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1. INTRODUCTION

The paper is devoted to the Cauchy-Dirichlet problem for integro-differential
equations associated with d-dimensional Markov process X;'*, ¢ > s, defined by
Ito stochastic differential equation

dXt = O'(t,Xt) th +b(t7Xt) dt+/ C(t,Xt,,Z) q(dt,dZ)
Ux

(1.1) +/U c(t, X¢—, z) p(dt,dz),

Xs = T,

where W; is a standard d-dimensional Wiener process, p(dt,dz) is a well mea-
surable point random measure on a measurable space ([0,00) x U, B([0,00)) @ U)
(B (]0,00)) is the Borel o -algebra, Uy € U, Uy = U{ = U\U; ) with the compensator
7(t, X, dz)dt, and q(dt,dz) = p(dt,dz) — w(t, Xy, dz)dt is the corresponding mar-
tingale measure. A very simple example is the process X; satisfying the equation
(12) dXt = O'(t,Xt) th +b(t7Xt) dt+Zt,
Xs = =,

where Z; is a-stable process, a € (0,2). In this case U = R4 U; = {2 : |2] <
1}, e(t,z,2) = z,7(t,z,dz) = dz/|z|4He.

In many problems arising in the theory of Markov processes it is important to
study the smoothness properties of the functionals

T5HEANT
o(s,2) = B / F(6X50) dt,
0

where 757 is the first exit time of the process X;’* from a domain D C R? and E
denotes the mathematical expectation. If v is a sufficiently smooth function, it is a
solution to Cauchy-Dirichlet problem

Ou+Lu+f = 0,in (0,T) x D,
(1.3) u(T,z) = 0, zcRY,
u(t,z) = 0, tel[0,T], z¢ D,
where
Lu(t,z) = a(t, x)afju(t,w) + b (t, x)0;u(t, x)

—I—/ [w(t,z + c(t,z, 2)) —u(t, ) — Oult, x)e;(t, z, 2)1y, (2)] 7 (t, x, dz),
U

a(t,x) = (1/2)o(t,x)o*(t,z), 1y, is the indicator function of U; and the implicit
summation convention over repeated indices is assumed.

The problem of such type (including the case of nonlinear equations) was consid-
ered by a number of authors (see e.g. [1], [4], [2], [5], [7] and references therein) in
Sobolev and Holder spaces under certain restrictive assumptions on the behavior of
the function c(t,z, ). We show for D = {z € R? : 24 > 0} that these assumptions
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can be relaxed by considering the problem in a suitably chosen weighted spaces of
functions that are Holder continuous with respect to the space variable x (no regu-
larity in ¢ is assumed). These spaces are deterministic versions of the spaces used in
[6] for the analysis of stochastic partial differential equations. A time-independent
version of such spaces was considered in [8]. In [2], the equation (1.3) was solved in
similar weighted spaces of functions that are Holder continuous not only in x but
in ¢ as well. Besides that, the conditions in [2] imposed on 7(t,z,dz) and ¢(t, z, z)
are rather restrictive: only finite number of jumps can occur outside of D in finite
time, Theorem 3.9 of Chapter II in [2] covers only a bounded variation jump part.
The results in [2] do not apply for the equation (1.2) which is obviously covered by
our Theorem 1 (see Remark 1 below). We discuss more precisely the differences
with [2] immediately after Theorem 1 in the next section.

The results of the paper can be extended to more general situations, including
the case of random coefficients and additional stochastic terms, which correspond
to the stochastic processes mentioned above in a random environment (see e. g.
[6] for the case ¢ = 0). The results can be also used in the analysis of non-linear
equations arising in the optimal control theory of Markov processes (see e.g. [5] for
the case of fully nonlinear integro-differential equations in Holder spaces).

The main result of the paper is presented in Section 2 and proved in Section 3.

2. NOTATION AND MAIN RESULT
Let R be a d-dimensional Euclidean space with points z = (z1, . ..,z4),
Ry ={z=(21,...,20) € R 124 > 0}, H = [0,T] x R%.
Let Bjo.(H) be the space of locally bounded Borel functions on H, i.e.

lulo,x = sup |u(t,z)] < oo
(t,x)EK

for every compact subset K C H. We denote
B(H) ={u € Bjoe(H) : |u|o.g = sup |u(t,z)|] < oo}.

(t,x)eH
If w is a function on H, we denote its partial derivatives as follows:
ou 0%u

aiu - (9_2131‘7 aiju - 696183:/

Ou = (d1u,...,0qu) is the gradient of u with respect to z and 0*u = (9};u) is the
matrix of the second order partial derivatives of u with respect to x.

