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Cut Times
for Simple Random Walk

Gregory F. Lawler !
Department of Mathematics
Box 90320
Duke University
Durham, NC 27708-0320

1 Introduction
Let S(j) be a simple random walk taking values in Z%. An integer n is called a cut time for S if
S[0,n] N S[n+1,00) =0,

where S[0,n] = {S(j): 0 < j <n}. If d <2, then with probability one the path has no cut times.
However, if d > 3, the path has cut times with positive probability. In fact, with probability one
the paths have infinitely many cut times. This can be proved by considering the random time

&n = inf{j : |S(5)| > n},

and showing that with probability one &, is a cut time for infinitely many values of n (see [§]
for details). In this paper we show that the number of cut times along a path is uniform at
least up to logarithms. The emphasis will be on d = 3 because this is the most difficult, but we
start with a quick discussion of higher dimensions. Let J, be the indicator function of the event
{5[0,n] N S[n+1,00) = 0} and let R, = R(n) = >y Jj.

If d > 5 (see [9]), then

lim P{S[0,n]NS[n+1,00) = 0} = p = p(d) > 0.

n—o0

One can show that with probability one
.1
lim — R, = p. (1)

Perlzaps the easiest way to see this is to introduce a second simple walk S, independent of S, and
let S be the “two-sided” walk

SW =15, J<o.
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If J, is the indicator function of the event {S(—o0,n] N S[n + 1,00) = 0}, then J, is a stationary
process. The ergodic theorem [2, Theorem 6.21] states that

n
Y Ji—=p
=0

with probability one, and from this it is not difficult to conclude (1).
For d = 4 [10] there is a constant ¢z > 0 such that

S|

P{5]0,n]N S[n+1,00) = 0} ~ e3(lnn) /2.

(In this paper, we use ¢, ¢, ca, . . . to denote arbitrary constants that depend only on the dimension
d. The values of ¢, ¢1, co may change from place to place, but the values of c3, c4, . . . will not change.)
Therefore,

E(R,) ~ csn(lnn)~ /2.
By the methods in [9, Chapter 7], it can be proved that (csn)~!(Inn)'/2R,, converges in probability
to the constant 1. However, the convergence is not with probability one. There exists a ¢ > 0 [9,
Theorem 4.3.5] such that for all sufficiently large n,
P{S]

%, g] NS[n+1,2n) # 0} > c¢(lnn) L.

By considering n = 2*, we can easily see that this implies
P{S[%, g] NSln+1,2n) £ 0io} =1.
But clearly R,, = R,,/5 on the event {S[n/4,n/2]N S[n+ 1,2n) # 0}, and hence convergence with

probability one is impossible. However it can be shown that with probability one

. InR,
lim =

n—oo lnn

1.

(There are a number of ways to do this. One way is to use an argument similar to the one in the
final section of this paper for d = 3.)
For the remainder of this paper we will consider d < 3. As n — oo [3],

P{S[0,n]N S[n+1,2n] = 0} =~ n~¢, (2)

where =~ denotes that the logarithms of both sides are asymptotic and ¢ = (4 is the intersection ex-
ponent. The intersection exponent is defined by taking independent Brownian motions B*(t), B?(t)
starting distance one apart and defining ¢ by

P{B'0,n]N B*[0,n] =0} ~n"°, n — .

It is not too difficult to show that such a ¢ exists for Brownian motion although it takes more
work to show that (2) holds. Cranston and Mountford [6] have shown that (2) holds for all mean
zero, finite variance, truly d-dimensional random walks. It is a standard estimate that (; = 1. The
values of (3 and (3 are unknown. The best rigorous estimates [4] are
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Duplantier and Kwon [7] have conjectured from a nonrigorous conformal field theory argument that
(2 = 5/8. This value agrees with simulations [5, 13|, and simulations suggest that (3 is between .28
and .29.

One of the goals of this paper is to improve the convergence in (2). We show that for d = 2, 3,
there are constants ¢4, c5 such that for all n

can™¢ < PLS[0,n] N S[n+1,2n] = 0} < esn”¢, (3)

and for d = 3,
can”¢ < P{S[0,n] N S[n+1,00) = 0}.

The relation (3) also holds for d = 1, but this is a well known result for random walks related to
the “gambler’s ruin” estimate. Let

&n = inf{j : ‘S(])‘ > n}’
and let K, be the indicator function of the event
{500, 5]N S[j + 1, &) = 0}

Let
&n—1

Qn = Z K',n-
=0

We will prove the following two theorems.
Theorem 1.1 If d = 2,3, there exists a cg > 0 such that for all n
P{Q, > cn*1 79} > cq.

Theorem 1.2 If d = 3, with probability one,

We expect that n¢~!R,, converges in distribution to a nondegenerate random variable, but we
have no proof of this. The main technical tool in the proofs of Theorems 1.1 and 1.2 is the estimate
(3). Let B!, B? be independent Brownian motions in R¢ (d = 2,3) and let

T: = inf{t : |B(t)| = n}.
In [11] it was shown that there exist constants c;, c2 such that

can™* < sup PPY{B'0,T)] N B*[0,T7] = 0} < con™™, (4)
|, ly|=1

where P®¥ indicates probabilities assuming B! (0) = x, B?(0) = y. The fact that the probability of
no intersection is logarithmicly asymptotic to n=2¢ follows easily from subadditivity and scaling.
The importance of the above result is that the probability equals n=2¢ up to a multiplicative
constant. In this paper we prove the analogue of this for random walk.



