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Abstract

In this paper, a generalized It6’s formula for continuous functions of two-dimensional contin-
uous semimartingales is proved. The formula uses the local time of each coordinate process
of the semimartingale, the left space first derivatives and the second derivative Vi V5 f, and
the stochastic Lebesgue-Stieltjes integrals of two parameters. The second derivative Vi V5 f
is only assumed to be of locally bounded variation in certain variables. Integration by parts
formulae are asserted for the integrals of local times. The two-parameter integral is defined as
a natural generalization of both the It6 integral and the Lebesgue-Stieltjes integral through
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1 Introduction

The classical 1t6’s formula for twice differentiable functions has been extended to less smooth
functions by many mathematicians. Progress has been made mainly in one-dimension beginning
with Tanaka’s pioneering work [30] for |X¢| to which the local time was beautifully linked.
Further extensions were made to a time independent convex function f(x) in [21] and [32] as
the following Tanaka-Meyer formula:

oo

t
FOEO) = SO + [ £ X)X+ [ L@ (@) 1)
—0oQ

where the left derivative f’ exists and is increasing due to the convexity assumption. This
can be generalized easily to include the case when f” is of bounded variation where the integral
J75 L(x)d(f” (x)) is a Lebesgue-Stieltjes integral. The extension to the time dependent case was
given in [7]. Recently we proved that L;(z) is of finite p-variation (in the classical sense of Young
and Lyons) for any p > 2 in [9]. This new result leads to the construction of [*_ L(x)d(f (x))
as a Young integral, so the Tanaka-Meyer formula still holds when f’ is of finite g-variation for
a constant 1 < g < 2. Moreover in [10], we extended the above to the case when 2 < ¢ < 3 using
Lyons’ rough path integration theory.

The purpose of this paper is to extend formula (I) to two dimensions. This is a nontrivial
extension as the local time in two-dimensions does not exist. But formally by using the occupa-
tion times formula (see (4)), the property that [;* 1\ (03 (X1(s,w))dsL1(s,w) = 0 a.s. and the
“formal integration by parts formula”, we observe that for a smooth function f,

% /0 " AL (), X ())d <Xi>
_ /_+°° /OtAlf(Xl(s),Xg(s))dsLl(s,a)da
_ /M/O At f(a, Xo(s))ds L (5, a)da

+00 +oo t
- / Lu(t, a)da Vi £(a, Xa(t)) — / / Li(s, a)dsaV1 £(a, Xa(s)). @)
—00 —oco J0
Here the last step needs to be justified, and the final integral needs to be properly defined. It is
worth noting that the right hand side does not include any second order derivative of f explicitly.
Here Vif(a,X2(s)) is a semimartingale for any fixed a, following the Tanaka-Meyer formula.
We study the kind of integral fj;o fg g(s,a)dsqh(s,a) in Section 2. Here h(s,x) is a continuous
martingale with cross variation < h(-,a), h(-,b) > of locally bounded variation in (s, a,b), and
E Ug Jr2 l9(s,a)g(s,b)||dap,s < h(-,a),h(-,b) > \} < 00. The integral is different from both the
Lebesgue-Stieltjes integral and [t6’s stochastic integral. But it is a natural extension to the two-
parameter stochastic case and is therefore called a stochastic Lebesgue-Stieltjes integral. To our
knowledge, this integral is new. It differs from integration with Brownian sheet defined by Walsh
([31]) and from integration with respect to a Poisson random measure (see [15]). A generalized
1t6’s formula in two dimensions is proved in Section 3. Moreover, we also prove the integration
by parts formula for the stochastic Lebesgue-Stieltjes integrals involving local times (Theorems
3.2 and[3.3). It is noted that Peskir recently gave a generalized 1t6’s formula in multi-dimensions
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using local times on surfaces where the first order derivative might be discontinuous under the
condition that their second derivative has a limit from both sides of the surfaces in [24]. Our
formula does not need the condition on the existence of limits of second order derivatives when
x goes to the surface. There are numerous examples for which the classical It6’s formula and
Peskir’s formula may not work immediately, but our formula can be used (see Examples (3.1 and

3.2).

Applications e.g. in the study of the asymptotics of the solutions of heat equations with caustics
in two dimensions, are not included in this paper. These results will be published in some future
work.

Other kinds of relevant results include work for absolutely continuous functions with the first
derivative being locally bounded in [26], and for W ? functions of a Brownian motion for one
dimension in [12] and [13] for multi-dimensions. It Was proved in [12] that f(B:) = f(Bo) +
fg 1 (Bs)dBs + %[f(B) B, where [f(B) BJ; is the covariation of the processes f(B) and B,
and is equal to fg Bs)d*Bs — fo s)dBs as a difference of backward and forward integrals.
See [29] for the case of a continuous semlmartlngale. The multi-dimensional case was considered
n [13], [29] and [22]. An integral [ f/(x)d,L¢(x) was introduced in [3] through the existence
of the expression f(X(t)) — f(X(0)) — J%—;f(X(s))dX(s), where L;(z) is the local time of
the semlmartlngale X;. This work was extended further to define the local time space integral
fo e aIf 8, X(8))ds o Ls(x) for a time dependent function f(s,z) using forward and backward
integrals for Brownian motion in [5] and to semimartingales other than Brownian motion in
[6]. This integral was also defined in [27] as a stochastic integral with excursion fields, and in
[14] through Ttd’s formula without assuming the reversibility of the semimartingale which was
required in [5]. Other relevant references include [11] where it was also proved that, if X is an
one-dimensional Brownian motion, then f(X(¢)) is a semimartingale if and only if f € VVlloc2 and
its weak derivative is of bounded variation using backward and forward integrals ([19]). But our
results are new.

2 The definition of stochastic Lebesgue-Stieltjes integrals and
the integration by parts formula

For a filtered probability space (2, F,{F:}t>0, P), denote by My the Hilbert space of all pro-
cesses X = (X¢)o<t<r such that (Xi)o<i<r is a (Fi)o<t<r right continuous square integrable
martingale with inner product (X,Y) = E(X7Y7r). A three-variable function f(s,z,y) is called
left continuous iff it is left continuous in all three variables together i.e. for any sequence

(Slvxlvyl) < (523x27y2) <-.- < (Skaxkvyk) < (vaay) and (skaxkvyk) - (vaay)v as k — 0o, we
have f(sk,zk, yx) — f(s,7,y) as k — oo. Here (s1,21,y1) < (82, 22,92) means s1 < s2, 21 < T2
and y; < yo. Define
V) = {h : [0,t] x (—00,00) X 2 — R s.t. (s,z,w) — h(s,z,w)
is B([0, s] x R) x Fs—measurable, and h(s,z) is
Fs—adapted for any x € R},
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Vo 1= {h : h € V1 is a continuous (in s) My — martingale for each x,
and the crossvariation < h(-,z),h(-,y) >5 is left continuous

and of locally bounded variation in (s, x, y)}

In the following, we will always denote < h(-,x), h(-,y) >5 by < h(x), h(y) >s.

We now recall some classical results (see [1] and [20]). A three-variable function f(s,z,y) is
called monotonically increasing if whenever (sa, x2,y2) > (s1,21,91), then

f(s2,2,92) — f(s2,21,y2) — f(s2,22,91) + f(s2,21,91)
—f(s1,22,y2) + f(s1,21,92) + f(s1,22,91) — f(s51,21,91) > 0.

For a left-continuous and monotonically increasing function f(s, x,y), one can define a Lebesgue-
Stieltjes measure by setting

v([s1,s2) X [1,22) X [Y1,92))
= f(s2,22,92) — f(52,71,92) — f(s2,22,y1) + f(s2,71,91)
—f(s1,22,92) + f(s1,21,92) + f(s1,22,91) — f(51,21,91)-

For h € Vs, define
< h(l’),h(y) >E:< h(l’%h(y) >ty — < h(l’),h(y) >ty ty > 11.

