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Conditional persistence of Gaussian random walks*
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Abstract

Let {X»}n>1 be a sequence of i.i.d. standard Gaussian random variables, let S, =

?_, Xi be the Gaussian random walk, and let 7, = > ", S; be the integrated (or
iterated) Gaussian random walk. In this paper we derive the following upper and
lower bounds for the conditional persistence:

IP{ max Ti <0 ‘ T, =0, S, :0} <n V2,

1<k<n

n—1/2

)

IP{ max Tk§0’T2n:O’SQn:0}>

1<k<2n ~ logn
for n — oo, which partially proves a conjecture by Caravenna and Deuschel [3].
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1 Introduction

Suppose that X,,,n > 1, are i.i.d. random variables with mean zero and finite posi-
tive variance. Denote S,, = X; + Xo+---+ X, and 7;, = S1 + So +---+ S, n > 1. In
this paper, we study the following conjecture of Caravenna and Deuschel [3] which is
motivated from their study of sticky particles in a random polymer:

Conjecture: P {maxlgkgn T.<0|T,=0,8, = O} = n1/2,

Here and throughout this paper, the following symbols are used for positive se-
quences «(n) and S(n): a(n) < B(n) if limsup,,_, ., a(n)/B(n) < ¢; < oo; a(n) 2 B(n)
if liminf,, o a(n)/B(n) > co > 0, where ¢; and ¢, are two positive constants. Fur-
thermore, we denote a(n) < B(n) if a(n) < f(n) and a(n) 2 B(n). We refer to [3] for
the significance of the conjecture and its application in wetting and pinning models.
Here we remark that the question is indeed quite natural, by presenting a practical
example. Suppose that a person holds n units of shares of a certain stock, of which
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Conditional persistence of Gaussian random walks

the price is assumed to be a general symmetric random walk. The person has two
options to sell the stock: either he sells all the n units of shares to get cash now, or
he sells one unit of share per period for n periods. If the average rate of increase of
the stock price during the n periods is the same as the constant simple interest rate
r, and these two options make no difference at the end, then what is the probability
that the person never regrets during the n periods after choosing the first option? By
the assumptions, the stock price in the period k is P, = Py + Si + kr, where P, is the
current stock price and S, = X; + X5 + ... + X}, is the random price after k periods
with {X,, },,>1 being i.i.d. symmetric random variables. The person would not regret in
the period k if P+ P+ ...+ P < (Po+kr)+ (Py+ (k—1)r)+ ...+ (Py + r), that is
Ty := 51+ S2+ ...+ 5k <0. Since there is no difference between the two options after
n periods, we have S; + 5o + ...+ S, = 0. Furthermore, the average rate of increase of
the stock price during the n periods is the same as the constant simple interest rate r,
therefore S,, = 0. Thus, the conditional probability that the person never regrets during
the n periods can be expressed exactly as P {maxi<x<n T, <0 | T}, =0, S, = 0}.

The conjecture is quite challenging. In their original paper [3], Caravenna and
Deuschel showed that n=''/2 < P {max;<t<, Tx <0 | Ty, = 0,5, =0} < (logn)~* for
some positive « under a mild assumption on {X,,}. Recently Aurzuda, Dereich and Lif-
shits [1] proved that the conjecture holds for the case when {X,,} are i.i.d. Bernoulli
random variables. Then, Denisov and Wachtel [6] announced an extension of the main
result in [1], whose formal proof was not given but claimed to follow from the argu-
ments in [5]. While we believe that the methods proposed in [1] and in [6] for discrete
random variables {X,,} may be adapted with some appropriate modifications to handle
continuous random variables, in this paper we use a more elementary method to study
this conjecture for the case when {X,} are i.i.d. standard Gaussian random variables.
More precisely, we will prove the following:

Theorem 1.1. If {X,, },>; are i.i.d. standard Gaussian random variables, S,, = > | X;
and T, = Z?zl S;, then the following estimates hold

]P{ max T} < 0 ’ T, =0,5, _0} <p 12
1<k<n

n—1/2

IP{ max Tk SO ‘ Tgn—O,Sgn—O} Z
1<k<2n logn

asn — oo.