Let C™(H) be the class of all functions u € Bj,.(H) such that u is m-times
continuously differentiable in z and its derivatives 9%u € Bioc(H) for all k < m.

Let C™(H) be the class of all u € C™(H) whose derivatives up to the order m
have continuous extensions to H, the closure of H, and the norm

[ulmier = Y 10*ulo;m
k<m

is finite.
Let C™+P(H), 8 € (0,1), be the class of all functions u € C™(H) such that

Um0 = [Umm + [0"u]p.H,
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where
[g]ﬁH — sup |g(ta .’E) 7g(t’y)|
U tanewen  lz—yl
TFY

Denote d(z) = zq A1,z € Ri, and let us introduce weighted Holder spaces. Let
NB(H), B € (0,1), be the space of all u € C°(H) with the finite norm
lulgy.m = |d* P ulosr + [dulsrr.

Let S™8(H), m = 1,2, € (0,1), be the space of all functions u € C™(H) N
CY(H) with a finite norm

|l (mtpym = [0 ul gy, + u

Denote S™*#(H) the class of all functions u € S™?(H) which are continuous in
H with respect to (t,7) and extended by zero to [0,7] x R, i.e. u(t,z) = 0, if
x ¢ H,t € [0,T]. Let us introduce the following operators:

Lu(t,z) = aij(t,x)afju(t,x) + b (t, 2)0pult, ©) — r(t, )u(t, z),

0;H -

Tu(t,z) = /Vi(t’w’z)u(t, x)w(t, z,dz),
where
Vz(t,z,z) = U(t, T+ C(tv &€, Z)) - u(ta ‘T) - 8iu(ta I)Ci(tv €, Z)]‘Ul (Z)

The summation convention that repeated indices indicate summation from 1 to d
is followed here as it will throughout. The functions a®,b,r € B(H), a%(t,x) =
a’*(t,x) for each (t,z) € H and i,j = 1,...,d, » > 0, 7(t,z,dy) is a measure on
Borel subsets of R? such that

/ |e(t, x, 2)|? n(t,z,dz) +/ le(t,x, 2)| A1 w(t,x,dz) < oo, (t,x) € H,
U, Uo
and 7(-,-,I") is a Borel function for each I" € U.

Throughout he paper C = (+,...,-) denotes constants depending only on quan-
tities appearing in parentheses. In a given context the same letter will be used to
denote different constants depending on the same set of arguments.

Let us consider the Cauchy-Dirichlet problem

Oy = Lu+ITu+ fin H,
(2.1) u(0,z) = 0,z€RY,
u(t,z) = 0, z¢ Ri’

where f € NP(H). We say that (2.1) holds for u € S**#(H) or u is a solution to
the problem (2.1) if

u(t, x) 2/0 (Lu+ ITu+ f)(s,x) ds, (t,z) € H,

and u(t,z) = 0, (t,z) ¢ H. Hence the derivative dyu is defined at all Lebesgue
points of the function (Lu + ITu + f)(-, z).
Let us introduce the following assumptions.
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A1. (i) The functions a*,b’,r, i,j = 1,...d, belong to the space C”(H);
(ii) There is a constant x > 0 such that for each (t,x) € H and ¢ € R

al](tw/lj)glg] Z K‘|£‘27
and for each ¢ € (0,7)

lim  sup |aij(f,$) — aij(s, z)| = 0.
s—1 r€RI,x4=0

A2. (i) There is a constant K such that for all z = (¢t,x) € H

c(z, 2)|*n(z, dz) +/ le(Z, 2)|> Pr(z, dz)

/['Jlﬂ{z:wd+cd(w,z)>0} Urn{z:zq+cq(Z,2)<0}

—|—/ le(z, 2)| A1 w(z,dz) < K.
Uo
(ii) There is a constant K such that for all z = (¢t,z) € H, ¢ = (t,§) € H

/ 6@, 2) - c(€, 2)Pr(E,d2) < Ko — £,
Ui

|C(JE,Z)—C(€7Z)|/\17T(§3,CZZ) S K1|$—€|,
Uo

and

le(z, 2)*|m (2, dz) — m(€, dz))|
Uy

+ le(Z,2)| A1 |7 (Z,dz) — 7(€,dz2)]
Ug

S K1|x_€|ﬁ7

A3. There exists a sequence of measurable subsets U,, C Uy,n > 2, with the
following properties:

(i) There are positive constants v(n), k(n) such that v(n) — 0, as n — oo, and
forall z = (t,x) € H

(2, 2)]? m(z, dz)

IA
=
S

/I],,Lﬂ{z:a:d+cd(ai7z)>0}

/ oz, )| 7(7, dz)
U \U,,

(ii) For each n > 1 there are positive constant vy (n), k1(n) such that vy (n) — 0,
as n — oo, and for all & = (t,z) € H,£ = (t,§) € H

