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1. Introduction

We consider n independent and identically distributed random variables X1, ...,
X, with values in R. We suppose that their distribution is absolutely continuous
with respect to the Lebesgue measure and denote their density by f.

An important challenge in the density estimation problem is to determine as
accurately as possible the minimax risk. The latter can be defined as follows.
Let D(R) be the set of densities on R, .% be a subset of D(R), and .Z be a loss
function. The minimax risk is

R(F, L) = ir}f ;ggﬂi {,,s,ﬂ(f, f)] ,

where the infimum is taken over all estimators f . Different choices are possible
for .. Among them are the ¢'* powers of the L¢ distances ¥ = di, or the
square of the Hellinger distance . = h2. We recall that h is defined for all
fi, f2 € D(R) by

Wt = 5 [ (VA - VAE@) do

The role of the minimax risk is to give a baseline against which to compare when
proposing a statistical estimation procedure. We are more precisely interested
here in the optimal estimation rate, that is in the sequence (g,,),>1 satisfying

0 < liminfe, 'R(.Z,.Z) <limsupe, 'R(ZF, L) < +oo.

n—+00 n—-+oo

An optimal estimation procedure f is therefore a procedure whose risk E[.Z(f, f)]
converges at the rate £,, under the sole condition that f lies in .%. This minimax
point of view thus makes it possible to discard certain procedures that are not
rate optimal, even in the a priori simple case where f is a smooth density on R.

To formalize things a little more, we state that f is smooth if f belongs to a
ball By  (R) of a Besov space. In a nutshell, the parameter R is an upper-bound
of the (quasi) Besov norm of the elements f of By (R). This (quasi) norm
measures the variations of f by means of a (quasi) L norm and according to the
smoothness exponent «. The larger p is, the more uniformly the regularity of f
is measured. The latter is therefore likely to have much smaller local variations
if p is large than if p is small. Note also that R induces a constraint on the
(quasi) L? norm of f and hence on its tails when p < 1 (the smaller p is, the
lighter they should be). There are several possible equivalent definitions of R,
and we choose one in Section 2. For the sake of rigour, we assume throughout
this introduction that R is large enough (%85  (R) does not contain densities
with compact support in [0, 1] if R is too small when oo > (1/p —1)4).

The minimax rates have been studied by many authors when .2 = df. They
are now fully known, up to log factors, when the density is also compactly
supported, that is when it belongs to

F ={f € By (R), supp f C[0,1]}.
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A summary of these rates can be found in [Sar21]. Let us just mention that the
case p > ¢ can be easily solved with linear estimators. This is no longer true
when p < ¢, see [DJKP96]. To be optimal, an estimator must, in some sense,
adapt to local variations of the density. When, moreover, « is allowed to be
smaller than 1/p, the statistical estimation procedure must be able to cope with
singularities to be optimal.

In recent years, a special endeavour has been made by statisticians to re-
move the assumption of compact support. For the IL? loss, results can be found
in [JLLO4, RBRTM11, GL11, Lepl3, GL14, LW19, Sar23]. Other statistical
frameworks have also been involved in this effort. We may cite the regression
model, the problem of estimating the conditional density, the hazard rate, the
intensity of a Poisson process, or the density in the convolution structure model.
For more details, we refer to [RBR10, LW19, BC21, CGC21, CL23|.

The aim of the present manuscript is to deal with the Hellinger loss . = h2.
The latter naturally appears in the study of maximum likelihood estimators,
see [BM98, DW16, KS16] for some references. This is also true for the T- and
p-estimators, the founding references being [Bir06a] and [BBS17]. In the case
of the Hellinger loss, the assumption of regularity is traditionally put on /f,
and we will also adopt this point of view here. Note that the minimax risk
has already been investigated in [Bir06a] when +/f is compactly supported and
belongs to a Besov ball. The whole point of this paper is to understand how the
minimax risk evolves when f is no longer assumed to be compactly supported.

For the L? losses, the estimation rates remain noticeably the same as in the
compact case (within possible log factors) when the tails of f are light enough,
say when f(z) < |z|~° for some large b and all |x| > 1. This point has been
revealed by [GL14]. Actually, there are not even logarithmic losses when ¢ = 1,
see [Sar23]. The situation turns out to be completely different for the Hellinger
loss.

First, the minimax risk for the Hellinger loss does not tend to 0 if the only
assumption made on the density is /f € ‘BS,OO(R) with p > 2. A supplementary
condition on the tails of f is required to ensure the convergence of the minimax
risk. We propose here to use the one of [Sar23]. This phenomenon can be ex-
plained by the importance that the Hellinger distance gives to the estimation
errors in the tails of f. A similar result is true for the L' loss when f € B (R)
but not for the other L7 losses [GL14, Sar23]. We prove that the minimax risk
achieves the rate n~7 where v € (0,2a/(2a + 1)] depends on the tails of f. But
contrary to the L7 losses (including ¢ = 1), we never have v = 2a/(2ac + 1) if
the tail dominance condition allows f(x) < |27, and this, whatever the value
of b > 1.

Second, the optimal rate of convergence is n'~?/2 when p < 2 and no
additional assumption is made. This result is valid for all « > 1/p — 1/2.
This rate contrasts with the classical rate n=2%/(+1h associated with com-
pactly supported densities. A faster rate can be obtained under the tail dom-
inance condition of [Sar23]. But, as above, it is not possible to recover the
rate n~22/(2a+1) if the density is allowed to be slightly fat tailed. In the remain-
ing case < 1/p — 1/2, the minimax risk does not tend to 0 even when the
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density is compactly supported on [0, 1].

In the results mentioned above, the tails of f may not tend monotonically to O.
In other words, the density can be alternately increasing and decreasing, and
this, an infinite number of times over an interval of infinite length. The fact that
the density can oscillate as many times as we like is exploited in the proof of our
lower bound. It is therefore natural to wonder whether banning this possibility
might not improve the results. This leads us to study the minimax risk under
the following three conditions: 1.) v/f € BY (R) with a > max{1,1/p —1/2}
and p > 0 2.) f is unimodal on R 3.) the tail dominance condition of [Sar23].

The idea of mixing two types of constraints in the density model — one of
regularity and one of unimodality — also appears in [EL00, VDVVDL03, HK05,
DL14, LM17, LM19] to cite a few papers. An overview of what is being done
in the literature may be found in [DL18]. Unfortunately, adding the constraint
“f is unimodal” to the assumption “f is smooth” generally has no impact on
the convergence rates. This phenomenon may be due to the losses functions
that are used or to the supplementary assumptions that are made. For instance,
no improvement is to be expected for h? when f is compactly supported (see
Theorem 3.3).

The situation is quite different in the non-compact case. The optimal estima-
tion rates under the three above points depend on «, p and the tails of f. They
are always faster than the classical rate n=2/3 corresponding to the estimation
of a bounded unimodal density with compact support. They are also always
faster than the ones that can be obtained without the unimodality assumption,
i.e. under points 1.) and 3.) only. Mixing a shape and smoothness constraint
can therefore lead to better rates than would have been possible under these
constraints taken separately.

We present our results in Sections 2 and 3. The proofs are postponed to
Section 4. Throughout this paper, we suppose n > 2. Moreover, ¢, ¢y, ca, ... are
terms that may vary from line to line. To lighten the notations, we define for
all class .% of functions,

R(F) =R (ZF,h?).
We denote for p > 0 and © = (z1) ez the weak (quasi) ¢” norm of = by
1/p
.00 = sup ¢ (;E:Z 1|rk|2t> .

When p = 00, we set ||2]/co,00 = ||| 00-

2. Minimax rates under smoothness assumptions

We present in this section the classes of functions we use to model the smooth-
ness of f and the size of its tails. We then carry out the associated minimax
rates.
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2.1. Wavelet basis

A classical way to measure the regularity of a function is to decompose it in
a wavelet basis, and to put conditions on its wavelet coefficients. We deal here
with the special bi-orthogonal basis of [CDF92] where the father wavelet is
¢ = 1jp,1), where the mother wavelet ¢ is piecewise constant and where their

duals ¢ and 1 are compactly supported and Hoélder continuous with exponent
7 € N*. The wavelet 1 is also orthogonal to polynomials of degree 7 — 1.
In this basis, any square integrable function f can be written as

F=ani(Nbsnr+ DD Bk, (2.1)

ke j=Jo k€Z

where Jy € Z is an arbitrary number to be chosen, where

cnn(f) = / ()60 (x) da,
Bik(f) = /f($)¢j,k($) dz,

and where for any z € R, j, k € Z,
Sjn(2) =226(Pa — k), yjue) = 2P e — k),

Giw(@) =220 w — k), u(x) =222 x — k).

2.2. Besov classes

We consider p € (0,4+00], @ € ((1/p—1)4,7) and introduce the standard Besov
space By .. By definition, it is composed of functions f of Lrax{P1}(R) satis-
fying || fllsg . < oo where

171185, = lloo. (F)lp +sup {22785 (5],
7=

see [DJI7]. The quantity [|fgs __ refers to the (quasi) Besov norm of f. The
Besov ball By (R) is thus defined for R > 0 by

By o (R) = { f € By, Iflls; . < R}

In the present paper, we pay particular attention to the strong and weak Besov
classes By . (R) and WB,, . (R). They are defined as follows:

By oo(R) = {f €L'(R), ¥j > 0, |18 (/)ll, < R2-I+1/2-1/m ),
WES o (R) = {f € LM(R), ¥j > 0, |18, (f)llp00 < R2IFI/2-1DL,

We can classify the above conditions on the wavelet coefficients by order of
importance: they are the weakest for the weak Besov classes, then the strong
Besov classes, and finally the Besov balls.
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2.3. Tail dominance condition

We describe here a supplementary assumption that is intended to control the
tails of the density.
We define for j, k € Z,

277 (k+1/2)
Fou(f) = / /() da. (2.2)

3 (k=1/2)

We set for M >0, and 6 € (0,1),
To(M) = {f € LX(R), £ 2 0,%) = 0, |Fy.(f)lly < M09}
WTo(M) = {f €L'R), £ 20,7 = 0, |F5. ()} . < M0~}

The case # = 0 corresponds to compactly supported functions:

To(M) =WTo(M)
={feL'R), f>0,Vj>0,[{k €Z, Fjr(f) >0} < M27}.