The main idea of our approach is to write the conditional probability as a ratio of
two expectations. For the proof of the upper bound, we write the conditional probabil-
ity as a ratio of expectations by singling out the middle two random variables X, s
and X|,/2)41, and then reduce the problem to the product of two unconditional persis-
tence probabilities P {max;<y<|,/4) Tr <0} and P {maan/ﬂgkgn T, < O} (where T is
defined similarly as 7" using random variables { X} }j>|3n/4) instead of { Xy }1<k<|n/a))-
Since both unconditional persistence probabilities are of order n~/4 (cf. [4]; see also
[8], [2] and reference therein for other related persistence), the original conditional
persistence is of order n~'/2. This method works for any continuous random variables
{X,} satisfying the corresponding inequality (3.4). For the proof of the lower bound,
we rewrite the conditional probability as a ratio of expectations using the last two ran-
dom variables X5, 1 and Xs,. Then by the symmetry between the first n — 1 random
variables X1,...,X,,_1 and the last n — 1 random variables X,,..., X5, 2, we arrive at
n~1/2/logn. This proof can be also extended to some other random variables (such as
exponential random variables) by using central limit theorem. However, a new method
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seems to be needed to remove the logn factor.

2 Preparation

For convenience, we introduce some notations. We set

Skm:

,m

X+ Xgp1+...+ X, fE<m
Xp+Xp1+...+X,,, ifk>m

Similarly, we denote

o Xm2Xpa b (kDX ik <m
BT X 4 2Xmg1 + oo+ (k—m+ D)X, ifk>m

Thus, S1,m = S, and T ,,, = T,,. With these notations, we now can write for n > 4 and
k+3<n,

Sin = 516 + Xit1 + Xiyo + Snkt3,
Tl,n = Tl,k + (n - k)Sl,n - Tn,k-‘rQ-
Therefore, under the conditions 7} , = 0 and S, = 0, we have

Stk + Xpp1 + Xpgo + Spp+3 =0,
Ty p —Thri2 =0.

)

Together with the fact that T}, x12 = T}, k43 + Sn k+3 + Xiy2, We obtain
Xi+1=Tnp+3 —Thx — S16 = Yn—k—2.k,
Xiy2o =Tk —Trnk+3 — Snkt3 = Zn_k—2,k

Furthermore, under the conditions 73, = 0 and S; , =0,

{max T“-g()}{max TMSO}O{ max Tm§0}.
1<i<n 1<i<k k+3<i<n

If we denote A,, = {maxi<i<m T1,; <0} and B,,, = {max,—m+i<i<n In, < 0}, then it is
straightforward to deduce that

{ max 71, <0,58,, =0Ty, = O}

1<i<n
=qmax T1;, <0, max T,; <0, Xp11 =Yy g2k Xpt2="2Zn k2%
1<i<k k+3<i<n
= AN By k2N {Xpy1 =Yook Xpyo = Zn_k—2,k}-

From the fact that {S1, = 0,71, =0} = {Xk4+1 = Yi—k—2.ks Xi+2 = Zn—k—2.i }, it follows

IP{ max T7; <0 ‘ T, =0,5,= O}

1<i<n

=P {Ak N By_k—2 ‘ Xit1=Yn_p—2k, Xpy2 = Zn—k-—2,k} .

If the density function of X; is denoted as f(z) = (27)~*/2¢=*"/2, then we claim that

Ef(Yn—r—2,6)f(Zn—k—2k)1a, 1B, 4 »
Ef(Yo—k—2k)f(Zn-k—2) ’

qn ‘= ]P{ max Tl,z' <0 ’ Tl,n = OaSLn = O} =
1<i<n
(2.1)
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Proof of (2.1). Before the formal proof of (2.1), let us first show an equality which gives
a good motivation of (2.1). Suppose that two random variables X and Y are standard
Gaussian random variables, and h is a differentiable function, then we will show

LS @ @)dr  BF(AX)) (xea 2.2)

~ Jr f@)f(h(x)dz — Ef(h(X))
where f is the density function of a standard Gaussian random variable. We can regard
(2.2) as the simplest case of (2.1), and these two proofs are essentially the same. The
second equality in (2.2) is trivial, so we now prove the first equality in (2.2). A version
of the conditional probability can be written as (cf. Section 2.13 in [7])

_ Ja fx.y—nex)(,0)dz
Jg Fx,v—n(x) (2, 0)dz

where fx y_nx)(-s -) denotes the joint density function of the two-dimensional random
variable (X,Y — h(X)). For notational simplicity, if we let Z = Y — h(X), then the joint
density fx, z(z,z) can be obtained by change of variables from (X,Y") to (X, Z). More
precisely, the Jacobian determinant is equal to 1 and fx z(z,2) = fxy(z,z + h(z)) =
f(x)f(z + h(z)). Therefore fx y_p(x)(x,0) = f(z)f(h(x)), which proves (2.2).