Theorem 1.3 There exist constants cy, cg such that if S, S? are simple random walks starting at
the origin in Z¢ (d = 2,3),

ern 2 < PLS0,£,] N5%(0, &) = 0} < egn™ ™, (5)
e~ < P{S*0,n] N S%(0,n] = 0} < cgnC. (6)

Since (5) is the key estimate in this paper, let us describe briefly the idea used in the proof.
We use the standard Skorohod construction to define simple random walks S, % and Brownian
motions B!, B? on the same probability space so that with high probability, the paths of S* are very
close to those of B. We have a good estimate, (4), for the probability that the Brownian motions
do not intersect. The lower bound in (5) is the easier esimate. We first show that Brownian motions
conditioned not to intersect have a good chance of being reasonably far apart, and conclude that
the corresponding simple walks are also far apart (and hence do not intersect).

The upper bound is somewhat trickier. We first need to prove some estimates that say intuitively
“random walks that get close are very likely to intersect.” If we were only interested in d = 2,
we could skip these estimates and rely on the discrete Beurling estimate (see [9, Theorem 2.5.2]);
however, we need to do the work for d = 3. Let

b = P{S(0,£3:] N 5%(0, 3] = 0}.

(We actually use a slightly different definition of b, in the proof, but this definition will do for the
heuristic description.) We give an inequality for b, in terms of b;, j < n. We do this by considering
the Brownian motions B!, B? associated with the random walks. Either the Brownian motions
do not intersect (we can estimate the probability of this using (4)), or there is a smallest j such
that the Brownian motions do not have any intersection after reaching the sphere of radius 27.
The probability that the random walks do not intersect and that a given j is the smallest index
as above is bounded essentially by the product of: the probabilty that the random walks do not
intersect up to the ball of radius 2/~1; the probabilty that between fgj_l and 53]-, the Brownian
motions intersect but the random walks do not; and the probability that the Brownian motions
do not intersect after hitting the sphere of radius 2/. The last probability can be estimated easily
using (4) and Brownian scaling.
With little more than Theorem 1.3, we are able to give moment estimates

E(Qn) > ¢;n?179),

E(Q?) < ¢n179,

If X is any nonnegative random variable with y = E(X), then

E(X%) > P{X > p/2}E(X?| X > p/2)
> P{X > u/2}[E(X | X > p/2)]?
o EBXGX > p/2))
- P{X>u/2}
S (2
~ P{X >p/2}



and hence
12
P{X > p/2} > m
Hence the moment estimates immediately give Theorem 1.1.

The paper is organized as follows. Section 2 gives some preliminary lemmas about Brownian
motions and simple random walks. In particular, it is shown that Brownian motions that are
conditioned not to intersect are likely to stay a good distance apart. In Section 3 we review the
strong approximation of Brownian motion by simple random walk derived from the Skorokhod
embedding. This is a well known construction; however, it is useful to describe the construction
here. The proof of Theorem 1.3 is given in Section 4. The idea of the proof is similar to that in
[3, 6, 12]; however, things must be done somewhat more carefully to make sure that the estimates
can be done up to multiplicative constants. The last section contains the proofs of Theorems 1.1
and 1.2. I would like to thank the referee and Chad Fargason for corrections to an earlier version

this paper. This paper was written while the author was visiting the University of British Columbia.

2 Preliminary Results

In this section we prove some lemmas about Brownian motion and simple random walk. Let d = 2
or 3, and let B', B? be independent Brownian motions in R? starting at x,y respectively with
|z| = |y| = 1. We start by stating the main estimate from [11]. Let

T = inf{t : |B(t)| = n},

and write P®Y to denote probabilities assuming B'(0) = z, B?(0) = y. Let B(x, ) denote the open
ball of radius r about x. Let A,, denote the event

Ay = {B'[0,T;] N B*[0, T3] = 0}.

Lemma 2.1 [11] There exists a cg < 0o and an increasing function f : (0,2] — (0,00) such that
if |x| = |y| = 1, then for alln > 1

Flz = yln™2 < PPY(A,) < con™ .

It was shown in [11] (see Corollary 3.11, Corollary 3.12) that Brownian paths conditioned not
to intersect have a reasonable probability of being not too close together at the endpoints, i.e.,
there is an € > 0 such that the conditional probability that

dist(BY(T:), B30, T37) > en, i=1,2,

given A, is at least e. If we take Brownian paths until they reach distance n/4 and condition
them to have no intersection up to that time, then with probability at least € the distance between
B(1},,,) and B3_’[0,Ts’/_ﬂ will be at least en/4. We can now continue the paths up through
distance n and we can be sure that there is a positive probability (independent of n) that the paths
will separate. In fact we can condition the paths from 77 /4 tO T} to do almost anything that has a

positive probability (independent of n) of occuring. This idea can be used to prove the next lemma.



Lemma 2.2 [11, Corollary 3.11, Corollary 3.12] Let

Hy,={(z!,...,2Y) e R : 2! > %,\w\ <n},

M, ={zeR: —z € H,}.