Note that, since < h(z), h(y) > is left continuous and of locally bounded variation in (s, x,y),
it can be decomposed to the difference of two increasing and left continuous functions fi(s, z,y)
and fa(s,z,y) (see McShane [20] or Proposition 2.2 in Elworthy, Truman and Zhao [7] which
also holds for multi-parameter functions). Note that each of f; and fo generates a measure so,
for any measurable function g(s,z,y), we can define

to a2 ba
[ sty < hia).hiw) >,
t1 al b1

to a2 ba ) a ba
= / / / g(saxay)dx,y,sfl(saxay) _/ / / g(saxvy)dx,y,sfé(svxay)-
11 a1 by t1 ai by

In particular, a signed product measure in the space [0,T] x R? can be defined as follows: for
any [tl,tg) X [1'1,1'2) X [yl,yg) C [O,T] X R2

t2  rx2 Y2
[ [ due < o)) >
t1 Jz1 Jyi
ta  pr2 rY2 ta  pr2 Y2
== / / / dz,y,sfl(sy x7y) - / / / dxayzsfé(s’x’y)
t1 T1 Y1 t1 Jxi Y1

= < h(x2),h(y2) > — < h(z2), h(y1) >7
— < h(x1)>h(y2) >2 +< h($1)7h(y1) >E
= < h(w2) — h(z1), h(y2) — h(y1) > . (1)
Define

’dx,y,s < h(x), h(y) >s | = dm,y,sf1(37$7y) + da:,y,sz(SvﬂUay)- (2)
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Moreover, for h € V5, define:

Vi(h) := {g . g €V1, and there exists N such that (—N, N) covers
the compact support of g(s,-,w) for a.a. w, and s € [0,T] and

B[] oot lidase < ) bio) >.1] < o0}

Vy(h) := {g : g € V) has a compact support in x for a.a. w, and

E // (s,2)g sy>||dmys<h<>h<>>s| <o},

Consider now a simple function in Vs, and always assume that, for any s > 0, g(s,—N) =

g(s,N) =0,

n—1 oo n—1
g(s,7,w) = Z 60,i1{0}(8) Zl,l‘z+1 ) + Z Z ejil J+1 ($1,x1+1]( ) (3)
=0 7=0 =0
where {t,}o°_, with g = 0 and lim ¢, =00, —-N =29 <21 <22 < --- < x, = N, ¢;,; are

m—0oQ
ftj—measurable. For h € Vs, define an integral as:

[ ats.0uuis.z) (1)

oo n—1

Z Z €5 [h(tj_H AT, xi+1) — h(tj AT, $i+1) — h(tj+1 AT, l’z) + h(tj AT, .Z‘z)] .
=0 i=0

This integral is called the stochastic Lebesgue-Stieltjes integral of the simple function g. It is
easy to see for simple functions g1, g2 € V3(h), that

Ii(agr + Bg2) = ali(g1) + BIi(g2), (5)

for any o, € R. The following lemma plays a key role in extending the integral of simple
functions to functions in V3(h). It is equivalent to the Itd’s isometry formula in the case of the
stochastic integral.

Lemma 2.1. If h € Vs, g € V3(h) is simple, then I;(g) is a continuous martingale with respect
to (ft)OStST and

([ [ stsaraiattsn)’ =8 [ [ gtsmiglo.idene < hih) =0 ©

Proof: From the definition of [j [°°_g(s,x)dszh(s,x), it is easy to see that I; is a continuous
martingale with respect to (ft)OStST As h(s,z,w) is a continuous martingale in Mo, using a
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standard conditional expectation argument to remove the cross product parts, we get:

e[ sxdmm))]

2
= F (Ze”[ tjt1 /\t,:l,’i_H) - h(tj /\t,:L’Z'_H) - h(tj+1 /\t,l’i) —i—h(tj /\t,l’i)]>
7=0

0 n—1n—1
= E (ZZeﬂeJk

1=0 k=0

[e=]

<.

|:h jr1 AT $z+1) h(tj AT, l‘i+1) — h(tj+1 AT, CL‘Z) -+ h(tj AT, l‘l)} .

[h ]+1 AT $k+1) h(tj Nt xk+1) - h(tj+1 N, :Zik) + h(tj AT, xk)]>

n
€5,i€5.k
% 0

h( jr1 AT l’z+1) h(tj N, l‘i+1)) (h(tj+1 AT, $k+1) — h(tj N, xk+1))

(h j4+1 A t $Z+1) h(t]’ Nt $i+1)) (h(thrl Nt, l‘k) - h(tj Nt, :I?k))
(h j+1 Nt, x h(t] Nt, .Tz)) (h(tj+1 Nt, ﬂ?k+1) — h(tj AT, xk—l—l))

L
7
L

= B

gM8
I\
T

J

+(h(tj+1 ANty x;) — h(t]’ At, :El)) (h(tj+1 At,xg) — h(tj At, l‘k))} }

tn—1n—1
= E/ Z Zg(s,x¢+1)g(s,$k+1) [ds < h(wiy1), M(wpg1) >s —ds < h(zig1), h(zk) >
i=0 k=0

“dy < h(@s), h(zp1) > +ds < h(@:), h(z) > }

oo n—1n—1

= B3 esiein] < hlwinn), hlana) >0a" = < hlwi), i) >4
=0 i=0 k=0

— < b, h(wgsn) P+ < b)) >75 |

= B[[ [ slsnlats 0 < b)) >

So the desired result is proved. o

The idea now is to use (6) to extend the definition of the integrals of simple functions to integrals
of functions in V3(h) and finally in V4 (h), for any h € V,. We achieve this goal in several steps:

Lemma 2.2. Let h € Vs, f € V3(h) be bounded uniformly in w, f(-,-,w) be continuous for each
w on its compact support. Then there exist a sequence of bounded simple functions ¢, , € V3(h)
such that

E/O /R? | (f - ‘Pm,n)(sax)(f - @m/,n/)(s,y)] | dz,y,s < h(;g)7h(y) > | — 0,
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as m,n,m',n’ — oo.

Proof Let 0 =tg <t1 < -+ <ty =t, and —N =x9g < x1 < --- < x, = N be a partition
of [0,t] x [-N, N]. Assume when n,m — oo, max 1(tj+1 —t;) — 0, ,Jnax 1(azz~+1 —z;) — 0.
_ <i<ne

0<j<m
Define
n—1 m—1n—1
Pmn(5:7) =3 F(0,2:) 1103 () (s ze ) (@) + D D FE52) Lty 5111 (9) L ] () (7)
i=0 Jj=0 i=0

Then ¢, n (s, x) are simple and ¢, (s, z) — f(s,2) a.s. as m,n — oo. The result follows from
applying Lebesgue’s dominated convergence theorem. o

Lemma 2.3. Let h € V5 and k € V3(h) be bounded uniformly in w. Then there exist functions
fn € V3(h) such that fy(-,-,w) are continuous for all w and n, and

t
E/O /R2 | (k - fn)(sglﬁ)(k - fn/)(s,y)\ ’ dm,y,s < h(x)’h(y) > ’ — 0,
as n,n’ — oo.

Proof: Define

fn(s,z) = n? /;1 /: k(r,y)drdy.

3=

Then f,(s,z) is continuous in s,z, and when n — oo, fn(s,z) — k(s,x) a.s.. So for sufficiently
large n, fn(s,x) also has compact support in (—N, N) for all s € [0, 7]. The desired convergence
follows from applying Lebesgue’s dominated convergence theorem. o

Lemma 2.4. Let h € Vo and g € Vs(h). Then there exist functions k, € Vs(h), bounded
uniformly in w for each n, and

t
E/o /R2 | (9 —kn)(s,2)(g — kn/)(5,9)| | day,s < h(x),h(y) >s | — 0,
as n,n — oo.