A
ey
G

(@, 2) |m (@, dz) — 7(€, dz)]

IN

/ vi(n)lz - ¢f°,
UpN{z:zq+cq(Z,2)>0}

/ oz, 2)]| |7(@,d2) — 7(E,d)] < ka(m)lae — €]°.
U1\U,,L
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Remark 1. Typical measures ©(t,x,dz) arising in the theory of stable Markov
processes are as follows:

dz
ﬂ(taxa dZ) = p(t,$, Z)W7

and
dz
Tl'(t, Z, dZ) = p(t, Z, Z) Wl{gjd+zd>o},

where o € (0,2),z € U = R%. As can be easily seen, A2 and A3 are satisfied with
c(t,r,2) =2,U ={z € R%: |2| <1}, if 2 — B — a > 0 and the function p satisfies
Hélder condition in x with exponent 3 uniformly with respect to t and y (in the case
of (1.2), p(t,z,z) = 1). Assumptions A2 and A8 are also satisfied if the exponent
« is a sufficiently smooth function o = «(t,x) in x, the case corresponding to the
stable measures of varying order.

The main result of the paper is the following theorem.

Theorem 1. Let € (0,1) and let Assumptions A1-A3 be satisfied.
Then for each f € NP(H) there exists a unique solution u € S**P(H) to the
problem (2.1). Moreover, there is a constant C' not depending on u and f such that

(2.2) lul2t gy < Clf ().
and for all s € (0,T)
(2.3) [u(- +5,-) = () aspym, < O flig)n,

where Hy = (0,T — s) x R%.

In [2], the existence and uniqueness in weighted spaces of functions that are
Hoélder continuous in space and time variables was proved. Theorem 3.9 in Chapter
IT of [2] (see Section 1 of Chapter I in [2] as well) requires the following assumptions
(i)-(v) for 7 and ¢

(i) The set U; = 0, and there is a measure 7(dz) on Uy such that

w(Z,dz) = m(z,z) n(dz), T € H,

0<m(z,2) <1
(i) For a fixed v € [0, 1] there is a measurable function j,(z) and a constant
K > 0 such that for all Z = (¢,x) € H, we have |¢(Z, z)| < j,(z) and

/ Jy (2P 7(z,dz) < K
Ug

for all p € [v,1], if v > 0, and 7(Up) < oo, if v = 0;
(iii) For all z = (¢t,z) € H
g+ cq(ZT,z) >0

(%, dz)-a.e. on Uy, if v > 0;
(iv) There exists a constant ¢; € (0, 1] such that the determinant

det(I + O c(t,x,2)) > c1 >0,

where I is d x d identity matrix;
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(v) There is a constant M such that for all (¢,2), (s,€) € H,
m(t,x) —m(s, &) < |o—€° + |t —s/”,

le(t,z,2) — (5,6, 2)] < jy(2)(|z — €% + |t — 5]P3),

T —E+c(t,m,2) —c(s,&,2)] < M(lz—¢& +1t—s*?).

For an application of our Theorem 1 in a similar case, we need the following
condition instead:
A. The set U; = (), and there is a constant K such that

/ o(7, 2)| A (3, dz) < K
Uo
and
/ lc(Z, 2) — c(€, 2)| A1 7 (T, dz) + le(Z, 2)| A1 |m(Z,dz) — 7(€,dz)| < K|z —£|°
UU UO
for all z = (t,2) € H,& = (t,&) € H.
It is claimed in Chapter 2 of [2] without a proof that the case v € (1,2] can be
considered under additional and very technical condition (see (3.25) in Chapter II

of [2]). If v > 0, the jumps outside D are not allowed. Only finite number of them
can occur in finite time when v = 0.

3. PROOF OF THEOREM 1
In order to prove Theorem 1 we need the following auxiliary statements.

Lemma 1. For each ¢ > 0 there is a constant C- such that for all u € S**P(H)
andt=1,...,d

|Oiulo;mr < elul(atp): + Celulos-
Proof. From Lemma 1 ([8], Appendix 2) it follows that there is a constant C' such
that for all u € S?*A(H)

[Oiulg;n < Clula1py:m,

i =1,...,d. This estimate, together with the well known inequality that for each
£ > 0 there is a constant C such that for all u € S?T4(H)

|Oiulo;rr < €[0sulg;m + Celu

0;H >

i=1,...,d, yields the assertion of the lemma. O

Lemma 2. Let Assumptions A2 and A3 be satisfied. Then for each & > 0 there is
a constant C- such that for all u € S**P(H)