Let
Gn = {B'[0,T} c B(0, g) U Hn; B2[0, T2 C B(0, g) U—Hat,
n

F, = { dist(B'[T}, 5, T}), B> [0, T, ")) > 9 i=12h
For any p > 0, let

E, = Eu(p) = {B'[0, T;] N B(0,1) C B(B'(0), p), i = 1,2}
Then for every p > 0 there is a u > 0 such that for alln > 8, and all |x| = |y| = 1 with |x —y| > 2p,
P*Y(A,NE,NFE,NG,) > un~2¢.

The next lemmas are needed to formalize the statement “if two Brownian motions or two
random walks get close to each other then they are likely to intersect.” If we were only interested
in d = 2, we would not need these lemmas, but rather could use the Beurling projection theorem,
either continuous or discrete (see [1] for the continuous version and [9] for the discrete version).
However, there is no useful analogue of this theorem for d = 3. Since the proofs below work equally
well for two or three dimensions, we will just use these lemmas and not bother with the Beurling
estimates. Let B be a third Brownian motion independent of B!, B? and let

T, = inf{t : |B| = n}.

Let
Y, = sup P*{B[0,T,] N B'[0,T] = 0 | B‘[0, T%]},
|z|<1
where P denotes probabilities assuming B(0) = z. This notation is a little ambiguous; since we
will use similar notation below, let us clarify. We should just write

Y = sup P*{B[0,T,] N B'[0, T] = 0}.
j2I<1

However we choose the conditional expectation notation to emphasize that the P? refers to B and
that Y;! is a function of the path B*[0,T}]. The first lemma was proved in [11].

Lemma 2.3 [11, Lemma 3.4 For every M < oo, there exist § > 0 and a < oo such that if |z| <1,
PH{Y! >n%} <an M.
Lemma 2.4 For every e >0, b < 0o, let
7! = Z!(e,b) = sup P*{B[0, Ty,) N B[0,T%,] = 0 | BY[0,T4.]},
where the supremum is over all z with |z| < n and
dist(z, B[0, T%,]) < bn'~¢.
Then for every M < oco,e > 0,b < oo, there exist 6 > 0 and a < oo such that for |z| < n,

P{Z! >n %) <an ™M,



Proof. We will assume i = 1 and write Z, for Z!. Without loss of generality we will assume
that b > 1,e < 1/2. Cover the ball of radius n by K = K,, < cn® balls of radius 1, V4, ..., Vk. For
7=1,.... K, let

;= inf{t : B(t) € V;}.
Let
Gj = Gj(n,b,e) = sup P*{B[0,T5,) N B[}, To,] = 0| B'[0, T3,]}.
|z—B1(7;)|<4bnl—¢

By Lemma 2.3, the strong Markov property, and Brownian scaling, we can find a § and an a such
that for each j
PG, >n 0 15 < T3} <an M3

Let B B
G = G(n,b,€) = sup Gy,

where the supremum is over all j with 7; < T: an Since K,, < ¢n?,
P{G >n"% <aecn™.

But every z with |z| < n and dist(z, B1[0,74,]) < bn'~¢ is within distance bn!=¢ 4+ 2 < 4bn! =€ of

B*(r}) for some j with 7; < T}, . Hence Z, < G. O

We will need the corresponding results for simple random walk. Let S, S? denote independent
simple random walks in Z? and let

&, =inf{j : [S°(j)| > n}.

Let S be another simple random walk independent of S', S? and let &, denote the corresponding
stopping time for S. For any m < n, let

X'(m,n) = sup P*{S[0,&,] N SH0,£L] = 0| S[0,&,]}.

lz|<m

Here P? denotes probabilities assuming S(0) = z and X%(m,n) is considered as a function of

S°[0, &)
Lemma 2.5 For every M < oo there exist § > 0 and a < oo such that if |S*(0)| < m,

P{X'(m,n) > ()"} < a(*)M.

Proof. We will assume 7 = 1. Assume k£ > m and let

2(k) = inf P*(S[0. €] 1 5'[€h. €] # 0| ek €4},

where as before P? denotes probabilities assuming S(0) = 2 and Z(k) is a function of S[¢, &az).
We claim that for every € > 0 there is a § > 0 such that for all &,

P{Z(k) <6|5'(j),0<j <&} <e (7)



Once we have (7), the proof proceeds identically to the proof of Lemma 2.3, so we will only prove

(7).
By [9, Theorem 3.3.2], if S1(0) = 0, there is a u; > 0 such that if |z| < 5n/4,

P*{S[0, £2,] N S0, &5 o) # 0} > . (8)
Let

Y# = PH{S0, &) N S0, o] # 0| S0,€L ]},

Y = inf Y~*.
3n/4<|z|<5n/4
By the discrete Harnack inequality [9, Theorem 1.7.2], there is a uz > 0 such that for all 3n/4 <
2] < 5n/4,
Y Z 'LLQYZ.
Also (8) implies for all |z| < 5n/4,
Ul Ul
P{y:> 4>
2 2

Hence if § = ujuz/2,
P{Y > 8} > <.

For any positive integer j, let r; =r; j =14 (i/4j),i=1,...,j. Let ; = x; j 1, = Sl(le,ik), 0=
dik = k/(87). Define
&s(x) =1inf{l: |S(]) — z| > s},

and similarly for £!(z). Let

Yi=Yijk = P={S[0, &25(x0)] N S &, E5/2(wi)] # O S0, &5 ()]}

inf
36/4<|z—x;|<56/4
Then Y7, ...,Y; are independent, identically distributed, independent of {S*(5);0 < j < &}, and
P{Y; > §} > <L

Hence u
P{sup{Y1,...,.V;} <p} < (1- ?)J

However, if Y; > (3 for some ¢, the strong Markov property gives that Z(k) > \;3, where

s . 0
Aj lIklf |$|1§I:1))fk/2P {S[0, &ax] N B(z, ) # 0}.