In this formula, | - | denotes the size of the set between the two bars. A density
belonging to one of these classes is therefore a density whose tails are sufficiently
light. The smaller 6 is, the lighter they are.

In line with [Sar23], we say that the “weak tail dominance condition” is
fulfilled if f € WTy(M). The “strong tail dominance condition” is met if f €
To(M). This terminology “tail dominance condition” has been initially proposed
by Alexander Goldenshluger and Oleg Lepski in [GL14]. Their condition do not
exactly match with ours though (our conditions are always implied by theirs,
see [CL20] where the condition f € Ty(M) also appears).

We recall — see Proposition 1 of [Sar23] — that a compactly supported density
on [—L, L] satisfies our tail dominance condition with § = 0 and M = 2L + 2.
This bound on M can be a bit pessimistic though. Think for example about the
density f defined for ¢ > 0 and = € R by

1 1
f({E) = 51[—11—1,—(1] (1') + il[a,a+1] (:L’)

It belongs to To(6) whereas L = a + 1 may be taken arbitrarily large. In the
non-compact case, a density f satisfying f(z) < A®|z|~? for all |z| > 1 and some
A>0,b>1,liesin WT (M) with € = 1/b and M only depending on b, A. The
(strong) tail dominance condition is automatically fulfilled with 8 = p when f
belongs to a Besov ball By (R) with p < 1. A variant of this last claim, that
is useful when dealing with a smoothness assumption on /7, is the following.

Proposition 2.1. Let p € (0,2), R > 0, « € (1/p —1/2,7) and f € D(R).
Then, if \/f belongs to BS (R), f belongs to T, 2(c1RP). Conversely, if \/f €

By o (R) and f € T,/2(RP), then /f € BS (caR). The terms c1,co only depend
on the wavelet basis and «a, p.
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2.4. Minimax risk

We now investigate the minimax risk under the preceding conditions. We con-
sider p € (0, +o0], a € ((1/p—1/2)+,7), 6 € [0,p/2]N[0,1), R > 0, M > 1. We
define when p # 2,

o (R, M) = {f € D(R), \/f € WBS (R), f € WTQ(M)}.

When p = 2, we rather set

o M) = {1 € DR), /T € Byoo(R), f € WTo(M)}.

We recall that 7 is defined in Section 2.1 and exclusively depends on the
wavelets. As there is a wavelet basis for each value of 7 € N*, we can take it
arbitrarily large.

The theorem below gives a non-asymptotic upper-bound of the minimax risk
when f belongs to .7 (R, M).

Theorem 2.2. For allp € (0,+o00], a € (1/p—1/2)4,7), 0 € 0,p/2] N[0, 1),
R>0, M2>1,

R(S (R, M)) < 1 [en + (log n)n_l] , (2.3)
where

En = R2(179)/(2a+1720/p)M(1+20¢72/p)/(1+2a720/p)n72o¢(170)/(2a+1720/p)
+ Mn~(=9)

and where c¢1 is a positive number only depending on p,a,0 and the wavelet
basis.

This result can be compared with the following lower-bound:

Theorem 2.3. For all p € (0,40], a € ((1/p—1/2)1,7), 0 € [0,p/2] N[0, 1),
there are Ry, My such that for all R > Ry, M > My and n large enough,

R( ;%(R,M)) > coEp,

where €, s given in the preceding theorem, and where Yéf’fg(R, M) is a subset
of S5t (R, M). Moreover,

F35(R,M) € {f € DR),V/T € Byoo(R), f € To(M),
sup ol () < M.l < 1}
z€R
When 6 < p/2 or when 0 = p/2 with M < RP, we also have

S1%(R, M) C {f € DR),\/T e %am(R)} .

Above, ca, My, Rg are positive numbers only depending on p, «, 0 and the wavelet
basis.
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When 6 = 0, we recover the usual estimation rate, and this, for all possible
values of « and p satisfying o € ((1/p —1/2)4,7). The case a < (1/p — 1/2)+
is treated below.

We observe that the optimal estimation rate is strongly affected by the pa-
rameter 6, i.e, the tails of f. The larger 6 is, the slower the rate is. However, the
choice of the dominance condition (whether weak or strong) has no influence on
the rate. We can also assume, without changing the results, that the density is
fat tailed, i.e. its tails are smaller than the inverse of a power of |x|. As explained
in the introduction, this deterioration of rates when the density is slightly fat
tailed does not occur for the IL? losses (whatever ¢ > 1, and up to possible log
factors).

When p > 2, the minimax rate can be made arbitrarily slow by letting 6 tend
to 1. Actually, it is not possible to estimate the density under the sole assumption
that v/f belongs to a Besov ball By . (R) with R large enough (see the proof of
Theorem 2.3). The situation appears to be quite different when p < 2. The tail
dominance condition is indeed always satisfied in this case with § = p/2. More
precisely, we derive from the above: for all p € (0,2), a € ((1/p — 1/2)4,7),
R > Ry, and n large enough,

e RPn 02 <R ({f e DR), /T € By (R)}) < o R~ (7212,

The rate is much slower than the standard rate n=2%/(2¢+1) we would have had
if the density was compactly supported though.

We will not insist on this point but the preceding rates can be reached by an
adaptive estimator (that is by an estimator whose construction does not involve
p,a, 0, R, M).

The proof of Theorem 2.2 is based on an oracle inequality (or model selection
inequality) for the Hellinger loss. A crude version of this one is as follows: for all
suitable collection (Vi;,)mem of finite dimensional linear spaces, not containing
too many spaces per dimension, we may build an estimator fl satisfying

dimV,,
n b

(1.0 < e nt { (/7 V) + (2.4
me
where ¢ is a constant and where ds denotes the L2 distance.
Such an inequality can be derived from the T-estimation theory of [Bir06a].
Interestingly, the latter also leads to results for the L? and L' losses. More
precisely, we may define estimators fo and f3 such that

B (a3 )] < e inf {B(F Vo) + 1] (25

E [d(f, /)] < inf. {dl(f, Vi) 1 L } , (2.6

where ¢ is another constant. We refer to [Bir06a] and [Birl4] for more details.

dim V,,, }
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We show in the proof of Theorem 2.2 that it is possible to choose the col-
lection (Vin)mem so that the infimum in (2.4) tends to 0 at the rate indicated
by (2.3). The conclusion to be drawn is that an oracle inequality of this form
is sufficiently precise to obtain the optimal rates of convergence under (weak)
smoothness assumptions in the non compact setting.

Observe now that (2.5) and (2.6) are very similar to (2.4). More precisely, the
only thing to do to go from h? to d3 is to replace \/f by f and add a sup norm
to the variance term. The bounds we get for one should therefore also work for
the other, up to minor modifications. In particular, the rates should correspond
when f is bounded and when we suppose “ [ f 1/2(z) dz < M” for the Hellinger
loss to make the comparison fair as [ f(z)dz = 1 for the L? loss. This is not
true: the optimal estimation rate of a bounded function in B . (R) for the L2
loss is the standard one n=2%/(o+1) when p € [1,2] and a > 1/p — 1/2, even in
the non-compact case (at least up to log factors, see [RBRTM11]). This rate is
faster than the rate n=/(20+1=1/P) given by Theorem 2.2 when /f € 8BS (R)

is bounded and in 77 o(M) (this last condition implies [ (f(gc))l/2 dz < M).
This paradox is in fact due to the variance term in (2.5) that may be too
large. A term of the order of “model dimension over n” is of the right order of
magnitude when we deal with h2. But not necessarily for d2.
Another way of looking at it, which is perhaps a little more revealing, is to
apply these inequalities to a single model. Introduce for all 5 > 0,

K;={keZ P (X €supp ¥;x) >1/n}
K ;= {k €Z,P (X €supp ¢o ) > 1/n}

and define for J > 0,

J
V=3 Y vaxbort Y, Y, ikt Vi > -1, k€K, y5 €R

keK_y j=0 keK;

In the unrealistic but very favourable situation where the sets K; are known,
it is possible to build estimators that satisfy (2.4), (2.5), (2.6) with (Vin)mem
reduced to V.

The size of each set K; can be bounded by ¢'n?2/(1=% when f € WT,(M)
(as ¢ and 9 are compactly supported). In particular, the dimension of V' is no
larger than

dimV < "M270=9p0,
We show in Section 4.8:

(VI V) <" [RP27% v e,] it /f € BS(R) and f € Ty o(M)
d3(f.V) <" [R27% 42l ] if feBS (R)
di(f,V) <" [R277% + €] if f € BYo(R)NTiy2(M).



Optimal estimation under Hellinger loss 4535

Above,
gln = RQ/(20‘+1)n—204/(2a+1) + n_l

5;; _ Rl/(2o¢+1)M2a/(2a+1)n7a/(2a+1) +Mn71/2.

We now choose 27 to optimize the right-hand sides of (2.4), (2.5) and (2.6). We
deduce the rate n=20/(4e+1) for f p=20-0)a/(1=0+20) for £, and p—o/(atl)
for f5. The first is the right rate of convergence. Not the other two.

Yet, estimating such a function for the L' or L% loss is not a difficult problem.

