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Abstract

The theory of S2(d) family of probability distributions is used to give a derivation of the
functional equation of the Riemann xi function. The § deformation of the xi function is
formulated in terms of the S2(¢§) distribution and shown to satisfy Riemann'’s functional
equation. Criteria for simplicity of roots of the xi function and for its simple roots to
satisfy the Riemann hypothesis are formulated in terms of a differentiability property
of the S3(0) family. For application, the values of the Riemann zeta function at the
integers and of the Riemann xi function in the complex plane are represented as
integrals involving the Laplace transform of Ss.
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In this paper we contribute to the field of probabilistic studies of values of the
Riemann zeta function. This field was pioneered by [4] and [12] and greatly advanced by
[1] and [17], which serve as primary references as well as motivation for our results. The
field is comprised of roughly two streams of works. The first stream as represented by
[2], [9], [10], [13], [14], [15], [16], [22] for example, relates values of the Riemann zeta
and other functions of analytic number theory (Riemann xi, Barnes gamma functions,
Selberg integral) directly to various probabilistic notions (infinite divisibility, independent
product/sum representations, Lévy processes). The second stream as represented by [3],
[5], [7], [13] for example, develops random matrix theoretic machinery that is necessary
to fully understand the celebrated conjecture of [8] on the moments of the Riemann zeta
function on the critical line.

In this paper we continue to study the family of S5(§) probability distributions that
we introduced in [16] as a means of approximating the Riemann xi function by a limit
of Barnes beta distributions, see [15]. Our contribution is three-fold. First, we give a
derivation of the celebrated functional equation of the Riemann xi function using the
theory of S3(¢) distributions. While this equation has many known proofs, see [20] for
example, the novelty of our approach is that our proof is probabilistic in nature and
mainly relies on a computation of moments of S5(0) in a way that does not require Jacobi’s
theta identity or complex integration but rather only uses the Laplace transform of .S;. As
an application of our approach, we show that the values of the Riemann zeta function at
the integers as well as the values of the Riemann xi function in the complex plane can be
represented as simple integrals involving the Laplace transform of S;. We also show that
the functional equation itself is equivalent to a symmetry of a certain integral transform
of the Laplace transform. Second, we formulate a functional equation and a generalized
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On S5(6) Distribution

xi function that correspond to the S5 () distribution thereby obtaining a one-parameter
deformation of Riemann’s xi function that satisfies the functional equation of the xi
function. Finally, we show that the behavior of roots of the Mellin transform of S5(d) as a
function of § gives us elementary criteria for the simplicity of roots of the xi function and
validity of the Riemann hypothesis for simple roots.

1 Introduction

The theory of the S5 and related distributions was developed in [1] and [17]. In this
section we will review some of the key points of this theory following [1] so as to motivate
our generalization of S5 in the next section.

S is an infinitely divisible, absolutely continuous probability distribution on (0, oo)
that is defined by

2 T

A~ 2,n

S22 El poa (1.1)
n=

and {I'z ,,} denotes an iid family of gamma distributions on (0, co) with the density xe™*.
Its Laplace transform is given by!

—gse1 _ [ V2q 72
Ble ] = [ Ghvm) (1-2)
T d
— eXP(/(e_qt - 1)(9(7;) - 1)%), q>0, (1.3)
0

where 0(t) is a special case of Jacobi’s 03 function
Ot 21+2) e ™ £ >0, (1.4)
n=1

hence the Lévy density of S, is ps, () = (f(7z/2) — 1) /z. The theta function identity
VEO() = 0(1/t), t > 0, (1.5)

implies that, up to exponentially small terms, (t) ~ t~*/? as t — +0 and 6(t) ~ 1 as
t — 400 so that pg, () is a valid Lévy density, see Theorem 4.3 in Chapter 3 of [19]. The
cumulative distribution function of Sy is?

P(S; <z)= Z(l - n27r2x)e_"2”21/2. (1.6)
nez

Denote the probability density of Sy by fs,(x). Then, it is easy to see from (1.4) and
(1.6) that it is related to the Lévy density by

d

d
fs,(x) = %(1+2$%)$p52($). (1.7)

So satisfies a remarkable functional equation as a corollary of (1.5).