Proof: Define

—n if g(t,z,w) < —n
k’n(t,l’,W) = g(f,l’,W) if —ngg(t,x,w) <n (8)
n if g(t,z,w) > n.

Then as n — oo, ky(t,z,w) — g(t,z,w) for each (t,z,w). Note |k,(t,z,w)| < |g(t,z,w)| and
kn, € V3(h). So applying Lebesgue’s dominated convergence theorem, we obtain the desired
result. o

Lemma 2.5. Let h € Va and g € Va(h). Then there exist functions gn € Vs(h) such that

E /0 /R (9= 9m)(5:2)(g = 9n) (5 )| | digs < (), hly) >5 | =0, o)

as N, N — oo.
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Proof: Define

gn (s, 7,w) = g(s,z,w)_ny1,n—1](T)- (10)

Then |gn| < |g| and gy — g a.s., as N — oco. So applying Lebesgue’s dominated convergence
theorem, we obtain the desired result. o

From Lemmas|[2.4] 2.3, 2.2} for each h € Vs, g € V3(h), we can construct a sequence of simple
functions {¢y, »} in V3(h) such that,

E/o /R2 1 (9 = Pmn) (5, 2)(9 = Prr ) (5,9)] | dags < B(2), h(y) >s | = 0,

as m,n,m’,n' — co. For ¢, , and @, ./, we can define stochastic Lebesgue-Stieltjes integrals
Ii(pmn) and Ii(@my ). From Lemma 2.1]and (5), it is easy to see that

E [IT(‘Pm,n) - IT<90m’7n')]2
= F [IT(SOm,n - (:Om'ﬂ'b/)]Q

T
= B[ [ = )51 s = o) (. 8) iy < B2). ) >

T
= E/O /RQ[(sOm,n —9) — (e — 9))(s,2) -
(Pmn — 9) — (P — 9(8,Y)day,s < h(x), h(y) >s

[
T
— E/o /RQ(sﬁm,n — 9)(5, ) (Pmmn — 9)(8,Y)day,s < h(z), h(y) >
T
_E/O /RQ(‘Pmm —9)(s5,2) (s — 9)(8,Y)dey.s < h(x), h(y) >
T
_E/O /RQ(‘Pm’,n’ — 9)(s,2)(Pmmn — 9)(8,Y)day.s < h(x), h(y) >

T
+E/0 /RQ(%f,nf — 9)(5, ) (Pt — 9)(8,Y)dry.s < h(2), h(y) >5

IN

T
B[ 1= 9500 omn = 9)(5.0) | dae < W) h(0) >
T
+E/o /R | (i — 9)(5,2) (@ — 9)(5,9) || dugs < Bl), h(y) >
T
+E/O /RQ | (omrmr — 9)(8, ) (emm — 9) (8, y) || day,s < h(z), h(y) >

T
+E/0 /R2 | (Gmr it — 9)(8,2) (ot — 9)(8,9) || duy.s < h(2), h(y) >

— 0,

as m,n,m’,n’ — oo. Therefore {I,(gpmm)};ﬁj’n:l is a Cauchy sequence in My whose norm is
denoted by || - ||. So there exists a process I(g) = {[;(9),0 <t < T} in Ms, defined modulo
indistinguishability, such that

H I(Som,n) - I(g) ”_> 0, as m,n — oo.
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By the same argument as for the stochastic integral, one can easily prove that I(g) is well-defined
(independent of the choice of the simple functions), and (6) is true for I(g). We now can have
the following definition.

Definition 2.1. Let h € Vs, g € V3(h).Then the integral of g with respect to h can be defined

m Mo as:
// g(s,x)ds zh(s,x) = hm // Omn(s,x)ds oh(s, ).

Here {@mn} is a sequence of simple functions in V3(h), s.t.

t
E/O /R2 | (g — ‘Pm,n)(sax)(g - @m/,n/)(s,y)| | dm,y,s < h(z),h(y) >s | — 0,

as m,n,m’,n’ — oo. Note ¢p,, may be constructed by combining the three approrimation
procedures in Lemmas|2.4,12.5,12.2. For g € Va(h), we can then define the integral in Ma as:

/ / g(5>x)ds,xh(5 ‘73 = ]\}lm / / 5 T 1[ N+1,N— 1]( )dsxh(s .SU)

It is a continuous martingale with respect to (Fy) 0<t<T and for each 0 <t < T,

// sxdszhsx —E//R 5,2)9(s,y)day.s < h(z), h(y) > (11)

The following results will be useful in the proof of our main theorem in the next section.

Proposition 2.1. If h € Vs, g € V4(h), and g(t,z) is C? in x, Ag(t,x) is bounded uniformly

m t, then a.s.
+oo  pt t pt+oo
—/ / Vg(s,x)dsh(s,x)daz:/ / g(s,x)ds zh(s, x). (12)

Moreover, for any g € V4(h), h € Vo and C' in z, Vh € Ma,

/+00/ sdehsxda:—//Jroo (s,x)dszh(s,x). (13)

Proof: If g is a simple function in V3(h) as given in (3), and note that e;¢ = e;,, = 0, we have

/Ot /_ : 9(s,2)ds2h(s, @)

n—1 oo
= Z Z €5 [ tit1 At CL‘Z'+1) - h(tj Nt, CL‘Z'+1) - h(tj+1 Nt, CEZ) + h(tj Nt, SUZ)}
=0 j=0
n—1 oo

I
™

I
[e=]
W.
[e=]

€j,i+1 [h(tj+1 At zip1) — h(tj At :cm)}

i
L

_|_
™
NE

I
[en]
W.
[e=]

€4 |:h(t]+1 A ta xi-‘rl) - h(t] VAN t, .’1}‘i+1):|

i
L

[
NE

[ej,z‘+1 - ej,z} [h(tﬂ-l Aty zig1) = h(t; At $i+1)]-

@
I
o
.
I
=)
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If g(t,x) is C? in z, let

n—1 m—1n—1
@m,n(svx) = Zg(oawl)l{o}(s)l(aﬁl,lerl](x) + Z Zg(t]7xl)1(t],t]+l]( )1($i7$i+1](w)7
i=0 j=0 i=0

then
Omn(s, ) — g(s,x) a.s. as m,n — oo.

Moreover, by the intermediate value theorem,

/_:O /0t9(37$)ds,xh(s,:p)

n—1 oo

— —&hHLOZZ [ (tj At wigr) — gty At xl)}
da i=0 j=0
|:h(tj+1 Nt, 331‘—}—1) — h(tj Nt xi+1):| (limit mn MQ)
n—1 oo
= — 5t1§m 0 Z Z / Vg t Nt x; + CM(.’L‘Z_H — xl))da} [h( i1 A, xi+1) — h(tj N, xi-i-l)
30— —0 j=0
(Tit1 — )
n—1 .t 1
= — 5hm02/ [/ Vg(s,zi + afxip1 — xi))da] dsh(s, zit1)(xip1 — zi)  (limit in Ma)
T —0 0 0

- —le / Vg(s, 7141)dsh(s, zi41) (2141 — )
£l
— lim Z/ [/ (Va(s, i + a(wipr — i) — V9(8,$i+1))d04} dsh(s, zip1)(Tis1 — i)
o LJo

Here §; = max |tj;1 —tj], 6, = max |z;41 — ;|. To prove (12), first notice that
1<j<m 1<i<m

lim Z/ Vg(s,zit1)dsh(s, xiy1)(@iv1 — x;) = /+OO/ Vy(s,z)dsh(s, x)dx.

ac_>0

Second, by the intermediate value theorem again, and from the assumption that Ag(s,z) is
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bounded uniformly in s, the second term can be estimated as:

2
Z/ / Vg S, + a(xip1 — 1)) — Vg(s,xiﬂ))da} dsh(s, zit1)(Tit1 — xz)]

= E:LZ;“;Z: {/ [/ (Vy(s,zi + a@iv1 — i) — Vg(s,xiﬂ))da} doh(s, 1) (Tig1 — ;) -
/Ot [/01 (Vg(s,zp + a(zpsr — 1)) — Vg(s,xkﬂ))da] doh(s, Ths1) (Tha1 — xk)}
n—ln—1
= 2 %E/ / Vy(s, @i + a(ziv1 — x;)) — Vg(s,xwl))da} .