By way of example, a suitable linear estimator f in V or in

J
V=0 yoikbor+ YD Yiklik Vi -1, k€ Kj, yin€Rp,
kEZ j=0k€EZ

suits (if J is correctly chosen): it satisfies for n large enough,

sup  E[d3(f, f)] < On~20/(et))
feBS (R)

sup E [di(f, f)] < Cn=o/GotD,
FEBY oo (R)NT1/2(M)

and converges therefore faster than the rates given by (2.5) and (2.6). The proof
of these inequalities is given in Section 4.8. More general results for the L' loss
are to be found in [Sar23].

In Theorems 2.2 and 2.3, we assumed a > 1/p — 1/2 when p < 2. This
condition is necessary to ensure the convergence of the minimax risk, even when
the density is compactly supported. We may indeed show:

Proposition 2.4. Forallp€ (0,2), R>0,7>1/p—1/2 anda=1/p—1/2,

R({f € D(R), V/f € B (R), supp f C [0, 1}}) > 1/16.

It is interesting to note that the exponent in the optimal rate does not tend
to 0 when o — 1/p —1/2. There is thus a kind of discontinuity at the boundary
a = 1/p—1/2. A similar phenomenon occurs for the L! distance but not for
the other L7 distances, see [Sar21, Sar23].

3. Mixing shape and smoothness constraints

As explained in the previous section, the assumption “ f is compactly supported”
cannot be weakened to include densities whose tails are bounded by ||~/ with-
out this having a substantial impact on the results. Such a minimax approach
is always a little pessimistic though. The target function may well have prop-
erties other than regularity. Many densities, for example, have tails that tend
monotonically to 0. This leads us to wonder whether adding the constraint “f is
unimodal on R” might improve the results. If this is true when a > 1 and 6 # 0,
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this will indicate that the estimation errors can be better controlled when the
tails are not allowed to oscillate.

Throughout this section, we suppose that f is unimodal with unknown mode,
that is f € % where

% = {f € D(R), there exists m € R such that f is non-decreasing

on (—oo, m] and non-increasing on [m, +00)} .

It turns out that the weak tail dominance condition can be written more simply
when f is unimodal. Consider 6 € (0,1), M > 1 and

L%>(M)={f € D(R), ¥t >0, [{z € R, f(z) >t} < Mt }.

When f is unimodal with mode at m € R, f belongs to L% (M) implies

fay < M

(3.1)

for all 2 # m. Conversely, if f satisfies (3.1), f lies in L%>°(cM) for all ¢ > 2.
This inequality is most informative when x moves significantly away from m
(f(m) may be infinite). It can therefore be seen as a condition on the tails of f.
In any way, it is equivalent to the weak tail dominance condition:

Proposition 3.1. Consider M > 1, 6 € (0,1) and suppose that f € % . If f
belongs to 1L%>°(M), then
{k € Z, Fju(f) =t} < e |1+ M20-0¢0 (3.2)

for all j € Z and t > 0. In particular, f belongs to WT¢(2¢c1M). Conversely,
if f belongs to WT (M), then f lies in 1.9 (coM). The terms c1 and co are
constants.

We now consider p € (0,4+00], a € (max(1/p—1/2,1),7), 6 € (0,p/2]N]0, 1),
R > 0and M > 1. We study here the minimax risk on

%eyg’e(R, M) == % N ypo’é@(R, M)
It involves the following parameters:

B 2a+1)(1-9)
1+ 20+ 20+ 4af — 66/p

v =2ta/(2a+1)+2(1-1)/3 (3.3)
2(1—6)
= 1+ 20 + 20 + 406 — 66/p
By = 1+2a—2/p
, =

1+2a+20+4a0 —60/p

‘We now state:
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Theorem 3.2. For all p € (0,+00], o € (max(1/p—1/2,1),7), 6 € (0,p/2] N
(0,1), R>0, M > 1,

R(USo(R,M)) < c[RMPn™7 +v,], (3.4)

where ¢ only depends on p, o, 0 and the wavelet basis. The term v, only depends
on p,a,0, M, R n, and tends to 0 faster than n™".

In this inequality, v,, is smaller than RA MP2=7 when n > ng for some ng
only depending on p, o, 0, M, R. It does, however, appear in (3.4) as the result is
non-asymptotic. Its expression is not displayed here as it is a little cumbersome.
It can be found in the proof in the theorem, see (4.21) and (4.27).

In (3.3), t is between 0 and 1. The smaller 6 is, the larger ¢ is, and the closer
the rate is to the standard estimation rate n=2%/(22+1) of 3 compactly supported
density. However, and this is a major improvement on the previous section, the
exponent v gets closer to 2/3 when 6 becomes very close to 1. Without the
additional shape constraint, the rate became arbitrarily slow.

We can check that

v > max{2a(l —0)/(2a+1—20/p),2/3}.

We recall that the first term in the maximum refers to the exponent we have
when we estimate a fat tailed density f whose square root is a-smooth. The sec-
ond is the usual exponent corresponding to the estimation of a unimodal density.
Here, ~y is larger than these two exponents. Thereby, associating a smoothness
assumption with a shape constraint may lead to faster rates of convergence than
those achievable under these assumptions taken separately.

This phenomenon occurs even with a very mild smoothness assumption:
ours does not even guarantee the continuity of f when p € (1/7,1) and « €
(max(1/p—1/2,1),1/p]. Consider indeed two sequences (ag)r>1 and (by)g>1 of
non-negative numbers. The first sequence (ay ) is assumed to be non-decreasing,
and the second (b )y is non-increasing. We also suppose:

D ar(k(k+1)7+ ) b =1/2 (3.5)
k=1

k=1
<M (3.6)
k=2
STl k(k+ 1))t 4 30 < R (3.7)
k=1 k=1

We then define the function f for > 0 by

f(z) = Z arliy(ky1),1/k) (T) + Z biLig—1,x)(2),
k=1 k=1

and extend it to an even function on R. We may check that f is unimodal.
Equality (3.5) ensures that f is a density, (3.6) gives an upper-bound on the ¢
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(quasi) norm of f. In particular, f € WTy(c; M) for some ¢y, see Proposition 3.1.
Elementary maths based on (3.7) lead to v/f € B (c2R) for some ¢z > 0
only depending on the wavelet basis, p, « when p € (1/7,1) and « € (max(1/p—
1/2,1),1/p]. In conclusion, f € % 4(c1R,caM). This function f can admit
an infinite number of discontinuities and not be bounded (and of course not be
compactly supported).

Although Theorem 3.2 only establishes a minimax risk bound, the proof gives
an estimator that achieves this rate adaptively, i.e., without a priori knowledge
of p,a,0, R, M.

We still need to verify that (3.4) is sharp. This is the aim of the following
theorem.

Theorem 3.3. For all p € (0,+00], @ € (max(1/p —1/2,1),7), 6 € (0,p/2) N
(0,1), there are Ry, My such that for all R > Ry, M > My and n large enough,

R(U (R, M)) > cR**MPn ™7,

where % .7y (R, M) is a subset of % . o(R, M) and where c is a positive term
only depending on o, p, 0 and the wavelet basis. Moreover,

“Z/%%R,M)C{fe%, Vi G%g,m(R),Afe(x)dx<M}.

All the above remains true when 6 = p/2 under the additional condition M <
RP. The lower bound is also true when 0 = 0. In this case, the densities of
U759 (R, M) are compactly supported in [—-M,M], t = 1, v = 2a/(2a + 1),
B1=2/(142a), B2 = (1420 —2/p)/(1+ 2a).

4. Proofs
4.1. Proof of Proposition 2.1

We only show that if /f belongs to B5 . (R), then f € T,/3(c1RP). The proof

of the converse is straightforward (just apply Cauchy-Schwarz inequality). To

simplify the notations, we omit the square root of f in the wavelets coefficients.
We define

Frjigs = O 1Bin i l1Binbal Tk o o

k1EZ
ko€Z
where v
279 (k+1/2) -
I kg ko ks = / _ |91 ey Vo s | -
2-3(k—1/2)
Since p <2, || -1 < - lp/2, and hence
(F(1)P? <2 3 (Fog )’ (4.1)
j1z—1

J22J1
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We consider a real number L > 0 large enough to ensure that supp %gk/ C
[277% (=L + k'), 277+ (L + k')], where J4 = max{yj,0}, and set
K= [—E + 29 (W — L), L+ 274 (K + E)} .
Note that K ;- contains at most
K] < 1 [1+2977] (4.2)

integers. Moreover, Ik j, kijo,ks = 0 if k1 & K jmz’kz or if ko & Kj, j, k- If
L is large enough, the integral is also zero if k & Kjj x, or if & & K j, k-
The same thing is true if k1 ¢ Kj, jx or ko & Kj, j . In any case, we have
Ij7k7j17k17j2,k2 < CaTjy jo where
e = 2min{j1/2+j2/2—j,—(j2—j1)/2}
J1,J2 .