Bla()] = 3elst i)

1We mention in passing that S as defined by (1.2) appears also in a model of Anderson localization in the
context of statistics of eigenvectors of random banded matrices, see [6].

21t is quite non-trivial that the right-hand side of (1.6) is a valid distribution function on (0, 00). The
interested reader is referred to [4], Theorem 7, for a probabilistic proof and to the discussion following it for a
direct analytic proof.
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that holds for arbitrary test functions g, for which the equation makes sense. It is
equivalent to
2 \5/2 4
T o
It follows from (1.6) and (1.9) that fg,(z) is exponentially small in the limits z — 40 and
x — 400, and we have, up to polynomial prefactors,
fs,(z) ~ e & — 40, (1.10)
fs,(@) ~ e 2 1 o oo, (1.11)

In particular, the Mellin transform E[S9] is entire in ¢. The relationship between S, and
the Riemann xi function is equally remarkable.

(g)q2§(2q) —E[SY], g€ C, (1.12)

™

where the entire function £(q) is defined in terms of the Riemann zeta function by?

€0) £ Jala— Dm 7T (g/2)C0), Rl) > 1, (1.13)

and the Riemann zeta function is defined by

@) 2> (m+1)7% R(g) > 1. (1.14)

m=0

The Mellin transform in (1.12) is crucial for our purposes so we briefly remind the reader
how it can be derived for ®(q) > 1/2 by double integration by parts. One starts with the
representation of the density of S5 in (1.7) and evaluates the resulting Mellin transform
by elementary means (boundary terms vanishing by the asymptotics of theta).

E[5]] = / 21 (14 200 (B(r/2) 1) dor
0

= 24~ T(0) (25 ) "2¢(20), (1.15)

which is equivalent to (1.12) by (1.13). Using (1.12) and the functional equation (1.8)
with g(z) = 29, one sees that the xi function satisfies

§(g) =€(1—q) (1.16)

for ¢ € C, which is Riemann’s functional equation. We finally note that many important
problems in number theory hinge on the location of roots of the xi function, which are
known to lie in the critical strip 0 < R(q) < 1. We refer the reader to [20] as a reference
on the xi function.

3Contrary to the commonly accepted usage, we use ¢ as opposed to s as the generic complex variable to
avoid confusion with S2 and use fooo 29 f(x) dz to define the Mellin transform as it is natural for our purposes.
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2 A Review of 55(9)

In this section we will remind the reader of our construction of the S3(¢) family of
probability distributions and their basic properties established in [16].

Definition 2.1. Let 6 > 0 and {I'2,,} be as in (1.1).

oo

FQ,n
SQ(CS)éZm. (2.1)
n=1

The main properties of S5(d) are summarized in the following theorem, which we
give here with additional details and proof for completeness.
Theorem 2.2 (Properties of S3(4)). S2(0) is infinitely divisible and absolutely continuous.

Denote its density by fs,)(x). Then, its Laplace transform, density, and Mellin transform
satisfy

E[e-1%:®)] = [%%TEWM&}, (2.2)
— exp(/oo(e_qt —1)e% (9(7;) - 1)%), q>0, (2.3)

0
fs,8)(z) = [smj%%r e fs,(x), x>0, (2.4)
E[S5(5)7] = [Sm\};%%]g (%)q ZO % (’T%)" 2(2q+2n), g€ C, 6 <72/2.  (2.5)

Given a test function g(x), S2(9) satisfies the general identity
E [exp(—c%'g)} E [g (Ss (5))} =E [exp(—&Sg)g(Sg)} . (2.6)

Let § > 0 and (8 be an independent exponential distribution with the density ¢ exp(—dx).
Define the distribution
T(6) £ S9(d) + B. (2.7)

Then, T'(0) is infinitely divisible and absolutely continuous on (0, co) and its density and
Laplace transform are

o ba sinh v/2672
fre)(x) = de [W} P(S2 <), >0, (2.8)
T ¢ dt
El[e 0] = exp(/(e*qt - 1)6*‘”0(%)7), q>0. (2.9)
0

The Mellin transforms E[S>(6)?] and E[T'(0)?] are entire functions of g.