By a standard estimate (using, e.g., the invariance principle), A; > 0 and hence

P{Z(k) < A8} <(1- 3 O

The following can be concluded from Lemma 2.5 in the same way that Lemma 2.4 was concluded
from Lemma 2.3.



Lemma 2.6 For every e >0, b < oo, let
Zi = Zi (e, b) = sup P*{S[0, &) N S°[0, &5, ] = 0 | S°[0, 4,1},
where the supremum is over all z with |z| < n and
dist(z, §[0, £5,]) < bn' .
Then for every M < oco,e > 0,b < 0o, there exist 6 > 0 and a < oo such that if |z| < n,
P{Z! >n %) <an M,

In the next two lemmas we prove that two Brownian motions, conditioned to avoid each other,
actually stay a reasonable distance apart. For positive integer n we let A™ be the event

A" = Agn = {B[0, T)] N B?[0, T3] = 0}.

Lemma 2.7 Let D; = D;(b, €) be the event

D; = {|Bi(s) — B3 (t)| < b(2))'7¢ for some s € [Téj_l,TQ’;j],t € [O,Tg’j_i]}.
Then for every e > 0,b < oo, there exist § > 0 and a < oo such that if ||, |y| < 2™, and m < j < n,

’ . S
P2Y(A™ N D) <a(27)7°(2"™) 2,
Proof. We will assume ¢ = 1 and let D; = Djl». Assume |z|, |y| < 2™ and let
T =17(j,b,€) = inf{s > Tp;_, : |[B*(s) — B*(t)| < b(2?)* ¢ for some t < T2},

o= o(j,bye) = inf{t: | B(t) = B'(n)] < (2/)' 7)),
p= p(ja b, 6) = lnf{t >0 ‘BQ(t)‘ — 2j+1}'

Then,
AN D; c {BY0,T);, ] N B%[0,T%_.] = 0; 7 < T);;

B! [0, Thi+1] N B [0, p] = 0; BI[T21]'+1a T21n+1] nB’ [T22]-+1, T22n+1] = 0}.

By Lemma 2.1, '
P™Y{B0,Ty,-1] N B?[0,T2_.] = 0} < co(29™ 1) 7%,

Also by Lemma 2.1 and the strong Markov property,
PP B Tyy41, Tywia] OV B T01, Tonia] = 0| B0, Ty;-1] N B0, T5,-] = 0;

7 < T3 B0, T11] N B2[o, p] = 0} < co(2779) %,

For the middle term, we choose § so that

P{G > (2)7°} <a(2),

10



where G = G(j,b, €) is as defined in the proof of Lemma 2.4 for B? (rather than for B! as in the
proof). Then by the strong Markov property applied to the stopping time 7,

PP B0, Tyia] N B?[0, p] = 0 | B'[0, Ty;-a] N B0, T35-1] = 0,7 < Ty, G < (2) 70} < (2)7°
Hence,
P*Y{B0, T),-1] N B0, T2_.] = 0; 7 < Tay; B0, Ts+1] N B*[o, p] = 0;
G < ()7 B Ty, Tonia] N B T340, Tania] = 0} < e(2)70(277) 7.
But, P{G > (2

)
PUU{G > (20) 7% BN Ty, Tyuna] N BT, Toun] = 0} < e(27) 7402077
< C(Qj)—QC(Qn—m)—QC'

91 < a(27)74¢. Hence again by the strong Markov property,

This completes the proof. O
Lemma 2.8 Let D = Di(b,€) be defined as in Lemma 2.7. Let

n
D =D(m,n,be)= |J (DjuDj).
j=m+1

Form <n,p>0, let
E" = E™(m, p) = {B[0, Ti.] N B(0,2™) C B(B(0), p2™),i = 1,2},

and G™ = Gon as defined in Lemma 2.2. For every b, e, p there exist M < oo and a > 0 such that
if M <m<n<oo, |z| =yl =27, |z —y| > 27Fp,

P™Y(A" N DN E" N G") > (2" ™) %,

Proof. Suppose b, €, p are given. Let F™ = Fon as defined in Lemma 2.2. By Lemma 2.2, there
is a u; = u1(b, p,€) > 0 such that for all |z| = |y| = 2™, |z — y| > 2™ !p,

PYY(A"NE"NF"NG") > u (2" ™) %, (9)
Note that for m sufficiently large, n > m,
F" N (D} uD?) =9. (10)

By Lemma 2.7, there exist ug = ua(b, p, €) < 00,0 = d(b, p,€) > 0, such that if |z| = |y| =2™,m <
J<n,

P*Y[A™ N (Dl» U DQ»)] < ug(2 ) (2” T 2
By summing over j, we can find an M such that if m > M,
n—1
Uy
PryiAtn( | (DjuDd) < G (1)
j=m+1

Therefore, by (9) - (11), for M sufficiently large,

PZY[A" O E" N F" (G N D] z%(Q" m=2% g

11



3 Skorokhod Embedding

Let X (¢) be a one-dimensional Brownian motion starting at the origin. Let 79 = 0, and for n > 0,
Tp = 1nf{t > 7,1 : | X (t) — X (70—1)| = 1},
Y(n) = X(1,).