IP{XEA‘Y:h(X)}

]P{XeA‘Y:h(X)}:IP{XeA‘Y—h(X)zo}

Now we come to the proof of (2.1). If we denote W = (X1,..., Xk, Xp+3,...,Xn),
then, we can write Y,,_y_2%, = u(W) and Z,_;_2; = v(W) where u,v are functions
on R"2. Let g be the density function of W. Because W and X;.; and X, are
independent, the joint density of W, X1 and X2 is g(w) f(2g+1) f(2k+2). Thus, as in
(2.2), the conditional density of (W | Xy+1 = w(W), Xi12 = v(W)) could be given as

g(w) f(u(w))f(v(w))
f]Rnfz 9(w>f(u(w))f(v(w))dw

Since u(W) =Y, _k—2x and v(W) = Z,,_k_2 1, the denominator can be written as

[ o) ftutw) (o)) duw = BV F0W) = BVt ) Zrmiai)
Therefore,

gn =1 {Ak NBp_k—2 | Xey1 = Yook Xpg2 = Zn7k72,k}

N o) fluw) fotw)
antbyrn Ef (Yn-k—2k)f(Zn_r—2.k)

CEf(u(W) f(v(W)lawnb, 4 »

 EBf(Yn-k—24)f(Zn-k—2k)

_ EfYVak—20)f(Zn-r—26)141B, 1 s

B Ef(Yi-k—2k)f(Zn—k—2,k) ’

where Ay = {maxlgigm tl,i < 0}, bm = {maxn_m+1§i§n tn,i < 0}, Sk,m and tk:,m are de-
fined similarly as Sy ., and T}, ,, with {X;} replaced by {z;}. O

3 Upper Bound

To prove the upper bound, we choose k = [n/2|—1and m = |k/2]. Because A; C A,
and B,,_;._> C B,,, it follows from (2.1) that

Ef(Yo—k—2k)f(Zn-k—2k)1a,,1B,,
Ef(Ya-k—2k)f(Zn—t—2,) '

an < (3.1)
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We now take a closer look at Y,,_x_o , and Z,,_;_o ;. For k 4+ 3 + m < n, we can write

Yi—k—ok =Tnk+3 — Tk — Sik
=T kt3+m + MSn kt34m — T1p—m — (M +1)S1 ]
+ Trt24mk+3 — Themt1,6 — Sk—m+1,k]
=a+ U,

and

Zn—t—2k =115 — T k+3 — Sn.k+3
:[Tl,k—m + mSl,k—m - Tk,k+3+m - (m + 1)Sn,k+3+m,]

+ [Th—mt1,k — Tht24mk+3 — Skt24m k+3]
=b+ V.

With these notations, (3.1) can be rewritten as

]Ef(a + U)f(b + V)lAmle
= Ef(Yi-k—2k)f(Zn—k—2)

Note that a, b, 14,, and 1p,, only depend on Xy, ..., Xy—m, Xk+m+3, ..., Xn, while U and
V only depend on Xj_m+1,-s Xk, Xk+3; ..., Xk+m+2. Therefore, a, b, 14, and 1p_ are
independent of (U, V). If we can show that there exists a constant C' > 0 such that for
all real numbers « and /3,

(3.2)

Ef(a+U)f(B+V)<C -Ef(Yon—t—2k)f(Zn-t—2x), (3.3)

then by conditioning on the variables X, ..., Xy_, Xk+m+3, ..., Xn, Wwe can bound the
numerator on the right-hand side of (3.2) by C - Ef(Yy—x—2.4)f(Zn—k—2%) - E(la, 15, ).
Thus, we immediately obtain ¢, < C - P{A,, N B,,}. By the unconditional persistence
estimate obtained in [4], we have P{A4,,} = P{B,,} < C'm~*. Thus ¢, < C"n~'/2,

Note that (U, V) has the same distribution as (Y, m; Zm,m ). Thus (3.3) is equivalent
to the following claim: there exists a constant C' such that for all real number « and g,

Ef(a + Ym,m)f(ﬂ + Zm,m) S C- Ef(Yn—k—2,k)f(Zn—k—2,k) (3-4)

forn>4,k=|n/2] —1and m = [k/2].

It remains to show the claim. To this end, we prove the following lemma.

