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1 Introduction

The paper studies spectral measures of random (symmetric) Jacobi matrices of the
form
N(Ov 1) )22(1
J,=| Xea N(0,1) Xoa (a>0),

b

where the diagonal is an i.i.d. (independent identically distributed) sequence of standard
Gaussian N (0, 1) random variables, the off diagonal is another i.i.d. sequence of ya,-
distributed random variables. Here Y2, = X2a/ V2 with X2o denoting the chi distribution
with 2« degrees of freedom. As explained later, J, is regarded as the limit of Gaussian
beta ensembles (GSE for short) as the matrix size IV tends to infinity and the parameter
B also varies with the constraint that N3 = 2a.

Let us explain some of the terminology and introduce the main results of the paper. A
(semi-infinite) Jacobi matrix is a symmetric tridiagonal matrix of the form

ar b
J= b a2 b , where a; € R, b; > 0.

For a Jacobi matrix J, there is a probability measure 1 on R such that

/ ohdp = (JFei,e1) = J*(1,1), k=0,1,...,
R
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The mean spectral measures of random Jacobi matrices

where e; = (1,0,...)T € (2. Here (u,v) denotes the inner product of u and v in ¢2, while
(. f) == [ fdu w111 be used to denote the integral of a function f with respect to a
measure u. Then the measure p is unique if and only if J, as a symmetric operator
defined on Dy = {z = (z1,22,....) : xx = 0 for k sufficiently large}, is essentially self-
adjoint, that is, J has a unique self-adjoint extension in £2. When the measure . is unique,
it is called the spectral measure of .J, or more precisely, the spectral measure of (J, e;).
It is known that the condition -
1
25, =

implies the essential self-adjointness of J, [8, Corollary 3.8.9].

For the random Jacobi matrix J,, the above condition holds almost surely because its
off diagonal elements are positive i.i.d. random variables. Thus its spectral measures i,
are uniquely determined by the following relations

(o, 2%y = J5(1,1), k=0,1,....
The mean spectral measure ji,, is defined to be a probability measure satisfying

(i, ) = El{pa, f)],

for all bounded continuous functions f on R. It then follows that

<ﬂa7xk> ZE[mek”v k=0,1,...,

provided that the right hand side of the above equation is finite for all k.
The purpose of this paper is to identify the mean spectral measure ji,. Our main
results are as follows.

Theorem 1.1 (Main result).

(i) The mean spectral measure ji, coincides with the spectral measure of the non-
random Jacobi matrix A,, where

0 va+1
A, = va+1 0 va+2

(ii) The measure [i,, has the following density function

|

Fel¥) = =

where 2

2 [ i B o, e T
y) = \/;/O foz(t)e ytdt? fat)=m mt ! m

Let us sketch out main ideas for the proof of the above theorem. To show the first
statement, the key idea is to regard the Jacobi matrix .J, as the limit of GSE as the matrix
size N tends to infinity with N3 = 2a. More specifically, let Tv(5) be a finite random
Jacobi matrix whose components are (up to the symmetry constraints) independent and
are distributed as

N(0,1) Xn-1)8
Xiv-1g N(0,1)  Xn-2)8

In(B) = ' _
Xs  N(0,1)
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Then it is well known in random matrix theory that the eigenvalues of T () are dis-
tributed as GSE, namely,
N

O o [T T - Al

=1 1<j<k<N

Moreover, by letting N — oo with § = 2a/N, the matrices Tn () converge, in some
sense, to J,. That crucial observation together with a result on moments of GSE ([4,
Theorem 2.8]) makes it possible to show that i, coincides with the spectral measure of
Ag.

The next step is to establish the following self-convolutive recurrence for even

moments of i,
n—1

up(a) = (2n — Duyp—1 () + « Z wi(Q@)up—1—i(@),
=0

where u,(a) is the 2nth moment of fi,. Note that its odd moments are all vanishing
because the spectral measure of A, is symmetric. Finally, the explicit formula for f,, is
derived by using the method in [6].