[Tulgyn < elul@ip)m + Celulomr
Proof. Let T = (t,z) € H and n > 1. Denote
(Z,n) = {z:2q+ci(T,2)>0,2z€U,},
G(Z,n) = {z:xq+ci(Tz)<0,z€Up,}.

a) First, we shall prove that for each € > 0 there is a constant C, such that for all
u € S?TA(H)

(3.1) ' =P Tulo,m < eluliz4 gy + Cclulo;
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For & = (t,x) we have

Tu(z) = / Vi u(@) m(Z,dz) + / Viiou(E) 7(Z,dz)
I'(z,n) G(z,n)

: z) m(@ z,2)) — u(z)] 7(z,dz
+/Ul\Un Veznu(@) w(x,dz)+/[]0[u(t,m+c(x’z)) (@)] 7(z, d2)

4
i=1

Let us estimate I;u(Z). The inclusion z € T'(Z,n) implies the inequalities

1
Vieou@)] < I/0 (1= 7)jult,x + 7¢(Z, 2)) dr ci(T, 2)c; (T, )]

1
< |c(a’:,z)|2|d1_ﬂ62u|o;H/ (1= 1)d—4B (3 + 7¢(7, 2)) dr,
0
and

dx +71c(Z, 2)) = (xg + Tca(ZT, 2)) N1 > (1 — 7)d(x).
Therefore

1
/ (1 —7)d Pz + 7¢(Z, 2)) dr < Cd™ 1P ().
0
Thus, according to Assumption 2,

A8 (@) (@) < C|d1_582u|0;H/ e(z, 2)|? (7, d=)

I'(z,n)
(3.2)
< Cv(n)|ula4pym,
where v(n) — 0, as n — 0.

Let us estimate Iou(t,x). Since u(t,-) satisfies Lipschitz condition on R? uni-
formly with respect to t, we have

V2 u(@)] < 2|z, 2)[|0ulo.m, 2 € G(Z,n).

Moreover, if z € G(Z,n), then |¢(Z, z) A1] > d(z). Hence, according to Assumption
2

dl_ﬁ(m)|12u(i‘)| < 2\6u|0;Hd1_5(x)/ le(Z, 2)| m(Z,dz)
G(z,n)

(3.3)
< 2|3u|0;H/ (@, )27 7(7,d=) < Cloulo.n.
G(z,n)
Let us estimate Izu(Z). We have for z € U1\U,

Ve u(@)| < 200uloule(Z, 2)[1u,\v, -

c(Z,z

According to Assumption 2,

(3.4) d* =P (z)|Izu(z)]

IA

2|8u|0;H/ oz, )| 7(7, dz)
U,

n

IN

2k(n)|Oulo, -
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The estimates (3.2)-( 3.4), together with Lemma 1, enable us to conclude that for
each v > 0 there is a constant C, such that

|d" P Tulo,r < C [v(n) + (14 k(n)7)|ul@4p) + Cy(1 + k(n))|ulosm] -

By Assumption 2, v(n) — 0, as n — oo. Hence, choosing first a sufficiently large
n > 2 and then a sufficiently small v > 0, we get assertion (3.1).

b) Let us prove that for each ¢ > 0 there is a constant C. such that for all
u € S?HA(H)

(3.5) [dIulg;n < elul24p),1 + Celulo;n-

Fix n > 2, 6y € (0,1) and points Z = (t,z) € H,£ = (t,€) € H such that

T #&Exa > Ea-
If |2 — &| > do, then

|z — €] 7P |d(z) Tu(t, ) — d(€)Tu(t, €)] < 205 °|d"~? Tu|o..
If | — & > &y, then xg < &g+ |z — &] < 2|z — €| and
|z — €| 7P|d(x) Tu(t, x) — d(&)Tu(t,€)| < 264 °|d" P Tulo,z.

These estimates, together with assertion (3.1), enable us to conclude that in order
to prove assertion (3.5)it is sufficient to consider the case

|z —&| < & A do
for arbitrary small 6y > 0, which implies that

€a < xg <&+ |r—¢& <2y,

d§) < d(z) < 2d(E).
We have

d(x)u(®) — d()Tu(@)] < / V(t,a.é.

N
—
aﬂ
Ny
3
—
oo
QU
R
~—

(3.6) +d($)/|V3<f,z)U(f)| |7 (2, dz) — m(€, dz)]

= Jlu(t,x7£)+J2u(t7x7£)7

where

V(t,2,& 2) = d(@) Vi . ul@) — d) Ve uld).
‘We will show that
Jru(t,z,€) < Clo—€°[(d " + 8 Pe(n) + v(n) + v(n)/? + 65"°) [ul 24 sy
(3.7)
+(1 + c1(n))|9ulo;n + |ulo;u]-

and

(38)  Jou(t,z,€) < Cla — & i (n) ul a4 gy + 10ulo (1 + 1 (n)) + Julosm].
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Obviously,
V(t7 Z, 57 Z) = d(x)Vg(i,z)u(j) - d(&)vf(éz)u(g)
(3.9) — (@) — d(©) V2 u(E) + d(w) (Vs yu(@) — V2 u(E))

= A(t,z,&,2)+ B(t,x,&, 2).