Proof. The starting point is the formula given in [1], Section 3.2, for the Lévy density
px (t) of the weighted sum of positive, independent, infinitely divisible distributions of
the form X = )" ¢, X,,, where ¢, > 0 and X,, has Lévy density p(t) for all n.

1
=S —plt/cy). 2.10
px (t) ancnp(/C) (2.10)
The Lévy density of I'y ,, is 2"/t so that the Lévy density pg, (s)(t) of S2(9) is

6751‘/
P () = ——(0(xt/2) —1). (2.11)
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Then, the Laplace transform of S3() can be written as

E[e7190)] = exp(/(e_qt —1)psy6)(t) dt), (2.12)
0
[y 0+mn?/2 72
= 5 mer) .13

n=1

sinh\/ﬁ 2 _( +5)S2
=y ) Bl

where we used Frullani’s formula for log(x) to evaluate the integral in (2.12) and the
infinite product representation of sinh(z) and (1.2) to obtain (2.14). This proves (2.2)
and (2.3). The density of S5(9) follows from (2.2) so that the Mellin transform is

(2.14)

o0

E[S5(5)7] = [%ﬁ} ’ / 2%~ g (2) dz. (2.15)
0

Expanding the exponential and making use of (1.12), we obtain (2.5), provided that the
integral can be computed term by term. The partial sums of exp(—dz) are bounded by
exp(dx). If § < 72 /2, then exp(dx) fs, () is exponentially small as x — +oo, see (1.11), so
that the result follows by dominated convergence. The series is absolutely convergent if
§ < m2/2 as is clear from (1.13) since ((q) — 1 (uniformly in S(q)) as R(q) — +oo. (2.6)
is immediate from (2.4). The density of T'(d) in (2.8) is the convolution of the density
of S5(9) in (2.4) and the density of 5. Since the density and cumulative distribution
functions of S, are exponentially small as x — 0, the Mellin transforms of S3(¢) and 7°(4)
are entire in q. O

We mention in passing that our construction of S3(d) in [16] was primarily motivated
by T'(). There we used Jacobi’s triple product to relate 7'(d) to a limit of Barnes beta
distributions, which we introduced in a special case in [14] and in general in [15] in
the context of the Selberg integral. We will not dwell on this connection here short of
pointing out that the Barnes beta distribution approach provides an altogether different
way of looking at S5, see also Corollary 3.5 and Remark 3.6 below.

3 Results

We begin by formulating our result on the functional equation of the xi function, see
(1.16). As the equation per se is well-known, we must first explain what we assume to
be given. Our main assumption is that the relationship of the Mellin transform of S5 and
the xi function in (1.12) is known for all ¢ € C (or, equivalently, that the xi function is
defined by (1.12), the Mellin transform of .S, is entire, and (1.13) is known).

Theorem 3.1 (Functional equation of £(¢)). Let g € C. Then,

()'B[s5] = 5l

Proof. It is sufficient to show that (3.1) holds for any domain of the form R(q) € (n—1,n),
n=1,2,3,--- because an entire function that is identically zero on such a domain must
necessarily be identically zero on the whole complex plane, see Theorem 1.2 in Chapter
III of [11]. Let R(p) € (0, 1) and ¢ = n — p. The starting point and key element of the
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proof is the identity that is satisfied by the Mellin transform of S5 ().

d. . _ dor
5 Ele P52 E[S2(6)7] = Bl 052841,

= —E[e *|E[S5(5)""], ¢ € C, (3.2)

which is an elementary corollary of (2.6). It follows by induction that we can write for
any § >0,g€ C,andn=1,2,3---

o0 oo oo

E[e_5S2]E[SQ(6)_q] = [ dé--- db,_1 ds, E[e_énsz}E[SQ(én)_q+”]7
[# S
= ﬁ /(Z _ 6)n—1E[€—zSQ]E[SQ(Z)—q—O—n] dz. (3.3)
)

Let ¢ = n — p, then the expectation on the right-hand side of (3.3) can be computed* in
terms of the Laplace transform of S using the Cauchy-Saalschiitz formula for the gamma
function, see Section 12-21 of [21], which holds for R(p) € (k, k+1),k=10,1,2,3---.

l

» 1 [ odu & (—ux) .
. :_r(—p)/uw(z e ),x>0. (3.4)

0 =

In our case, R(p) € (0, 1). Hence, by Fubini’s theorem and (2.6),
E[efZSQ]E[Sg(z)p] =Ele 7Z525p]

qu Efe=*%] - Ble~+0%]]. (3.5)

0

The second element of the proof is the following expansion of the Laplace transform that
is immediate from (1.2).