The paper is organized as follows. In the next section, we mention some known
results on GSE needed in this paper. In Section 3, we introduce the matrix model and
step by step, prove the main theorem.

2 A result on Gaussian f-ensembles

The Jacobi matrix model for GSE, a finite random Jacobi matrix, was discovered by
Dumitriu and Edelman [3]. First of all, let us mention some preliminary facts about
finite Jacobi matrices. Assume that J is a (symmetric) finite Jacobi matrix of order N
(with the requirement that the off diagonal elements are all positive). Then the matrix J
has exactly N distinct eigenvalues A1, A2, ..., Ay. Let v1,vs, ..., vy be the corresponding
eigenvectors which are chosen to be an orthonormal basis in R". Then the spectral
measure 1, which is well defined by (u, z*) = J*(1,1),k = 0,1, ..., can be expressed as

N
H= Zq?é‘)\]w q; = |vj(1)|7
j=1

where §, denotes the Dirac measure. It is known that a finite Jacobi matrix of order N
is one-to-one correspondence with a probability measure supported on N points, or a
set of Jacobi matrix parameters {a;} ,, {bj};\[: ! is one-to-one correspondence with the
spectral data {\;}V,, {g;} ],

The Jacobi matrix model for GBE is defined as follows. Let {a;}Y ; be ani.i.d. sequence
of standard Gaussian N (0, 1) random variables and {b; };V: _11 be a sequence of independent
random variables having x distributions with parameters (N — 1)3,(N — 2)8,...,8,
respectively, which is independent of {a;} ;. Here Y, for k > 0, denotes the distribution
with the following probability density function

2 k—1 771,2
T(k/2)"
which is nothing but x/v/2, or the square root of the gamma distribution with parameter
(k/2,1). We form a random Jacobi matrix T (3) from {a;} ; and {b; ;_\;1 as follows,

N(0,1) Xn-1)8
Xiv-1g N(0,1)  Xn-2)8

,u >0,

Tn(B) = ) .
f(ﬁ N(O, 1)
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Then the eigenvalues {\;})¥ ; and the weights {¢; }é\le are independent, with the distribu-
tion of the former given by

N
A Az An) o [Te2 T 1w =17,
=1 1<j<k<N

and the distribution of the latter given by

N N
1 _
(qlaQQw"qu)O(qiNHQf 1a (QZ>O7ZQ12:1)
=1 =1

It is also known that ¢ = (g1, . . ., qn) is distributed as a vector (X, ..., Xg) with i.i.d. com-
ponents, normalized to unit length.
The trace of Ty ()™ and T (5)™(1,1) can be expressed in term of the spectral data as

N N
Te(Tn(B)") = D A7, Tn(B)"(1,1) =D gA7.
j=1 j=1
Consequently,
N N 1
E[Tx(8)"(1.1)] = B ¢}3] = D EIGEN] = 5 DB

= CE[Tr(Xn (8)")]

In the rest of this section, for convenience, we use the parameter B = (/2. Let
myp(N, B) = E[Tn(23)2P(1,1)]. It is clear that mp(N, j3) is a polynomial of degree pin N,
and thus m,, (N, §) is defined for all N € R. Then a result for the trace of Ty ()" can be
rewritten for m,,(IV, B) as follows.

Theorem 2.1 (cf. [4, Theorem 2.8] and [9, Theorem 2]). It holds that
mp(N7 B) = (_1)pom;D(_BN7 /3)_1)‘

Observe that 77Pm,(N, 7) is the expectation of the 2pth moment of the spectral
measure of the following Jacobi matrix

