y) seEN Rs€T (w(s)) eﬂﬁb

See Figure for an illustration of these definitions. In accordance with Definition the
first term on the right side of (4.22) does not contribute in cases where b is adjacent to another
branch point of ANV (which implies that » > 4 and ng A ng = 1). For r = 3 there is only one
branch point, b, hence ¢}/(7) = ¢R(¥) = 0. Lemma 4.11] below states that in fact for large
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Figure 14: An example of graphs on N («, 71) with a € X5 a shape with edge labels shown at the
bottom and 7 = (3,4,4,3,6,4,3). The first graph contains an edge in R so contributes to ¢~.
The second graph does not contain such an edge but branch 2 is covered so this graph contributes
to ¢P. In the third graph, branches 2 and 3 are not covered, but no —2 > mg =2 > 2= % and
this graph contributes to ¢™.

M—oo = inf1<j<or_3n;, all the terms &57\1/, ng and &S\j{[ are error terms, so the main term in (4.22)
is
Qn e (@) = taam (@) — (@) — oR (5) + oR (D), (4.24)

which is the first term on the right of (4.22). Taking Fourier transforms of (4.22) or (4.24) we
obtain

i (7) = Qu(R) + O (R) + O (R) — SR (). (4.25)
Lemma 4.11. The error terms defined in (4.18), (4.20) and (4.23) satisfy

2r—3 3

SR@ =0 (Y =], Sik@=o(Y =], Ym@=0> =
7 =1 n,° 7 i=2 n, "’ 7 i=1n, >

26)

-~ 3

where the constants implied by the O notation depend on r.

The proof of Lemma involves estimating diagrams and is postponed until Section (6

4.3 Decomposition of Q)

In this section we show that Qs can be expressed as a convolution of a function 7 ; and functions
tn;, where the Nj; are network shapes with «a; € Yy, and r; < r for j = 1,2,3. This permits
analysis by induction on r and ultimately we prove that @ n can be expressed as a Gaussian
term plus some error terms.

We first define the quantity m;(#) and then the constant V' appearing in Theorem [1.14. We
then state some bounds on the function (i) in Proposition[4.13that are the main ingredient
for the proof of Theorem The proof of Proposition 4.13is postponed until Section 6. The
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convolution expression for Q () appears in Lemma 4 and the corresponding expression for
the Fourier transform appears in (4.39)). Finally we express Q n as a Gaussian term plus some
error terms in (4.40). These error terms are bounded in Section [4.4.

Definition 4.12. Suppose Sy; is a star-shaped network of degree A € {1,3} defined by branch
lengths M as in (2.18). Let @ € Z2. We define

@ = > Ww [[ Y. WER)I(Sy), (4.27)

UJEQSA/I(“> ’LESAJ R ET(W(Z))

where Qs nr; @) S empty if up # o (k # i,j) and otherwise is the set of embeddings of
S[—M;, Mj] into Z¢ such that the first, (M; + 1)%, and last vertices of S[—M;, M;] are mapped
to u;, the origin and u; respectively. Similarly Qgsjo ar,)(a) 5 empty if uj # o or ug # o (j,k # 1)
and otherwise is the set of embeddings of S[0, M;] into Z¢ such that the first and last vertices of
S[0, M;] are mapped to the origin and u; respectively. Finally Qsﬁ(ﬁ) is empty if any u; # o and
otherwise is the map of the single vertex Sy to the origin (whence m5(@) = p(0)Ii—ay)-

By we can write

-y Y 0w IJ o

N=1LeLN(S2)beL  b'eC(L)

=> 0¥ > [ I +oy,

N=1 LelN( SA beL b’eC(L)

(4.28)

so that for M # 0, 7 (1) = > =1 (— N 771\]\7[[(11') where

A]%(U)E Z Z W(w H Z W(R)H( U,) H[H—Ub/]. (4.29)

LeLN(S I)WGQSA< ) zGS R;€T (w(4)) beL b’eC(L)

Note that 771\]%(12’) > 0 since —U, > 0. We also define

3
V=Y > > wm@ [[peD(ui —vi) =p2> D w5(D). (4.30)
i=1 Mo T

Mezi ueZ3d geZ3d

The following Proposition is proved in Section [6 and is the main ingredient for the proof of
Theorem

Proposition 4.13. There exist C > 0 (independent of L) and By(M) such that for N > 1 and
q €10,1},
Y lulPrm (@) < (N?0% (| M||oo) B (M), (4.31)

ueZ3d
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where 4 = (u1,u2,us),

, 7=1,2,3, and

(4.32)

00 10=dy,q .
SN Y e By (i) < ¢ Il i d 210
log [[nlloc,  if d = 10.

Given M € My, (such that Sy CN), §ez® 34 and 7 € Z3 we define N = N (M) =
(M\S;7)i (see Definition[2.10). We write B,,- for the set of labels of branches in NV;- C N that
were not incident to the branchpoint b neighﬁoouring the root in NV, and g for the vector of y;
such that j € B N Then we define

Lemma 4.14. For j € Z* =34 gnd i € N¥7 =3,

3
QN(a n) Z Z T np H Z D(U - ul)tj\[ (yvz) (434)
U =1 v

M€H~

Proof. First from (4.22) and (4.24) we have

3

Nen@= Y D, W]l > WR)IESA))][EN).  (435)

MeH;, wen (§) SEN Rs€T (w(s)) i=1
However, as in the proof of (3.6) for the two point function, we may split up the branching

random walk w € Qar(¢) into 4 branching random walks (some of which may be empty) to
obtain

Yo Ww=) > W HZPC vi—w) Y. W(w). (4.36)

WELN (5) i wels (@) =1 vi wi€Q— (o;)
Trivially,
3
I > wro=1] > wxy]] > W(Rs), (4.37)
seEN R,eT (w(s)) s€S,; Rs€T (w(s)) i=1g,eN;” Rs; €T (wi(s:))

where the products of the form s € N~ are products over vertices in the network shape N .

Since by definition, N~ and S;; are vertex disjoint (i.e. have no vertex in common), equations
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(4.35)—(4.37) show that Q(a,m)(¥) is equal to

> 2 > W Il X wEISH | %

MeHz, @ wels @ SE€ESy; R€T (w(s))

3

1> peDwi-w) > We) [[ Y  WER)KN,) (4.38)

i=1 v w«;EQNi_ (%v;) $i€N; Re, €T (wi(si))

3
Z ZwM(E)HpCZD(Ui_ui)t/\/i—(ljvi)>
MEH% s =1 v;

as required. ]

Given & € [—m,7]* =3 we let B® = (k1, K2, k3), and K} denote the vector of r;, for branches i of

N (labels inherited from A). Then

iRy ezf{b fL’H e (v uj)em7 Yu;
j=1
It follows from Lemma that
On®) = > g (7) [T peD i)y, (7). (4.39)
]\ZGHﬁb J=1

Finally, recall (3.49), (4.30), and the fact that A = A’p(0). We write

2r—3
Qn(R) =V 2 ] 4e” 2d’“”+5D( 7) + EX(R) + EM(R) + Y (R), (4.40)
=1

where the £ are defined by

3
ERR) = > (H(ﬁ(ﬁz) - 1)) I aviGel | DAGHE
VieH

Bc{1,2,3} \I€E - j=1
E#( b
3
@ = > (Fa) - 70) [Tin @),
MeHz Jj=1
b (4.41)
3 2r—3 2
d 3 -~ N N = -3 o
End () = p3 Z WM(O) HtN—;(lﬁ};) v H Ae"2a™Mo Y |
ME'Hﬁb J=1 =1
2r—3 2
EX(R) =V [ Aem2amo™pd Y~ 75(0)
=1 M¢Hz,



The first term is obtained by writing D(x i) = ( + (13(&]) - 1)), the second is obtained by

writing 7 (/%) = (%M(G) + F(RY) - WM(O))) and so on.

4.4 Bounds on the €&,

In this section we prove bounds on the quantities (4.41), as stated in Lemma [4.15. All of these
terms will turn out to be error terms in our analysis and in general rely on estimates for 7 ; ()
such as those appearing in Proposition Each term except £™¢ will also use naive bounds
of the form appearing in (4.4).

Using (4.32) with n; =1,
O Fa(@) =30 30 3 mp(@ < 33 BN(N < (CFTEHE ()
g N

where the constant C is independent of L. In particular since %6(6) = p(o), this proves that
_sy

V = plo)p} + O(8°~1).

Lemma 4.15 (£ bounds). For all &,

3
1
EP(R) = LQZKJ , YR =0(> s (4.43)
j=1mn
d
b|242||f7b V0) -
= d+#10
e - [0 (RPARILT) L iy "

O (|7*20? log [|nloo) , if d = 10,
Proof. For I ¢ I we bound H?:1 %\j\/j(ﬁ;) and > 7 7,7(R?) by constants using (4.4) and .

This leaves us with
ExmI<c > ] ek

Ec{1,2,3} jeE
E#(

For each nonempty E we may bound all but one of the a(x;) by 2, giving [EX(8)| < C 2?21 a(ky).
In particular since a(r;) < 2 this quantity is also bounded by a constant C’. If ||k;|loc > L7,
then there exists a constant ¢ > 0 depending only on C” such that C’ < ¢||&?||2L? as required.
If ||5j]lo < L™1, this bound is obtained from (3.20). This proves the first claim of the Lemma.

For the second claim, we bound each exponential in the definition of £V (4.41) by a constant,
leaving
V=
EY @ <C Y
M¢H

Next we observe that M € Hz only if M; > % for some j € {1,2,3}, or nj <2 for some j. In
the latter case, the required bound is tr1V1a1 whlle in the former case it follows from Proposition
4.13
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For the last claim, we bound the tANj by a constant and apply (3.31) (with 3d rather than d)
with 70 = (K11, K1dsK2,15- -5 K2,d,K3.1,--.,K34) to bound the difference %M(ﬁ) — %M(Eb).
In doing so we obtain

7 (0) — %M(ﬁb)’ <SCIRP Y Juy 7 (@) (4.45)
DIYAL
This gives us
ERRI<C D IRP Y Jul [7y(@)] - (4.46)
M<ib weZ3d

Applying Proposition [4.13/ we obtain

- . . (125122 =0 (FEEV0) e d
R < 3 RPN NBy () < 0% 117 17 A0
e 15?202 1og |||, if d = 10,
as required. ]

It follows immediately from Lemma [4.15 that

N 3 3
5ﬂa<Jﬁz>:oCﬁ%j@>zo(zi”a, (4.48)

. . (1O—dv0)
< 7 > o) el D ) if d # 10,

; ) (4.49)
Voatn o (FHelml=) i d =10,

and

vn

4.5 Proof of Theorem 4.8\

We prove Theorem by induction on r (or equivalently on the number of branches 2r — 3 in
N). For r = 2 recall that A = A’p(0), so (as in the proof of Theorem|[1.12) we have by Theorem
3.7 and Lemma that

~ w2 n 2m 1
tn1 (:) = A@iﬁﬁl + O <I€ 5n > + O -y s (450)
n

VO4n ny 2
1

with the error terms uniform in {x € R?: |x|?> < Cglogn;}. This yields the required result for
r=2.