E[efzSQ] — 82 Z (m + 1)6*@(m+1)’ 2> 0. (3.6)
m=0

Unlike the expansion in the moments, it is singular at z = 0 but is globally convergent.
Substituting this expansion into (3.5) and changing variables v’ = u/z, we obtain

8z1 p =
—zS. —V8z(m z u(m
E[e%:5%] = /u1+p Z(m+1)e VEHmAD (1) Y (mep1)e VERVIFU +1>].
m=0 m=0

(3.7)
Substituting this equation into (3.3) with 6 = 0 and applying Fubini’s theorem, it is not
difficult to evaluate the resulting z integral at any fixed u > 0 using the definitions of the
gamma and Riemann zeta functions as R(n —p +1/2) > 1/2.

o0

—ntp] _  osp-sns11(2n —2p+2) du
E[S;"t7] = —2% +WC(2n—2p+l)/ T

[1 —(1+wP ], (3.8)
0
The remaining integral can computed using the identity

o0

du _ I'(p+q¢)I'(—
0/ - _(prq(;)(p), R(p) € (0,1), R(g) >0,  (3.9)

4We note that (2.5) cannot be used here as we need the Mellin transform for arbitrary z > 0.
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which easily follows from the standard properties of the gamma and beta functions and
integration by parts. Thus, we have shown

I'2n —2 2
E[S2—n+p] _ 23p3n+1W<(2n — 2p + 1) (3.10)

On the other hand, the right-hand side of (3.1) can be computed by (1.12) and (1.13) as
R(n —p+1/2) > 1/2. Using the doubling formula of the gamma function in the form

T'(2n — 2p) = T(n — p)T(n — p + 1/2)(27) " V/222n-2=1/2) (3.11)

we obtain after several lines of straightforward algebra

4\p—n | n—p+1/2 _ (2n —2p+2)
il —E[S Pt } — dp=3nt1 LN TP R) 9 o) 1 1), 3.12
(7r2) \/g 2 I'(n —p) C@n=2p+1) ( )
Recalling (1.12), we have checked that {(—2¢) = £(1 + 2¢q) for R(q) € (n,n —1). As £(q) is
entire, this must be true for all ¢ € C. O

Corollary 3.2 (Some explicit formulas). Letn =1,2,3,--- .

23n 1 = 2
=((2n+1), 3.13
2n—|—2 /u smh\/2u} C@n+1) ( )
0
93n— 5/2 ® 3 U
n- /2 du = ¢(2 3.14
U U n). .
2n+1 / smh\/2u] ¢2n) ( )

0

Let R(p) € (0, 1/2). Then, (3.1) in the critical strip is equivalent to

2¢(2p) = 26(1 —2p) = (%)7pr(ip) / ucllﬁp “sin\}f%ﬁr - 1] ;

0

-t [ e ] e

0

Let ®R(p) € (k,k+1),k=0,1,2,3--- (and R(p) > 1/2 in the case of k = 0). Then, (3.1)
outside of the critical strip is equivalent to

o0 du ul d V26 12
26(2p) = 2¢(1 - 2p) = /ulﬂ’ slnhm Z Il dst o= 0Llﬂhf} ]
0
2\ p—1/2 7 du Rk
- (;) - 1/2 0/u3/2 P Lsinh \/ﬁ} 10

Proof. The formulas for the values of the Riemann zeta at the integers in (3.13) and
(3.14) are special cases of (3.16) ((3.13) also follows by letting p — 0 in (3.10) and then
using (3.3)). If R(p) € (0, 1/2), then R(1/2 — p) € (0, 1/2) so that both the left- and right-

hand sides of (3.1) with ¢ = —p can be computed by means of (3.4). In the remaining
cases, we use the standard definition of the gamma function to compute E[S;/ p | and
(3.4) to compute E[ST]. O