We deduce from Cauchy-Schwarz inequality,

1/2
2
FleJ? = G2y j5a (2 : ﬁjhkl ]lkeKj,h-,h : : 1k2eKi2J1,klmKJ2Jvk>

k1€Z ko€Z

1/2
2
X <§ : Bjmkz]lkEKj,Jz,kz E : ]lkleKjl,jz,kzﬂKjl,j,k> :

ko€Z k1€Z

By using the inequality || - |1 < -[|,/2 again,

(Frju.g)"'?

p/2\ /2
<c /2 E gY o1 E 1
30 51,42 1,k REK 51 kg k2€Kjy 51,1 N Ko 5,k
k1€Z ko€Z
p/2\ 1/2
X z : J2, kz K jo ko <§ : ]lkleKh)jQ,kmeh,j,k)
ko €7 k1EZ
A new application of Cauchy-Schwarz leads to
§ . \p/2
(Fk1317]2) /
keZ
p/2\ 1/2
A DIDINH >
<CSTJ1 ,J2 le,hlkEKj,h,kl ]lk2€K.7‘2,j1‘klijzvj,k
k€EZ k1 €Z ko €Z
1/2

p/2
Z Z P2 2 2,72 Z 2:k2
f] k ]lkEKj,j Sk kle}fjhj ok r"Hh,j,k

kEZ ko€ k1€Z
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1/2
2 — (4 ; _
3037?1/7]»2}2”2 Uit /2 (et 1/2=1/p) (kskuléz|Kj,j1,k1||Kj2,j1,k1ﬁsz,j,klp/2>
yR1

1/2
- o .. |p/2
X sup ‘KJ,Jz,kzuKsz,kzﬂKJm,k :
k,ko€Z

We now use (4.2) to get if jo > j and j; > j

Z(Fk i jz)p/2 < ¢y RP2~ (/) (G1+i2) (a=1/p+1/2)
keZ

If j2 > j and j; <7,

Z(Fk i jz)p/2 < ¢y RP2I(1=p/2)/29=(p/2)j2(a=1/p+1/2) g —e(p/2)i1
kEZ

If.]Q S.]7 and.jl S.]a

Z(Fk i j2)p/2 < C4Rp2j(1—p/2)2—(p/2)j1a2—(p/2)jza'
kEZ

We conclude thanks to (4.1). O

4.2. Proof of Theorem 2.2

Our proof relies on the result below that is due to [Bir06a] (see his Theorem 6
and Proposition 8).

Proposition 4.1. Let (V;,)mem be an at most countable collection of linear
spaces of L?(R) with finite dimension. Let (Ay,)mem be a family of non-negative
weights such that

Z e~ Bm <1.

Then, there is a density estimatorf such that
A, d. V Aﬂ’l
E[n(f.f)] <c it {d%(ﬁ, Vi) + %} :

In the above inequality, c is a universal constant.

Without loss of generality, we may assume in the sequel that we have another
independent sample X7,..., X/ of X. We set for j > 0 and k € Z,

Iixy = {z € R, ;(x) #0}.

When j = —1, we rather set

Ik ={z €R, ¢or(x) #0}.
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We then consider the (random) set
Zy={keZ Jie{l,. . n} X, €li}.

We now order the sample Xél) < Xéz) << X{n) and define the smallest
integer J>0 satisfying
. / _ Y/ 1—J
min_ (Xt = X(y) > 2L
In this inequality, Ly, > 1 stands for a real number such that supp 1) C [—Ly, Ly).
Let KC be the collection of all sets of the form K = <Kj)je{—1 ..y Where K;

denotes a finite subset of ij. We define for all such K the linear space

J
Vk = Z Y-1,kP0,k + Z Z VikCik, Vi = =1, ke Kj, vir€R
hEK_1 J=0 keK;

The dimension of this linear space is not larger than

J
dim Vi < Y |Kj].
j=—1

For all K € IE, we set

Ak = i {151+ 1K og (elZ1/1K1) —10g (1= ™)}

j=—1

where we use the convention 0 x 10g(e|ij |/0) = 0. It follows from Proposition 2.5
of [Mas07] that

Z e K <1.
Kek

We apply Proposition 4.1 conditionally to the independent sample X7, ..., X/,
and take the expectation of the result. By cleaning it a little, we get

E [n%(f, f)]
J+1

J
. 1 7
<@l | inf d3(VF Vi) +~ ) |Kjllog+(|Zj\/IKj|)+ sl A

j=—1

where c; is universal, where log, (x) = log(e+x), and where Oxlog+(|2j |/0) = 0.
To simplify the notations, we set in the sequel

gt = Bin(VF) ifj>0
PR Vaop(VF) ifj=—1
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We deduce from the above inequality, and from (2.1) with Jo = 0,

J

5 . K| log, (|Z;/1K;1)
]E h2 , < ]E f * 2+| J + J J
1. D)] < 2 jg_:leézj kGEZ\Kj ) .
E[J] +1 > N
+7[ JL +E § § (B1)?
i=J4+1kEZ

SCQ[A+R1+R2+T}7

where
E[J] +1
A ElT+1
n
E[|Z_
gy = B2l
n

> K1 7| /| K ;
Ry = E E ian § ( ;,k)2+| J| Og+(| J|/| J|) 7
—0 | &z - n
J kEZ;\K;

J 0o
T=E| Y a2, +> S 62+ Y Y5107

kgZ_4 =0 kg7, j=J+1k€EZ

This oracle inequality has the same flavour as that obtained by [Sar23] for
the IL! loss (see his inequality (14)). We can hence use some of its results to
reduce the size of this proof. First, note that an upper-bound on R; is given by
his Lemma 23: Ry < csMn~1=9_ For T, A and R,, we show:

Lemma 1. There exists ¢4 > 0 only depending on p,a and the wavelet basis
such that

T < cyep.

Lemma 2. There exist c5,cg > 0 only depending on p,a and the wavelet basis
such that

logn + log(1 + R)
Cs5

n
log n]

A<

S Ce |:€n+

Lemma 3. There exists c; > 0 only depending on p,a and the wavelet basis
such that

RQ < C7En.

It then remains to put all these bounds together to conclude. O
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Proof of Lemma 1. Define the number 72, of ¢ € {1,...,n} such that X/ € I, ;.
We have 7;, <1if k¢ Z; orif j > J+ 1. Hence,

T<2> > (B)°P [fje <1].

j=—1keZ
Set
fir = [ 1)1, @)t (43)
Zj={k€Z, fjr>1/n}.
We have,
T<2 3 S (30 [(1— )" +nfin(l— f1)" ]
j=—1keZ

< ATy + 4T,

where

T, = Z Z( g*‘,k)2

j=-1 kgzj
To=n > > (B5)finll = fim)" "
j:_lk‘EZj

Define b, ;. such that (5% ,)% = 277/2|b; x|. For all j >0,

165, lpy2 < R29-31(2a+1/2-1/(p/2))

if /f € Bg . (R). This inequality also holds true for the weak P12 (quasi)
norm if v/f belongs to the weak Besov class. We conclude by using Lemma 21
of [Sar23] with his 3, replaced by bk, p by p/2, @ by 2 and R by R?. ]

Proof of Lemma 2. Let £ > 0, ¢ > 1 and suppose that the LY norm of f is
finite: ||f]l; < oo. Lemma 17 of [Sar23] ensures that J < ¢; [1 4 log(1 + &)],
with probability 1 — n?||f||,/€. In this inequality, ¢; is a term only depending
on ¢ and . We deduce,

E[J] < e {1 + /OOO P (f > ¢ [1+ log(1 +£)}) (1+&~! dg}

o

1+ eI, / e 116 e

max{n?||fllq,1}

max{n?||f|l4.1}
+c1 / (1+¢&)~tde
0

<ecs
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< eq [1+1og(1+ 77| fl4)] -

It then remains to bound || f||, for some ¢ > 1.
We consider ¢ € (max{1,p/2},p(a + 1/2)) if p is finite and ¢ > 1 if p is
infinite. When Z;’;_l 2<j/2)(171/q)||5;.||2q is finite, /f € L2(R), and

171 = V7,

< s Z 2(]‘/2)(171/q)||5;7_||2q, (4.4)
j=—1

Note that |87 ;| < csv/fjk < c6 as f is a density and hence
2
185120 < er 3 o < cs.
kEZ
We moreover have when p is finite and j > 0,

1851120 < o185 |17, < coRPRTIP(t1/2-1/m)

When p = 0o and j > 0, we rather have,

8512 < ex (Z f) T

kez
< CllRZ(q*I)Q*j(q*I)(MH).

In both cases,

5220201 |2 | < cwal m
7=0
where r = p/(2q) if p is finite, and r = 1—1/q if p = co. We conclude by (4.4). O
Proof of Lemma 3 when p > 2. By choosing K; =0 or K; = Zj,

RzSZmin E Z (;k)2 7E[|Zj|]

i=0 red, "
It follows from Lemma 23 of [Sar23] that
E [@\} < e, Mnf29(1=0), (4.6)

By using a suitable version of Holder’s inequality — see [CVNRF15] — we get

Y (B < call B oo 251 27

kGZj
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When p # 2, we deduce from /f € WBj (R),

3 (B14)” < eaBPa AT P2,
kGZJ

This last inequality is also true when p = 2 and /f € BS  (R). We deduce
from (4.6) and Jensen’s inequality,

Ry <c¢3y min { Mn~—(1-0)2i(1-0) g2 lez/pneufz/p)2—j<2a+e<1f2/p>>} ,
j=0

It remains to compute the right-hand side of this inequality to prove the result.
|

Proof of Lemma 3 when p < 2. We set for j > 0,

K;={ke; (8072 1/n}
and observe as /f € WB; (R),
|f(j| < nP/2ppo—ir(atl/2=1/p)
By using a classical inequality in weak spaces, see (35) of [Sar23],

Z ( J*k)Z < ¢yn~(=p/2) gpo—iv(a+1/2=1/p)
k€Z;\K;

Therefore,

> | E[|Z; . K:|log. (|1Z;|/|K;
Ry < C2me HnJH’E Z (ﬂij)er |5 g+§1| il /1551)
Jj=0 kEZ\K;

By doing as in the preceding proof for the first term, and by using Jensen’s

inequality,

Ry < e3> min {Mn—u—e)?j(l—e)’ n—(1-p/2) gro—ip(a+1/2-1/p)
j=0

log (MR—Pn9—P/22jp(a+1/2—9/p)) } .

Elementary computations allows to bound the right-hand side of this inequality
from above (see Lemma 30 of [Sar23]). O
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4.3. Proof of Theorem 2.3

Since the theorem is stated for R and M large enough, we may without loss
of generality prove the theorem with R replaced by ¢; R and M by coM where
c1, co only depend on «, p, 0 and the wavelet basis.