This is the well known Skorokhod embedding of a simple random walk Y'(n) in a Brownian motion.
It is easy to check that E(r;) = 1 and E(e'™) < oo for some ¢ > 0. Standard exponential estimates
give that for every € > 0 there is a § > 0 and an a < oo such that

P{ sup | —i| >nl/2F} < ae™" .
0<i<n

Similar exponential estimates for the Brownian motion give

P{ sup sup | X(t) — X(t+s)| >n/Dre} < ae™™,
0<t<n g<s<n(l/2)+e
for perhaps different values of § and a (we will allow the values of § and a to vary in this section).
If we define Y (¢) = Y'([t]) for noninteger ¢, this implies

P{ sup |[Y(t)— X(t)| > nM/VT} < ge’.
0<t<n
Now let X1, ..., X% be d independent one-dimensional Brownian motions. Let Y7 be the simple
random walks derived from X7 by the Skorokhod embedding and let 77 (n) = 7 be the correspond-
ing stopping times so that ' o
Y7 (n) = X7(77(n)).
Let
Zn=(2},...,2%)
be a multinomial process independent of X!, ..., X4 with Zy = (0,...,0);{Z,~Zn_1:n=1,2,...}
independent; and
1
P{Zn — Zn—l = ej} = a,
where e; denotes the unit vector whose jth component equals 1. Let

ji=1,...,d,

B(t) = (X'(t),..., X)),
S(n) = (Y(Zy),....YUZ0) = (X (rY(Zy)), ..., XUrU(Z7))).

Then B(t) is a d-dimensional Brownian motion and S is a d-dimensional simple random walk. More
exponential estimates give for each j =1,...,d,

P{ sup |2} - <| > n/D¥) < e,
0<i<n

P{ sup sup  [YI(i) — YI(i + k)| > n(M/DFe) < ae™™ .
0<i<n 0<k<n(1/2)+e

Hence we get the following.

12



Lemma 3.1 Let B and S be defined as above. Then for every € > 0 there exist § > 0 and a < oo
such that

P{ sup |B(t) — S(td)| > nV/V+} < ge ™
0<t<n

Let
Tn = inf{t : ‘Bt‘ = n},

&n = nf{j : |S(5)| = n}.
More exponential estimates give
P{T, > n’T} < ae™™

P{&, > n*t} < ae™ .

Hence

Lemma 3.2 Let B and S be defined as above. Then for every € > 0 there exist § > 0 and a < oo
such that

P{ sup |B(t)— S(td)| > nV/D¥} < ge ™.
0<t<Tsp,

In the next sections we will consider Brownian motions B and simple random walks S defined
as above. We will be using the strong Markov property at times T5,. One slight complication that
arises is the fact that

{B(t),S(td) : t < T}
might contain a little information about B(t) beyond time 7,,. Let
B(n) = max{'rl(Z}L), .. .,'rd(fo)}.
Then S(td) is measurable with respect to the o-algebra generated by
{Zl, Zo, .. } U {X(t) 1t < B(n)}
Another exponential estimate gives that

P{B(Ty) > Tanyz o1 B(6n) > Tanjo} < ac™

We can therefore derive the following lemma.

Lemma 3.3 There exist § > 0 and a < co such that the following holds. For each n, there is an
event Iy, which is measurable with respect to the o-algebra generated by

{B(t) : t <Ton} U{Z, :n=1,2,...},

with
P(T,) >1—ae™,

with the property that on the event I';,,
{B(t) : t <max{T,,&,}} U{S(td) : t < max{T,,&}} U{Z,:n=1,2,...}

and
{B(t) : t > Ton}

are conditionally independent given B(Ta,).
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4 Bounds for Random Walk

In this section we will prove Theorem 1.3. We will start with the lower bound in (5). Throughout
this section we will let (B!, S!) and (B2, S?) be two independent Brownian motion—random walk
pairs coupled as in the previous section. Let p = .1,e = .25,b = 1 in Lemma 2.8. Let M, a be as
in the conclusion of the lemma. Assume B(0) = S(0) = 2™y, B%(0) = S?(0) = —2™e;, where
m > M and ey is the unit vector whose first component is 1. As before we let

A™ = {B'0, T3] N B?[0,T5.] = 0}.
Define the event Q; by
Qi = {|B'(s) — 8(s)| > (27)° for some s < Tj;;. }.
It follows from Lemma 3.1 that (assuming j > m),
i N

P(Q}) < aexp{—(2/)°}.

If we let I' = I'y; be the event defined in Lemma 3.3, if n > j,
P(QiNA") < PQ;NT)P(A™ | QiNT)+P(I)P(A™|I°)

aexp{—(2/) ey (2777172 + aexp{—(27) }eg(2" I 71)
aexp{—(27)°}(2") 7%,

for perhaps different values of @ and §. By summing over all values of j and 7 = 1, 2 we can therefore
conclude the following lemma.

<
<

Lemma 4.1 There exist c1g < 0o and d1 > 0 such that the following holds. Let Q; be defined as
above and let

Q=qmm=U U @

i=1,2 j=m
Then if B*(0) = S1(0) = z, B?(0) = S%(0) = y with |z| = |y| = 2™, then
P(QN A") < ergexp{—(2™)"}(2") .