N(0,1)  X(n-1)2r

1 T(2r) = 1 | Xwv—p2r N(O,1)  Xnv—2)2r
N - - 3
)227' N(O7 1)
As 7 — o0, it holds that
1 Gor  (T(kr,1)\'?
N(O,1) — 0, Xkt _ (k7, 1) — vk (in L for any ¢ > 1).
NG NG T
The convergences also hold almost surely. Therefore as 7 — oo,
0 N -1
1 N -1 0 N -2
—TN(27) — =: Hy.
NG N(27) : : N
1 0
ECP 20 (2015), paper 68. ecp.ejpecp.org
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Here the convergence of matrices means the convergence (in L9) of their elements. Let
hy(N) = H2’(1,1) for N > p. Then h,(N) is a polynomial of degree p in N so that &, (N)
is defined for all N € R. The above convergence of matrices implies that for fixed p and
fixed N,

hp(N) = li_>m T Pm, (N, 7). (2.1)
Let
0 va—+1

A, = va+1 0 va—+2

and let u,(a) = A?P(1,1). Then u,(«) is also a polynomial of degree p in a. In addition, it
is easy to see that
up(a) = (=1)Phy(—a). (2.2)

As a direct consequence of Theorem 2.1 and relations (2.1) and (2.2), we get the following
result.

Proposition 2.2. As N — oo with = 3(N) = a/N,

mp(N7 B) — up(a) = Aip(lv 1)‘

3 Random Jacobi matrices related to Gaussian 5 ensembles
3.1 A matrix model and proof of Theorem 1.1(i)

Recall that the random Jacobi matrix .J,,

N(Ov ]-) )2204
Jo = )220( N(O7 1) )22a

consists of two i.i.d. sequence of random variables, one for the diagonal and the other for
the off diagonal. Thus the spectral measure p,, of J, exists and is unique almost surely
because

=1
Z — = oo(almost surely).
=

Here {b,} denotes the off diagonal elements.
The mean spectral measure ji,, is defined to be a probability measure satisfying

(s f) = El{nas f)];

for all bounded continuous functions f on R. Then Theorem 1.1(i) states that the measure
i, coincides with the spectral measure of (4,,¢€1).

Proof of Theorem 1.1(i). Note that the spectral measure of A, a probability measure p
satisfying
(n, ¥y = A*(1,1), k=0,1,...,

is unique because

=1
Z ar;

j=1

d

Also, it is clear that
<ﬂa>xk> :E[<Ma>xk>]7 k:O713"'7
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because E[{i4, |z|¥)] < 0o for all k = 0,1, .. .. Therefore, our task is now to show that for
allk=0,1,...,
(i, z%) = AF(1,1). (3.1)

We consider the case of even £ first. For any fixed j, all moments of the x y_)»5

distribution converge to those of the ys, distribution as N — oo with B = «/N. Thus for
fixed p, as N — oo with 8 = a/N,

my(N, B) = E[Ty (26)**(1,1)] = E[J2(1,1)] = E[(tia, 27)].
Consequently, for even k, namely, k = 2p,
</7'wak> = AZ(L 1)7

by taking into account Proposition 2.2.
For odd k, both sides of the equation (3.1) are zeros. Indeed, A’;(l, 1) = 0 when k is
odd because the diagonal of A, is zero. Also all odd moments of i, are vanishing,

<ﬁa’x2p+1> = E[(Hmffzpﬂﬂ =0,
because the expectation of odd moments of any diagonal element of J, are zero. The

proof is completed. O

3.2 Moments of the spectral measure of A,

Recall that
un (o) = A2"(1,1),n =0,1,....

Proposition 3.1.

(1) un(w) is a polynomial of degree n in « and satisfies the following relations

un(0) = (0 1) I wila+ D1 4(e), n 21, 52)
ug(a) = 1. .
(ii) {un(@)}S2, also satisfies the following relations
un (@) = (20 — Dup_1(a) + a0 uil@)u,—1i(a), n>1, (3.3)
ug(a) = 1. .