Let us estimate Jyu(t, z,§) . - -
Obviously, for z € G(£,n), we have & < [¢(€, 2)|, 24 < 2|c(, z)|. Since

|B(t7$,€’ Z)' = d(x)|vg(£,z)u(i‘> - vi(é,z)“( 7)‘
< d(@)(fult,z + c(Z, 2))] + [u(@) — u()|

+0iu(Z)ei (T, 2) — diu(€)ei(€, 2)))

= C14+Cy+ 5,
we estimate every term Cy,Cy, C3. We have

Cy = d(@)|ult, z + ¢(z, 2))]

IN

1

d(z)] / Oqu(t,x' + (%, 2), 724 + TCa(T, 2))| dr(|Tg — 4
0

+lea(@, 2) — ca(€, 2))|

< Cloulou (e —€°le(, 2) 77 + |ea(€, 2)| |ea(@, 2) = cal€, 2)]),

/

where for y = (y1,...,yd-1,94) € R? we write y = (v/,9a), ¥ = (y1,---,¥a-1)-

Then
Co = d()|u(Z) — u(€)]

< d(iL’)"UJ(t, $/7xd) - u(x/agd)‘ + |U(t,l’/,£d) - u(f/agd)D

IN

1
Cd(z)[|0ulom|ra — &al + / |Oqu(t, x’, 7€a) — au(’, 7€4)|EadT]
0

IN

Cla — &7 (|0ulo.u|c(&, 2) P77 + [Bul g |e(€, 2)[?).
and

Cy = d(2)|0iu(Z)ci (T, 2) — diu(€)ei(€, 2)|

IN

d(2)|0u(@) — du(©)] [e(€, 2)| + |0u(@)] (€, 2) — c(@, 2)]

IN

Ol — €l7[e(€, 2)*[0ul g + [Oulosr|e(€, 2)] [e(€, 2) — e(x, 2)]).
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Since for z € G(£,n)
|A(t,1’,£,2’)‘ < 2|md_£d| |au|0,H|C(g,Z)|

IN

Clag — &4l” [Oulole(€, 2)]*77,

collecting all the estimates and applying Holder inequality we obtain

[ gl ntga)
G(&n)

< Clo—ePloudon [
G

£.mn)

(€, 2) P~ Pm(t, €, dz) + [Dul g /G(5 )IC(E,Z)\QW(t,E,dZ)

H1ulosn / o€, 2)? (&, ) /% / 6. 2) — o(z, 2)? =(&, d=)/?].
G(&n) G(&n)

By Assumption A3,

(3.10) /G(z : V(t,2,& 2)| m(t, € dz) < Cla — &|°[|0ulo.n + [Ou] g (n)).

Now we estimate B on I'(§,n). We split
Bt 2,6)| < d(@)| Vi .yu@ — Vi u(1)|

(3.11) +d(2)| Ve yu(®) = Vi yu(€)]

= B+ DBy
and estimate B and By. If z € T'(£,n) N ['(Z,n), we have
By <d(@)u(t,x + ¢ (z,2)) —ult,z +c (£, 2))

—0iu (Z) (ci(7,2) — i€, 2))|

IA

' 1 2 —TC_Z stc(x, z clx, z
d<x>/0/0|au<t7x+s<1 e (&,2) + s7e(z, 2))| |e(E, 2)

—c(€,2)|(Je(€, 2)| + |e(T, 2)]) dsdr.
Since

xqg+s(1—7T)cq (f, z) + s7¢q (Z, 2))

= 7 (2q+5c4(Z,2)) + (1= 7) (x4 + sca(&, 2))

v

(1—=8)zq > (1 - s)d(x),
it follows that
By < Cd(2)°|d" P 0ulom|e(Z, 2) — (€, 2)|(|e(€, 2)| + |e(Z, 2]).
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If z € T'(§,n) N G(F,n), then
d(z) < |e(z,2)],

0 < xd+cd(§7z) S |C(i,2’) _C(§72)|7
and
By < Cloulomd(w)|c(T, 2) — (€, 2)| < Cloulou|e(T, 2)||e(@, 2) — (&, 2)]-