From Lemmas 2.8 and 4.1 we immediately get the following. Define events
A" = {510, £2:] N 5%[0, &20] = 0},
Q" = 0"(m, p) = {50, £&2:] N B(0,2™) C B(S%(0), p2™),i = 1,2}
on
=
S2(0, €3n] € B(0,27 ) U {(at,...,a%) : 2t < _%}}.
We also let C,, be the discrete ball of radius n,
Cn={z€Z%: 2| <n},

@ = {50, 0] € B(0,2" ) U{(a!,.. ., 2% 12t >

with boundary
dC, ={z€Z%\ C, :|z—y| =1 for some y € C,,}.

14



Corollary 4.2 For every p > 0, there exist M < oo and u > 0 such that if M < m < n,
z,y € OCom, |x —y| > p2™F 2 then

PPY(A" N O™ Nd") > u (2" ™)X,

Once we have this corollary we can start two simple random walks at the origin. If we force S!
to go directly to 2™e; along a straight line and similarly force S? to go directly to —2™e;, we can
conclude the following.

Corollary 4.3 There is a constant c; > 0 such that if S*,S? are simple random walks starting at

the origin, then
P{S'0, &) N 5%(0,&,] = 0} > ern ™.

We will now prove the upper bound for the nonintersection probability for random walks. Define
b, by

by =sup sup (2")2PTY(A™TM),
m|al,ly|<2m

b, = max{go, .. ,Bn}

To prove the upper bound it suffices to show that b, is a bounded sequence. Let (B!, 1), (B2, S?)
be independent Brownian motion — random walk pairs starting at |z|, |y| < 2™. For each n, let

v =7(n) = inf{j : BTy, Tp] N B2[T5;, T3] = 0},
Jj = Jjn =1y =17}

Lemma 4.4 There exist c12 < 00,02 > 0 such that if x|, |y| < 2™, m < j <n,

POY(J; N ALY < epobjp (27™)726(29) 702,

Proof. Assume |z|, |y| < 2™, m < j < n. In this proof we will write P for P**¥. Note that
J; c L*UL?
where
L' = Li(j,n) = {B'[Tho1, Ty 0 B0, T3 # 0 BT, Th) 0 B3, T3] = 0},
We will prove the estimate for L' 0 A"*1; a similar argument holds for L2 N A", Let
7 =7(j) = inf{l > T);_1 : [S*(1) — S*(k)| < (27)° for some k < T2},
o = o(j) = inf{k : [S(r) — S*(k)] < (29)°}.

Let
Q) = {I'(K) — B (k)| > (2/)""/3 for some k < Tj;.1,i = 1,2},

Let I'}, 1, T'2,,, be the events given in Lemma 3.3 for (B!, S') and (B?,5?), respectively, and let

Vi =V = {B'[Ty;42, Ton] N B*[T512, T5n] = 0}.

15



Then L' N A" C W; N V; where
W; ={I'n[Q; U (A n{r <Ty}]}uT".

By Lemmas 3.3 and 2.1, '
P(V; | Wj) < eo(2"7772) 7%

Hence it suffices to prove that
P(W)) < cbjm(27™)(2))°, (12)
for some appropriately chosen ¢, . By Lemma 3.3,
P(I) < aexp{—(27)’},
and by Lemma 3.2 '
P(Q)) < aexp{—(27)’};
hence, we need only consider A/ N {r < T21]-},
Let Z = Z} be defined as in Lemma 2.6 with ¢ = .1,b = 2. By the lemma we can find a § so

that
P{Z > (27)7%} < ¢(2)7%.

But
P(AT N {r <TL}) <P{Z> (2)°} + P(AT HPAIT | ATTL 7 < T, Z < (20)79).
By the strong Markov property, the second term on the right is bounded by
b (271 (20) .

The first term is bounded by '
c(29) 74,

and hence ' ' '
P(A N {1 < TLY) < cbjom(227™)726(29) 7.

(We have assumed without loss of generality that ¢ > §.) This completes the proof. O.
If m <nand |z, |y| <2™,
n
P2Y(A™T) = Z P2Y(A™ N Ji)s
j=m
where J; = J; , is as above. Note that
PYY(A™M N ) S POY(Jy) < c(2) 7

Hence by Lemma 4.4, if |z|, |y| < 2™,

Pw,y(An—I—l) < C(Qn—m)—2§+c Z bj_m(Qn—m)—%(Qj)—ég’
j=m+1

16



and hence,

n
bn+1 S CZ bj’LLJ,
7=0

where u = 27% < 1. To finish the proof of (5) we need only prove the following simple lemma,
about sequences of positive numbers.

Lemma 4.5 Let by, by, ba, ... be a sequence of positive numbers. Suppose there exist a < oo and
u < 1 such that for alln > 1,

n—1 )
bn<a Z bju’.
=0
Then there exists an M = M (a,u) < oo such that for all n,
by, < Mby.

Proof. Without loss of generality we will assume by = 1 and

n—1
b, =a Z bju,
Jj=0

for all n > 1. Let
rp = max b:u’.
" o<j<n ?
Then b,, < anr,_1 and hence
rn < max{anu"r,_1,7n_1}.

If we choose m sufficiently large so that amu™ < 1 and let k = r,,, then we see that r, < k for all

n. Therefore
n—1

b, =a Z bjuj < akn,
j=0

for all n. Iterating again, we see this implies that

n—1 00
bn :aijuj < aZakjuj =M <oo. O
§=0 §=0

Corollary 4.6 There exists a cg < 0o such that
P{S'0, &) N 5%(0,&,] = 0} < csn™.