Remark 3.2. The sequences {u,(a)},>0, for « = 1 and o = 2, are the sequences
A000698 and A167872 in the On-line Encyclopedia of Integer Sequences [7], respectively.
Relations (3.2) and (3.3) as well as many interesting properties for those sequences can
be found in the above reference. In the proof below, we give another explanation of
u, () as the total sum of weighted Dyck paths of length 2n.

Proof. In this proof, for convenience, let the index of the matrix A, start from 0. Since
the diagonal of A, is zero, it follows that

2n—1

A27(0,0) = 3 1T Aatisiije),

{io,il ..... ign}€©2n j=0
where D, denotes the set of indices {ig, i1, ...,%2,} satisfying that

to = 0,12, = 0,7; > 0,
lijor —ij| =1,§ =0,1,...,2n — 1.
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Each element in ®,,, corresponds to a path of length 2n consisting of rise steps or rises
and fall steps or falls which starts at (0,0) and ends at (2n,0), and stays above the z-axis,
called a Dyck path. We also use ®3,, to denote the set of all Dyck paths of length 2n.

A Dyck path p is assigned a weight w(p) as follows. We assign a weight (o + k + 1)
for each rise step from level k to k + 1, and the weight w(p) is the product of all those
weights. Then

PED2y,

4 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
a+4

3 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
a+3

2 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
a+2

'] e - N e e e e e N — e N — —

a+1
2 4 6 8 10 12 14

Figure 1: A Dyck path p with weight w(p) = (o + 1)?(a + 2)3(a + 3)(a + 4).

Let ©3,, be the set of all Dyck paths of length 2n which do not meet the z-axis except
the starting and the ending points. Let

vp (@) = Z w(p).
pED3,
Since each Dyck path p = (ig, i1, ..., 42n—1,192,) € D3, is one-to-one correspondence with
a Dyck path ¢ = (i; — 1,42 — 1,...,4i2,—1 — 1) of length 2(n — 1), it follows that

Up(a) = (@ 4+ Dup—1(a + 1).

Moreover, let 2¢ be the first time that the Dyck path p meets the z-axis. Then either: =n
or the Dyck path p is the concatenation of a Dyck path in ©3,, (1 <4 < n), and another
Dyck path of length 2(n — ). Thus,

up (@) = vy (a) + i Vi () tp—i (@)
n—1

=(a+ Dup—1(a+1)+ Z(a + Duj—q (@ 4+ Duy— ()

n—1

— (a + 1) Z ui(a + 1)un—1—i(a)‘

i=0
The proof of (i) is complete. We will prove the second statement after the next lemma. O

Lemma 3.3. Let o > 0 be fixed. Let {a,} be a sequence defined recursively by

n—1
ap = 2n—Nap_1 +ad ;5 aiap_1-5, n>1, (3.4)
apg = 1.
Let {b,,} be a sequence defined by the following relations by = 1,
n—1
an = (a+1)Y bian 14 n>1 (3.5)
i=0
ECP 20 (2015), paper 68. ecp.ejpecp.org
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Then {b, } satisfies an analogous recursive relation as {ay},

(3.6)

by =(2n — Vb1 + (@ + 1) X0 biby 15, n>1,
by = 1.

Proof. Consider the field of formal Laurent series over R, denoted by R((X)),
R((X)) = {f(X) =Y X", €R,cpy =0forn < no} :
nez
The addition is defined as usual and the multiplication is well defined as
F0900 = ¥ (z d> X0
neZ \i€Z
for f(X)=> ¢, X", g(X) => d,X™ € R((X)). The quotient f(X)/g(X) is understood

as f(X)g(X)~?! for g(X) # 0. The formal derivative is also defined as

F(X) = enX"' € R((X)).

nez
Now let

f(X) = Zaan7 Q(X) = anXn
n=0 n=0

It is straightforward to show that the recursive relation (3.4) is equivalent to the following
equation

f(X)—1=2X%f(X) + X f(X) + aX f*(X).
In addition, the relation (3.5) leads to

f(X) -1

1) = G DXIXE)

Finally, we can easily check that g(X) satisfies
9(X) =1 =2X%¢(X) + Xg(X) + (o + 1) X g*(X),

which is equivalent to the recursive relation (3.6). The proof is complete. O

Proof of Proposition 3.1(ii)). When « = 0, it is well known that w,,(0) is the 2nth moment
of the standard Gaussian distribution, and is given by

un(0) = (2n — D).