Let £ > 1 be the smallest integer such that (—2¢,2¢) contains the supports
of ¢ and ¥. We consider two integers j > —1, jo > 0 such that 2/0+t7—¢ > 12,
We define k > 1 as the smallest integer satisfying 142k > 2/0+7—¢~1 and k > 1
as the largest integer satisfying 4k + 2k + 1 < 29017, We endow D = {0,1}*
with the Hamming distance A defined for all 6,8’ € D by

k
A(8,8") =" |0k — 6.
k=1

We consider b > 0 and set for 6 € D,

k

k
hs =b Z5k¢j,gz+1(k+@ + Z(l — k)Y, 001 (ke ki F)
k=1 k=1

Let go € B (Ry,) be a compactly supported density on [0,2] satisfying
infg e /2,1 go(z) > 1/4 and [|gollcc < 1. We then consider

kK = 4max {21/2H(E”ooa Hz/;Hoo}

and set for x € R, ‘ ‘
g(x) = kb2 2go(2770).

Let ¢ be a density, compactly supported on (—3,0), bounded by 1/2; and such
that /¢ € By (R/ max{2'/?,2}). Such a density does exist (recall that R is
large enough in the proof). We put

1= [ (96a) + hs(2))” dz,
and define for x € R,
fo(x) = (1= q)¢() + (g(x) + hs(x))*.
‘We now state:
Lemma 4. There are ay,as,asz,aq such that if
b22j0+j S a1
p2i/29340(1/p—a) < asR

podo/poi(a+1/2) 150 < a3R
b29279950 < qu M
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then, fs is a density belonging to To(M) such that \/fs € By . (R). Ifb29/29i0/P <
asR, \/fs € BY (R). Moreover | fs|loo < 1/2+ a5b?27. For all x € R,

|l f3 (x) < agM,
and for all 6,8 € D,
h?(f5, fs) = agb®A(8,0").

The terms a1, as,as, a4, as, ag, a7y above are positive and only depend on gg,p, 0
and the wavelet basis.

The proof of this lemma is given after the present proof. We define
"9(R, M) ={fs, 0 € D}.
It follows from Assouad’s lemma — see [BirO6b] — that if b2 = 1/(2agn),
R( ;%(R,M)) > con 1290t

where ¢y only depends on the wavelet basis, gg, p, 8. It then remains to choose j
and jo.

We first suppose either § < p/2 or = p/2 and R > M'/P. We then define
j > 0 as the largest integer such that

2j(1+2a729/p) < R2M72/pn1729/p.

We then consider ¢; small enough and the largest integer jo > 0 such that
200 < ¢y Mnf279°.

We may check that the conditions of the lemma are satisfied.

We now suppose § = p/2 and R < M'Y?_ We set j = —1, consider ¢y small
enough and define jy > 0 as the largest integer such that 270 < c;Mn?. All the
conditions of the lemma are met, hence the result.

Remark. We can see from this proof why the minimax risk does not tend
to 0 when the tail dominance condition is not fulfilled and p > 2. Formally,
this means choosing §# = 1 and M = 1. The proof of Lemma 4 with 7 = —1
ensures that fs is a density such that /fs € By o (R) if b22i0ti < @y and
b29/2230/P < g4 R. We then choose b2 as above and 27° < ¢on for some ¢y, O

Proof of Lemma /. First, observe that

q<2 Ug?(x) da:—i—/hg(x)dx}

is not larger than 1 if we choose a; appropriately. This entails that fs is a
density.

We have supp hs C [2677(2k +1),2¢77(4k + 2k + 1)) C [270~1,20], supp g C
[0, 2721 and g(z) > ||hs|leo for all z € [27071 270]. We deduce g + hs > 0 and

Vis(@) = /(1= q)C(2) + g(x) + hs(2).
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We also have
hs € Bﬁoo (bl—fl/pgj(aﬂ/bl/p) 1j>0) N %?oo (b];1/p2j(a+1/271/p)) :
g € By (cx20/220/pe)) ope ((eyb20/2900/7 )

where c¢; only depends on gy and the wavelet basis. Therefore, we may consider
az and az so that v/fs € By ., (R). If the supplementary conditions are fulfilled,

Vs €85 (R).
Note that ¢ belongs to To(M/2) if M is large enough, which is assumed
throughout the proof of Theorem 2.3. Besides,

hy € To(|lhs |2 (277 + 1)),

see Lemma 2.1 of [CL20]. A similar result holds true for g? and hence f5 € To(M)
if a4 is small enough.
As to the Hellinger distance, we have

h?(fs, far) = %/(hg(x) — hy(x))? d,

and we conclude using that the supports of @j’Qer are disjoint.
Finally, for all z > 0,

Fs(@) < 2(llgll + 1Rsl1%)
S CgbZQj,

where co only depends on gy and the wavelet basis. Since f5 is compactly sup-
ported on [—3,2/0F1] we get for all z > 0,

| 2 () < 270 [egb?29]°
< 2a4ch.

Moreover, as | fs(z)| < 1/2 when z € [—3,0], and M is at least 1, this inequality
is actually true for all z € R, up to a multiplicative factor. O

4.4. Sketch of the proof of Proposition 2.4

Let s be the map defined in the proof of Proposition 4 of [Sar23] with his «
replaced by 2« and his p replaced by p/2. In other words,

L
vs(z) = 5 DY Gkl (@),
Jj=jo keEK;

where the I, C [0,1/2) are disjoint intervals of size 277, where §;5 € {0,1},
where |K;| = nP/2+1, where jo is the smallest integer such that 270 > 4(nP/2+1),
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where j; > jo is to be specified, and where D = (j; — jo 4+ 1)(n?/? + 1). We
define for x € R,

fs(x) = ps(x) + p1-s(x — 1/2).
Note that fs is a compactly supported density on [0,1] such that \/fs(z) =
Vs(2) +\/pr1-s(z —1/2) and

Z 23/2 Z 5jk]1]]k

J Jo keK;

The lemma below is proved as Lemma 36 of [Sar23] (just replace the £'—¢P
inequality by Holder’s inequality in the first line of his proof when p € (1,2)).

Lemma 5. For all ¢ > 0, ji large enough, and 0 = (0;);k, /s belongs
to B (e).

We deduce that /fs lies in BS  (R) if j; is large enough. Now, for all 4, 0’
of the form & = (8, )k, 6" = (65 1),k

W (fs, fs1) = Z > 165 —

J Jo kEK;

We conclude by using Assouad’s Lemma (see [BirO6b], Lemma 2) and by tak-
ing 71 large enough. (]

4.5. Proof of Proposition 3.1

We consider m € R such that f is non-increasing on [m, +00) and non-decreasing
on (—oo,m].

We first assume that f € L%°°(M). Then, for all j,k € Z such that k >
1/2+ 27m,

Fo(f) <277 7279(k - 1/2)).
If k> 1/2+ 2/m is such that f(277(k —1/2)) > t27, then 277 (k — 1/2) belongs
to an interval of length at most M2779¢=%, There are therefore at most c[1 +
M27(=9¢=9 integers k > 1/2 + 2/m such that Fj(f) > t. We can follow a
similar line of reasoning to deal with k not larger than —1/2 + 2/m. This leads
o0 (3.2).

We now suppose that f € WTo(M). We consider ¢ > 0 and x > m such that
f(z) >t. Let j > 0 large enough to ensure that 2'=7 < Mt=% and x > m+277.
Suppose that there exists k > 3/2 + 2/m such that z > 277 (k — 1/2). We then
have

Fl@) < @77 (k=1/2) <2 Fjpa(f).
Therefore, any k € [3/2 + 2/m,1/2 + 27z] is such that Fj,_1(f) > 277¢t. We
deduce from f € WT (M), that

|[3/2 +29m,1/2 + 27a]| < Mt~927,
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and hence 27 (z —m) —2 < Mt~927. Therefore, z belongs to an interval of length
at most 2'77 4+ Mt=% < 2Mt~% We do the same reasoning when = < m to
complete the proof. O

4.6. Proof of Theorem 3.2

As in the proof of Theorem 2.2, we suppose that we have another independent
sample X7,..., X/ of X. We consider an integer Ly, > 1 such that supp ¢ C
[— Lway, Lwav] and the interval

Ij)k = [Q_j(k - LW‘dV)’ 2_j(k + Lwav)} - (47)

It contains the supports of ¢;; and ;. We consider some p > 0 whose value
is to be specified later on, set u, = n(2plogn)~!, and introduce the smallest
integer 7, > 0 such that 277 < U, 1. Note that the integer r,, is well defined
when u,, > 1, that is when n is large enough, and more precisely when n/logn >
2p. As the Hellinger distance between two densities is no larger than 1, we may
throughout this proof assume that n fulfils this property (otherwise, the risk
bound still holds up to an increase of the risk of 2p(logn)/n). We define for all
JjE€Zand r >0,

- 3 1 <& o
ij:{k;ez, 2 7"<5211X1{€,M <2 }

i=1
~ 1 & .,
Zj,r,f =< kez, ﬁ ; ILX,L{EIj,k > 2 .

Let Jo < 0 and J; > 0. Let, for each j € {Jy,...,J1}, a subset K; of Zj,fm,.
We put K = (K;)j,<j<s, and group together all the possible sets K into a
collection Ky, j,. We also set

K= Kspun-
Jo<0
J1>0

Consider K € K and Jo, J1 such that K € IE,]OJI. We associate this set with
the linear space

J1
Vk = Z VIo—1,kDJo.k + Z Z YikWiks Vi, k, vik €R
K€L o T, — j=Jo kEK;

Its dimension is not larger than

Ji
dim Vic < |Zgor0-| + > 1Kl
Jj=Jo
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The set K also writes
Kj = (Kjﬂzj,”’,)u U (ijzj,r>,
r=r;+1

and this, for any choice of r; € {0,...,7,} (the set to the right of the union sign
is empty if r; = 7,,). We put

J1 Tn
Ak = Z; Jnf- 3 1 {|Kj N Zj| + |K; N Zj.0|log (e|Z; | /|K; N Zs.0))
j=Jo " r=r;+

—log (1 - efl)}
+ {lKj NV Ly~ |G O Loy, - N0g (€| Zjry /15 O gy - )

oz (1))

+ | Jo| + J1 + (|Jo] + J1 4+ 2)log(1 + 7,) + log(2(1 — 1/e) ™).