Moreover, for all m < n,
sup  PUV{S'0,61] N S7(0,€2) = 0} < es(T)%.

|z, |yl <m
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The proof of (6) from (5) is essentially the same as the proofs of Proposition 3.14 and Proposition
3.15in [11]. Since the proofs are nearly identical, we will not give them but will just state the results.
Let

A, = {510, £,] N 5%(0, &) = 0}.

We will write P for P20,
Lemma 4.7 There exist c14, c15 such that for every positive integer n and every a > 0,
P{A,;min(¢}, £2) < an?} < crae— 15/~
P{A,;max(£L,£2) > an®} < cpqe 13002, (13)
Proposition 4.8 There exist cig, c17 such that

x P{5'[0,n?] N 5%(0,n% = 0}

P{5'[0, min(&, n*)] N §2(0, min(&7, n?)] = 0}
2

01671_

ININ A

01771_

Proposition 4.9 There exists c1g such that if |z, |y| < m,

m2
P>Y{S'0,n] N S%[0,n] = 0} < 018(7)4.

This completes the proof of Theorem 1.3. We will need some slight generalizations of the lemmas
proved above in the next section.

Lemma 4.10 Let

Vi = {dist(8 (&), ° 710,637 = 5, 5 = 1,2}.
Then there exist cq,co such that
P(V, N Ap;max(€l, €2) < epn?®} > eyn%.

Proof. It suffices to prove the result for n sufficiently large. For n sufficiently large it is easy
to see that Corollary 4.2 gives
P(V,NA,) > un"%,

for some u > 0. But from (13) we see that there is a co < 0o such that

P[An;max(f,lz,fi) > 02n2] < gn_%. a

Lemma 4.11 There exists a c19 > 0 such that the following is true. Let
E = E, = {50, 2n% N S*(0, &,) = 0},

F(j,x) = Fp(j,z) = {S'(j) =2 or S'(j + 1) = z},

18



1
G = G, = {S'[0, 207 C B0, gn)},

5
H = H, = {50, &, N B(0, 7 =0}
Then if x € 0C,, and 11n/8 < |y| < 13n/8,n% < j < 2n?
PYYENF(j,z) N GNH] > cygn~¥?n%.

Proof. We will just sketch the proof. By Lemma 4.10, we can find an € € (0,1/50) so that if
Sland S? start at the origin,

P{S10,£5,] N 52(0,€2,] = 0; dist(S°(&5,), S°770,65,7) > = i = 1,2,

2
n _
ma‘X(feln’ 5e2n) < Z} > cn 24'

Fix such an e. Now by extending the paths, it is not difficult to see that if U; = Uj(n,e€) is the
event

2 2
U1 = {8'[0, 5] N 5%(0,2,] = 0,8'[0, 5] € B0, 15771);
2
S C0)] < s 5710, &) VB0, 5 =0,

then there is a ¢ > 0 such that for all 11n/8 < |y| < 13n/8,
PYY(U;) > en %,

Finally, it is easy using the local central limit theorem to show that there is a constant ¢ > 0 such
that if |z|,|2] < n+1 and n?/2 < j < 2n?, then

PS(j) = or S(j+1) = ;5 < &30} > en /2.
Hence, if
Uy = Us(j,2) = {S1(j) = z or S*(j + 1) = 2 S'[0, 207 C B0, %m},
then for all 11n/8 < |y| < 13n/8,
PYY(UL NUy) > en~ 2% O

By summing over all y with 11n/8 < |y| < 13n/8 and translating the origin, we get the following.

Corollary 4.12 Let

11 . 13
F=Fjn={gn=|5() = ¢n}
1
G = Gjn=1{500,5] € BO, Om)},

: 5
H=H;, = {S[j + 1,&sn) N B(0, Zn) = @}
There exists a cag > 0 such that if x € OC,,, n? < j < 2n?,
PY(ENFNGNH) > cyn %,
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In particular, Corollary 4.12 implies that
PY0{S10, n?] N S%(0, &) = 0; S(0,n?] C B(0,2n)} > en~%.

If d = 3 and |z| > 6n, then
P*{S5[0,00) N B(0,2n) =0} > c.

Hence we can conclude for d = 3,

P{S'[0,n] N S%(0,00) = 0} > enC.

5 Proofs of Theorems
Assume d = 2,3, and let J;, be the indicator function of the event
{50,510 S[j + 1,n] = 0},

and let

}gzﬁégw

J=0

It follows from Proposition 4.8 that
E(Y,) > cen'™¢.

Lemma 5.1 There exists a co1 < 0o such that
E(Y?) < ¢1n?(179),
Proof. We will show that there exists a ¢ < oo such that if 0 <¢ < j < mn,
P{Jin=Jin=1}<en®(i+1) G —i+1)(n—7+1)°C.

The lemma then follows easily by expanding the square (recall that 0 < { < 1 for d = 2, 3).
To prove (14), we may assume without loss of generality that i < n — j. Let

i i
= min{ ], (L),

=i m—j
k2—mln{[TH 5 I}
71 = inf{m : max(|S(i + m) — S(2)|,|S(i —m) — S()

|
73 = inf{m : max(|S(j +m) — S(j)|,|S(j — m) — S(j)

pi = min{k;, 7;}.
Let

U=U(i,j,n) = {S[i — p1,d] N S[i+ 1,3+ p1] = 0; S[j — p2, j]N S5 + 1,5 + pa] = 0},

V =V(i,j,n)={S[0,i— p1] N S[j + pa,n] = 0}.