Consequently, the conditions in Lemma 3.3 are satisfied for a,, = u,,(0), b, = u,(1) and
a = 0. It follows that the recursive relation (3.3) then holds for o« = 1. Continue this way,
it follows that the recursive relation (3.3) holds for any o € IN. We conclude that it holds
for all « because of the fact that {u,(«)} is a polynomial of degree n in «. The proof is
complete. O

ECP 20 (2015), paper 68. ecp.ejpecp.org
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3.3 Explicit formula for the spectral measure of A,, proof of Theorem 1.1(ii)

In this section, by using the method of Martin and Kearney [6], we derive the explicit
formula for the mean spectral measure ji, from the relation (3.3),
Un (@) = (20 — Dup—1(e) + o X0 wi(@)up—1-i(a), n>1,
up(a) = 1.
Recall that u,,(a) = (ji, 2*") and [i,, is a symmetric probability measure.

Let us extract here the main result of [6]. The problem is to find a function v for
which

/ " w(z)dr =u,, n=12...,
0

where the sequence {u,} is given by a general self-convolutive recurrence

{un = (an+ @2)un_1 + a3 0w, i, 1> 2, 3.7)

Uy = 1,
a1, a2 and as being constants. Then the solution is given by (Eq. (13)-Eq. (16) in [6]),

k(kx)~be~ke 1

V) = Fa s DT —b+ 1) Un(ka ) + Ur (ke

where,

. T@-0) .
Ur(z)=ce (wlFl(b—a,b,x)
r'b-1)

I'(a)
217 R (1 —a;2 — b2,

— (cosh) 2R (1 — a2 — b x)),

I(b-1)

Ur(z) = (sinwb)e™ ™ ()

and k = 1/aq1,a = az/a;,b = —1 — ag/ay, provided oy # 0. Here 1Fi(a;b;z) is the
Kummer function.
The sequence {u,(«)},>0 is a particular case of the self-convolutive recurrence (3.7)

with parameters a; = 2,3 = —3 and a3 = a. Note that our sequence {u,(«)} starts
from n = 0, and thus as = —3. By direct calculation, we get k = 1/2,a = /2, and b = 1/2.
Therefore, the function v, (z) for which u,(a) = fooo 2"dve(x)dz,n =0,1,...,is given by
(@) 1 1 s 1 -0
vo(z) = —e , T ,
VeL(2 + )02 + ) Ve Ur(z/2)? +Ur(2/2)?
where
r'(%) 1 al
U _ T 2 (= — = Z. 3.8
R(I) € F(%—f-%)l 1(2 272a$)7 ( )
I'(-3) 1/2 a 3
=e Fi(l——=;=;x). 3.9
Ur(z) =e r(a) x5 Py ( 2,2@) (3.9)

It is clear that v, (z) > 0 for any = > 0. Now it is easy to check that the function fi, (y)
defined by

/j'a(y) = |y|’/(x(y2)a y € R,

satisfies the following relations

/Ryz"“ﬂa(y)dy =0, /1Ry2"ﬁa(y)dy =up(@), n=01...,

ECP 20 (2015), paper 68. ecp.ejpecp.org
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In other words, [i,(y) is the density of the mean spectral measure fi,, with respect to the
Lebesgue measure.
We are now in a position to simplify the explicit formula of zi,. Let

/2
T(2 + )02+ 1)\'
Vel = (FEL ) o)
2
P y PG e 1 ol
=2"2T(a+1) F(%+%)€ 1F1(§_§,§,?)>
CRLNCEE A
Vi(y) = - (1) Ur(y™/2)
2
a_ 1 1F(—l) y? a 3 y2
=-2"2"2"(a+1)2 ()‘2 ye 2 1F(1— —; -5 =).
(a+1) r(2) Fl=559)