Lemma 3.1. If U and V are two centered Gaussian random variables, then for any
a, B eR,

2\ 2 2\ 32
Ee_%(U+a)2e_%(V+5)2 = l exp {_ (1 +EV )Oé + (1 ;— IEU )B — 20éﬁ]EUV}
g

where 0% = (1 + EU?)(1 + EV2) — (EUV)2.

Proof. Without loss of generality, we can assume U = oy X, and V = oy (pX++/1 — p2Y),
where X and Y are independent N (0, 1) random variables, and p = corr(U, V). Condi-
tioning on X and using the identity

1 2
— e 2(1+c?) (35)
V142

IE)e—%(cY-i-t)2 _
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which holds for all ¢, € R, we obtain

e (cy pX+p)?

1 —3(ov +a)2—%%
2 2

1403 (1 —p?)

= 1 e_%(AXJ"B)z_%C,

Vitop(l-p?)

where
2 2
A= 2 ayp
\/UU TR )
1 ovpp )
B=—|opa+ ——5—— |,
A 1+0%(1—p?)
2 B 2
C= — B*.
ot 1+03(1—p?)
Taking expectation and using (3.5) again, we obtain
1 2 1 2 1 __B2 _C
FEe—zU+a)” =3 (V+8)" _ e 20+4%) 7

VIL+ o (1= p)](1+ A42)
which proves the lemma after simplification. O

Note that for all o, 5 € R,

{ (1+EV?)a?+ (1+EU?)B? — ZaBJEUV} _aZip?
expq — <e

22 202
g

The lemma above applied twice implies the following inequality:

Ee—(a+0)?/2=(B+V)2/2 ¢ o= ST o —U/2,-V?/2 (3.6)

With a, b, Y, , and Z,, ,,, defined between (3.1) and (3.4), by applying (3.6) followed by
Lemma 3.1 for o = g = 0, we obtain

Fe—(@+Ym m)/2o—(b+27, )2 < EeYmm/20=Zm.m/2
= [(1 + E|Ym,m‘2)(1 + IE|Zm,7ﬂ|2) - (EYm,mZm,7n)2]71/2

_ V3
(m+1)/@m+1)(2m +3)

Similarly, for k = |[n/2| — 1 defined above, if n is even, then n = 2k + 2, we have

V3 .
(k+1)y/(2k +1)(2k +3)’

1 2 1 2
]E67§Yn—k—2,k*§zn—k—2,k —

if n is odd, we have n = 2k + 3, and

V6
2/ (k+1)(k +2)(2k +3)

1y-2 1,2
Ee 2Yn-k—2k"2%n—k—2,k —

In either case, since m = |k/2|, we immediately obtain (3.4) for C' ~ /8. This finishes
the proof of the upper bound.
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4 Lower Bound

The idea of the proof of the lower bound is similar to that of the upper bound. We
first introduce a few more notations. For a fixed large n, we define two functions F; and

Fy as

Fi(yr, oo syn) = fyn) f(=2y1 + y2) f(y1 — 292 + y3) - f(Un—2 — 2Yn—1 + ¥n),
Fy(Yn+3y- -y yont2) = f(Un+3 — 2Unta + Ynts) - - - f(Y2n — 2Y2n+1 + Y2ns2)
- f(Y2n+1 — 2y2n+2) f(Y2nt2),

and four sets

Ot =

R27*2 i >0
(Y1, Y2ns2) € i vk =200,

OF = eR": min >0
2 (yn+37 392n+2) et 3<k<on42 Yk = )

+ n . i
Ql _{(ylavyn)GR 12«1271:%20}’

Q7 = {Ynt+1 > 0,yni2 > 0}.

For notational simplicity, we will derive a lower bound for ¢2,+4 instead of ga,,. This of
course makes no essential difference. Note that

— < — —
Gontsa =P {1<£‘I}a‘2}7§+4Tk <0 ‘ Tonya = 0,514 0}

=P { min Tk Z O ‘ T2n+4 = O, Sgn+4 = 0}

1<k<2n+4 4.1)

=13 42/2,—(Tony2+Sani2)?/2 .
E[e amt2iTe 1{m1n1§k§2n+2Tk20}

E |:67T2271+2/267(T2ﬂ,+2+52n+2)2/2:|

The denominator can be directly computed using Lemma 3.1:

E |:6—T22"+2/2€_(T2n+2+S27L+2)2/2:| = 1 =n"2.

o 2n+3)(2n+5 -
(2n + 4)y/ EnE3)(2nt5)

We thus focus on the numerator

—T2 /2 —(Tant2+Sani2)?/2
E [6 sny2/2e= (Tant2+Sant2)”/ 1{min1§kg2n+2Tk20} ,

which can be expressed as a multiple integral with respect to the joint distribution
of {Xi,...,Xon42}. But here we choose a multiple integral with respect to the joint
distribution of {71,..., T2, +2}. We do the following change of variables

X1 = Tl, X2 = T2 — 2T1, X3 = T3 — 2T2 +T1, ey X2n+2 = T2n+2 — 2T2n+1 +T2n.