We now proceed to our result on the § deformation of the Riemann xi function.
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Theorem 3.3 (Functional equation of S3(§)). Let § > 0.
46 4 s 1/2 40
E{exl’<*7r252(5))9(7r252(5))} - \/;E [52(5) eXp(%?sg((S))g(S?(‘s))] (3.17)
The generalized xi function defined by
(—)q2§5(2q) £ E[exp(—éSQ)} E {exp(—L)Sg(é)q] qgeC (3.18)
’/T2SQ((S) ’ ’
is entire in q, £5-0(q) = £(q), and
&(q) = &(1—q). (3.19)
Proof. This result is a corollary of (1.8) and (2.6). The function x — exp(—5(x + 4/77295))
is symmetric under x — 4/7%x so that we have by (1.8)
™ 1/2 46
R Wz—sz)g(sg)] (3.20)
O

46 4
Eleo(=0%: — 5)a(g;)] = /5
By (2.6) this is equivalent to (3.17). (3.19) follows by letting g(x) = 29

Remark 3.4. It is not difficult to see that the same approach gives us also a two-
(3.21)

parameter deformation of the xi function by defining for ,J > 0 the entire function
4
7K> 52(5)q} :

2\¢ A

(7) 2;5.,.(2q) 2 E{exp(—(SSg)}E[eXp(— 50
Clearly, &5,5(q) = &5(q) and, moreover,
Es.n(q) = &rs(1 = q), (3.22)
which follows from the more general identity
4K 4 - ™ 1/2 46
Blew (0% - 5o )o(g)] = B8 e (s - g )a(s2)] - 23
In particular, by letting g(z) = 1 and using (3.4), we obtain from (3.23)

a2 [E [e—rS2m40/n7S2) _ E[e—<~+z)sz—46/w282]] (3.24)

o0
1
E [6—552—4,@/#52} _ /
2\/? 23/2
0
This shows that the functional equation of S5 is equivalent to a functional equation for

the joint Laplace transform of (Sy, 4/7255).
46
) (5)"}7 qeC.

—— |7

Corollary 3.5 (Functional equation of 7'(9)). Let § > 0 and define the entire function
3.25
2T (6) ( )

xs(q) £ E [exp(—(SSg)} E {exp (—

Then, (3.19) is equivalent to

4\ q T 1 i 1

_ 1 —1) = _ ): f( - _ _ 2 _ - _

(Wg) (X&(Q) 5Xsa—1) = —=xs(a - 2) 5 X6(2 q) 5 xs ( 5 q)

4 3
- — — — 3.26
7r2><5( 3 (J)> ( )
ecp.ejpecp.org
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Proof. 1t is easy to see from (2.4) and (2.8) that the density of 7'(9) satisfies

1
Foa)(@) = fr) (@) + 5 frs) (@)- (3.27)
Hence,
E[eXP(—6S2)}E[eXp(—L)SE(W} = xs(0) — Txsg - 1) - i><5(q —-2), (3.28)
m252(0) 4] 72 ’
and the result is equivalent to (3.19). O

Remark 3.6. We note that it is also possible to re-formulate (3.17) in terms of 7'(¢) using

E|g(5:(0))| = E[g(T(0))| - %E{g’(T((S))] (3.29)

The interest in (3.26) is that it gives us an equivalent formulation of the functional
equation directly in terms of the 7'(d) distribution. We showed in [16] that 7'(§) can be
obtained as a limit of Barnes beta distributions. This leads to the interesting problem of
deriving the functional equation by the Barnes beta distribution route, which, however,
is beyond the scope of this paper.

Finally, we will consider the roots of the Mellin transform of Ss, i.e. of £(2¢), see
(1.12). Before we can state our result, we need an auxiliary lemma.