Here, in the above expressions, we have used the following relation for the gamma
function )
T(§+ (s +1)

I'(3)

=27°T(a +1). (3.10)

N|—=

Then [i,(y) can be written as

2

_ ez 1
Fol) = e VR + Vi

Next, we will show that Vi (y) and V;(y) are the Fourier cosine transform and Fourier
sine transform of

fat)=m @t(xil\/ﬂa

respectively. Let us now give definitions of Fourier transforms. The Fourier transform of
a function f: R — C is defined to be

fumn—éﬁ/mﬂmmﬁ,@eﬁx

and the Fourier cosine transform, the Fourier sine transform are defined to be
2 oo
Fe(f)y) = \/;/ f(t) cos(yt)dt, (y >0),
0
2 [ .
Fs(H)ly) = \/;/ f(t)sin(yt)dt, (y > 0),
0

respectively. Then those transforms are related as follows

{fqmnzﬁwxw
F(f) ) = iF(f)(y),

For o« > 0, we have (cf. Formula 3.952(8) in [5])

if f(t) is even,

>0),
> 0), if f(t)is odd.

(y
(y

o 1
% 2272[(% y?
Fe(t*le7) = \/7?(2)621F1(

Then by some simple calculations, we arrive at the following relation

Vr(y) = Fe(fa()(y), y>0.

a.l.yz)
22" 2

| =

ECP 20 (2015), paper 68. ecp.ejpecp.org
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Similarly;,
Vl(y):Fb(fa(t))(y)v y >0,

by using Formula 3.952(7) in [5],
250(5 + 3)
NS

By definitions, Vr(y) is an even function and V;(y) is an odd function. Thus the
following expression holds for all y € R,

30

y2
—2,F (1 —
ye 1 1( a2a 2

fs(t“_le_é) =

[ e)

Vr(y) +iVi(y) = \/z /0 " falt)costyt) + isnyt)a
2 [ P T
E [ e = )

Ve()? + Vi(y)? = |fa)I?,

which completes the proof of Theorem 1.1(ii).

Consequently,

Remark 3.4. The measure [i, was discussed as the probability measure of associated
Hermite polynomials [2]. It was also investigated in [1] in connection with Gaussian
beta ensembles by deriving a partial differential equation for its Stieljes transform.
The authors would like to thank Professor Fumihiko Nakano for letting us know these
references.

We plot the graph of the density ji,(y) for several values « as in the following figure
by using Mathematica. It follows from the Jacobi matrix form that the spectral measure
of ﬁAa converges weakly to the semicircle law as a tends to infinity. Note that the

semicircle law, the probability measure supported on [—2, 2] with the density

1
— V4 —22 (-2<x<2),

2w
is the spectral measure of the following Jacobi matrix
0 1
1 0 1
1 0 1

Remark 3.5. When « in a positive integer number, we can give even more explicit
expressions for Vir(y) and V;(y).

(i) @ =2n,n € IN. In this case, f,(t) is an odd function. Therefore

Vl(y) = fs‘(fa(t)) = 7Zf(fa(t))

Note that , )
]:(6_7) = e_yT
Therefore, for integer a > 1,
1 12 1 de—1 y?
Ft* e 7)) =(i)* I (e” 7).
ECP 20 (2015), paper 68. ecp.ejpecp.org
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Figure 2: The density /i, (y) for several values a.

Consequently,

— _,L'Oé,n. a e% dail (ei%)677
INa)  dy>—! Vor

o e E 7
(o) “'Vor

Here He,, denotes probabilists’ Hermite polynomials.
(ii) @ = 2n+ 1. This case is very similar. Since f,(¢) is an even function, it follows that

Valy) = FolFalt)(y) = F(fa(t)) = ”m Heos
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