Now fix r and N = N (a,7) with a € ¥, and 77 € N**~3, and assume the theorem holds for all
r; <r. By (4.25) and Lemma 4.11, we have that

5 o 2r—3
~ K ~ K 1
N ( va2n> v ( 002n> a8

=1 ny
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Next from (4.40), (4.48)—(4.49) and (4.43), we have that @N( j%) is equal to

n2 n
yr—2 ler 3 Ae~ 2w plus the error term (4.49) plus

e (E0) +0(z> i

Since § < 8 A 1 in the statement of Theorem 4.8 we have 192 v () < 1 — § and these error

T2
terms satlsfy the error bounds of the Theorem. It therefore remains to show that E%Hd ( \/ET>
voen
is an error term of the required type.
From (4.41) we have
R 2r—3 20,
ind _ 3 r—3 -
o (vom) ~7 X HW‘ (i) v [T e ). sy
MEHﬁb
If Hy, = 0 then E%Hd = 0. By the induction hypothesis applied to r; < r, we have
Kr* '“3*'12";1 1 ‘—**|2 *(1 )
? — J ) :VTJ_2A2T]_3 6_ 2dn —|— O _— —|— O s J ,
A ( Vvorn lelB_[ leBZ n*-% ZGBZ n
N; Nyl N;
(4.52)

where the sums and products are over branch labels of branches in ./\/'j_. For M € Hj,, for every
j € {1,2,3} we have % < nj; < ny. This enables us to replace nj; by n; if necessary in the
error terms of (4.52). Additionally since M e Hjy, we have r = Z?Zl(n — 1), or equivalently

3 ri =71+ 3 (see Figure and

3 R,:* 2r—3 Hl2n 3 NQ(n 2r—3 1 2r— 3‘/{‘ n(l—&)
n r—3 A2r—3 l
[ () =voar L o DIC oYk +o< n)

j=1 =4 =1 n, 1=1
(4.53)
3 7 K3 2r—3 "
Thus, [];_; ty; (m> VI3 Ae™ S is equal to
2r—3 . 2(ﬂ 3 w2n; 2r—3 1 2r— 3| |2 (1-9)
K/l n J v
V’”—3A27’—3H€ 57n He W_He—m +0 Z — +(’)< >
=4 j=1 =1 n;°
(4.54)

Next using a telescoping sum and the inequality e=® — e™® < C(b—a) for b > a > 0 we see that

3 3
7”?”” 7ﬁ?"j 7r€12(n171\ll) ri] ny K (”
H e an — H e 2dn = E H e 2dn e 2dn 2dn H e 2dn
j=1 =1 \j<l i>l
3. k2
K2 M,
SCZ—Z[ — (g — M))] :CEj d

2dn 2dn

(4.55)
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Figure 15: An illustration of the relation Z?zl r; = r + 3 resulting from the decomposition of a
network A into N;, when M e Hji,. The 3 extra vertices generated by this decomposition are
indicated.

Collecting terms and applying Proposition |4.13| we have

- 3 2 _
sgnd(g)]@z;l > Y @m0 g

=1 N NieHs,

10-d v 2r—3 1 ( —6)
o[y ) o X - (z ).
=1 =1 nl =1

(4.56)

Since 1 — § > H)T_d V 0 these are all error terms of the required form. We have now advanced
the induction hypothesis and therefore completed the proof of the theorem. ]

4.6 Proof of Theorem 1.14

From (4.8) and Lemma [4.9 we have

n [k k
fiod (m)z 2, 2 W“‘“(@) O (m)

a€Xr 7% | nt |

S Y v () o (I
= N~ N (a,it) /7021}” n )

(4.57)
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with & = R(«, R) as defined in (1.8). Theorem [4.8 may be applied to the first term, giving

) 2r—3 7N2 (”j) 2r—3 1 2r—3 ’g‘an—é
T r—2 A2r—3 n J
To(mm) - X [ e (o (X L) o[£ 100
a€Xr 7% | nk: Jj=1 Jj=1 n; Jj=1
AEN2r—3

Lo (T
o .
Considering the first error term, note that

1 1 1 1 C
Z a8 Z s T Z s = Z Z as T _ 48 Z
l[int

(4.58)

7% k) 157 A% nk): 1 A%lntl: M7 aclintllee g% ini: 10 Int]lled Ao
ny<llnklllse ny> Inilloc -2 n=m n].>H|."EJ”oo
1 ~ r—2—4=8 ~ 1 (2=2v0), o~ e r—2—
< > = O, L+t 7 <Clntlle® TllnEI? + Lt ][l
m<lntllioc ™2 meog) gy
- 2 nj=m

(4.59)

. . . =1 (2%4vo) -
where if d = 10 we interpret the quantity |||[nt]|s as log(|nt]). In the last step we used
the fact that since [nt] is fixed, the sum over 77 < [nt] : n; = m is a sum over temporal
locations of r — 3 branch points. Since |X,| is a finite quantity depending only on r, the first

error term in (4.58) is
r 2
O
(5)

where the constant in the error term depends on r and .
The second error term in (4.58) is

2 1 1 LI211FIT—1—=6
S % o ( Rl*n ) _ 20 (’k|”t”5w> , (4.60)
Q€Y nwl_ntj !

where we have used (1.8) with /€2 <(r—1)XC (k Lieg, ) :

The third error term is already of the form n" =20 (n ) where the constant depends on t. Thus
it remains to show that for each o € %,

2r—3 _,.i2 ) 2r—3 2

Z Hezd nj'l'2/ H_Qdd3_0<7;5>’ (4.61)
& nt: J=1
ﬁ€N2r73

where the constant depends on t, r and . We rewrite the left hand side as

2r—3 _HQ ] 2r—3
Y e () / H as]. (4.62)
n->|_ntj J=1 t
meN?r—3
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Observe that the left hand term inside the absolute value is the Riemann sum approximation
to the integral on the right, with the approximation breaking R;(«) into cubes of side %, and
the error in the approximation arising from boundary cubes. The set Ri(«a) is a convex r — 2
dimensional subset of R?"~3. As such there are at most C;n" 3 boundary cubes in the discrete
approximation, each of volume ﬁ, where C) is a constant depending on ¢ and 7. Since the
integrand (and summand) is uniformly bounded by 1, the contribution to the left hand side of
(4.62) from the boundary terms is O (%) where the constant depends on ¢ and r. Within each
cube of side % we have, for all §in that cube,

By a telescoping sum representation (as in (4.55)) we see that for all § in that cube,

2r—3  _x2 ) 2r—3 2 2
76 e % -0 ().
n

j=1 j=1

Using /<c <(r—1) Z (k lieg; ) , this verifies (4.61) and hence proves the Theorem. O

5 Diagrams for the 2-point function

Proposition[3.6 was needed to advance the induction argument for the 2-point function in Section
In this section we estimate various diagrams arising from the lace expansion on an interval
(star-shaped network of degree 1) and prove a more detailed result, Proposition [5.1. We first
introduce some definitions and notation that will be used throughout this section, and prove
various lemmas giving bounds on the building blocks of the diagrams for the r-point functions.
In Section 5.1 we prove Proposition 5.1/ assuming Lemmas 5.4} (5.6, and [5.7. Lemmas (5.6, [5.7/
and [5.4 are then proved in subsequent sections. Throughout the remainder of this paper, unless
otherwise specified, C' denotes a constant that depends on d and K but not on L, m, z, or N.
It may change from place to place without explicit comment.

Let 7, (x;¢) be defined by (3.5), with Uy given by (3.1). Recall that my(x; () = p(0)Ip—0, and
writing Us = (—1)(=Ug) in (2.10) we have for m > 1,

() =C" > (DY > N W] Y. w@) [V« ] [+ Uel
N=1 LeLN ([0,m]) w02 i=0 R;€T (w(4)) steL s't'eC(L)

|w[=m

(5.1)

The sum over N is finite, since a lace on [0, m] can contain at most m bonds. We define

Yo=Y Y W] Z W<R>H[U] I[ B+l (59

LeLN ([0,m]) Tw\o;)nmz =0 R;€7T (w stel s't'eC(L)

and from (5.1) we have for m > 1 that m,,(2;¢) = > %—; (=1)V 72 (z; ¢) and hence |mp, (z; ()| <
SN ™V (x;¢). Therefore, when 3 is sufficiently small, Propomtlon 3.6 follows immediately (by
summing over V) from the following Proposition.
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b X+y b X b y
% ma
a N\ X a y a X
m mq m1q

Figure 16: Feynman diagrams for M,sll)(a, b,z,y), Amims(a,b,x,y) and Ay, o(a,b,z,y). A
jagged line between two vertices u and v represents a quantity h,, (v — u). A straight line
between two vertices u and v represents the quantity p(v — ).

Proposition 5.1. Suppose the bounds (3.24) hold for somen > 1, z* € (0,2), K > 1, L > Ly
and every m < n. Then for that K, L, and for all z € [0,2*], m <n+1 and q € {0,1,2},

6\ IV
2q C 2— 22
S ot () < — (f4 ) , (5.3)

m 2 ¢

where ¢ = z(p(o)pe) !, the constant C = C(K,d) does not depend on L, m, z, N, and where
v > 0 is the constant appearing in Theorem/|1.9.

Define hy,(u) = hy,(u; ¢) by

CPp2(D * ty—o * D)(u), ifm>2
han(u) = § CpeD(u), fm=1 (5.4)
I{u:o}7 ifm= 0’

where to(u) = p(0)[{y=o}-
Definition 5.2. For ¢ € {0,1}, m € Z; we define sy q(v) = |2|*9hm(z). Forl > 1 we define

57(7?(,) 5(1)(35) to be the l-fold spatial convolution of the Sy, q;.

Definition 5.3. Forr € {0,1}, let ¢,(z) = |z|*"p(x). Forl € {1,2,3,4}, let gi)g()l)(x) denote the
I-fold spatial convolution of the ¢, (whenever this exists for all z), and define ¢\ (x) = Iip—oy-
Lemma 5.4. Let 1 > 1, and k € {0,1,2,3,4}. Let m\) ¢ Z' and m = 22:1 m;. If the bounds

(3.24) hold for 1 < m < n and z € [0,2] then for allm < n+1 and z € [0,2], and for all
7 e {0,1}* such 2(k + S8 r) <8,

2kv
! k S Gl ! . :
||S7(ﬁ)(l)’q‘(l) *d)?(:“z) oo < MEGHTETiG2AT aitE J)j, and ||3,(ﬁ)<z)@<z) |1 < OmE%g2 X,
m- 2
(5.5)
Definition 5.5. Let
M (a,b,2,y) = hon(x — a)p® (@ +y = b), (5.6)
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Ve Wip Vg

X+y

W,
a vo Wao vg ou u Vg u -
u, Vo 3 Us 7 5 Yo Ug1=U g,

Figure 17: An example of an “opened” Feynman diagram, Mfﬁ?)(a, b, x,y) arising from the lace
expansion. The jagged path from 0 to x represents the backbone.

and
B (Y — @) o (2 — ) p@) (b —
Ay (a,b,2,y) = =l y(); O, ma 7 (5.7)
hny (2 — a)p(y — x)p'= (b —y), mo = 0.
We recursively define
N N
M7(77L )(a’ b7 :L" y) = Z Am1,WL2 (a/7 ba u, U)M((’n’lg, 1)7m2N 1)(u’ U7 x’ y) (58)

u,v

The diagrammatic representation of these quantities appears in Figures[16 and [17.