Above, we use the convention 0 x log(e| - |/0) = 0 when necessary. Elementary,
albeit cumbersome, computations using Proposition 2.5 of [Mas07] yield

Z e Ak <1.

Kek

We consider an event A of probability 1 — 1/n not depending on X7,..., X,
but rather on X7,..., X/ and to be specified later on. We apply Proposition 4.1
conditionally to X/, ..., X’ when A occurs to define an estimator f. When A
does not happen, f is any density estimator (as A is not known by the statisti-
cian, we should take the same, but the whole point is that we do not need any
of its properties). We take the expectation of the result and simplify it a bit.

This leads to: for all Jy <0 and J; > 0:

J1

E[hQ(f,f)ﬂA]ng S U +T+A
j=Jo
Loy 5 — 1)log(l+7
Lo, |+(\Jo|+nJ1+ ) log( +rn)}ﬂA]7 (48)

where

U= inf QU+ Y U,

0<r; <rp
r=r;j+1

. |K| ~
Uy = it >0 Bt 2 10gy (1Za,,-|/1K;1)
KjClLjr: — ~ n
T k€L - \K;
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. Kl (5
Uip = inf > B2+ log, (Zl/IK1)

K;CZ, =
T kel \K;
Ji
_ 2 2
T=Y Y. Bkt > el
I=Jo keZ\Zj 7~ SAVANEN

A= Z Zﬂjz,lm

j=Ji+1 keZ
where aj, & = sk (VF), Bik = Bjx(Vf), and where log, (z) = log(e + ).
Since f is always a density, h2(f, f) < 1. The triangle inequality then ensures,
E[n2(, D] <E R/, H)La] +P(a°)
<E[B3(f, f)1a] + 1/n. (4.9)

Within one residual term, inequality (4.8) hence gives an upper-bound on the

Hellinger risk E[h2(f, f)] of f. We now need the two following lemmas, to be
proven after the present proof.

Lemma 6. There exist p > 0 and an event A meeting the above conditions on
which the three inequalities below hold true. First,

1—-6
(1 — Jo+ 1) 2B | pros(1-0) <l°g”) ] ,
n

T<c
n

Second,
A < cR™ 9—J1(1-1/q2)

The terms g1 > 0,q2 > 1 only depend on a,p and the wavelet basis. Third, the
cardinality of Z; »,— can be bounded from above for all j € Z andr € {0,...,7,}

by
Zjr—| <c [1 + M2“92j(1‘9)} . (4.10)

Above, ¢ only depends on «,p, 8 and the wavelet basis.

Lemma 7. The following results hold true on the event A and are written for
the value of p given by Lemma 6. For all j € Z and r < 7,

277/2 1+ M2r92i(1=9)
Uir<c 7 log, <2T/2%> (4.11)
n n

1+ M2r0+j(179)
07.

Ujr < (4.12)
We also have when p > 2 and j > 0,

Uj , S CR2M1—2/p2—j(2a—29/p+9)27‘0(1—2/;0). (413)
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When p <2 and j > 0,
Ujr,— < cRPo—ir(a+1/2=1/p),, —(1-p/2)

x log., (MR*PQT%*P/ 29ip(a+l/ H/P)) . (4.14)

In these inequalities, ¢ only depends on o, p,0 and the wavelet basis.

We are now in position to prove Theorem 3.2. We define J; as the smallest
integer such that R12-/1(1=1/%2) < 1/n where q;,¢> appear in Lemma 6. We
define Jy as the largest negative integer such that

0
M2Jo(1—0) < (10gn>
- n

We deduce from (4.8), (4.9) some ¢y, ¢z such that

J1
E [h2(f7 f)} < B ZJ: Ul 4
J=Jo
logn + log(1 + R) 4+ log M
+ c2 n

log(1 + 7).

The factor ¢; only depends on the wavelet basis, whereas co only depends on
a,p, 0 and the wavelet basis. It then remains to bound

J1
U=> U
j=Jo

on A from above. We treat cases p > 2 and p < 2 separately.
Proof of Theorem 3.2 when p > 2. Note that

Tn
Ui <D Uje
r=1

For all j > 0 and r < r,,, Lemma 7 implies:

9-r/2 | Mor(0+1/2)9;5(1-6)
e ()
R2M172/p27j(2a729/p+9) 27"0

Uj, < c¢imin {

i

rfoj(1—6
(1-2/p) M2020070
n
We first compute

oo Tp

v =>"3N"u;,

J=0r=j
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Tn —r/2—35/2 2r(0+1/2)23j/2
< CQZme{ log,, (M7>
r=0 j=0 \/_ \/ﬁ

rfoj
R2M1,2/p272ja2r0(172/p)’ M} . (415)
n

Let us denote by U,gl) the sum in j. We may bound it from above by proceeding
as follows. First, let us assume that

nM7227T(29+1) S 1.

Lemma 30 of [Sar23] entails:

—r/2
UMD < ¢ 2

2r(9+1/2)
1 M—F—- .
Vi °g+< Vi )

In the contrary case, we may consider the largest integer j, > 0 such that

(4.16)

23]} S nM72277’(20+1) .

We then have,

Jr r0 >  9-r/2-j/2 r(0+1/2)935/2
M?2 2j 2 2
v < 3B 3 By (w2
J=0 Jj=jr+1 \/_ v
§04M1/3n_2/32 r(1=6)/3, (4.17)

To get the last inequality, Lemma 30 of [Sar23] is used once again. By group-
ing (4.16) and (4.17), we thus have for all r > 0,

U;l) < e {M1/3n72/3277~(179)/3
49T 2p=1/2 log., (M2r(9+1/2)n—1/2> ]lnMJQT(NH)}. (4.18)
This bound is obtained by using only the minimum between terms 1 and 3

n (4.15). We can also make a similar reasoning with terms 2 and 3 only. This
leads to

Ur(l) < ¢ RQ/(1+2a)M(1+2a—2/p)/(1+2a)n—2a/(2a+1)2r9(1—2/((1+2a)p))
+R2M1—2/p2T9(1—2/p)ﬂnR2M72/pS227,9/p . (4.19)

If
Ml/Sf(1+2a72/p)/(1+2a)R72/(1+2a)n2a/(20¢+1)72/3 <1,

we sum (4.18) for all r. Thereby,

v < ¢ [Ml/Sn_2/3+M1/(29+1)n_(9+1)/(29+1)
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< er |:M(1+2(x—2/p)/(1+2a)R2/(1+2a)n—2a/(20¢+1)
ML/ (2041) ), —(041)/(2041) |
Otherwise, we define vy > 0 as the largest integer such that

oo (142a+20+4a6—60/p) /(3(2a+1))

< MY/3=(142a-2/p)/(1+20) p—2/(1+2a) 20/ (2a+1)=2/3 (4.20)
We sum (4.18) when r > vg + 1 and (4.19) when r < tg to get
UD < cg |RPLMP2n= 4 MY/ (20+1),,—(0+1)/(20+1)
L R2ML2/Poro0(1=2/p) (1 4 ¢, ]1p:2)]1nR2M_2/,,S22t0e/4 .

Observe that
nRQM—Z/p S 227:09/1)

is possible only if

M 2(2a+1)/p R2(20+1)(20+1)  (20+1) (1-20/p+20) < |

that is if n is small enough. We now study

U@ = i > Ujn

j=07r<g
[ele] ] 2j
< cg Z min {R2M1‘2/p2_2m, M—}
n
=0

< 10 |:R2/(1+201)M(1+2a—2/p)/(1+2a)n_2a/(2a+1) i Mn_l] .

We finally deal with

0o 7y
vO=3%"N"u;,

j=Jo r=0
[Jo| 7n _ —i(1— _i(1—
) r/2 1+M2r02 j(1-0) 1+M2r92 j(1-0)
gcnzzmm{ log <2’”/2 ) }
== Vn vn n
|J0‘ Tn
| Jo|? (3)
ceal?l 1 0,53 0t
7j=07r=0
where

U(3) ~ min 277”/2 log M2r(0+1/2)27j(170) M2r927j(179)
75T \/ﬁ + \/ﬁ ; n .
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Note that
|Jo] < c13log(M(n/log n)‘g).

When 227(=9) < M?/n (and j > 0), which is possible only if n < M?, we do:

> X

223‘(1—9)SM2/” r=0

22i(1-0) < M2 /p T=0
1 M2—3i(1-0)

> (M)

22j(1—9)§M2/n \/ﬁ ﬁ
log?, (M?/n)

5 ﬁ
When 227(=9) > M2 /n (and j > 0), we may consider the largest integer 7; > 0
such that

9—r/2 Mor(0+1/2)9—j(1-0)
=)

2Tj (29+1) S nM7222j(179)'

We then have,

Tn

> Xy

22/(1=0) < M2 /n T=0

[Jol _ —i(1— —i(1—
9 r/2 M2r(9+1/2)2 j(1-96) Moo 7 (1-06)
<and {5 o ey
j=0 \\r>r; \/ﬁ \/ﬁ r<rj n
o
< 3 MY/ 04/ G0 1)95(1-0)/20+1)
j=0

< eqg MY/ 201 = (6+1)/(26+1)

In conclusion,

U(S) < 19 Ml/(29+1)n7(9+1)/(20+1) +10g2(M(TL/1OgTL)0)TL71
+ 10gi(M2/n)n_1/2]ln§M2i| .