[/01 (Vy(s,zp + a(wpy1 — o)) — Vg(s,mkﬂ))da}

ds < h(Zit1), M(@gr1) >s (Tig1 — i) (Tpr1 — o)

IN

Bl s |Agls,mDlwiv il (sup sup |Ag(s, m)Dlaiir —

1 S
NE(Ts,xi41) NE(Tp,Trt1)

n—1n—1
| < h(xig1) >< h(Tpy1) >t 2} (ZZ Tiy1 — ) (Tpg1 — iUk))
=0 k=0
— 0, as 6, — 0.

So (12) is proved.

To prove (13), first consider g € V3(h) to be sufficiently smooth jointly in (s, «). Then (12) and
the integration by parts formula give

/Ot /_;OO 9(s,2)dszh(s, )
- _/;W/OtVQ(Sw)dsh(S,x)dx

_ / T Vg5, 2)h(s, o) + /_ :O /0 t (ng(s,x)) h(s, )dsdz. (14)

—00

But by the integration by parts formula and the Fubini theorem,

/%O/ ( Vy(s,z > h(s, z)dsdx
= / /+OO g(s,x)Vh(s,z)dzxds

+o0
= —/oo /0 %g(s,x)Vh(s,x)dsdm

400 +o0o t
= —/ [g(s,x)Vh(s,x)]6d$+/_ /Og(s,:n)dth(s,:E)dm. (15)

— 00
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By (14), (15) and the integration by parts formula, it follows that for g being sufficiently smooth

/Ot /_—:O g(s,x)ds zh(s,x) = /_4:0 /Otg(Saﬂﬂ)dth(s,:p)dx,

But any bounded function g € V3(h) can be approximated by a sequence of smooth functions
gn € V3(h). The desired result for g € Vs(h) follows from and

400 t
— S, T S.x)ax 2
B [ ) /O (9n(5,2) — 9(5,2))ds V(s 2)da
“+o00 t
< N / B /0 (gn (5 %) — (5, 2))ds (s, 2)da

—

+o0 t
= 2N/ E/ lgn(s, ) — g(s,2)2ds < Vh(x) >, dzx
—o0 0
0,

when n — co. From Lemmas 2.5] we can obtain that and (13) also hold for g € V4(h).
o

3 The generalized Ito’s formula in two-dimensional space
Let X(s) = (Xi1(s),X2(s)) be a two-dimensional continuous semimartingale with X;(s) =
X;(0)+ M;(s)+Vi(s)(i = 1,2) on a probability space (2, F, {Ft}+>0, P). Here M;(s) is a contin-

uous local martingale and V;(s) is an adapted continuous process of locally bounded variation
(in s). Let L;(t,a) be the local time of X;(t) (i=1,2)

1 t
Li(t,a) = lim/ Laate)(Xi(s))d <M>;s a.s. i=1,2 (1)
0

for each ¢ and a € R. Then it is well known that, for each fixed a € R, L;(t,a,w) is continuous,
increasing in ¢, and right continuous with left limit (cadlag) with respect to a ([16], [26]).
Therefore we can define a Lebesgue-Stieltjes integral [ ¢(s)dsL;(s,a,w) for each a for any
Borel-measurable function ¢. In particular

/ Ip\fa}(Xi(8))dsLi(s,a,w) =0 a.s. i=1,2. (2)
0

Furthermore if ¢ is differentiable, then we have the following integration by parts formula

/ gi)(s)dsLi(s,a,w):qb(t)Li(t,a,w)—/ &' (s)Li(s,a,w)ds a.s.. (3)
0 0

Moreover, if g(s,z;,w) is measurable and bounded, by the occupation times formula (e.g. see
[16], [26])),

t o) t
/ 9(s, Xi(s))d <M;>s= 2/ / g(s,a)dsLi(s,a,w)da a.s. i=1,2. (4)
0 —oo J0
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If g(-,x) is absolutely continuous for each =z, %g(s,w) is locally bounded and measurable in
[0,¢] x R, then using the integration by parts formula, we have

/t (s, Xi(s))d <M;>

= //sadLsaw)d

= 2/ g(ta)L(taw)daQ/ /agsa)L(saw)dsdaas
for = 1,2. On the other hand, by the Tanaka formula
Li(t,a) = (X1(t) — a)" = (X1(0) — a)* = My(t,a) = Vi(t, a),

where Z1 t,a) fo Lix,(s)>a}dZ1(8), Z1 = My, V1, X1. By a standard localizing argument, we
may assume without loss of generality that there is a constant N for which

sup |X1(s)] < N, <M;>;< N, VaryVh3 <N,
0<s<t

where VaryV; is the total variation of V; on [0, ¢]. From the property of local time (see Chapter
3 in [16]), for any v > 1,

t
E|M;(t,a) — M(t, b)|27 = E|/0 Ligex,<ppd <Mi>5 |7 < C(b—a)?, a<b

where the constant C' depends on v and on the bound N. From Kolmogorov’s tightness criterion
(see [17]), we know that the sequence Y, (a) :== 1M (t,a), n = 1,2,---, is tight. Moreover for
any ai,az,- - ,ar,

1.
P(sup |[=Mi(t, a;)] < 1)
a; N

1 - 1 - 1 -
= P(’EMl(tu a1)| S 17 |ﬁMl(t7a2)’ S ]-7' te 7|EM1(t7ak)| S 1|)

k

1= Y Pl ()] > 1)

v

k

1 ~

> 1- 2 E 1 E[Mf(t,ai)]
—

k
Z 1-— ?C(N — a),
so by the weak convergence theorem of random fields (see Theorem 1.4.5 in [17]), we have
lim P(sup |M(t,a)| <n)=1.
n—o00 a

Furthermore it is easy to see that

1. 1
—Vi(t,a) < —VarVi(t,a) — 0, when n — oo,
n n
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so it follows that,

lim P(sup|Li(t,a)] <n)=1.

n—00 a

Therefore in our localization argument, we can also assume that Li (¢, a) and Lo(¢, a) are bounded
uniformly in a.

We now assume the following conditions on f: R x R — R:

Condition (i) the function f(-,-) : R x R — R is jointly continuous and absolutely continuous
in x1, xo respectively;

Condition (i) the left derivative V f(x1,x2) is locally bounded, jointly left continuous, and of
locally bounded variation in z; (i = 1,2);

Condition (iii) the left derivaties V| f(z1,22) is absolutely continuous in z, and V3 f(z1,z2)
is absolutely continuous in z1;

Condition (iv) the derivatives Vi V5 f(z1,x2) is jointly left continuous, and of locally bounded
variation in x1, zo respectively and also in (z1, z2).