Lemma 5.6. Set ug = a and uony_1 = x. For every N > 2, and m such that m; > 0 for each
odd 1,

ON-1
Mfﬁ (a,b,z,y) Z > [ 1T Ao (us uil)] > plvi = b)p(on — (x +y))x

ugN—2 L i=1 V1,eyUN
I > etw - w-1)p(vi2 —wp)p(vr —wi) | X
1>2:m;=0 wy (5.9)
H (p(vé - UZ)I{I even} + P(UHTS - ul)l{l odd}>

1<I<2N—2:
mz7mz+17’50

_Z (m1,.. m2N 3)(a7b’uvv)AMQN—hmzN—z(xvyaua U)'

We also make use of the following notation. Let

2N-1
HfX = {ﬁz € ZiNﬁl : Z m; =m, maj > 0,ma;_1 > 0} . (5.10)

For general N > 2 we let

2 2
E% = {T?LEH%:WLQ%W“ < ;)n}, Fé\{ = {mGH%:m2N2+m2N1 < ;n}? (511)
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and for N = 2 we also define
Gr = {meH: : (m Vms) <my}. (5.12)

Note that for N > 3, EN U FY = H) and for N =2, E2 UF2 UG2, = H2,.
Lemma 5.7. For ¢ € {0,1,2} and N > 1,

ST lePard (@) < S S lePm$Y (0,0, 2,0). (5.13)
x meHY T
Observe that there are two disjoint paths in the diagram MT(ﬁN)(CL, a,x,0) from a to = (each
having displacement x — a), corresponding to taking the uppermost path and the lowest path.
In the opened diagram M %N) (a,b,z,y), the corresponding uppermost path may be from b to x
or from b to x + y depending on m. Similarly the right endpoint of the lowest path depends on
m. We define z = Z(m, z,b,y) and z = z(m,z,a,y) by

_ x—b if #{ma; : ma; # 0} is odd r+y—a if #{mgj : mg; # 0} is odd
= ) z=
r+y—>b if #{myj : mg; # 0} is even r—a if #{ma; : mg; # 0} is even.
(5.14)

5.1 Proof of Proposition 5.1

In this section we prove Proposition 5.1, assuming Lemmas [5.4 and We prove the three
cases ¢ = 0, 1, 2 separately, by induction over V.

Case 1: ¢ = 0. Our induction hypothesis is that

Cﬂzj% N
Z SupZMéﬁN)(a7 ba%,@) S % (515)

ﬁ”bGH% a»b’y x m 2

In view of Lemma 5.7 with ¢ = 0, this clearly implies Proposition [5.1 with ¢ = 0.
For N =1 note that

sup M,(,%) a,b,x,y) =sup h(z —a)pP(z+y—b
a,b,yzx: ( y) a,b,y%: (= a)p®(z +y —b)

=sup Y hn (@)pP (@ +y —b+a) =sup Y hun(2)p® (@ + 2).
aby g 2

(5.16)

_dv
Applying (5.5) with [ =1, kK = 2 and all ¢; = r; = 0, this is bounded by C’gi,f as required.

m 2

For general N, we consider separately the contributions to (5.15) from EY and FY, and in the

721



case N = 2 also the contribution from G2,. By (5.8) we have

Z supZMN (a,b,z,y) = Z Z Z supZAmlmQ(abuv)

N by T, 2m 2m No1 a,b
meER m1§ 3 mQS 3 " EHm (mq1+mg)

X Sup Z Mry(ﬁjyil) (U, v, T, y)

Z Z sup Z Amhmz ((I, ba u, U)

1<2—mm2<2——m 7w,
X Z sup ZMQY (u',v',x,y)
7_[N 1 oy T
—(m1+mg)
6v
Cﬁ2_7 N—-1

<Y Y wY dnmebug)
m1<—m2<——m a,b u,v (m_(m1+m2)) 2

(5.17)

where we have applied the induction hypothesis in the last step. Since mi 4+ msy < 27’” in the
range we are summing over, the last line of (5.17) is bounded by

6v

3 = (Cﬂ ) Z > SupZAm ms (@, b, 1, ). (5.18)

a,b
m1<— m2<——m

Finally we split the sum over mg into the two cases mo = 0, mg > 0 to get

Z Z sulf)z Ay mo(a,byu,v) = Z supz Bom, (u — @) p(v — u)p (b — v)
m1<—m2<—7m a 1§2,Tm a, u,v

+ Z Z sug)z Ry (0 — a)hp, (u — U)p(Q)(b — )

m1<2—m 0<mo <2,—m—m1

_bv 2,T
D S S Rl

m1§2m ml m1<—0<m2<2m —mq [ml +m2] 2
(5.19)

where we have applied (5.5) with all ¢; = r; = 0 in the penultimate step and the fact that d > 8
in the last step . Combining (5.17)—(5.19), we get the desired bound

261/

Z supZM (a,b,z,y) < %. (5.20)

meENaby = m 2

Similarly using the symmetry of M%N) (in the form of the second equality of (5.9)) and writing
ny for moy_1 and ngy for mon_o we get

Z 5upZM (a,b,z,y) = Z Z Z supZAan:L“y,u V)X

a, b )
mEFN Y €T TL1§27” S 5 ny 1M GH,,]X :1,1 s Y x,v (5 21)
N—
sup E 7541, )(a, b, u,v').
a,b,v’

u
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Using translation invariance of A, n,(z,y, 4 ,v) we proceed as in (5.17)—(5.19) to get

C 2—>7\N
ZsupZM abxy)g%,
EFN a,b,y = m= 2
as required.
It remains to prove the bound (5.15) for the sum over 17 € G2,. Note that in this case ma # 0
and so Mr(ﬁz)(a, b, x,y) is equal to

Z P (b — ), (u — @) (my 4ms) (U — W) (2 — )PP (@ +y—w). (5.22)

We break the sum over m € G2 according to which of m; and mjg is larger and note that
mg =m — (m1 + ms). By symmetry of M@(a, b, z,y) and translation invariance we have

ZsupZM()abxy <QZ Z supZM( (a,b,z,y)

meG2, @by g ma<7F mi<ma: aby
m—mj2>ms3

<2y > sup > PP (b= )y (W) By (e (0 — 1) X

m3<® mi<mz: Y uw
m—mji>ms3

sup Z hms r—v )p(Q)($ ty— ul),
(5.23)

where in the last step we have subtracted a from each vertex and correspondingly changed
variables (i.e. we have used translation invariance). This is bounded by

2 > > (Sngp(z) (b= 0)humy (W) Ry (g (V = %0) ( SUp M g (w = 0')p® (w +y — U’)> -

U
mz<'g mi<ms: YUuLv g
m—mi>ms3

(5.24)
Applying (5.5) to both terms in the brackets, is bounded by

4v

4 4v

cptd cpti (¢ 52** L _(cpa) L

> X o < P D e = D D=

m3<— mi1<ms: (m - m3) 2 m32 m3< mi1<ms m32 m 2 m3<% m32
m—mi>ms3

(5.25)

and we have the desired bound since d > 8. This completes the proof of Proposition for
q=0. O
Case 2: ¢ = 1. Our induction hypotheses are that

2(0132—%\N
sup z MN (a,b,x,y) < M, and
Yy a—6

GHN 77y x m 2
o o*(CH )Y 20
> sup > |zPMy ) S
meHNa,b,y = m 2
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In view of Lemma [5.7 with ¢ = 1, these clearly imply Proposition (5.1 with ¢ = 1.
For N = 1, the first statement of is
02 0/82—%” N
sup 3 o4y = bh(a — ) oy — ) < T (5.27)
aby m 2

Writing p@®) (z+y—b) = 3, p(u—b)p(z+y—u) and using [z +y—b? < 2(|Ju—b|> + |z +y—ul?),
(5.27) is bounded by

QSungbl u—"b)p(x +y — uhm(z —a) —|—2supr u—>b)p1(x+y—uhp(z—a). (5.28)
aby ", aby
Applying to each term with [ =1, kK = 2, ¢; = 0 and exactly one r; = 1, (5.28)) is bounded
by 02(052_%)1%_% as required. The second statement for N =1 is
2 C 2-8\N
sup 3 1o — afPhn( — a)p® (a4 y — 1) < T (5.20)
a,by m 2
which follows immediately by applying (5.5) with [ =1, k =2, ¢y = 1 and all r; = 0.

For the inductive step, for each statement of (5.26) we break up the sum over 7 € H)\ into sums
over m € EN. m € FY, and when N = 2, also m € G2,. For the contribution from m € EY we
write [Z]? < 2(|za|? + |2m]?) where

(x —u,u—b) , if #{ma; : mg; # 0} is odd and ma > 0
—wu—b) ,if Mg # 0V i dms >0
(ar.%a) = (r+y—u,u—0>) 1 #{mo; : maj # }1S even and mo (5.30)
(r —v,v—0) , if #{ma; : mg; # 0} is odd and mgy =0
(x+y—v,v—">0) , if #{my; : mg; # 0} is even and mg = 0.
Thus
2 N (Nfl)
> s S M b0 <2 Y sup Y EaP Ay a6 0 )ME 0 5,0)
meEN aby g meEN ab’yzuv

+2 Z sup Z Ay ms (@, 0, u, )| 201 | M 1)(u,v,:1:,y).

mEEN avb»yx u,v

(5.31)
As in (5.17) the first term on the right of (5.31) is equal to
062—%’ N-1
2 Z Z supZ|zA\ Ay mo(a, b, u,v) ( ) =
My <2 ma<2m ab e (m — (m1 +ma)) 2
(5.32)
(C 527@ N-1
<C——p— Z Z sul?z 1Za2 Ay ms (a, b, u,v).

m1<—m <2——m T
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We now proceed exactly as in (5.18)—(5.20) except that we use (5.5) with exactly one r; = 1
(instead of all r; = 0 as we did in (5.19). This yields an upper bound on of
an(Cﬂ%%)Nm*%.

For the second term on the right of (5.31) note that by definition, zp; is either Z’ or 2/, the
displacement of the upper or lower path of M(N_l)(u, v,x,y). We proceed exactly as in (5.17)—

(5.19) except that the induction hypotheses give a bound

C 2-%\N-1
3 sup 3 enr MVl vy < 02— T
mlEHm*(m1+m2),N 1u7u Yoz (m_(ml—i_:/LZ)) 2 (533)
282\ N _1
< 02m (Cﬁ ’ )

= d—4 )

(m — (m1 +mg)) 2

which contains an extra factor of o?m compared to that appearing in (5.17). We now proceed
exactly as in (5.18)—(5.20)) to get a bound on the second term on the right hand side of (5.31)

of an(CﬁQ_%V)N m~“3". This verifies the induction step for the first bound of the induction
hypothesis (5.26).
As in the ¢ = 0 case of Proposition[5.1] the bound

20 32— % \N
> supy [z M (a,0,2,y) < M (5.34)

mery “tY e m2

follows by symmetry.
When N = 2, the contribution to (5.26) from 17 € G2, is easily bounded as in (5.23) by applying

(5.5) with exactly one of the g; or r; = 0. This gives the desired bound of o2(C3*~ *) m=3"
as required. By induction, the proof of Proposition 5.1 for ¢ = 1 is complete. ]
Case 3: ¢ = 2. Our induction hypothesis is that
4 2-5v\N
_ N o (CpB“d
Z SUPZ |Z|2|§|2M753 )(aab,fﬁay) < %- (5.35)

mer)_{% avbvy x m 2

In view of Proposition5.7lwith ¢ = 2, this clearly implies Proposition[5.1 with ¢ = 2. The proof
of (5.35) is very similar to the proof of (5.26) so we just present the main ideas.