It then remains to sum up the different results to get a bound on U and
hence (3.4) where
v, = R2/(H20) pr(142a=2/p)/(142a) ) =20/ (2at1) 4 \r1/(20+1) ), —(0+1)/(20+1)
+log?(M(n/logn)?!)n=t + (logn)(log(1 + logn))n "
+ (log M) log(1 +logn)n~" +log(1 + R)log(1 + logn)n~" + Mn~!
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4 R2M172/p2t09(172/p)
x (141t ]lpzz)]lM72(1+20¢)/pR2(29+1)(2a+1)n(2a+1)(1*29/?+29) <1

+1log? (M2 /n)n™ 21,2 (4.21)

and where v is given by (4.20). O

Proof of Theorem 3.2 when p < 2. We apply Lemma 7: U; satisfies for all j €
{0,..., i}, and r; € {0,..., 7},

Uj < cl{RPQ*jP(a+1/2f1/p)n7(17p/2) 10g+ (MR*p2rj9n7p/22jp(a+1/279/1)))
+ i 2*T/2n*1/2 10g+ <M2T(9+1/2)2j(1*9)n71/2) }

r=r;+1

Note that this inequality also holds true for r; > 7,. If we choose r; = 7, we
get (using 2™ < can),

U; < c3RP2—ip(at1/2=1/p) )y —(1-p/2) log_, (MR—pnG—p/Qij(a+1/2—9/p)). (4.22)

We may refine this result when n!~PR=2r227p(e+1/2=1/p) > 1 n this case, we
may define the largest number r; > 0 satisfying

2T < plP R—2p92ip(atl/2-1/p)
We then derive from Lemma 30 of [Sar23],
U; < cs { Rro-ip(at1/2=1/p)y ~(1=p/2) Jog (N[ R~PQs0p P/ 207p(ect1/2-6/p))

4 9i/2p 1/ log, (MQTj(9+1/2)2j(179)n71/2) }
< o5 RPo-IP(at1/2-1/p) =~ (1-p/2)

% 10g+ (Mpr(1+29)n07p/27p02j(p/2739+ap+p0+2ap9)) ) (423)

We now have when 5 > 0,

U; <U;++Uj—, (424)
with
e’} j—1
Uis =Y Ujr and Uj_=> Uj,.
r=j r=0

We deduce from Lemma 7,

2—7‘/2—j/2 | M2'r‘(9+1/2)23j/2 M2j2r9
- O .
vn &+ NG ’

Uj+ <cs E min
r>0

n
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Elementary computations lead to

U 72792 71/2 log+(M23j/2n*1/2) if 237 > nM—2
U er MY/ (2041)95(1=0)/(20+1) [, =(0+1)/(20+1) ot herwise.

We also deduce from (4.12), U; _ < cgM2/n~". Therefore, (4.24) gives

U coM2In ™1 if 237 > nM—2
Jj = Cng/(20+1)2]‘(1—0)/(29+1)n—(9+1)/(26+1) otherwise.

Suppose that R2M ~2/Pn > 1 and consider the smallest integer jo > 0 such
that
2Jjo(2a+1) > p2 7 =2/

Then,

> U

QSJ'ZnM—z
Jo 00

< ci1o ZMan*1+ Z Rp27jp(°‘+1/2*1/10)”*(1*17/2)
J=0 Jj=jo+1

x log, (MR™Ppf=p/29ir(e+1/2-0/p)) }
< c11M(1+2a—2/p)/(2a+1)R2/(2a+1)n‘2°‘/(2a+1) log., (naMl/pR‘l).

When R2M~2/Pn < 1, we only use (4.22):

Z U; < c1oRPn~1—P/2) log (MR_pne_p/Q).

239 >nM 2
We now deal with smaller values of j. We first suppose
RPn=(=p/2) > a1/ 20+1),—(0+1)/(20+1) (4.25)

and

n20=20/p=1+20 p—4(1-0) ) y—2(1+2a=2/p) > 1. (4.26)
The first inequality allows us to consider the smallest integer j; > 0 such that

971 [(1=0)/(20+1)+p(a+1/2-1/p)] > Rp py—1/(20+1), (0+1)/(20+1)=14p/2

The second ensures
ni=P R=2p92ip(atl/2=1/p) > q

for all j > j;. We may hence use (4.23):

Ji
Z U; < e1s ZMl/(26+1)2j(170)/(20+1)n7(9+1)/(20+1)

320 Jj=0
239 <nM 2
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o
+ Z Rro—ir(e+1/2-1/p) ,—(1-p/2)
j=Jji+1
% 10g+ (MR—p(1+29)n9—p/2—p02j(p/2—30+ap+p9+2ap0)) }
< 614Rﬁ1Mﬁ2n77.
When either (4.25) or (4.26) is not true, we merely apply (4.22):

> Uj <R~ 0P log, (MR™Pn/7P/%).
j=0
239 <nM 2

The above provides an upper-bound on
(oo}
> U;.
j=0

We still have to work with negative values of j. For this, we use (4.11) and (4.12):

0
.U
Jj=Jo
‘JUl Th _ a1 i1
272 1+ M2r02=0=0N 14 paroa—i(-0)
<ClGZme{Wlog+ <2T/2 N >’ - }

7j=07r=0

We have already found an upper-bound of this term when p > 2. The calcu-
lations are the same here. We now put all these results together to get (3.4)
with

v, = R2/(+2e) pr(i+2a=2/p)/(1+20) ) —2a/(2a+1) log, (n"‘Ml/pR_l)
b MY/@0HD =040/ 2041 4 16620 (n/ log n) )t
+ RPp~(1=p/2) log., (MR—pnG—p/2) [1as-2/p R2ne1
1 R —(1-p/2) < A11/(2041) 1y — (6+1)/(20+1)
1 ,20-20/p-1420 R-4(1-6) pp—2(1+20—2/p) <1
+1log? (M?/n)n~Y21,,<pr2 + log(1 + R) log(1 + logn)n =
+ (log M) log(1 +logn)n~" + (logn) log(1 + logn)n~". (4.27)
O

4.6.1. Proofs of Lemmas 6 and 7: preliminary results

Lemma 8. There is an event A of probability 1 — 1/n on which: for all v > 0
such that 2" < n, and for all interval I C R such that 27" <P (X € I) < 27"+,

—r
Scl [2="logn L logn] 7
n n

> (X)) — BL(X)])
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where ¢ is numerical value. In particular, there is some p > 0 such that any
interval I satisfying n=' Y"1, 1;(X]) > p(logn)/n is such that:

:I*—‘

P(X el) Z N <2P(X e1).

Sketch of the proof of Lemma 8. A short way to prove the lemma is to remark
that the collection of functions of the form 1; where [ is an interval is VC
subgraph with finite dimension. We then apply Proposition 6 of [Sar23]. O

Lemma 9. Let m € R such that f is non-increasing on [m,+o00) and non-
decreasing on (—oo,m]. Then, for all j € Z, ko > Luyay + 1 +m27,

ST 1Bkl < el (4.28)

k>ko

277 (k+Luyav)
fik= / f(z)da = / f(z)de,
Ik 279 (k—Luwav)

and where we recall that I is given by (4.7). Moreover, for all j € Z, ko <
_Lwav -1 + m2j;

where

1/2
ST 1Bl < eflil (4.29)

k<ko
Above, ¢ only depends on the wavelet basis.

Proof of Lemma 9. We only show (4.28), the proof of (4.29) is similar. Since
[ ;k(x)dz =0 for all j,k € Z, we deduce for all k > Lyay + 14+ m27,

il = | [ (VTG = VI L) ) o

‘ 279 (k+Luwav) -
<27yl [ (VI = VI L)) e
k

wav

< 292 Ly lltlloe (VICTTh = Luar)) = V@I + Luar))) -

Therefore,

> 1Bjkl < 127972\ (277 (ko — Lyay))

k>ko

. 27]. (kO_Lan)
< C22J/2/ f(z)dx
27j(k0—Lwav—1)

279 (ko—Lwav)
<c3 / f(z)dz
27J‘(’€U_Lwav_1)
< C3f123 1° O
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Lemma 10. We consider m € R such that f is non-increasing on [m,+00) and
non-decreasing on (—oo, m|]. We set for all r < 7,

N 4 I
B = {k € ZN [Luay +m2’, +00) , n Z Ixrer;, < 2_T+1}

=1

i=1

_ T
Bt {k € 2N (=00, ~Luav +m2'], —3 Lxer,, < 2‘T+1}

and

kj,r,'right = min Zj,r,+,right + 17

ki teft = max ZLjr i 1eft — 1.

Let p > 0 and A be given by Lemma 8. On this event, the above sets are non-

empty. Moreover, fjr < 27" for all j € Z, v < Tn, k > kjyrigne — 1 or
k < kjriest + 1. Moreover,

Z 1Bjk] < 277/ and Z Bip <27 (4.30)
kzl_cj,nrigh,t kzkj,r,right

S Bkl €@ and Y B <2 (4.31)
k<kj rien K<k riept

We also have when f € WT (M),
Z | < c[1 4 M270270-0)]. (4.32)

In these results, ¢ only depends on 0 and the wavelet basis.

Proof of Lemma 10. We deduce from Lemma 8 that
Zjr—| < |{k €2, fix>2T""1Y

holds true on A. Since

LWB,V

fik <D Ferw ()

k'=—Lyav

we may use Proposition 3.1 to get (4.32). Since Z; . _ is finite, Z; 4 1ofe and

Zj r + right are non-empty.
We now prove (4.30). The proof of (4.31) is similar. Lemma 8 ensures that

logn <27

1 n
L= < — E 1 -
fj,mlnzj,7-,+,rig}1t sa n Xée[j’minzj,r.-#,right +
= S+
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Moreover, as f is non-increasing on (m,+oc), we have for all k > k; , right — 1,
fik <2277, Lemma 9 yields

1/2
< /.
~§ |IBJ,’€| = c3fj,kj,r,righc—1
k>Kj r right

< 042—7"/2.