Lemma 3.7. Let 6 € C, |§| < 7?/2, and q € C. Define the functions

M (3, ) 2E [e—észsg}, (3.30)
My(5, q) 2E [e—45/”25253] (3.31)
They satisfy the identities
Mi(5, q) = (%)QZ%(_TQ‘S)H%QHM), (3.32)
M (5, q) = (%)qZ%(%%)n%(lJrQn—Z]). (3.33)

M; (6, q) and Ms(d, q) are holomorphic in § over the domain |§| < 7 /2 for any fixed q and
are entire functions of q of order 1 with infinitely many zeroes for any fixed |§| < 7% /2.
M (0, q) and M(6, q) are related to each other by

4
(;)qu(CS, —q) = \/§M1(57 q+1/2). (3.34)

Proof. The first equation is a slight extension of (2.5). Both (3.32) and (3.33) are verified
in the same way as (2.5) by expanding the functional in the moments of S5 (and using the
functional equation in the case of (3.33)). The tail behavior of the series at any fixed ¢ is
easily estimated by Stirling’s formula and the fact that ((¢) — 1 (uniformly in J(q)) as
$(q) = +oo. The stated restriction on the domain of ¢ is immediate from the asymptotics
of fs,(z) given in (1.10) and (1.11). Hence, M; (4, ¢) and M5 (0, ¢) are holomorphic in ¢
and entire in ¢. The identity in (3.34) follows from (1.8). To prove that M (4, ¢q) is an
entire function of order 1 in ¢ and has infinitely many roots, we use the theory of entire
functions of finite order and classical estimate of the growth of £(¢) at infinity. It is not
difficult to show that M; (4, ¢) has the same asymptotic bound as £(2¢),

log |M1(6, q)] = O(lq|loglql), |q| — oo, (3.35)
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see (2.12.3) in [20], so that M;(d, ¢) is of at most order 1. It is exactly of order 1 due to
its behavior along the positive real axis

M (8, q) ~ e?'°89, g — 400, (3.36)

which follows by Stirling’s formula, and, therefore, has infinitely many roots by the
Hadamard product formula, see Theorem 3.5 in Section XIII.3 of [11]. O

We will now study the roots of M;(4, ¢q) i = 1,2 as a deformation of those of the xi
function. Specifically, given a d, M;(J, ¢) has infinitely many roots as a function of ¢ by
Lemma 3.7. We are interested in how these roots depend on §. For simplicity, we will
restrict ourselves to § € (—72/2, 72/2). Let qo be a root of the Mellin transform of Sy so
that £(2qo) = 0, necessarily 0 < (2¢p) < 1, and £(1 — 2gp) = 0 by the functional equation.
Define ¢1 (6 | go) and ¢2(0 | go) to be functions of ¢ having value gg at 6 = 0 that are defined
implicitly as curves of roots of M (4, ¢) and M>(4, q).

Definition 3.8. Let £(2q0) = 0, § € (—72/2, 72/2), and q1(0| qo) = ¢2(0| qo) = qo.

M (8, a1(6]90)) = 0, (3.37)
Clearly,
q2(9]q0) =1/2—q1(6]1/2 — qo) (3.39)

by (3.34), and (3.37) is equivalent to E[S5(6)©(1%)] = 0 for § > 0 by (2.6). If gy is a
simple root of £(2¢), then ¢1 (6| qo) and ¢2(0 | go) are differentiable at § = 0 by the implicit
function theorem. The following result establishes the converse.

Theorem 3.9 (Criterion for simplicity of roots of £(q)). If the function ¢;(6 | q), i = 1,2 is
differentiable at § = 0, then qq is a simple root of £(2q) and

d 1

§'(200) 5 (6] q0)ls—0 = —€(2q0 +2), (3.40)
d 1

5/(2610)%(5 [ q0)ls=0 = —&(2q0 — 2). (3.41)

Proof. We will give proof for ¢;(d|qp), the proof for ¢2(d|qo) goes through verbatim.
Assume that ¢;(d | o) is differentiable at § = 0. Consider the composite function § —
E [67552531(5 | QO)]

E[e 0525810 10)) — ¢, (3.42)

which is identically zero by construction, hence
d
$|5:0E[e_652831(5‘q°)] —0. (3.43)

Since ¢1(d | qo) is assumed to be differentiable, by the chain rule we have

a
do

dq

—(0 —0-

25 0140)ls=0
(3.44)