The N =1 case follows from with [ =1, k =2, g1 = 1 and exactly one r; = 1. To bound

3 s Y ERPME (0, b, 2, y), (5.36)

meE) "tV 2

we use the expansions |22 < 2(|- |2+ |- |?) and |z]? < 2(] - |> + | - |?) yielding 4 terms instead of
the two in (5.31). One such term is

43 s 3 [2alleal Ay 0. b.w0) MG v.2.), (557)

EEvN 77yxuv

on which we use the ¢ = 0 case of Proposition [5.1, and with ¢1 = 1 and exactly one of
the 7; = 1. For two of the remaining three terms arising from (5.36) we use the ¢ = 1 case of
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Proposition|5.1 and (5.5) with exactly one of ¢ = 1 or some 7; = 1. The remaining term arising
from (5.36)) is

4 Z sup Z Ay ms(a, b, u,v)\?’]2|§'\2MT(ﬁJY_1)(u,U,x,y), (5.38)

meEN YOV zuw

which we bound using the induction hypothesis and with all g;,r; = 0. Collecting the 4
terms we obtain the bound

4 2—=2\2
S sup S p212P MY (0, b, 0,y) < TLE0 1S (5.39)

ﬁleE% a’bay x m 2

The contribution from m € Fn];f also obeys the bound (5.39) by symmetry, while the contribution
from 77 € G2, when N = 2 is handled as for the ¢ = 1 case of Proposition 5.1 except that we have
exactly two of the g;, 7; equal to 1 when we apply (5.5). This completes the proof of Proposition
[5.1 for ¢ = 2, and hence completes the proof of Proposition 5.1l ]

5.2 Proof of Lemma

For the first equality of (5.9), we prove the result by induction on N and leave the reader to
verify the easiest case, N = 2 (consider the two cases ma > 0, ma = 0).

For N > 3, if ma > 0 then by inserting for N — 1 into (see (5.8)),

M%N)(avb,x,y) = Z Am1,m2(av bv u2au1)M(N71) 1(u2’u1’x7y)

(m3,...,;man —
u2,u1

we see that MUV (a,b,z,y) is equal to

m

2N—-1
> <hm1 (ur = @)humy (uz —u1) Y p(vr = b)p(vz — Uz)) (Z Y [ [T Fom (i — Uil)] x

u1,U2 ugN-2 L =3

Y plows —uplon —(@+y) | [T D otw - w-1)p(vig2 —wi)p(vr —wr) | %

V2,..., UN 1>4:m;=0 w;

H (p(v% - ul)I{l even} + p(v% - ul>I{l odd}) ) .
3<I<2N-—-2:
my,my 170

(5.40)

Reordering the sums and using the fact that meo > 0, this is precisely the right hand side of the
first equality of (5.9) in the case mo > 0.

If mo = 0 then by inserting (5.9) for IV — 1 into,

M;?LN)(aabyx7y) = Z Am1,m2(a;b, u17w2)M((N71) (’LLl,wQ,x,y)

m37-~7m2N71)
uy,w2
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we have that MfﬁN)(a, b, x,y) is equal to

Z Z( my (U1 — a)ho(ug —uy) Zp (v —b)p (wg—ul)p(v% —w2)> X

U, w2 u2 U1

<Z > [H Uz‘—l)] x Y plvzsz —w2)p(on — (2 +y))

ugN-2 L @ V2,...,UN

I > e(w - u-1)p(vig2 —w)p(vy —wi) | X 11 (p(v% — )1 even) + p(Vrgs — )y odd}) )

1>4:m;=0 w; 3<I<2N-2:
my,my4170

(5.41)

Reordering the sums and using the fact that mo = 0, this is precisely the right hand side of the

first equality of (5.9) in the case mo = 0. The second equality is the same by symmetry of the
(N)

expression for M’ in the first equality, by considering the cases may_—2 > 0 and moy 2 = 0
and separating the terms [ = 2N — 1,2N — 2. O

5.3 Proof of Proposition 5.7

We prove the stronger result that

(@) < Y MEY(0,0,2,0). (5.42)

meHY

Recall the definition of 7Y (x;¢) from (5.2).

For N =1 there is only one lace L = {Om} on [0, m] and every other bond is compatible with

{0Om}, so by (5.2)
=" Y W H > WR)-Uom] [[ 1+ U]

T i=0 R;€T (w(i)) b£0m
m—1
= Y W(R) Y W(R)[-Uoml(¢™ Y W W) [11+u)).
Ro€eT(0) R €T (z) wio—x z=1 R; €T (w(3) b£0m

|w|=m

(5.43)

Note that everything in this expression is non-negative. Now —Uom = I{rynR,, 0} SO 7l (x;¢)
is nonzero if and only if there exists v € Z? such that v € Ry N R,,, and therefore

Yo WRY) Y, WER) Ul <> > W(R) Y. W(Rm Zp p(v—2)

Ro€T(0) Rm€T (z) v Ro€T(0,v) Rm €T (z,v)
(5.44)

If m =1 then the term in brackets in the last line of (5.43) is (p.D(x) as required. For m > 2,
[Tozom[l + Ub] < [licscicm—1[1 + Us and letting y1 (resp. y2) be the location of the walk w
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Vi

0 X

Figure 18: The Feynman diagram corresponding to the lace containing one bond. The jagged
line represents the quantity A, (x), while straight line between 0 (resp. x) and v; represents the

quantity p(vy) (resp. p(x — v1)).

u U,=u u \% u u
V 3774 4 9 Vg Wio V<

0 v, Wi vy u u Ve U -
u, 2 3 6 7 5 Ujgp Uy;=Uq,

Figure 19: An example of the Feynman diagrams arising from the lace expansion. A jagged
lines from w;_; to u; represents the quantity A, (u; — u;—1) (derived from the backbone from
0 to x). A straight line between two vertices u and v represents the quantity p(v — u) (derived
from intersections of branches emanating from the backbone).

after 1 step (resp. m — 1 steps) we have

"y W H S W) JT0+T) <D0 CpeD(1)¢peD (@ — y2) %

T:U|O:Wf =1 R;eT (w(i)) b#£0m Y1 Y2
D H Z w(r) [+ U]
w'iy1—y2 J=0 R;eT(w'(4)) b
|w’|=m—2
=hpm(x).

(5.45)

Combining (5.43)—(5.45) gives the desired result for N = 1. See Figure|18|/for the diagrammatic
representation of this bound.

For N > 2 the reader should refer to Figure [19 to help understand the following derivation.
Firstly L € £V ([0,m]) if and only if L = {s1t1,...,sntx} where s; = 0,y = m and for each i,
8; < 8i4+1 < t; < Siy2. Hence from , ™ (2;¢) is equal to

N
oYY W H Z WE) [0l ] B+01 5 4

{s1t1,.. SNtN}TJw(‘)_;ﬁ i=0 R; €T (w(i)) i= beC(L)

[y

€L ([0,m])

Everything in this expression is nonnegative, and every bond b = st such that s; < s < ¢ < s9,
orty—1 < s <t <tn,or siy] < s <t<t,ort; <s <t < 842, is compatible with
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L = {si1t1,...,sntn}. Therefore (5.46) is bounded above by

N
SOED YD SR®) | I SRRET) | (e
{Sltlj\’,"'sNtN}TiJ:?;nf 1=0 R; €T (w(z)) =1
e (jom) (5.47)
N—-1 N—
IT n+ol I o+olll 11 1+UbH II n+uwl
be(s1,52) beE(tN—1,tN) 1=1 be(si41,t:) J=1 be(tj,s542)

where for b = st we are using the notation b € (a,b) to mean a < s <t < b.
For L = {sit1,...,sntn} € LN ([0,m]) we define m(L) € Z2N =" by

myp=s2—0, mon_1=m—1In_1, M =1 — Siy1, M2i—1 = Sit1 — bi—1. (5.48)
Then mg; > 0, mo;—1 > 0 and Z2N Y, = m, so m € HL. Similarly for any m € HY we define
L( ) = {Sltl, .. SNtN} € Q([O m]) by

2 20-1

s1=0, ty=m, t=>» my; i=1,...,N-1,  s=>» my [=2..N.
i=1 '

(5.49)

Then for each i, s; < si11 < t; < s;12 so that L(m) € £V([0,m]). Thus (5.48)(5.49) defines a
bijection between £V ([0,m]) and H.

We break up the sum over walks w in (5.47) according to the subintervals defined by
{s1t1,...,sntn} and obtain

Y Ww = > > W(w) > W (wan—1)X

w:0—IT ULy, U N —1 wi1:0—Ul WIN_1:U2N_2—T
lw|=m w|=s2—s1 |w|=s2—51
N-1 N-2 (5.50)
I > wen]l > Wy
j=1 W2iiU2i_1—U; =1 W2j41:U2j = U541
|wai|=ti—sit+1 |wajt+1]=851+2—t;
Then under this scheme, [T " g c7(w@)) W (i) becomes
mifl
Yo w(R) ] > W(Rim) [T Y. Wiy |, (5.51)
Ro€eT (o) 1<i<2N—1: Ri,miET(wi(mi)) J=1 R; ;€T (w;i(j))
m;#0
where w;(m;) = w;, (wan—1(man—1) = z) and the product over i ensures that if some

s; = t;_1 then we do not count the tree emanating from this vertex twice. Similarly the term
N _ N
[L21[=Usit)] = [1i21 Iin,, R, 20 becomes

(I{mﬁm} + I{mi=0}f{Ri,mi=Ri_1,mi,l}> X

N-2 (5.52)
I{ROQRQ,mQ¢®}I{R2N73,m2]\7_3mR2N71,m2N_1#0} H I{Rzl—mnm,lﬂR2z+2,m21+2¢@}'

=1
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Note that (5.52) contains no information about R;; for 0 < j < m,;. Lastly we have that the
second line of (5.47) becomes

2N—-1

H H I{Ri,sti,t:Q)} . (5.53)

i=1 \1<s<t<m;—1

Combining (5.47) with (5.50)—(5.53), and writing ug = 0, usny—1 = x we have that (5.47) is equal
to

>0 > Wy ] > W(Rim,) (f{mﬁm}+f{mi:O}f{Ri,mfRifl,mi,l})><

@ meHN RoeT (o) 1<i<2N—1: \ Ry, €7 (u;)
m;#0

N-2

I{ROORQ,mQ#Q}I{RQN—s,mQN,:;ﬂRzN—l,mZN,l7’5@} H I{R2l71,m21_1mR21+2,m2H_27é®}X
=1

2N-1 mi—1
[I{e > wen Il X wamp| I T
i=1 wi(“i‘fl_’ui =1 R; ;€T (wi(j)) 1ss<tsm;—1

w;i|=m;

(5.54)

The last line of (5.54) is [[22]" hum, (u; — u;_1) by definition.

For any collection of trees {R;,, : 1 < i < 2N — 1} for which (5.52)) is nonzero we choose
v;eZ i=1,...,N as follows.

(a) It ronRy my 20y = 1 if and only if there exists a vy € Z% such that v; € Ry N Ram,. This
means that Ry € 7 (0,v1) and Rgm, € 7 (u2,v1).