From the assumption of V| f, we can use the Tanaka-Meyer formula to have,

t
Vi@ Xalt) — Vi Xal0) = [ V7V e Xa(s)ixa(s
—I-/ Lo(t,x9)de, Vi V5 fla,z2) a.s..
Therefore V7 f(a, X2(t)) is a continuous semimartingale, which can be decomposed as

Vi fla, Xa(t)) = Vi f(a, X2(0)) + h(t,a) + v(t, a), (5)

where h is a continuous local martingale and v is a continuous process of locally bounded
variation (in ¢). In fact h(t,a) = fot V1V, fla, X2(s))dMs(s). Define

Fy(a,b) = < h(a),h(b) >s = < V] fla,X2(-)), V] f(b, X2(:)) >
— [ Vi £ X)Xl <M (6)
Fla,b)i" = < h(a),h(b) >57 = < Vi f(a, Xa()), V1 £(b, Xa()) >3
= [ Ve Ha X))V 0 X)) <M 7)

Sk

We need to prove h € V5. To see this, as V] V5 f(z1,x2) is of locally bounded variation in z1,
so for any compact set [—N, N|, V| V; f(z1,22) is of bounded variation in z; for z; € [-N, NJ.
Let P be the partition on [N, N]? x [0,t], P; be a partition on [-N,N] (i = 1,2), P53 be a
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partition on [0, ¢] such that P = P; x Py x P3. Then we have:
Varg ,.5(Fs(a,b))
- 2.2 ’F(am, bjr1)s ™ = Flaivy, 05" = Flag, bjsa)s,
ki
+F(ai, bj)s !

- TS

a /Sk+1 V1 Vs f(ait1, Xa(r) Vi Vy f(bj, Xo(r))d <Mz>,

Sk

Sk
k

+1
/ Vi Vo flaiv1, Xo(r)) Vi Vy f(bjrr, Xo(r))d <My>,

[ VIV s Xa() VTV Fby, Xa(r))d <M,

Sk

N / VIS Flas Xa(n) VT V5 F(by Xa(r)d <Mo>,

Sk

- wELE

<v1v2f<bj+1, Xy(r) — VY5 £(b;, X2<r>>)d <My>,

/S:Hl <V1V2f(a¢+1, Xo(r)) — Vi Vg flai, XQ(r))>

IN

P1

[ 50 X (9595 e, Xa(r) - 9195 fla, Xa(0)

sy (V55 f(bjin, Xalr)) — V5 V5 (b, Xo(r))|d <M,
2

= /05 <Vara(V1_V2_f(a,X2(r)))>2d <M>o>,< 0.

Therefore under the localization assumption, ffooo fg Li(s,a)ds qh(s,a) can be defined by Def-
inition 2.1, i.e. it is a stochastic Lebesgue-Stieltjes integral. On the other hand, under the
localization assumption and condition (iii) and (iv), let’s prove that
os.0) = [ V5 fa Xl Va) + [ La(sina)dn V1 V5 (a,02) = or(s.0) + vals,0)

0

—0o0

is of bounded variation in (s,a) for s € [0,¢], a € [-N, N]. In fact,

Vargaoi(s,a) = sup > > |vi(ski1, @iv1) — 01(sk, aip1) — vi(skr1,a5) +v1(sk, aq))|
P1XP3 k i
Sk
= sup ) Y| / VIV3 flain, Xa(r) = VT V3 f(ai, Xa(r)) | ava(r)|
'P1><'P3 k i Sk+1
t
< /0S;DlpZWIVz_f(am,XW))—vag_f(%XQ(?“))\d‘/é(r)!
Lo
< oo,
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as Vi V5 f(x1,22) is locally bounded and of bounded variation in x;. Moreover, in the case
when V| V5 f(x1,z2) is increasing in (x1, z2),

Varsava(s,a) = S DO lvalskirs airr) — valsk, ais1) — va(spin, ai) + va(sy, a;)|
1XF3 k ;
' o
= sup ZZ/ <L2($k+1,$2) — LQ(Sk,.%'Q))
P1xPs3 L i —o0

du (V1 V3 fair,22) = Vi V3 flas,2))
< Z/_Z Lo(t, x3)da, (vaz_f(az‘ﬂam) - vaz_f(au@))
< rr;éngz(t,M)(Vsz_f(N,N)—VIVEf(N, —N)

Vi Vo f(=N,N) +V V5 f(=N,-N))

< oQ.

In the general case when V| V; f(z1,z2) is of bounded variation in (x1,22), we can assert that
va(s,a) is also of bounded variation in (s,a) by applying the above result to the difference of
two increasing functions. So fg I Li(s,a)ds qv(s, a) is a Lebesgue-Stieltjes integral. Hence,

fg J75 Li(s,a)ds o V7 f(a, X2(s)) can be well defined. A localization argument implies that it is
a semimartingale. Now we recall that the local time L;(s,a) can be decomposed as in [9],

Li(s,a) = Ly(s,a) + Z El(s,x}’;) .= L1(s,a) + Li(s,a),

*
z<a

where L (s,a) is jointly continuous in s, a, and {z}} are the discontinuous points of Li(s,a).
From [26],

Lyi(t,z) = Li(t,z) — Ly (t,2—) = /Ot 1y (Xs)dVs. (8)

Again we use the localization argument and assume that the support of the local time is included
in (=N, N). Let gi(s,a) := V] f(a,X2(s)), by a computation in (4.5) in [9], for any partition
{O:t0<t1<---<tm:t,—N:a0<a1<a2<-~<al:N},

-1
DY ity i) [il(tﬂlv ait1) = Li(tj, ai1) = Li(tj1, @) + La(t, az‘)}

3

I
<.
o

-1
= D> Lilty,a) [91 (tjt1, air1) = 91(t5, aipr) — 91(tje1, ai) + g1(s;, az‘)}

=0 j=
l

3

o

- Li(t,a;) [91 (t,ai+1) — g1(t, ai)} . 9)

1=

o

Note that the first Riemann sum of the right hand side tends to fot fiVN L1(s,a)ds g1 (s, a),
and the second Riemann sum of the right hand side has the limit ijN f)l(s, a)d,gi(s,a), when
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0 = max(tjy1 —t;) — 0 and §, = max(miﬂ — x;) — 0. Therefore the left hand side con-
j

verges as well when 0, — 0, 0, — 0. Denote the limit by fo f v 91(s,a)ds o L1(s,a) on {w:
Ll(t a) has support which is included in (=N, N)}. Taking the limit as NV — oo we can define
fo f g1(s,a)ds, aLl(s a) for almost all w € Q and it is easy to see that

// Vi fa, Xa(s))dsaLa (s, ) // Li(s,a)ds VT fla, Xa(s))
- / Lt )7 f( Xl1). (10)

From Lemma 2.2 in [9], we know that él(t, a) is of bounded variation in (t,a) for almost every
w e Q. So fg J75 V1 fla, Xa(s))ds o L1(s,a) is a Lebesgue-Stieltjes integral. Therefore the
integral

/Ot /Z Vi fla, Xao(s))dsaLl1(s,a) = /ot /Z VT f(a, Xa(s))ds.aLa (s, )
[ s X saa5.0)

can be well defined.

We will prove the following generalized [t6’s formula in two-dimensional space.

Theorem 3.1. Under conditions (i)-(iv), for any continuous two-dimensional semimartingale
X(t) = (X1(t), Xa(t)), we have almost surely

f(X(1) — f(X(0))
+oo t
— Z/O Vi_f(X(s))dXi(s)—/_oo /0 Vi fa, Xo(s))ds.aLi (s, a) (1)

+oo gt t
—/ V5 f(X1(s),a)ds qLa(s, a) +/0 ViV f(X(s))d <My, My>, .

Proof. By a standard localization argument, we can assume X1 (t), X2(t), their quadratic varia-
tions <X1>, <X9>4, <X1, X9>; and the local times L1, Ly are bounded processes and f, V; f,
Vary, Vi f, ViVy f, Vary, Vi Vo f, Varg, ., Vi Vy f (i = 1,2) are bounded.

We divide the proof into several steps:
(A)Define

o
p(z) = { 8e<z71)271 if x € (0,2), (12)

otherwise.