The calculation of the partial derivatives is elementary. Using that £(2¢9) = 0 by con-

struction, we have by (1.12) and (3.2), respectively,

— 1 0 a —002 1 0 8
|5:0E[6 6325;1 (¢1a )} _ %b:oE[@ 5S S4 (61a )] + %E[Sgﬂq:qo

0 2
(quE[Sg“q:qo = (;)%45'(2%)7 (3.45)
0 2
%|5=QE[676S2531(5‘%)} _ —E[Sgo"—l} _ (;)q0+12§(2q0 +2). (3.46)
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Thus, we have proved (3.40). It remains to notice that £(2¢gp + 2) # 0 as R(2go +2) > 2 so
that

d
5’(2610)%(5 | q0)]s=0 # 0. (3.47)
0

Corollary 3.10 (Criterion for simple roots of £(¢q) to satisfy the Riemann hypothesis).
Assume qq to be a simple root of £(2¢). Then, R(2qo) = 1/2 iff

d dgz
¢/ (200) 2 (0] o) =0 = €' (2%) 1= (3| o) =0, (3.48)
d
= &/(1-23) 55 (6] 1/2 = @)lso- (3.49)

The proof requires the following auxiliary result.
Lemma 3.11. Let p > 1 and 0 < Re(s) < 1. Then,

E(s+p) = €6 —p) & R(s) = 1/2. (3.50)
Proof. If £(s+ p) = £(5 — p), then

E(s+p)=&1+p—73) (3.51)
by the functional equation. Obviously,

S(s+p)=S(1+p—73) (3.52)

and
R(s+p), R(1+p—73) >1 (3.53)

by construction. By Theorem 1 of [18], the modulus of £(g) is strictly increasing along
any horizontal half-line that is located to the right of the critical strip. Hence,

s+p=14+p—75 (3.54)
so that $(s) = 1/2. Conversely, if $(s) = 1/2, the result is immediate. O
We can now complete the proof of Corollary 3.10.
Proof. By Theorem 3.9, (3.48) is equivalent to
£(2q0 +2) = £(2q0 — 2), (3.55)

which is equivalent to R(2¢o) = 1/2 by Lemma 3.11. To verify (3.49), it is sufficient to
note the identities

£'(2q0) = —€'(1 — 2q0), (3.56)
(0] q0) = q1(6 | %), (3.57)
and recall (3.39). O

Remark 3.12. We believe that the differentiability condition in Theorem 3.9 is quite
natural as M; (9, ¢) and M (9, ¢) are “smooth” deformations of the Mellin transform of
Ss, which suggests that their roots should also generate a “smooth” deformation of the
roots of the Mellin transform. In this sense, Theorem 3.9 “explains” why the roots of the
xi function might be expected to be simple.
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4 Conclusions

We have given a derivation of the functional equation of the Riemann xi function
that is based on the theory of S2(0) probability distributions. Using this theory, we
have reduced the functional equation to a simple integral relation involving the Laplace
transform of S; and then verified it using elementary means. Our approach has shown
that the Laplace transform of S5 is fundamental to the structure of the xi function, for
in addition to the functional equation itself, we have given a probabilistic derivation
of explicit formulas for the values of the xi function in the complex plane and of the
Riemann zeta at the integers in terms of simple integrals involving the Laplace transform
of S2.

We have shown that a particular transform of the S>(d) distribution gives rise to a
one-parameter family £5(¢q) of entire functions, which extend the Riemann xi function
and satisfy its functional equation. In particular, this construction opens up a possibility
of approaching the functional equation from the viewpoint of the theory of Barnes beta
distributions.

We have introduced a class of transforms of the S, distribution that naturally extend
the Mellin transform of S3(d) to holomorphic functions M; (4, ¢) and Mz (4, ¢) of two
variables. We have noted that the differentiability of their roots as functions of ¢ with
respect to J is equivalent to the simplicity of roots of the xi function and, assuming
simplicity, we have formulated a criterion for the validity of the Riemann hypothesis.

Acknowledgments. The author gratefully acknowledges that the problem of finding a
probabilistic derivation of the functional equation was posed to the author by Ashkan
Nikeghbali at the Twelfth Northeast Probability Seminar. The author also wishes to
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