(b) Similarly I{R2N73,m2N 3

_3NBRoN—1,mqn_1

20y = 1 if and only if there exists a vy € Z% such that
UN € R2N73,m2N_3 N RQN,LmQN_l. This means that R2N73,m2N_3 S T(UQN,Q,UN) and
RQN_17m2N71 S T(x,vl).

(c) Foreachi € {3,...,2N —5} such that 7 is odd, I{p, s Rita,my g 70} = 1 if and only if there
exists Vits S Zd such that Vits € Rim; N Rit3,m,;,;- This means that R;,, € T(u,,vz+3)
and RZ+3 migs € T (Uig3, vz+3) where i + 3 is even.

Now if m; = 0 (in particular this forces ¢ to be even) then A, (u; — w;—1) in (5.54) is nonzero

if and only if u; = u;—1. In addition I{Rl =Ritmy 3 = 1 if and only if R;,,, = Ri—1,m, ,- By

the above construction we have that UL S Rl —_— and Uz+2 € Ri_1m, ,, e UL, Uz+2 u € Ry,

For T' = Ry, let Ty sy, and Ty, oy, L2 denote the backbones in T joining the specnﬁed vertices.
2

Then there exists a unique w; € T such that

Tuysvy N Lupnmvy s = Tugrsay - (5.55)
2 2
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Collecting the above statements we have that

Z W (Ro) H Z W (R;m,;) (I{mﬁm} + I{mi:o}I{Ri,mizRi,l,mH}) X
Ro€T (o) 1<<IN-1: \ Ry pm, €7 (us)
m;#0
N—-2
I{RoﬂRz,mz#@}I{RQN—S,mQN,g,ﬁRQN—l,mQN,I7’5@} H I{R2171,m21_10R2z+2,m21+2¢@}
=1
SZ Z W (Ro) Z W(RaN—-1,man_1) H Z W (R m, )%
7 Ro€T (o,v1) RoN—1,mqn_1 €7 (z,0N) l:m;=0 Rl’mleT(ul,v%,vHTg)
H Z W(Rl,ml) I{l even} + Z W(Rl,ml) I{l odd}
l:m;#0 Rim, €T (w,vy) Ry m, €7 (u,v143)
my 4170 2 Tz
(5.56)

Now observe that ZRGT(y1,y2) W(R) = p(y2 — y1) and

> W(Rym) <> Y. WMER) >, W(Ry) > W(Ry)

Rz,mZGT(Uhv%wHTz) wr R1€T (u,wi) Ro€T (wivy) RSGT(wlaUHTZ)

= Zp(wl - ul)p(v% - wl)p(vHTg —wy).
wy

This completes the proof of (5.42), and hence Proposition[5.71 O

5.4 Diagram pieces

In this section we first prove Lemma assuming the following two lemmas, which we prove
later in this section.

Lemma 5.8. Let k € {1,2,3,4} and @) € {0,1}* be such that k + S.F_ r; < 4, then there
exists C' > 0, which may depend on k, ¥ and d, such that

2kv

k , . k Ca2zriﬂ277
o ol (@) SOmMENGMETand sup g (1) < T (5.58)
0<|z|<y/mL |lz|>v/mL m p)
Let [z] = |z| V 1. In order to prove Lemma 5.8] we will need the following convolution result

which is proved in [§].

Proposition 5.9 ([8] Prop. 1.7(i)). If functions f,g on Z% satisfy |f(z)| < [z]™* and |g(z)| <
[x]_b with a > b > 0, then there exists a constant C' depending on a,b,d such that

Clz]~*, ifa>d

9.59
Clz)?=2=t  ifa<danda+b>d. (5:59)

((f +g)(2)] < {
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Lemma 5.10. Suppose the bounds (3.24) hold for 1 < m < n and z € [0,2]. Then for all
2€[0,2],1>1, g€ {0,1} and m¥) ¢ Zl+ such that > m; = m < n+ 1, there exists C > 0
which may depend on l, ¢ and d such that

”857"-3(0 q—(z)Hoo < a , and Hsf-ﬁ)(l) CT(L)Hl < Co? X tim i, (5.60)
K m2 ?

5.4.1 Proof of Lemma 5.4

Clearly in view of Lemma 5.10 we need only prove the first inequality with k& > 1.

. ! k . l o
By definition ||37(ﬁ)(l)’q,(l) * ¢7(,<;2) lloo is equal to sup, >, sfﬁ)(l)@m( )qﬁq(k)( u) which is equal to

k
Sup Z m(l) q(l) )QZ)(*(k) ) + sup Z m(z) tf(” U)gbf?(,z) ()

" Ju>vimL * s F
l
< sup QS%k)( ) Z (ﬂ)(z) ﬂ(z)(x — u) + Supsﬁ(l) %z) Z ng(k) (5‘61)
it ful>VmL jul<vinL
23y p2— 2kv 2 . 22 ;
_CO’ dZQkJ/fZT CO_QZqiqui T Co Zqﬂd mzq ka+zrjo,kl/+22rj,
m— 3 ms

where we have applied Lemma (5.8) and Lemma (5.10) in the last step. Collecting terms we get
the result. 0

5.4.2 Proof of Lemma |5.8

We first prove by induction on k > 1 that for £ and 7 as in the lemma,

k
F(k) ZL] d 2] 23" (562)
7=0

For k =1 (5.62) for 1) € {0,1} follows easily from (1.4). For k > 1 we write

1 k—
D C
F(l) Z qu T27~- Tk 1’ n u < Z Z ]Jrn) (2—v) ]d,g(j+n),2 21_11 s (5'63)
7=0n=0 =

using the induction hypothesis with Proposition [5.9 and the fact that k£ + > r; < 4 in the last
step. With a different constant, (5.63) is bounded by

Zk: C
= Li 2+u)[ ]d 27— 221 1T

as required.
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Therefore we have

k k 254257
C C \/7L) § k+>"ri kv+2> 7
Z ¢f‘(k> ) < Z Z Lj(2—1/) [x]d—2j—2zm Z [i(2-v) < Cm g
0<|z|</mL J=0 0<|z|</m i=
(5.64)
which proves the first bound of Lemma [5.8. Similarly,
k . Ao 2kv
C C 00.227'] ,32 d
sip o® (@)<Y sup —— . _CGo il
> ymL JE% jo)>ymp LI [a]d=2=2 2 ZZ: @) (JmL) PN T
(5.65)
which proves the second bound of Lemma [5.8. O

5.4.3 Proof of Lemma 5.10

We prove the result by induction on I.

For [ =1 we use induction on m. For [ = 1 and m = 1 we have h;(z) = (p.D(z) and hence

c
hallos < 77 = €5 Ilully C,

Using the fact that D(z) = 0 for |z|? > dL?,
sup |z|2hy () < CL2 7 < Co?3?,
x

and by (3.19)
> JalPha(z) < C Y |’ D(x) < Co?.

This proves the result for the case [ =1, m = 1.

The cases [ = 1 and m < 6 are dealt with as follows

ZD (v —u)tm_a(z —v) < CL™ dZD Ztmgx—v)<052

mE
|22, Zym\ D(u)D(v — w)tym—o(x —v)
2 —d 2 Co?3?
<CL*) D(u)D(v = u)tym-a(x —v) + CL™*Y " D(u)|z — v*tm—o(z — v) < :
u,v u,v m§
(5.66)

where we have used the assumed bounds (3.24) and the fact that m < mg = 6 in the last step
in each case. Similarly using the assumed bounds (3.24) we have for all m <n + 1,

D hm(z) =) D) Dw—u)d tmalx—v)<K
D JzlPhm(z) <C Y Du)D(w —u) |2 tmoa(x —v) + > & — v tm2(z —v)| < Co’m.

(5.67)
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For I =1 and 2m > 6 we write

~ CﬁQ
hom(z) < C(hun * i) (z) < Cllhun|l3 = C|lhmll3 < o 5 (5.68)
m)?2

where we have used Parseval’s equality and the assumed bounds . Similarly for I = 1 and
2m + 1 > 7 we write hapmi1(x) < C(D * hy, % hy)(2) and proceed as in (5.68). This establishes
the result for [ =1, and all m < n + 1 when ¢ = 0. Using this result with (3.24) it follows that

C 2
|22 hom () < C [ul*hn (u)hom (2 — u +th w)|z —ul?hom (2 —u) < %KU%, (5.69)
u (2m)2
and similarly for |z|?hgm,11(z). This completes the proof for [ = 1.
! 1 -1
For | > 2 we have 55?3([)7(7(” =3, sgnim (u)ng27?..7ml)7(q2,...q1)(;E —u). If my > 7%,
l (-1 Co?1 32ma L o Oo?laim X g2
It o lloo < 156 g loell S e (gt S = g——CoPEime it < 2
m?2 m?2
(5.70)
as required. Similarly if m; < 7,
1 l
! -1 Co?Xim24if2mPie @ Cg2X %y i 32
1550 o lloo < s 11l15Gms ) oy lloc < Com® . < —
m?2 m?2
(5.71)

as required. This completes the proof of the first bound of Lemma [5.10| for all {.
For the second bound of Lemma [5.10] we have

l -1 L g L g . s
|’s£ﬁ)<l),r1"”) H1 < HS%ZJH Hl Hs(mz,?..,ml)v(%,..m) Hl < Co?'m? Co? L= qlm22:2 < Co? 2 qlmzzzl %,
(5.72)

as required. This completes the proof of the second bound of Lemmal5.10, and thus completes
the proof of Lemma O

5.5 Diagrams with an extra vertex

Now that the induction proof has been completed, all of the previous diagrammatic bounds hold
for all m when L > L.

We say that a diagram B has an extra vertex (than A) on some p if A and B are the same
diagram except that one component p(z) in diagram A is replaced with p)(z) in B. We say
that a diagram B has an extra vertex (than A) on some h, if A and B are the same diagram
except that one component A, (2) in diagram A is replaced with hyy * hyy, v (2) in B. When
we consider the diagrams arising from the lace expansion on a star-shape of degree 3 we will
encounter diagrams with an extra vertex on some p or h,,. We bound the contribution from all
such diagrams by repeating the inductive analysis used in the proof of Proposition We do
not show all the details but the main ideas are as follows.

734



We let n denote the location along the branch where the extra vertex is located. If n = Zgzl m;
for some 1 < j < 2N — 2 then the extra vertex is on the p emanating from the backbone at n,
or a p incident to that p (of which there are at most two). If n = 0 (resp. n = m) then the
extra vertex is on the first p (resp. last p) in the diagram, or the p incident to it. Otherwise

the extra vertex is at position n on the backbone (i.e. on some h,,,). Given MT(ﬁN) (a,b,x,y), let

M%N)’n(a, b, z,y) denote the corresponding diagram with an extra vertex at n.

We prove by induction on N that

2-82\N
S Y sup Y MO b, y) < G (5.73)

ﬁ'lEH% ngma,b,y x m
For N =1 the left hand side of (5.73)) is

sup D (b * hun—n)(z = )p® (z +y = b) +25up Y hn(z — a)p® (@ +y = b). (5.74)

0<n<m @0Y g aby

Using (5.5) with [ = 2, k = 2 and all ¢;,r; = 0, the first term in (5.74) is bounded by

4v 4v
062—7 062_7
d—4 = a—6 -

o<n<m MM 2 m 2

Similarly using with [ = 2, £ = 3 and all ¢;,7; = 0, the second term is bounded by

C,BQ_%m_%. Adding these together we get a bound of CﬁQ_%m_% which satisfies the first
bound of the induction hypothesis with N = 1.