Here c is chosen such that fo x)dx = 1. Take p,(x) = np(nz) as mollifiers. Define

“+o00 400
fulwr,@2) = / / o1 — §)pulz — 2)f(y, 2)dydz. n > 1,
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Then f,(x1,x2) are smooth and

2 2
fuaraz) = [ [ otwptorsar = Los = Dz n 1. (13)

Because of the absolute continuity assumption, we can differentiate under the integral (13) to
see f, Vifn, Vary,Vifn, ViVafy, Vary,ViVafn, Varg, .,)V1Vaf, (i = 1,2) are bounded.
Furthermore using Lebesgue’s dominated convergence theorem, one can prove that as n — oo,

fo(z1,22) — f(z1,22), (14)
Vifa(z1,22) — Vi f(21,22), (15)
Vafulz1,22) — Vy f(21,22), (16)

ViVafo(z1,2) — ViV, f(z1,22), (17)

and each (r1,z2) € R2.

(B) It turns out for any g(t, x1) being continuous in t and C?! in 1 and having a compact support,
using the integration by parts formula and Lebesgue’s dominated convergence theorem, we see
that

+o0o 00
lim g(t,x1)ds, Vi fr(21, X2(t)) = — lim / Vg(t, 21)V1 fa(z1, Xo(t))dz1

n—-4o00 oo n—4o0o

= _/_°° Vg(t,z1)Vy f(z1, X2(t))dzy a.s.. (18)

Note Vi f(x1,z2) is of locally bounded variation in x; and g(¢, 1) has a compact support in x;
and Riemann-Stieltjes integrable with respect to V™ f, so

+oo +oo
— Vg(t,xl)vl_f(l’l,Xg(t))da}1 :/ g(t,xl)dxlvl_f(arl,Xg(t)).
Thus
+oo o]
lm g(t, x1)ds, Vi fr (21, Xa(t)) —/ 9(t, 21)de, Vi f (21, Xa(t)). (19)

(C) If g(s,x1) is C? in 21, Ag(s,r1) is bounded uniformly in s, %Vg(s,xl) is continuous in
s and has a compact support in x1, and F {f(f Jr2 l9(s,2)g(s,9)||dey,s < h(x), h(y) >, |} < 00,
where h € Vs, then applying Lebesgue’s dominated convergence theorem and Proposition [2.1]
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and the integration by parts formula,

n—-+o0o

+oo
lim / s, 21)ds g, Vi fn(z1, Xo(s))

= — lim / /Vg(s,m1)dsV1fn(ﬂ?17X2(3))d3?1

o) t
= =t ([ Vgls ) V(e Xas)| d

t ptoo g
_/0 /_Oo %Vg(s,x1)V1fn(x1,X2(S))dwlds)
= _/°° vg(s’wl)vl_f(xhXQ(S))’:)dxl
t p+oo
T Rt o e
+o0
= / / Vg(s,1)ds V] f(z1, Xa(s))dxy

“+o0o
= / / 5 $1 ds a:lvl f($1,X2( )) a.s.,

i.e.

n—-4o0o

“+o00
lim / S, dsmvlfn(wlaXQ( ))

/ /%O (s,21)ds o, V7 fz1, X2(5)) a.s.. (20)

(D) In the following we will prove that also holds for any continuous function g(¢, 1) with
a compact support in z1. Moreover, if g € V5 and continuous, (20) also holds.

To see (19)), first note any continuous function with a compact support can be approximated
by smooth functions with a compact support uniformly by the following standard smoothing
procedure

e 2 P
anta) = [ puly=ogtnds = [ ot + S

Note that there is a compact set G C R! such that

max g (t,21) — g(t,z1)] = 0 as m — +o0,
z1€G

gm(t,z1) = g(t,x1) =0 for z; ¢ G.

Note

+oo +00
/ ot 21)d, V1 fular, Xa(t) = / gon (b, 1)y V1 f (21, Xo(1)) (21)

—00 —00

+o00
+/ (g(t,xl) _gm(t7x1))dx1v1fn(x1’X2(t))'

—00
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It is easy to see from (19) and Lebesgue’s dominated convergence theorem, that

+oo
lim lim Gm (t,21)de, Vi fn (21, Xo(2))
= lim_ gm(t, x1)de, V7 f(21, X2(t))
= [ gl Vi S Xa(0) as. (22)
Moreover,
“+oo
[ (o) = gt1) )y 1, Xal0)
< (max lg(t, 1) — gm(t,xl)DVarmerl Fula1, Xa(t)). (23)
r1€G
But,

lim lim sup <max lg(t, z1) — gm(t,$1)|)Varmlegv1fn(a:1, Xo(t)) =0 a.s..

m—0o0 n—ooo z1€G

So inequality (23) leads to

+oo
lim Timsup| [ (g(t,21) = gn(t,@1) ) da, Vi fulwr, Xa(D)] = 0 as. (24)

m—0o0 n_00 o

Now we use (21), (22) and (24)

+oo
hmsup/ g(t,w1)de, V1 fr(z1, Xa(t))

n—oo —00

—+00
= lim limsup/ gm(tvxl)dzlvlfn(x17X2<t))

M=o n—oo J—co

+oo
+ lim limsup/ (g(t,m) —gm(t,$1)>dxlvlfn($17X2(t))

Mm—00 n—oo

= / g(t,z1)ds, V] f(z1, X2(t)) a.s..
Similarly we also have
+00 00
imint [ g(ton)d Vifulon Xa®) = [ glto)dn Vi flon, Xa®) @ (25)

So (19) holds for a continuous function g with a compact support in ;.

Now we prove that (20) also holds for a continuous function g € V5. Define

Im(s,x1) = /Oo /OO pm(y — 21) pm(T — 8)g(7, y)d7dy.
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Then there is a compact G C R' such that

Oﬁslélga}flEG |gm(s,x1) - g(S,ﬂ?1)| —0 as m — +oo,

gm(s,z1) =g(s,x1) =0 for =1 ¢ G.

Then it is trivial to see

t —+o0
[ stsmdin Visaton Xa(s)
0 —00
t “+o00
= [ ] onsimdin Vasa(or, Xa()
0 —00
t —+o0
[ gt = i), V1 i, Xa (o).
0 —00
But from (20), we can see that

t “+o0
lim lim / / gm(sale)ds,xlvlfn(xleQ(S))
0 J—o0

m—0o0 N—00

t —+o00
= lim// gm(s,x1)ds 2, V] f(z1, X2(s)) a.s.
0 —00

m—00

= /0 /+0<> g(s,21)ds o, Vi f(z1, Xa(s)). (limit in My) (26)

The last limit holds because of the following:

B[ [ omtomn) = oo,V i, Xalo)]

=k / /OO /OO (Gm — 9)(5,a)(gm — g)(s,b)daps < V] fla, X2(-)), VI f(b, Xa(-)) >
-J0 —o00 J —00

_ E/O /:” | a9 0)(am -~ 9)(s.1)

Aoy V7 V3 f(a, Xa(s)) VT V3 (b, Xa(s))d <Mo>, |

_ E[/Ot (/:o(gm _ g)(s,a)dav;vz—f(a,x2(s)))2d <M, |

— 0,

as m — oo. Here we used (11) and (6) to obtain the first equality. On the other hand, in My

lim lim /Ot /_—:O(g(s,xl) — gm(8,21))ds o, Vi fu(z1, Xa2(s)) = 0. (27)

m—0o0 N—00

In fact,

B[ [ tatsm) — gno.m0)den V(o1 a6
_ E/Ot [/;Oo(g — ) (5,00, V1V o (0, Xa(s)) | d <My,
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Noting that V1 Vafy,(a, X2(s)) is of bounded variation in a, we can use an argument similar to
the one in the proof of (24) and (25) to prove (27).

(E) Now we use the multi-dimensional 1t6’s formula to the function f,,(X(s)), then a.s.

fn () — fu(X(0))
/ Vi fa(X / Aq fr(X(8))d <Mi>
/ Agfn d <M2>5 / V1V2fn( ( ))d <M1,M2>5 . (28)

As n — oo, it is easy to see from Lebesgue’s dominated convergence theorem and (14), (15),

(16), (17) that, (i = 1,2)
X(1) — fu(X(0)) — f(X(1) — f(X(0)) as.,

/ Viha(X()avi(s) — /tviﬂX(s))dv;(s)
/VNan s))d <My, My>s — /V V5 f(X(s))d <My, My>s a.s.
and
E/ (Vifu(X 2d<M>S—>E/ (Vi f(X(s))*d <M;> .