Using Holder inequality, we get

/ Bi(tia,6,2)| 7(E d2)
r'(&,n)
< ClPulaepall | 1o(w.2) - € AP m€a) ([ €D wlE )
U, Un
o / 6@, 2)? (€, dz) — m(z dz) )/( / 6z 2) — e(€, 2)|? (€. dz) V2]
Uy U,

So,

(3.12) / Bty 2,6, 2)| (€, dz) < Clz — €°10%ul a4 gy [v(n) V2 + |z — €]P/2).
T'(¢,n)

Now we estimate By for z € T'({,n). If z € T (§,n) and |c({, 2)| < |z — €|, then
§a+ca(§,2) > 0,24 + ca(, 2) > 0,and

By = d(m)|Vi(£Z)u(f) - Vi(gyz)u(fﬂ

IN

1
d(x)/0 (1 —7)|0%u(t, =z + Tc(€, 2)) — O*u(t, & + Tc(€, 2))| dr|c(€, 2)|?

IN

1
/0 (1 - 7)ld(x) — d(x + 7e(&, 2))| [9%ult,a + 7e(E, )| drle(E, 2)P
1 —_ — -
+ / (1 - 7)ld(x) — d(€ + 7e(E 2))| [0%u(t, € + 7e(E,2))| drle(é, 2)P

+/0 (1= 7)[(d*u)(t, & + 7e(€, 2)) — (dD*u)(t,€ + Te(€, 2))| drle(E, 2)[.
Since
Sa+7ca(é,2) > (1 —7)d(€), xqg+Tca(,2) > (1 —71)d(z),

we obtain

|Ba(t,2,€,2)| < Cla — €| |ul o) |e(€, 2) .



1410

If z €T (&n) and [c(&, 2)| > |@ —£], then
1
Ba(t,2,6,2)| < d(x) / Bu(t, = + re(E, 2)) — dult, € + 7e(E, 2))
0

—(8u(t,m) - 8u(t,§))| dT‘C(g, Z)'

IA

1 1
d(x)|x — €] |e(@)] / / (0%u(t, € + 7e(€, ) + s(z — €)

—|—|82u(t, &+ s(x—9))|) drds.
Since d(§ + Te(€, 2) + s(x — €)) > (1 = 7)d(£),d(§ + s(z — £)) > d(€), we get
|Ba(t, 2, 2)| < Cla—&|°|d" P9 ulo,m]c(§)]*.
So,

/  Bolta,6,2)| w(Edz) < Cla—€lulis) / (€, 2)|2 (&, d2)
r'(¢,n) Uy,
(3.13)

IN

Clz — €|°|ul 24 5v(n).

For z € T'(§,n) and 7 € (0,1) we have &g + cq(€,2) > 0,&a + 7ca(§,2) = (1 —7)&a
and

|A(t, 2, €, 2)]

IN

] / (1= 1)[0%u(t,& + re(E )| drle(E, =)

IN

! 1-7)d _
|z —¢] /0 (1 (7)1;)d(51g | PP ulo; (€, 2)

Cla — £1°|d =P 0%uloule(, 2)[*.

IN

So,
/ A(t,2,€,2)| 7(€, dz) < Clz — €[°|d" 0% ulo, v (n),
r'(&,n)
and by (3.11)-(3.13)
(3.14) /  V(t2,€2)| w(E dz) < Cla—&)°10%ul 24yl (n) +v(n) 2+ 5772).

Assume z € U1\U,. Then
|A(t,z,,2)]

IN

Cla — & |8ulo.rc(€, 2)]
(3.15)

IN

Cla —€1°8y 7" |oulom|e(€, )],
and

(3.16) By < Cluole(@, 2) — c(&, 2)-
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If &g+ Cd(g, z) > 0, then

A

Bal < o €] |e(€ 2) / / 024,64+ 7e(€, 2) + s(z — £))] drds

IN

@ — €178 |d" P 0 ulo; (€, 2)|.

If &4+ cq(€,2) <0, then &4 < |c(€, 2)| and

(3.17) |Ba| < Cla — & [0ulos|e(E, 2)| < Cla = €1°657 |Oulo.|e(€, 2)].
So, by (3.15)-(3.17),

/ V(t,2,6,2)| 7(E, d2)
U1\Un

IN

Cle — €163 Jul oyt / (€, 2)| (€, d)
Ul\Un

Houlon | | Je@.2) = el ) w6,

IN

Cla — &°[65 " e(n) |ul 24 ),z + €1(n)|Ouo;rs]-
By Assumption A3,

@) | V(2.6 21 (6 =) < Cla—elad Kl s () 0ud)-

Now we derive the estimates on Uy. If z € Uy, then

|B(t,,§, 2)|
< d(@)|ult, x + o(T, 2)) — u(@) = (u(t,§ + c(&, 2)) —u(f))]
(3.19)
< d@)|ult,x + c(Z, 2)) — ul(t,z + (£, 2))]