For general N > 2 we bound

Z Z sup Z MT(ﬁN)’n(a, b, z,y),

meEN n<m WYz

by using (5.8), and splitting the sum over n < m into sums over n < mj + mg : n # mq, and
n > mj + mg, and the final case n = my. In each case the extra vertex is either on A, m,
or MT(ﬁ]Y_l). In the former case we use the ¢ = 0 result in the proof of Proposition 5.1/ on the
ng,v‘” part and (5.5) (increasing k or [ by one due to the extra vertex) on the A7 part. In

mi,m2
(N_l)un

the latter case we use the induction hypothesis on the M., part and on the An, mo

m
part. The contributions from 7 € F and m € G2, are dealt with as usual.

Similarly we prove

n 0_2 C 2—%’ N
Z Z Supz |IE - a|2M,r(ﬁN)’ (CL, bam7y) S (#J (575)

meHN n<m WY m>

Note the factor |z — a|? in (5.75) rather than |2| or |z|. This is to avoid the situation that could
arise of having a convolution of four p’s with one of them having an extra factor |u|? on the
same diagram piece. This would violate the condition &k + Zle r; < 4 in Proposition 5.4. Using
|z — a|? instead, we will use the path along the backbone from a to z rather than the top path
or bottom path, and the induction argument goes through as before.
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6 Diagrams for the 3-point function

In this section we bound the diagrams arising from minimal laces on a star shape Sy; of degree
3, in order to bound the left hand side of when ¢ = 0. In an attempt to minimize the size
of an already large paper, we do not give as many details as in Section[5. As in the case of the
two-point function, one can prove an explicit upper bound for the contribution to from
minimal laces in terms of diagrams consisting of convolutions of p and h,,, using the definition
of a lace L and the fact that any bond b; ¢ L that is covered by a bond by € L is compatible
with L. The formula is long and the notation becomes messy, so that such a formula is not
particularly informative. For fixed N, fixed N7 and Ny (the number of bonds strictly on branch
1 and 2 respectively) and fixed topology of bonds covering the branchpoint (plus one extra bond
in some cases), minimal laces are in 1-1 correspondence with collections iy, iy, .. The m
indicate vertices along the backbones of each branch at which there are lattice trees intersecting
the lattice trees emanating from other such vertices.

The essential idea that one should take from this section is that there is a finite collection of
basic diagrams DE\JZ)’ such that all diagrams arising from laces on S; can be described recursively

by connecting (to some DE\JZ)) subdiagrams of the form A. .(-,-,-,-) as in (5.745.8). These basic
diagrams are the “opened diagrams” obtained from laces where all bonds cover the branch point
of S;; (such laces therefore contain at most 3 bonds), and sometimes those laces with one
extra bond. Therefore the majority of this section is devoted to the bounding of the so-called
basic diagrams contributing to (4.29), using decompositions of the diagrams into subdiagrams.
One can of course decompose a given diagram in many different ways, obtaining many different
bounds. We saw in Section|5/that the usefulness of a particular decomposition/bound depends on
the relative sizes of the m; of the h,,, in a given diagram. Therefore the relevant decompositions
of the basic diagrams are different depending on the topology of the lace and on the specific
location of the endpoints of the bonds in each lace. They are done in such a way that the same
decomposition can easily be extended to general diagrams with the same topology of bonds
covering the branch point, usually due to the existing bounds that we obtained from diagrams
arising from the lace expansion on an interval in Section [5

We now proceed to estimate the diagrams arising from the lace expansion, with N, N, Ny and
the topology of bonds covering the branchpoint all assumed to be fixed (hence N3 is also fixed).

6.1 (Minimal) Acyclic laces with two bonds covering the branch point

Without loss of generality we may assume that branch 3 is a special branch for which the bond
s3t3 in L associated to branch 3 has s3 on branch 1 and is not the bond in L associated to any
other branch. We first consider the diagrams arising from acyclic laces consisting of only two
bonds (see Figure 20).

The decomposition of the first diagram depends on the relative size of M; — m; and My as
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Figure 20: The two topologies of acyclic laces with 2 bonds, their corresponding diagrams and
decomposition.

follows:
S S 0 ()« 6 o) ) (i =) 0

mi<Mi; u
< Z (hm1 * P(Z) * hM3> (0) sup (hM2 * p(2) * hMrml) (u)

m1 <M w

’ —u , (2 ! > _

< Z (hm1 5 p) % hM3> (0) SUPw 2py Pty —m (1 = W) $Up (2hM2 «p?)) (1'1)/7 / My > My

m1 <M SUPy Dy, Py (€2) U,y (haty  p® 5 haty iy ) (2 — '), My < My —

24y 2,‘2

< Cp* 4 x cp

d—4"

w T I+ M) T MoV (M —my)] 7
(6.1)

by using Lemma[5.4 three times.

The decomposition of the second diagram depends on the relative size of My and M3. When
My > M3 we use

Z (hat, * p) (u) <hM2 * p(2)> (u) <hM3 * p(2)> (u) < <hM1 * p3) x hMg) (0) s;l/p (hM2 * p(2)> (u)

u

/62—— Cﬂ2—%’ CﬂQ_%/ 0/82—%’
—4 d—6 < d—4 d—6 >
MQ(M+%W*[%+%W7MT
(6.2)

by using Lemma (5.4 twice.
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Mp-m, My=m,

Figure 21: Three examples of acyclic laces with 2 bonds covering the branch point and more
than two bonds in total and their diagrams (only one of the two topologically distinct possible
diagrams for the third lace is shown).
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For general acyclic laces with only two bonds covering the branch point, there may be a bond
strictly on branch 1 which strictly covers, or has an endpoint the same as, one or more of the
bonds covering the branch point. This gives rise to a number of different possible diagrams. We
select three laces whose diagrams and associated decompositions illustrate the idea in Figure
[21. When this bond exists but does not cover the endpoint on branch 1 of the bond associated
to branch 3 (e.g. see the first diagram in Figure and the first column of Figure 22), the
decomposition is the same as the first diagram of Figure [20 except that we use the bounds on
diagrams in Section [5 rather than just using Lemmal5.4. In doing so we obtain a bound on the
contribution from such laces of

(CHTENH | oty _(CETONMT_ (©FTHY (©8*
iz [+ Ms] 5 MoV (My =m0~ (M 4 M) T M2 My (M + M)
(6.3)

when M7 —my > M, (see the first diagram of Figure [22), and the same bound (but with N
and N; switched) when M; — m; < Mas. Note that we have broken the sum over m; into the
regions my > M;/2 and My — my > M /2 to obtain the last expression.

When there is a bond strictly on branch 1 that strictly covers endpoints of both bonds covering
the branchpoint (e.g. see the second diagram in Figure21 and the second column of Figure [22),
the decomposition changes slightly, where it now depends on the relative size of Ms and Mj.
This decomposition gives the bound

(OB )N 1 _ (Y

Y a1 S a1 45 (6.4)
[Ma v Ms] 2 2y (M + (Mo A Ms)] 2 [MaV Ms] =" pp 2

where N = Ny +1+ (N1 + N3+1)= N3+ 14 (N;+ Ny+1).

When there is a bond strictly on branch 1 that shares an endpoint with one or both of the
bonds covering the branch point, the corresponding diagrams can all be decomposed in a similar
fashion. The decompositions give rise to subdiagrams that are exactly one of those arising from
laces on an interval, or such a diagram with an extra vertex on some p. Since we have appropriate
bounds on such diagrams this brings no new difficulties and therefore we do not present all cases.
An example of this is the third lace of Figure 21, which is decomposed according to whether Mo
or Mj is larger as in the third column of Figure[22. This gives a bound of

241/

(CH )Y 1 L (ceTHY 1
[MQ\/MQ,] 2 [M1+(M2AM3)] {Mg\/Mg] 3 M17

= (6.5)

where N = Nog+ 1+ (N1 + N3 +1) = N3+ 1+ (N1 + Na+ 1) and we have used the bounds for a
diagram with an extra vertex on some p as in Section|5.5. In general our bound on the diagrams
arising from acyclic laces consisting of N bonds (with N; and Ns fixed) with two bonds covering
the branchpoint, is a sum over permutatlons of branch labels and of all the bounds listed above,
with precisely N factors of Cﬂz d

6.2 (Minimal) Acyclic laces with 3 bonds covering the branch point

Figure 23 shows the topologies of the (minimal) acyclic laces consisting of exactly 3 bonds
covering the branch point, while Figure 24| shows the diagrams arising from these acyclic laces.

739



M, 00 M, M, 00w,
My-m, My-m,
M2 Y Y M3 M2 0 M3
M, 00 M,

Figure 22: The first (resp. second, third) column shows the decompositions of the first (resp.
second third) diagram of Figure 21. Apart from the second column, these are the same as the
decompositions in Figure
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Figure 23: The 5 different topologies (exhaustive up to permutations of branch labels) for acyclic
laces with 3 bonds covering the branch point.

My=m;-m3 §M1 my—my ng_ml

My-m, M,
my

MZ 0 M3 M 2 0 M3

Figure 24: The three different diagrams for acyclic laces with 3 bonds (at least two strictly)
covering the branch point (see the top row of Figure 23), followed by the diagram arising from
the acyclic laces with 3 bonds (exactly one strictly) covering the branch point (bottom left lace of

Figure|23) and the two diagrams arising when all three bonds meet at the branch point (bottom
right lace of Figure 23).
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My=m-m3j
§ *
0o 0

Figure 25: The decomposition of the first diagram in Figure 24 into subdiagrams depending on
which of Ms, My — ma, ma, My —mi —mj, mj or my is large.

Figure25 shows the decomposition of the first diagram in Figure24. The diagram is decomposed
into subdiagrams depending on which of the M; (and m;, m}) are largest.
C 2 4v C 2829
Ms3 largest : Ld_i > (B—d)d—zlv
(M= i<, [My+ M 2

ot iy
My largest : ﬁ Z Z AP (My,ma, M3)
] m2<M2/2 m1<M1
C 2 2_4i 2_81
e ¥ = = .
[M] 2 g My /2 mami <M, M1+ M3] [Mz —mg + My —my —mj] 2
Cﬂ T4
M largest : Z Z AL m,Mg,M3)
] m<2M1/3m2<M2
> oy oy O e
é —4 N d—8
[ 2 *>M1/3M1<M1 mao<Ms [ml + M3] [Ml —myp —Mmy + M2 - mZ] 2

4v

27 CﬂQ_%
Ly vy T

=
[M B ma>Mi /3 mi <My ma<Mo [m] +mg + Ms] 2 —mj + Mz —my] 2
(6.6)

Here (and elsewhere in this section), A®)(m1, my,m3) denotes the bound on diagrams arising
from acyclic laces on S; containing exactly two bonds.

Figure |26 shows the decomposition of the second diagram in Figure|24. The diagram is decom-
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m.—m*
My=m-m3j

Figure 26: The decomposition of the second diagram in Figure 24/ into subdiagrams depending
on which of M3, My —mg, ma, M; —mq —mjJ, m] or my is largest.

posed into subdiagrams depending on which of the M; (and m;, m]) are largest.