Therefore in Mo,

/an ))dM;(s ﬁ/v F(X(s))dMi(s), (i = 1,2).

To see the convergence of % fot A1 fr(X(s))d <M;>g, first from integration by parts formula and
(13), we have

+oo t
O R P NTACE SRR
“+o00
= / Ll(t,a)davlfn(avXQ(t))
700—&—00 t
_/ Ll(S,a)ds,avlfn(a7X2(8))‘

—0o0 0

But local time Li(s,a) can be decomposed as

Li(s,a) Z Li(s,xy) ( a)+ Li(s,a), (29)

z;<a
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where Li(s,a) is jointly continuous in s, a, and {2}} are the discontinuous points of L1(s,a).
From (D) and (10), we have as n — oo,

/+OO L1(t,a)da V1 fn(a, Xo(t /+oo/ La(s, a)ds.aV1 fala, Xa(s))

— 00

“+oo
. / L1t a)do Vi f(a, Xa(t / / Li(s,a)dsa V7 fa, Xa(s)) (limit in Ms)

_ _/_ /Ov;f(a,XQ(s))ds,ail(s,a). (30)

On the other hand, from Lemma 2.2 in [9], we know that Li(s,a) is of bounded variation in
a for each s and of bounded variation in (s,a) for almost every w € Q. And also because
Vifn(a, X2(s)) is continuous in (s, a), fot 25 Vifa(a, X2(s))dsaLi(s, a) is Riemann-Stieltjes
integral. Hence in (9), replacing Li(s,a) by Li(s,a), g1(s,a) by Vifn(a, X2(s)), we still can
obtain an integration by parts formula as follows

/Ot /_oo E1(37a)ds,av1fn(a,X2(s))
= /Ot /00 v1fn(a,X2(5))ds,aI_zl(8,a) + /OO l—'/l(t, a)do V1 fr(a, Xo(t))

[e.e]

Note here the integral fg 22 Li(s,a)dsoVifn(a, X2(s)) is also a Riemann-Stieltjes integral
though it is stochastic. Therefore

/ Li(t,a)do V1 fr(a, Xo(t / / Li(s,a)ds oV1fn(a, Xa(s))
_Oot o] B
= [ [ Vif(a X)L
0 J—o0
t o] B
— —/ / Vi fla, Xa(s))dsaLi1(s,a) (31)
0 J—o0
as n — oo by Lebesgue’s dominated convergence theorem. So by (30) and (31),

/ A fr(X(s))d <Mi>s— — / / Vi f(x1, Xo(t))ds 2, L1 (s, 21),

as n — oo. The term %fg Ao fn(s, X (s))d <Msy>4 can be treated similarly. So we proved the
desired formula. o

The following theorem gives the new representation of f(X;), which leads to integration by parts
formula for integrations of local times.

Theorem 3.2. Under conditions (i)-(iv), for any continuous two-dimensional semimartingale
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X(t) = (X1(t), X2(t)), we have almost surely
2 t
@) = FXO)+ Y [ VAR (e)ax)
i=1

—i—/OOLl(ta)dV f(a, Xa(t) /+OO/OtLlsadsaV fla, Xa(s))

—I—/OO Lg(t a)d V2 /—::O Ot LQ S a ds avg f( (8),0,)
t
+/0 ViV f(X(s))d <My, My>, . (32)

In particular, from (10), (11), we have the integration by parts formulae

/00 g(t,a)d V7 f(a, Xo(t /+OO/ (s,a)ds V7 f(a, X2(s))

_ __7:0 /OtVl_f(a,XQ(S))ds,ag(sva)a

for g(s,a) = Li(s,a), L1(s,a), L (s, a) respectively.

Proof: For (32), we only need to prove the convergence in (30) holds for Li(s,z). First let’s
prove, when n — oo, in Mo,

/;OO /Ot Li(s,a)ds,oVifn(a, Xo(s)) — /J:O /Ot Li(s,a)ds o VT fla, Xs(s)).

From the assumption of V| f and the definition of f,, recall (5) and from It6’s formula we
have Vi fn(a, Xa(t)) = Vifa(a, X2(0)) + hyn(t,a) + v,(t,a), where hy, h are continuous local
martingales and v,, v are continuous processes with locally bounded variation (in t). From
previous computations, we know that hy, h € Vo, ie. < (hy,—h)(a), (hy,—h)(b) >5 is of bounded
variation in (s, a,b) and v,(s,a), v(s,a) are of bounded variation in (s,a). So

+00 +oo
E]/ /Llsadsah s,a) / /Llsadsah(s a)\

- / / Li(s, @)L (s,b)das < (@) — h(a), hn(b) — () >, .
0 JRZ?
Let (=N, N) cover the compact support of local time L;(¢,-), N is fixed for each w, and
G(s,a,b) := Li(s,a)L1(s,b)
G(av b)zZJrl = [_/1 (Sk‘—l-l) a)[_fl(sk:—l-l) b) - [_fl(sk‘v a)El(Ska b)
Ha(5,,5) =< hn(a) — (@), hu(b) — h(b) >,

We can show that G(s,a,b) is of bounded variation in (s,a,b). In fact, let P be a partition on
[N, N]? x [0,t], where P; is a partition on [-N, N] (i = 1,2), P3 is a partition on [0,#] such
that P = P; x Py x P3. Then from and standard computations we can show

t 2
Varga,Gs,a0) < 2( > / g (XlaVi] ) < 2 /0 1w (Xo)ldVi]) < oo

—N<z¥ <N
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Therefore, G can be decomposed as differences of increasing (in all three variables) functions.
But we can prove more results that will be used. Define

G1(s,a,b) :
Ga(s,a,b) :

Ve ([0, 8] x [N, a] x [-N,b]) + G(s,a,b),
Ve ([0, 8] X [N, a] x [-N,b]) — G(s,a,b),

where Vi([0, 5] X [=N, a] x [N, b]) denotes the total variation of G on [0, s] x [=N, a] x [N, b].
Then it is easy to see that G(s,a,b) = 3[G1(s,a,b) — Ga(s,a,b)], and Gy, G are increasing in
(s,a,b). Moreover, by additivity of variation, one can see that for so > s,

é’l(SQ,CL,b) —él(sl,a, b)
= Vi([s1,s2] x [-N,z] x [-N,y]) + G(s2,a,b) — G(s1,a,b) — G(s2,a,—N)
+G(817a7 _N) - G(827 _N7 b) + G(817a7 _N) - G(827 _N7 _N) + G(Slu _N7 _N)
> 0.

That is to say, él(SQ, a,b) is increasing in s for each a and b. In the same way, we can show
G1(s;a,b) is increasing in a for each s and b, and in b for each s and a. Therefore G1(s,a,b) is
increasing in s, a, b respectively. Similarly, Ga(s,a,b) is also increasing in s, a, b respectively.
Define
Gi(s,a,b) = lim  Gy(s,d,V
1( s &y ) s's.a’ Lab’ b 1( s oy )a

Ga(s,a,b) = Go(s',d', V).

lim
s'|s,a’la,b’' |b

Then G and G9 are right continuous in (s,a,b), and increasing in s, a, b separately, and
G(s,a,b) = %[Gl(s,a, b) — Ga(s,a,b)]. Now we claim for any ¢ > 0, A = {(s,a,b) : G1(s,a,b) <
c} is an open set. To see this, for any (s,a,b) € A, take ¢ = $(c — G1(s,a,b)) > 0. First as
G(s,a,b) is right continuous in (s, a,b), so there exists ¢ > 0 such that

|G1(s,a b)) — Gi(s,a,b)| < g,

when s < ¢ < s+d,a <a’ <a+d,b <V < b+d. Thatis tosay, [s, s+J)X[a,a+d)x[b,b+5) C A.
But for any s’ < s, a’ < a, b’ < b, by the monotonicity of G in each variable separately,

Gi(s',d b)) < Gi(s,d’,b') < Gi(s,a,b) < Gi(s,a,b) < c.