+d(@)|u(t,z + c(€, 2)) — u(@) — (ult, € + (&, 2)) — u(§))]
— D+E,
and we estimate D and E. Obviously,
(3.20) D < (|0ulosrr + o) (|e(€, 2) — e(z, 2)| A L) .
If 2 € Up, & + ca(€,2) > 0,]c(€,2)] < 1, then x4 + cq(€, 2) > 0 and

E

IN

d(a:)/O |Ou(t, x + 7c(, 2)) — Oult, &+ 7c(&, 2))| drle(€, 2)|

IN

d(z) / / Pu(t, & + 7e(E,2) + s(z — &) drds |e(&,2)] | — €.

So, for z € Uy, &q + cq(€,2) > 0, |c(&,2)| <1,

(3.21) E < Cla —¢[|d" P 0%ulo,ue(€, 2)].
If 2 € Uy, &g + ca(€,2) > 0,]c(€,2)] > 1, then

(3.22) E < 2|0ulo.m|z — &|.
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Therefore, by (3.21), (3.22), for z € Uy and &z + cq(€, 2) > 0 we have
(3.23) E < Cle — ¢ |ulyp)m(le(€, 2)| A1)

If z € Uy, Ea+ca(€, z) <0, then & < [e(€, 2)|,d(€) < |e(€, 2)|A1, d(x) < 2|e(E, z)| A1
and

E < C(le(&,2)| A1) |0ulomlz — €.
So, for z € Uy,

&=
A

< Ol —¢f |ul@wpyn(leE 2) A1)
(3.24)

IA

Cla —&1°6,7" Jul@apyn(|e(€, 2)| A 1).
By (3.19), (3.20) and (3.24), we obtain

‘B(t,l‘,f, Z)| ﬂ-(ga dZ) § CH.’E - 6‘56(1)_ﬁ |u|(2+ﬁ);H/ |C(g, Z)‘ A1 77(5, dZ)
Uo UO

+([0ulo;r + [ulo;rr) (€2) — (@, 2)| AL 7(€, dz)].

lc
Uo
Therefore, by Assumption A2,
|B(t,2,&,2)| w(€,d2) < Cla = &°18577 |ul 2y p).m + |Oulosr + [ulo;),
Uo
and, similarly,

|A(t,$,§72})‘ ﬂ'(ga dZ) S |gj - €| (|3U|07H + |U|0;H) |C(§_7 Z)| /\ 1 77(5, dZ)
U() UO
< Clz—€°6,77 (10ulon + lulo;n)-
Therefore,
(3.25) V(t,2,& 2)| w(€,dz) < Clo — 5|’8[5575 |[ul (2481 + [Oulo.m + [uo;m]
Ug
and

Jut,z,€) < Cla— €[5 7 + 65 e(n) + v(n) + v(n) /2 + 85" |ulorp)m
+(1 4 c1(n))|0ulo; + |u|o;m]-

The inequality (3.7) follows by (3.10), (3.14), (3.18), (3.25).
Now we will estimate Jou(t,z,£). We have

d(x) /U V2, ul@)] [7(E dz) — (€, dz)

(3.26)

IN

(lulor + [Oulo) /U 6@, 2)| A1 [n(&, dz) — n(&,d2)|

IN

Cla — &1 (Julosrr + |0ulo; )
If xqg + cq(Z,2) <0,z € Uy, then x4 < |¢(Z, 2)|,d(z) < |c(Z,2)] A1 and
(3.27) d(z)|V? yu(@)] < 2|10uo. 1| c(Z, 2) 2.

c(z,z
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If z € T'(Z,n), then
1
(3.28) |V§(iﬁz)u(3’c)\ < / (1 —7)|0%u(t,z + 1¢(Z, 2))| dr |e(z, 2)|?.
0

Since x4 + 7¢4(Z,z) > (1 — 7)x 4, we have

(3.29) d(2)| V5 . u(@)| < Cld" P 0%ulomle(z, 2)|*.
If xg + cq(Z,z) > 0,z € U\U,, then

(3.30) () Vs ()] < ClOulosrle(@, )]
By (3.27)-(3.30),

d(z) /U 92 u(@)] |7(3, dz) — (€, d2)

(331) < Clulaan | Je@ 2 [n(z.d2) = w(é.d2)
< Cnmle — & ul s,
and
.
d(z) /U o, @) )~ (6 2)
< Cloulou] /U 6z 2)? | (2, dz) — (€, dz)|
(3.32)

" /U et 2 e d2) = (&)

< Cloulon(1+ ki(n))le —¢°.