Ms largest :

My largest :

M largest :

o (CB )
M]F S [My+ M5

7? oY AP(My,ma, M)

1’2 ma<ity/2mi<in
+ &2 2. 052_41 cp
d —4 d—8 )
(M2, S0t 2 mymy<any [Ma =+ MS] [My —mg + My —mq] 2
32
T >, ), AYm M )
] m<2M; /3 ma<M2
_4l _8v
+°“2 > oy oy O
d N a8
[M]2 1 531, /3 my <My ma<bay (M1 + M2] " [y - —mj + Ms] >
8v
Cﬁ Cp* 05277
D DEND DD : =2
[ 5 s 530, 3 iy magany M2+ Ms] T [My — my — mf + M — mo) 2

(6.7)

Figure 27 shows the decomposition of the third diagram in Figure[24. The diagram is decom-
posed into subdiagrams depending on which of the M; (and m;) are largest. When m; is the
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@]
M, -m,

0 0
Ms M, -m, m,

Figure 27: The decomposition of the third diagram in Figure|24 into subdiagrams depending on

which of Mg, Ms — mq, ma, My — my, or mq is largest.

largest we choose a decomposition depending on which of M3 or My — my is larger.

24 2-8242
M3 largest : b dﬁi (CF )d76
[M]™= [My+ My =

2—4 _4dv _4v
M largest : cs — Z Z cp? cp _
[M] =" ma<Ma /2 mi <M [Ms] [M1 —i—mz] 2

Cﬁ _l ﬁg_sl
d—8 "7

C3?
+ > X
(M2 1, S0ty /2 mi<iny [m1 + M3] 7 [My —mg+ My —my] 7

o_4v
M largest : Cﬂidj Z Z A(Q)(ml,M%M?))

ol

(M2 S0 ma<o
062—%’ 4; 052_&/
ey =D DD
[M] 2 m1>M1/2 mo<Ms [Ml ] [MZ + M3] 2
Mi—my1>Ms
i Cﬁ2‘4*" cp>F
Py =y Z Z d—6 °
{M] 2 >M /20 ma<M, [M3) T [My —mg] 2
Mi—m1<Ms

Figure 28] shows the decomposition of the fourth, fifth and sixth diagrams in Figure 24l The

resulting bounds are
¥ Cprt Cprf

fourth diagram Cp*a Z
Y d— d— d—4 )
(Ma) % S [My = ma] 2 (M + ]

2,44' 2,@ 2,@
fifth and sixth diagrams, Ch Cp cp
(M3) 2" [Mp]"2" (M]3
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M, 0 0 o

M

Figure 28: The decomposition of the fourth, fifth and sixth diagrams in Figure[24 into subdia-
grams.

The same decompositions above extend immediately to all minimal acyclic laces with 3 bonds
covering the branchpoint. This is due to the fact that any bond strictly on branch ¢ can only
cover one endpoint of one bond covering the branchpoint (the bond associated to branch i), and
on each branch there is at most one such bond (it exists precisely when N; > 0). In most cases
the decomposition gives rise to subdiagrams which are either diagrams that we already bounded
for the two-point function, such diagrams with an extra vertex, or diagrams that we already
bounded for the (acyclic) laces with only two bonds covering the branch point. The exceptions
to this rule are the decompositions of the diagrams when mg, m;, or mj are largest. For the
acyclic laces consisting of only 3 bonds (each covering the branchpoint), one of the subdiagrams
arising from the decomposition was of the form sup, hns,—m, * hMj—mj * p(4) (a), where we used

Lemma [5.4/ to bound this by Cﬁg_%[Mi —m; + M; — mj]_%. For the general (minimal)
acyclic laces with 3 bonds covering the branchpoint, one must show that this bound can be
generalized when one adds IN; and IN; bonds strictly on branches ¢ and j to obtain a bound
(CR2~ T )YNi+NaHL Ny M; — mj]f%. This is easily done either directly by induction
on Ny and Ny (e.g. as in the proof of Proposition 5.1) or by decomposing the resulting larger
diagram into further subdiagrams appearing in Section [5] (in some cases containing an extra
vertex on some p).

In general our bound on the diagrams arising from (minimal) acyclic laces consisting of N bonds
(with N7 and Nj fixed), with three bonds covering the branchpoint, is a sum over permutations
of branch labels and of all the bounds listed above, with precisely N factors of 052787”.

6.3 (Minimal) Cyclic laces

Figure 29/ shows the topology and decomposition of the diagram arising from the cyclic laces
(with exactly 3 bonds). Without loss of generality, we may assume that M = M;, and we obtain
the bound

5277
— Z Z AP (my, My, Ms)+
] m1<M1/QMQ<M2 (610)

41/

LY Yy S

a_8
[M 12 1y Sh /2 ma < Mo ma<Ms [mz + MS} * My —my + My —mg] 2

As for the (minimal) acyclic laces with 3 bonds covering the branchpoint, the decompositions
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Figure 29: The topology of the minimal cyclic lace with 3 bonds, it’s corresponding diagram,
and the decomposition, with M; assumed to be large.

of the diagrams of general (minimal) acyclic laces do not change. In the case of m; > M; /2 we
must again use the additional diagrammatic estimate discussed near the end of Section[6.2.

In general our bound on the diagrams arising from cyclic laces consisting of N bonds, is a sum
over permutatlons of branch labels and of the bounds listed above, with precisely N factors of

CpEE

6.4 Proof of Proposition 4.13

We prove the result first for ¢ = 0. Recall and that (from Section [2.3) the contribution
to (4.29) from nonminimal laces containing N > 3 bonds is bounded by a constant times the
contribution from minimal laces containing N —1 bonds. Since 3N/4—1 > 1/2 when N > 3, and
using a small factor (0627%)]\[/ 4 (when f3 is sufficiently small) to perform the sum over N, it
is enough to prove the bounds of Proposition [4.13] (with (CﬁQf%y)N instead of (C3%~ T a )1/2) for
the contribution from minimal laces containing exactly N bonds. Keeping N fixed and summing
over the possible values of N; and Ny gives a factor of at most N2, which can be absorbed into
the constant multiplying 3 since N2 < 2V, We may therefore assume that N; and N, (and
hence N3) are fixed. As we discussed at the beginning of Section [6, the contribution to 7% o N.(0)

from minimal laces with N1 and Ns fixed, is bounded by a sum over diagrams that we estimated
in Sections6.116.3. Since N > 1, we have M = M; vV My VvV M3 > 0.

When some M; = 0 (w.l.o.g. M3 = 0), the laces are all laces on an interval of length M; + My and
therefore our bounds of Section 5/ give an upper bound on the contribution to the left hand side

of (4.31)) from such laces of at most (052_6 YN[My Vv Ms]~"2 . Now observe that by symmetry
1

> Loy y Loy L e
M, >n, [My Vv My My >n; Ma<M, M1 My >n; M1 an

746



so this contribution satisfies the first bound of (4.32). The second bound of (4.32) holds since

y M, sy ce y ol i

wien MUV M2l 2 iy a<an M, My<Jjlleo M, 2 log [[7ifloc,  d = 10.
(6.12)

When all M; > 0, for fixed N, N1, N2 and topologies of the bonds covering the branchpoint, we
established bounds (that depend on N and the topology, but not on Ny and Na) on diagrams

arising from the corresponding laces, each with IV factors of (CﬂQ_%V). The contribution to the
left hand side of from (acyclic) laces with N, Ni, Ny fixed, and with only two bonds
covering the branch point, is bounded by a summing (6.3) and (6.4) (and summing the result
over permutations of labels (1,2, 3)), which are equivalent up to constants and permutations of
branch labels since (M; V M;) < M; + M; < 2(M; V Mj). The finite sums over permutations of
branch labels can also be absorbed into the constant multiplying 3. Now observe that

> <2 Y Y D DI =D DD DI =

MM, >n, [MyV Ma] 2 M,? My>n; Ma<M, M, = Ms<M,; My 2 Ma>n; My? Mi<Ms Mo<M; M, 2
(6.13)

whence the bounds (4.32) hold for the acyclic laces with only two bonds covering the branchpoint.

When all M; > 0, for the contribution to the left hand side of from minimal acyclic laces

with NV, Ny, and N, fixed and with three bonds covering the branchpoint, one must show that all

of the diagrammatic bounds in Section [6.2 also satisfy (4.32). Indeed our decompositions were

chosen precisely so that this is the case. We show that the result is true for the collection (6.7).

The first bound of (6.7) is at most M; = (My + M)~ 2" which we have already considered
above. Using the bounds (6.3) and (6. 4) that we obtained for the acyclic laces containing only
two bonds, the second bound is at most

—_

R.

1 1 1 1
d-6 Z a6 + s d6 —, d=6 +

M2 2 ma<M, [Ml V Tng] 2 M3 [Mg V mQ]TMl 2 [Ml V Mg] 2 22 (6.14)
1 1

d—4 d—4"

M, % my<iy (mi+ Ms) =

from which we easily obtain (4.32) as above. The third bound of (6.7) is the same up to
permutations of the labels (1,2, 3) and thus we have the result for the collection of diagrammatic
bounds (6.7). The proof that the remaining bounds obtained for the minimal acyclic laces with
three bonds covering the branch point satisfy (4.32) is similar, as is the corresponding proof for
minimal cyclic laces. This completes the proof of Proposition when ¢ = 0.

It remains to consider the case ¢ = 1. If u; is the displacement of the backbone of branch j,
then it can be written as u; = y1 + y2 + --- + yz where the y; are the displacements of the
subwalks of the backbone of branch j, and Z = Z(j, L) < 2N — 1 depends on the lace L. Then
lu; |2 < Z S22 | |yi|?, and as in the proof of Proposition|5.1 we obtain the bound on Y |u; |2 (@)
by using the same diagrammatic estimates, except that one component hy,; ,(y;) of each diagram
is replaced by ]yi]2hmj’i(yi). Using the same decompositions as already done previously in
this section, and proceeding as usual to bound subdiagrams, the subdiagram containing the
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replacement piece |y;|*hm,,(yi) is bounded by at most Co?|| M|« times the bound obtained
from the original diagram. Thus Y |u;[*7% (@) < C(2N — 1) ZzN Lo | Moo Xa X (@), and
we have verified Proposition 4.13|for ¢ = 1. O

6.5 Proof of Lemma

In this section we prove the three bounds of Lemma [4.11. Fix a skeleton network N («, i7), with
a € ¥, and recall Definition [2.1} where b is the branch pomt neighbouring the root of A/. Let
MCN(a,it). IfUgy € {1, 0} for each st, then trivially for any finite collection of disjoint sets

G; C Ep,
I t+va <[ I] [0+ Ual- (6.15)

steE aq i steG;

We will use this bound frequently, often without explicit reference.

6.5.1 Proof of the first bound of Lemma 4.11

Recall the definition of () > 0 in (4.18), where R was defined in Definition 2.1 and Uy is
given by (4.16).