It is then straightforward to check that the Jacobian determinant is 1. Thus, the numer-
ator becomes

—T342/2 = (Tont2+S2n+2)° /2
E[e ameite 1{min1§kg2n+2Tk20}

/ 1 exp {_Z/% (2 +y2)® (1 — 290 +ys)°
R2n+2 ( ,—Q/IT) 2n+2

2 2 2
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(y2n = 202011+ Y2n12)® (Wans1 — 29on12)” Yiaio }
2 2 2

' 1{Inin1§k52n,+2 ykZO}dyl o dy2n+2
= 2”/ Fl(yh s 7yn)f(yn—1 - 2yp + yn—i-l)f(yn - 2yn+1 + yn+2)
o+

FWnt1 = 2Yny2 + Yni3) f (Uni2 — 2Unt3 + Ynta) Fo(Yna3s - Yony2)dyr - - dyon o

= 27r/+ {/+ Fi(yr, - yn) f(Wn—1 = 2Yn + Yns1) [ (Un — 2Unt1 + Yni2)dy1 - . . dyn
QS Ql

/+ F@Wnt1 = 2Yny2 + Ynt3) f(Unt2 — 2Ynt3 + Unta) Fo(Ynt3, - - s Yant2)dYnts - - - dy2n+2}
QZ

Ayn+1dYn+2

= 27f/+ G1(Ynt1,Yn+2)Go(Ynt1, Ynt2)dYny1dYni2
Q

3

= 2”/4_ G? (yn+1, yn+2)dyn+ldyn+2
Q3

where the last equality comes from the symmetry of {F;},=1 2 and f.

In order to estimate the last integral, we consider a subset D of Q;r defined as
D ={(Yn+1,Yn+2) € R® : Ypt1 > 0,9n12 >0, and
gnir < n¥2(0g )2, lyn i1 = yusa| < Villogn)'/2}.

The area | D| of the region D is |D| < n?log n. By applying Hélder’s inequality, we obtain

/ G5 (Ynt1, Ynt2)AYn+1dYn+2

of
1 2

> = </ Gl(yn+1>yn+2)dyn+ldyn+2> (4.2)
DI \Jp

2
1
= T / Gl (yn+17 yn+2)dyn+1dyn+2 - / Gl (yn+17 yn+2)dyn+1dyn+2 .
D Qf QI\D

By definition and using the unconditional persistence probability of [4], the first integral
can be estimated as

= 1 > = _1/4. .
/93* G1(Yn+1, Yn+2)AYnt1dyni2 =P {1<g€r1<12+2 Ty > 0} n (4.3)

The second integral over Qj \ D can be estimated as follows. From definition,

/ G1(Ynt1,Yn+2)dYnt1dYn o
Qi\D

_ , 3/2 1/2 _ 1/2
P {1<1kn<12+2Tk >0nN (\Tn+1| > n?(logn)'? U |Thi1 — Thia| > vn(logn) )}

< P{[Tia] > n*/2(logn)/? | + P {[Ti1 = Tusal > Vi(logn)'/2}
Since T}, is a Gaussian random variable with mean zero and variance n®/3+n?/2+n/6,

const. logn _
]P{|Tn+1| > n3/2(10g”)1/2} < (logn)l/QeXp{_ 9 } SnTl2
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Similarly, we deduce that P {|T,,41 — Ty, 42| > v/n(logn)'/?} < n=1/2. Therefore,
/ Gr(Ynt1,Yns2)dyn1dyni S 2
QF\D
Combining this with (4.3), we conclude from (4.2) that

/Q+ G5 (Ynt1, Ynt2)dYn+1dYn+2
3

2
1
> — / Gl(yn+1ayn+2)dyn+1dyn+2_/ G1(Yn+15 Yn+2)dYn1dynt2
D[\ Joy a\D

Q3
1
|D|

X

-n~Y2 = n7%2(logn) L.

This, together with the estimate of the denominator in (4.1), yields

1

> -
don+4 n1/2 logn’

which completes the proof of the lower bound.
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