The inequalities (3.26), (3.31), 3.32) imply the inequality (3.8).
Now, by (3.7) and (3.8),

|d(z) Tu(z) — d(§) Tu()]
< Cle—&°[(057" + 85 k() + va(n) + v(n) +v()/2 + 557%) |ul 24 5.1

(14 Ky ()0l + [l

Applying Lemma 1, we conclude that for each v > 0 there is a constant C., such
that

(@) Tu() - () Tu(f)|
< Cle—&P[(657" + 657 k() +11(n) +v(n) +v(m)" /2 + 67") ul 2 py:m

+7(1+ k() |ul@+p);m + Cylulo;u].

Hence choosing first a sufficiently large n > 2 and then a sufficiently small §q > 0
and v > 0, we get assertion (3.5). The lemma is proved. O
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The following statement is essentially a partial case of Theorem 2 in ([6]) for
stochastic partial differential equations.

Theorem 2. Let A > 0 and let the assumption A1 be satisfied. Then for each
f € NP(H) the Cauchy -Dirichlet problem

ow = Lu—>du+finH,
u(0,z) = 0, z€ R,
u(t,z) = 0, t€0,T], € ORL = {y:ya =0},

has a unique solution w € S**B(H). Moreover, there is a constant C not depending
onwu, f and \ and a bounded function 6(\) not depending on u and f such that

(3.33) lul(aypy:mr < CIf ().

for all s € (0,T)

(334) "LL( + s, ) - ’U,(-, ')|(1+[3);HS < 051/2|f|(6);H7
where Hy = (0,T — s) x R%, and

(3.35) |ulo;r < CON)|f |y

where §(\) — 0, as A — oo.

Theorem 2 in [6] has a multiplier s'/* in (3.34), which appears because of the
influence of stochastic terms in the problem. Analyzing the proof of Lemma 11 in
[6] (the case g = 0,h = 0), we conclude that (3.34) holds with the multiplier s'/2.

3.1. Proof of Theorem 1. Let u € S?T%(H) be a solution to problem (2.1). Then
the function uy = ux(t,r) = e Mu(t, x) is a solution to the same problem with the
coefficient r replaced by r + A. By Theorem 2,

(3.36) lurl @1y < ClIux + fal(s):m,

(3.37) [uxlo;a < CS(A)Tux + falesym

where fy(t,z) = e M f(t,z), 6(\) — 0, as A — oo, and the constant C' does not
depend on wuy, A, fi.
Be Lemma 2, for each £ > 0 there is a constant C. not depending on A and w)
such that
(3.38) [Lux|(g).rr < elul(arp).mr + Celurlon-
Choosing € > 0 such that Ce < 1/2 and using estimate (3.36), we have
lurl@+py < Crllualo;m + [fxl():m)-

Now, choosing a sufficiently large A such that C1Cd(N\) < 1/2, from the estimates
(3.37) and (3.38) we derive the apriori estimate

luxl24 )1 < C2|fal():m,
which yields estimate (2.2) by the definition of uy and f.
According to Theorem 2 with A\ = 0, for each v € (0,7)
lu(- +v,) —ul, ) a+pyr < CHu+ flgyn-

Using Lemma 2 and apriori estimate (2.2) we get estimate (2.3).
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We finish the proof using apriori estimate (2.2) and applying a standard proce-
dure of extension by a parameter. Let
L;u= Lu+ 7lu, 7 €[0,1].

Introduce the space S*#(H) which consists of all functions u € S%T#(H) such that
for each (t,z) € H

t
u(t,x) = / F(s,x) ds,
0
where F' € NP(H). It is a Banach space with respect to the norm
lullz4m)m = lulzippm + 1Flgym
Consider the mapping T : S>T#(H) — NP (H) defined by
t
u=u(t,z)= / F(s,z) ds+— F — L,u.
0
Obviously, there is a constant C not depending on 7 such that
Trulgya < Cllull+s)m-
On the other hand, there is a constant C' not depending on 7 such that
lull@4p):m < [ Trul(g);a-
Indeed,

u(t,x) = /0 (Lyu+ (F — Lyu) (s,z) ds.

By apriori estimate (2.2) and Lemma 2, there is a constant C' not depending on 7
such that

lyulz+p)m < CIF — Leulg);u-
Thus

ullevpym = |ul@rsyn + |Flg)n

IN

|u|(2+ﬁ);H + |F - Lru|(ﬁ);H + |LTU"(,@);H
< Cllul@ypyn + [F = Lrulg)yn)

< C|F — LTU|(5);H = C|T7u|(ﬁ);H.

According to Theorem 2, Tp is an onto map. By Theorem 5.2 in [3], all the T are
onto maps. The theorem is proved.
Acknowledgement. We are very grateful to our referee for valuable comments.
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