Let N, denote the branch of N corresponding to edge e of o and let Ree = {st e R :s €
Ne,t € N}t We claim that when Ug € {—1,0} for all st,

- [To+vad< > (1= I o4vd|< > > ~Uemoem (6.16)

steR e,e B steRe-’ e,e'€Bp: Me<ne
NenN,, =0 NeﬂNe/ZQ) Mot SNgr

where the sum over e, e’ is a sum over pairs of edges of a that do not have an endvertex in
common (which can be expressed as N N Ny = ). To verify (6.16), observe that each of the
quantities

- H [1 + USt] ) 1- H [1 + USt] ) _U(e,me),(e’,m’e)v
steER SteRe,e’
are either zero or one. Suppose the left hand side of is non-zero. Then there ex-
ists some st € R with Uy = —1. By definition of R, st covers two branch points of N

so that st € R®¢ for some e,¢’ that do not have a common endvertex. For this e and ¢/,
we have 1 — [],,cree [1 +Ug] = 1 and the first inequality is verified. Now for fixed e, ¢’, if
I — I eree [1 + U] is non-zero then there exists st € Re¢ with Uy, = —1. But s = (e, me),
t = (e, me) for some m, < ne, me < ne so that for this me and me, —Uge ) (e,me) = 1. This
proves the second inequality.
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Examining the second quantity in (2.7) when Uy € {—1,0} for all st we have,

o< ] [1+Ust](1—H[l+Ust]>s oo X s, I n+ud

steEEA\R steR e, EBpnr: Me<ne steEEAM\R
/\/’em/\/'e,:@ Mo <ngs

< Z Z me,m H H [1+ Ust] H (1 + Ust] H 1+ U]

e,/ €Bp: Me<ne f#ee steNy: s,teENe: s,teENe:

NeﬂNE/:(Z) M <Ner 0<s<t<ny 0<s<t<me Me<5<t<Ne
< JI [+va [ [B+Ua,
S, tEN SteEN
0<s<t<myr Me<s<t<n,

(6.17)

where we have used in the final step. Let N._. denote the minimal subnetwork of N
connecting branch e to ¢, which is nonempty by definition of R

Breaking up w in (4.18)) at every branch point and at (e, m.) and (¢/, m./) and applying inequality
6.17) we obtain

D_OR@ e X Y | ] D) I > ) | x
Yy

e,e’€Brn: Mme<ne \ f'¢({e,eJUN,_ 1) Yy FEN. o Yf
NeNN =0 M <n,

5 ol Pt ) B el = ) e )
Yol

Ue, Uyt fENE*,e

OMN SEED DD DI | B BIIRCD Z him (te) P,y () p™) (e + e+ )

e,e'€Br: me<ne fEN_._ . Y5 Ue,Ug! FEN, o
Nem./\/’e/:w me/STL !

=p(0)?2K?—4 Z Z (Pme * han,, * p?) feJ\>fk hn; ) (0),

el
e,/ €Byn: Me<ne o
Neﬁj\/e,:wmeléne/

(6.18)

where the sums over displacements have become a convolution, by change of variables. For every
f € No_ ¢, this is bounded by

_4dv _4v 2r—3 _4v
Ccp*d CpB* Cp*a
2r—2 1-2r—4 2 : 2
p(o) TR d—4 < CT § : d—8 < Cr E d—8
e, e’ €By: Me<ne [me +me +nyg] 2 e, €Bu: nf2 =1 n;*
NgnNe/:@ me/ Sn’e, Nem./\/;/:@

by Lemma 5.4 with k = 2 and [ = 2 + #N_._,.. This completes the proof of the first bound of
Lemma O
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6.5.2 Proof of the third bound of Lemma [4.11

Recall the definition of ¢3/(7) in (4.23), where Hi, was defined in (4.21). As in Lemma [4.14,
|¢%(¥)] is bounded by

3
Zﬂm(ﬂ) Z H ZD(W - Ui)t/\/i— (V;)

a3
meHy, ¥ o=t v (6.19)
o'} 3
<C Z ng(ﬁ) ZHZD(UZ - Uz‘)t/\/; (Yo, )
N=1lmeHy, U g i=l v

where N;” = (NV'\ 8%), and §,, denotes the vector of displacements associated to the branches
of N, (determined by ¥, ¥, and the labelling of the branches of N).

Summing over the v; and ¥ and using this is bounded by

00 3 e oo 3 3 (Cﬁg_%)%
02 2 ma@][E™ <oy d Y By <Y T (620)
N=1icH,, @ i=1 N=1=1 j.m; > =1 n;?
applying Proposition 4.13/in the last line. This verifies the third bound of Lemma 4.11. O

6.5.3 Proof of the second bound of Lemma [4.11

It follows immediately from the definition of ¢4/(§) in that

h@l= > Ww ][ Y. w®)|> [ (6.21)

wEN () SEN Rs€T (w(s)) regh bel’

where 5}{[ is defined in Definition [2.1 and is only nonempty if N’ contains more than 1 branch
point (r > 4). In particular recall that graphs in 5/’([ contain no bonds in R. We use an approach
similar to that of [20] to analyse ¢} (¥).

Let G(N) C {2,3} be the set of labels of branches of A/ incident to b and another branch point
of N. For F C G and e € F, let b, be the other branch point in N incident to branch N,. Let

E%, v =1{T € & : for every e € F, Ay(T) contains a nearest neighbour of b,}.

Then,

S-S [Huar Y e S 0

b
FegN stel’ peg{Q} N stel’ Feg{s} N stel’ Feg{2 SIN stel’

where some of these sums could be empty if G # {2,3}. Thus,

SoITvel< > 1> Vs (6.22)

regjb\f stel FCGWN) reglwa stell
F#£0 ’
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Figure 30: An illustration of the construction of a lace from a graph on some N in the case
b1,bo € An(T'). The first figure shows a graph T' on a network N. The remaining figures
highlight the subnetworks Sp(T') for F' = {2}, {3}, {2, 3}.

Note that if r = 4 then one of 5?2}7 A O 5€3}7 A 1s empty and 5?273}7 v is empty. This may also
be true for r > 4, depending on the shape a.

Recall Definition 2.2 and for I" € E%N define I'r C T" to be the set of bonds st € I" such that

e st is the bond in I' associated to e at b for some e € F, or
e st is the bond in I' associated to e at b, for some e € F' and b, € Ay(I'), or

e s5,t € N, for some e € F.

Let Sp(T') be the largest subnetwork of N covered by I'r C T'. Clearly T'|s, ) = T'r is a
connected graph on Sg(I).

For each e € F, Sp(T") by definition contains a nearest neighbour of b, in A/, and may contain b,
itself. Since I'p contains at most one bond that covers be, if b, € Sp(T") then it is not a branch
point of Sp(I'). Moreover if F' = {2} or F' = {3} then b is also not a branch point of Mp(T"),
and hence Sp(T'") is a network with no branch point (of course it contains at least one branch
point of A/, namely b). If F' = {2,3} then Sp(I") may be a star-shaped network of degree 3.

Fix N and F C G(N). Write S Cp N, it S C N is a star-shaped network with the following
properties:

(a) for every e € F', S contains a vertex v that is adjacent to the branch point b, of A/, and

(b) S contains no branch points of A" other than b and b., e € F.

Such star-shaped networks are exactly those for which there exists I' € QX/R such that S = Sp(T").
For S Cr N, define Eg to be the set of laces L on S such that

1. For each e in F, if b, € S then there is exactly one bond s%t¢ € L covering be.

2. If F = {2} or F = {3} then there is exactly one bond in £ covering b, while if F' = {2,3}
there are at most 2 bonds in L% covering b.
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3. L contains no elements of R (i.e. no bonds which cover > 2 branch points of N).

Then recalling the definition of L from Definition 2.4 we have

> IMve=> > TIve=> > |I]VUa - > I U

reeb \ stel SCN regh . stel’ SCrN LeLk LsteL regh . STEN\L
Sp((I)=8 Sp(I)=8,Lr,=L

=> > |T] U« ST vl | Y TTuvel > I ve

SCrN LeLk Lstel Fe%ngfm:stEF\L _F’Eg;/\zs stel” F*Gggﬁf\s: stel™*
r= Sp(LUT*)=8
(6.23)

where

gg}ff\sz{reg—ﬂz for every st e T, [s€ S,t e N\ S]or [t €S, s e N\ S}

Let Lg’F be the set of laces in Lg consisting of exactly N bonds. Now observe that if H is the
power set of a finite set B* (i.e. the set of all subsets of B) then 3 rcy [Ler Us = [Ipyep[1+Up)-
Applying this to the set B* of bonds on N'\ S (excluding R) and similarly for the final sum of
(6.23), we see that (6.23) is equal to

IT n+udd| | II [O+vdl [ [o+udl

steC(L) steEp s SEStEN\S:
st¢R Sp(LUst)=S,st¢R

(6.24)

i(—l)’V > > [H—Ust

N=1 SEFNLG[,g‘F steL

If Uy, € {—1,0} for each st, then each quantity involving Uy in (6.24) is nonnegative and we
have

[e%] AJ\/\.S
S o< T % [H—Ust Mool T T neval.
Feg/f\‘} stel’ N=1 SEFNLGLQ’* stel steC(L) i=1 stGE(N-\S>i

stER
(6.25)

where A s is the number of disjoint components (NV'\ S); of N\ S. This quantity is bounded
above by the sum of four terms (corresponding to the 4 possible branches incident to by and bs
if F'={2,3}) each of the form

[e%e] ne+(ne/—1) n1

>y J3(n ¥y nw

N=1 \e€F me=n.—1 m1=0 \ee{2,3}\F me=0 LE‘Cfgvé steL
m

IT 1+ Ual| x

steC(L)

Ayien (6.26)

II 1l I[I ‘n+udl.

i=1 Ee(/\f\é}%)’i S,tE((N\ST%)/i)E:
0<s<t<ng(im)")

752



where ¢’ denotes one of the two branches (other than e) incident to be, ST% is the star-shaped
network defined by (2.18), and (A \ 8%)" denotes the fact that part of branch N is being
removed if me > ne. In addition ng(1)" is the length of branch e of (N \ S£)". Since the
analysis does not depend on the ¢/, we ignore the fact that there are 4 such terms from this
point on.

Combining (6.22), (6.25) and (6.26) we have that ‘ZFGS}([ [Istcr Ust| is bounded by a constant

times

ne+(ng—1) n1 ne—1
> Z I > > I >/~
FCGW e€EF me=ne—1 m1=0 \ ec{2,3}\F me=0
F;é@
s (6.27)
> [H wllmoswl T | T neua
LGLgA steL steC(L) 1 =1 ee(WM\S82) | ste(N\S2) e
m 0<s<t<ng(m)"

Putting this back into (6.21), the sum over laces on the star-shaped network gives rise to the
quantity mz(-) and the final product gives rise to at most a constant times h,,_¢zy:i(-), with
displacements summed over. We use Lemma with [ = 1,¢ = 0 to bound |[|h,,_(zyill1 by a
constant and we obtain an upper bound on (6.21) of a constant times

ne+(n ol — 1) n1 ne—1 AN\S%
> Z I > |X( 0 X)Ew@ll I & e
FCGWN e€F me=ne—1 [ mi1=0 \ee{2,3}\F me=0 @ i=1 ee(NM\S2)i
F;ﬁ@ =
By Proposition[4.13 this is bounded above by
ne+(ny—1) n1 ne—1 0/82,877/
ey Y Y [ I X )smse > U
FCG(N N=1 e€F me=ne—1 m1=0 66{2,3}\F me=0 FCG(N) ecF  Te 2
F F
(6.29)
Since the remaining sums are finite, this establishes the second bound of Lemma/4.11, and hence
completes the proof of Lemma [4.11. O
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