Therefore, (—o0,s + 0) X (—00,a + 0) X (—o0,b+ d) € A. This implies that A is an open set.
Thus for any ¢ > 0, {(s,a,b) : G1(s,a,b) > c} is a closed set (when ¢ = 0, {(s,a,b) : G1(s,a,b) >
C} = [O7t] X [_Na N]Q)

From the assumption, we know H,(s,a,b) is of bounded variation in (s,a,b) and when n — oo,
H, — 0. We only consider the increasing part of Hy, still denote it by H,. As H,(s,a,b) is left
continuous and increasing, so it generates Lebesgue-Stieltjes measure, denote it by u,. It is easy
to see that py,([s1,s2) X [a1,a2) X [b1,b2)) — 0, as n — oo, for any [s1, $2) X [a1,a2) X [b1,b2) C
[0,] x [-N, N]%. So un w, 0, as n — oo. Let P be a probability measure on [0,t] x [N, N]?

and
(P + pn)([51, 82) X [a1,a2) x [b1,b2))
(P‘l‘,un)([oat] X [_NvN] X [_NvN])'

Py ([s1,s2) % [a1,a2) x [b1,b2)) =
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Then P, V., p. Therefore, by the equivalent condition of weak convergence (cf. Proposition
1.2.4 in [15]), for any closed set E, limsup P,(E) < P(E). Now without losing generality, we

n—oo
assume 0 < G1(s,a,b) < 1. Using the method in the proof of Proposition 1.2.4 in [15], we have
for either Q = P, or P,

k .
;z—lQ{(Sab) Zzl_G1(S,a,b)<%} < // / G1(s, a,b)Q(dsdadb)
< ZkQ{Sab) Zk; Gl(S,a,b)<%},
and
b ) 1—1 7 k-1 1 .
;kQ{(S,a,b) P S Gi(s,a,b) < %} = ZZ;ICQ{(S,CL,I)) Gi(s,a,b) > E}

But E; := {(s,a,b) : G1(s,a,b) > %} is closed, so limsup P, (E;) < P(E;), i=0,1,--- k— 1.

Thus, o
t N N k— 1 .
limsup/ / / Gi1(s,a,b)P,(dsdadb) < hmsupz P.{(s,a,b) : Gi(s,a,b) > f}
n— o0 0 J-NJ-N n—o0 k
< z::% {(s,a,b) : Gi(s,a,b) > E}
<

1
— / / / G1(s,a,b)P(dsdadb).
As k is arbitrary, so

t N N t N N
limsup/ / / G1(s,a,b)P,(dsdadb) §/ / / G1(s,a,b)P(dsdadb).
n—oo Jo J-NJ-N 0o J-NJ-N

Applying above to 1 — G (s, a,b), we can prove

t N N t N N
lim inf/ / / G1(s,a,b)P,(dsdadb) > / / / G1(s,a,b)P(dsdadb).
n—oo g _NJ_N 0 —NJ-N

Therefore,

t N N t N N
lim // / Gl(s,a,b)Pn(dsdadb):// / G1(s,a,b)P(dsdadb).
n—oo [q _NJ_N 0 —NJ-N

It turns out that,
t fN N
lim // / G1(s,a,b)pn(dsdadb) = 0.
n—eeJo J-NJ-N
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The same result also holds for Ga(s, a,b). Thus,

t (N N
lim / / / G(s,a,b)un(dsdadb) = 0.
n—eeJo J-NJ-N

But when H, (s, a,b) is of bounded variation in (s, a,b), it can be decomposed to two increasing
functions. Therefore, we have

t N N
lim / / / G(s,a,b)dgpsHp(s,a,b) = 0.
n—eJo J-NJ-N

Hence, when n — oo, in Ms

+oo pt too pt
[ [ adaduta ~ [ [ Lisaduahis.a).
—> J0o —oco JO

We can also easily prove that

+oo —+o0
/ /Llsa Savnsaﬂ/ /Llsa d, qv(s, a),

+oo
[ L1t a)da V1 fi (s Xo(t) H/ (1 @) da ¥ fla, Xa(2).

Similarly we can deal with the terms with Ly(s,a). So (32) is proved and the integration by
parts formulae follow easily. o

The smoothing procedure in Theorem|[3.1can be used to prove that if f : Rx R — R is C*!, and
2_

the left derivatives %&)xj f(x1,29), (i,7 = 1,2) exist and are locally bounded and left continuous,

then

X0) = 1) = S [ T o d <X;, X
X0 = S(0) = 3 [V ails Z/%%J (5))d <X;, X,

This can be seen from the convergence in the proof of Theorem 3.1 and the fact that
82

mfn(l’l’wﬂ

— %&jf(xl, x9) under the stronger condition on %f.

The next theorem is an easy consequence of the methods of the proofs of Theorem 3.1 and (33).
Theorem 3.3. Let f : R x R — R satisfy conditions (i) and f(z1,22) = fa(z1,x2) + fo(z1, 22).
Assume fp, is CY' and the left derivatives %fh(xl,xg)(i,j = 1,2) exist and are left contin-

105
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uous and locally bounded; f, satisfies conditions (ii)-(iv). Then
(X)) = F(X(0))

:Z/vf Z/Afh Nd <X;>s
/+Oo/ V1 fola, Xa(s))dsoL1(s, a) /+OO/ Vs fo(X1(s),a)dsaLa(s, a)

/ ViV F(X(s))d <My, My>,
- §:j /0 Vi F(X ()X, / AT Fu(X(9))d <Xi>,

+oo
+/ Ly (t,a)d, VT fola, Xa(t / / Li(s,a)ds o VY fu(a, Xa(s))
) +o0
+/ La(t,a)da V5 fo( X1 (1) / / La(s,a)ds o Vy fo(Xi1(s),a)
t
+/0 ViV, f(X(s)d <My, My>5 a.s..

Example 3.1. Consider

f(:L’l, :IZQ) = (x1x2)+.

It is easy to see that

Vif(z1,m2) = 22l 050 a0y + T21{a m0<0} L{mo<0}

212,501 a0 + T2142, <0} 1{zz<0)

= 23 Lz, 50y — T3 Lz <o),

so A7 f(0,z2) = oo, which means that the classical Ito’s formula doesn’t work. But
Vi Vo f(@1,22) = 1z, 50y La>0) + Ley <0y L {za<0}-

This suggests that our generalized It0’s formula can be used.

Example 3.2. Consider
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It is easy to see that

1 1
Vif(z,2) = aadly, o — 2325 L <o)
~ 1 _2 1 1
Vo f(w,we) = gm P (@1w)” + 2307 Layso) — 2507 Liay<o)
4 -2 _
= 37 oy +ayay),
_2
Ay flar,2) = 5oy * (2] Lzyn0) = 21 L{za<o))
4 -2 _
3% (@1 Lizyso0p — 21 Lizp<o}),
e 4 1 4 1
ViVy f(r,22) = §$§1{x1z2>o}+ §$§1{x1:o}1{z2<o}~
So A f(x1,0) = —oo when 1 < 0, and lir% A f(x1,22) = —oo when 1 < 0,
Tro—U—
lir%+ A f(x1,22) = oo when x1 > 0. These calculations suggest that neither the classical
To—

Ito’s formula, nor the formula in [24] can be applied immediately. But our generalized Ito’s
formula can be used here.
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