20
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Then
P{Ji,n =Jjn= 1}<PUNV)=PU)PV|D).

By independence and Proposition 4.8,
P(U) < c(kr +1) (k2 +1)7°.

By Proposition 4.9,

1+ 1
P(V|U) < =,
V|0) < i)
Combining these estimates gives (14) and hence the lemma. O
Now let E;,, F} », Gjn, Hj, be as defined in Corollary 4.12. Let X, be the indicator function
of Ej,n N Fj’n N Gj’n N Hj’n and let
Vo= Y Xjn

n2<j<2n?

It follows from Corollary 4.12 that
E(Y;) > ¢;n?179,

From Lemma 5.1 we know that
E(Y?) < ¢ni179,

Therefore, by the argument sketched at the end of Section 1, we can conclude the following. Note
that Theorem 1.1 follows immediately from this corollary.

Corollary 5.2 There exists a ca1 > 0 such that
P{Y,, > cn® 179} > 1.

It remains to prove Theorem 1.2. For the remainder of this section we assume that d = 3. Let
R,, be as defined in the first section. One direction is easy. Note that

E(R,) < cn'™¢.
Let € > 0 By Markov’s inequality,
P{R(2") > (27)17CF) < c(27) .
Hence by the Borel-Cantelli Lemma, with probability one, for all n sufficiently large
R(2") < (2M)'7¢*,

and hence (since R, is increasing in n)

1
lim sup 2 <1l-(+e
n— 00 nn
Since € is arbitrary, with probability one
InR
lim sup 0o <1-¢.
n—00 nn
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Let K(j,n) = K}, be as defined in Section 1. For any n define the event L™,

§(5/6)2n
L ={ Y K(j,2") > c21(2")*179; [0, &5/6)20] € B0, (11/12)2™)}.

=0
It follows from Corollaries 4.12 and 5.2 that
P(L" | S(j):j <&mn-1) 2> can.

Let
V" = {S[€an, 00) N B(0, (11/12)2") = 0}.

There exists a co2 > 0 (see, e.g., [9, Proposition 5.10]) such that
P(V"™[5(j),7 < &n) = c22. (15)

Note that on the event L™" N V™,
R(&an) > e21(27)209),

where R; is as defined in Section 1. We will show that there exists an o < oo and a ¢ < oo such
that if

A=A )= |J @nV),
n<j<n+alnn
then .
P(A") 21— O (16)

Note that on the event A™,
R(§2n2alnn) Z 021(2’”)2(1_()

It follows from (16) and the Borel-Cantelli Lemma, that with probability one for all n sufficiently
large A™ holds. It is easy to check that if A™ holds for all sufficiently large n, with probability one,
then with probability one

InR
lim inf = > 1 — (.
n—oo Inn
Hence it suffices to prove (16).
Fix n and define a (random) sequence sg, S1, S2, . . . inductively as follows. Let sy = n. Suppose

s; has been defined. If s; = oo, then s;1; = 0o. Suppose s; = s < co. On the event (L*)¢, we set
Si+1 = s+ 1. On the event L*, let

p =inf{m > & : |S(m)| < (11/12)2°},
where p = oo if no such m exists. Let
siv1 = inf{k : S[0, p] € B(0, 2871},

and s;y1 = oo if p = co. Let
§ =sup{s; : s; < 00}.
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Note that L® N V* holds. Hence it suffices to prove that there is an a < oo such that for all n
sufficiently large

2
P{§>n+alnn} < —. (17)
n
Note that there is a cog3 > 0 such that
P{sit1=00]80,...,8} > co3

(this follows from Corollaries 4.12 and 5.2 and (15)). It is standard (see [9, Proposition 5.10]), that
there is a u < 1 such that if m, k are positive integers, and S is a simple random walk in Z? starting
at |z| > 2"tk then

P*{|S(5)| < 2™ for some j > 0} < uF.

Hence, there is a u < 1 such that for all &,
P{si+k <sit1 <o0|s0,...,8} < k.
Choose M so that -
Z uk <1 —cas,
k=M
and let p be a probability distribution on {0, 1,2,...} U {oco} with

p(00) = c23, (18)
p(k) = uF, k> M,

00
p(M—l):l—ng— Z ’LLk.
k=M

Let N1, No, ... be independent random variables from this distribution, and N=N+- -+ N1
where [ is the first index with N; = co. Then we can see that N stochastically dominates § — n,
i.e., for all » > 0,

P{s—n>r} SP{NZT}.

By (18), it is easy to see that there is a § < oo such that for all n sufficiently large
1
P{Nj<oo:j=1,...,[Blnn]} < —.
n
Let

. {MaM<%
J

N, =
0, N;=o0.
Then by standard large deviation estimates (using the exponential tails of V. ), there is an a < 0o
such that for all n sufficiently large

- - 1
P{Nl + - '+N[ﬁlnn] Z alnn} S ﬁ

Hence for all n sufficiently large

P{N >alnn} < P{Nj<oo:j:1,...,[ﬁlnn]}+P{]\~f1+---+]\7[ﬁlnn]Zalnn}
2

< —.

This gives (17) and hence proves the theorem.
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