For the right part of (4.30), we merely use Cauchy-Schwarz inequality:

Z Bk < Z (fi0)" %11

k>kj r right k2>Kj r right

< C52ir/2 Z |5j,k‘~ O

k>Ej v right

4.6.2. Proof of Lemma 6

We deduce from Lemma 10,

logn
2 2 2
S < E & < B4 c )
NZ Ik = - gk = ]1kj,Fn,right_1+ 1 n
LSYAVZR S k>kj 7 vight —1
kszav+m2'7
Likewise,
2 <ﬂ2 n logn
E ; C c
— Tk = 4.k m, ger+1 2
kE€Z\Zj ., .-

k<—Lywav+m27

Cauchy-Schwarz inequality and Lemma 8 lead to 5]2',1@ < fix < cs(logn)/n
when k & Zj’;m_. By putting it all together,

logn
Y Bi<a = (4.33)
KEZ\Zj 7, . —

We also have a?]mk < fro.k < cs5(logn)/n when k ¢ ZJm;.m_. Hence,

o< Y 2 {keZ fan 2277}
K€\ 1g 7y~ 27>con/(logn)
By doing as at the beginning of the proof of Lemma 10,
{k€Z, fron =277} < er[l+ M2r02700-0)],
We deduce,

lo lo 1-0
>, ahu<cs [ i” +M< i") 2,]0(10)1 .

kEZ\Z‘]Oﬂ:”Y,
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The upper-bound on T follows from this inequality and (4.33).

It then remains to bound A from above. The proof of Lemma 2 ensures that
there are some ¢1 > 0, g2 > 1, such that ||f]lg, < coR? for some ¢y only
depending on the wavelet basis, a, p. Hence,

fj7k < ¢1gRM 9—i(1-1/g2)

Let
Ziy={k€Z 27" < fje <277},
Zjry = k€L, fi, <2771},
Zj,r,+,right = {k €zZn [LWaV + m2j’ +OO) ) fj,k < 2_T+1} 3
Zjﬂ“,-‘r,left - {k €ezn (7007 7Lwav + mQj] ) fj,k S 27T+1} )
and
Ejmright =minZ;,, 4 right + 1
l;jm,lcft = maxZj , y lofi — 1.
We have,

o0

2
A< X > > B
J=Ji+1l 27>cy  R-012/(1-1/92) ke7; .

o0

> > > Fik

J=Di+1 27>y R-0120(0-1/92) ke[~ Lyay+m29, Lyay+m29]NZ;

IN

oo
_ _ 2
+ Z Z f]',kj,r.righc—l + ijkfj,r,left+1+ Z J,k
k

j=Ji+1 2r>¢y  R—12i(1-1/q2) 7

>
C12 Z Z 2"

= j,j‘,right
or k<kj rleft
j=Ji+1 27>¢;; R—912i(1—-1/4q2)
013Rq127‘]1(171/q2)~ 0

IN

IN

4.6.8. Proof of Lemma 7

The proof of (4.12) simply ensues from (4.32). As to (4.13), we do the same
reasoning as in the proof of Lemma 3. In short, for all p > 2,

Z ﬁ]?,k < 02R2272j(a+1/271/p)|ij,r|172/p.
kEZj
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We then use (4.32). The same goes for (4.14): we set
Ky = {k€Zyp, 1Bl > 1/V},

As +/f is smooth, we have:
K., < canP/2 ppo—ivlat1/2=1/p)

A suitable inequality in weak spaces — see (35) of [Sar23] — leads to

Z /3]2k < ¢yn~(1=p/2) ppo—ir(at+l/2=1/p)
k€Lj v, \K;r

We deduce,
Ujp— < csnP/2-LRPo=ip(a+1/2-1/p) o | (|ij _|nP/? R—pgjp(@+1/2—1/p))
< conP/> L RPY=ip(a+1/2=1/p) og ( M R*P2T9nfp/22jp(0¢+1/2*9/17)) ,

thanks to (4.32). . 3
We now show (4.11). We introduce the integers kj.rright and k; ;. 1ery appearing
in Lemma 10. We then set

K](}r) = {k € Zj,’r‘7 k< ifj,r,right or |Bj,k| Z 1/\/5}

Kj(zr) = {k € Ljyy k> kjrieror |Bin] > 1/\/5}

and ( .
1 2
K, =K;, NKj,.
Now,
1
Y. B < 7n Do 1Bkl DD 1Bk
kezj,r\Kj,r kz"éj,r,right kgfc]-,mlcft
CT _r/2
< —Lo27m/2,
=/
Moreover,

|Kj,r| < ‘{k € ij,r, ke [I%j,r,lefta ];j,r,right]}‘

+vn Z |85, + Z 1Bk

kzkj.r,right kgkj,r,left

The elements in the first set are either equal to l;:jmlcft, fﬂj,r,right, l;:j,nlcftJrl, fcj,might
— 1 orin [—Lyay + M2, Lyay + m27]. Hence, using Lemma 10,

K| <es [1 4 \/ﬁz—r/ﬂ

< Cg\/ﬁQ_T/2.
We then deduce (4.11) from (4.32). O
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4.7. Proof of Theorem 3.3

Since the theorem is stated for R and M large enough, we may without loss
of generality replace R by c;R and M by co M, where c¢1,cy only depend on
a,p, 0 and the wavelet basis. In other words, we only need to build a subset
UL (R, M) of U7 g(c1R,coM). The densities f in this set may satisfy
VI €88 (a1R) and [ fO(z)dz < oM.

Throughout the proof, we consider r > 1 and denote the elements of {0, 1}"+?
by (0k)o<k<r. We define the Hamming distance A for 4,0’ € {0,1}"+! by

A(6,6") =D [0k — 6.
k=0

We denote the Kullback Leibler divergence between two densities f and g by

K(f.g) = / f(@)log ((z)/g(w)) da,

whenever it exists. We use it here for densities f and g that vanish only simul-
taneously (in which case the convention 0 x log(0/0) = 0 is applied).

It is convenient to draw on the Varshamov-Gilbert bound to prove the lower
bound. The lemma below is ready to use. It follows from Theorem 2.5 and
Lemma 2.9 of [Tsy08] (see also Section E in the third preprint version of [Sar23]
for the constants).

Lemma 11. Consider ¥ > 14 and suppose r = 27. Then, there is a subset 9
of {0,1}"* such that
™
>
k=0

for all 6 € 9. Moreover,
A(6,8") > 7/4,

for all pair (6,0") € 2 composed of distinct elements.
We now assume that there exists a family of densities F = {fs, 0 € P}
indexed by this set and satisfying

h2(fs, fs) = nA(6,8)

5r
K ) <
(f5: fo') < T500m

(4.34)

for somen >0 and all 6 # 6 € 9.
Then, there exists a numerical value ¢ > 0 such that

R(ZF) > enr.

We need to construct a suitable family .# of densities satisfying the conditions
of the previous lemma. The two results below are tailored to solve this problem.
They are proven after the current proof.
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Lemma 12. We consider ¢ > 2 and two non-negative maps <p,s1 on [0, +00).
We suppose that these functions are non-increasing, compactly supported on [0, 1]
and with continuous derivatives up to order q. Moreover, ¢s(0) =1, ¢5(1) = 0,
and c(gs)(O) = gés)(l) =0 for all 6 € {0,1} and s € {1,...,q — 1}, where c(gs)
denotes the s derivative of <. We consider a positive integer r, three positive
numbers o,bg, Ly, o € (0,74y], € = o/r, and set for all k >0,

be = bo(1+¢)7"
b = lo(1 4 )%
Thy1 = Tk + L.

We then define for all x > 0 and 6 = (6k)o<k<r € {0,1}7F1,

95(x) = boLj0,z)

T

1
g 2 b [+ e (@ = 20) /0] Loy ) ()
k=0

+ bT+1 So ((SL’ - xT+1)/<T€0)) H[Ir+1,+oo)(x)' (435)

We extend g5 to an even function on R.

This function gs has the following properties: it is unimodal and such that
gs(xx) = by for all k € {0,...,r}, 6 € {0,1}" . Moreover, g lies in BY  (cR)
for all p € (0,+00], @ € (max{1,1/p — 1},q) and R > 0 satisfying

bor'/P=1 < ReSTVP (4.36)

boly/Pr/P < R. (4.37)

Above, ¢ only depends on the wavelet basis, <o, <1, p, q, @ and o.

Lemma 13. Consider some q > 2. There exist two functions g, <1 fulfilling
the assumptions of Lemma 12. They satisfy

/0 1§o(x) de = /0 1§1(x) da (4.38)

and do not coincide almost everywhere on [0,1].

Let 7 be the largest integer such that
7 < RP*MPapt=,

We consider the smallest integer ¢ larger than «, and the set & given in the
first part of Lemma 11. Let then ¢y, ¢; be the maps given by Lemma 13. We
consider a > 0 and set

e=1/r
6(2)(0‘_1/1’"‘!‘1/2) _ GR_271_17"2/p
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b2 = ar?(nby)~t.

Note that (4.36) holds true. Moreover, boﬁ(l)/pe_l/p tends to 0 when n goes to
infinity when 6 < p/2. Hence (4.37) is true. When 6 = p/2,

bog(l)/PE—l/p < 9(2ap—3+p+2/p)/(p+20ap=2) jo/(142a=2/p) p r1/p

We thus also have (4.37) when M < RP and a small enough.
We cousider xy = 1y, § € 2, and the map g5 defined by (4.35). Let then I
be the value of the integral in (4.38), and

1
1072:/ §g(x)d:c
0
1
11)2:/ 62 (z) da.
0

Elementary maths lead to:

2(17’3 8(1(1 + 251) (2 + E) 8a (77[1,2 + (77 + 1)[0)2)
n n(l+¢e)2ed n(l+¢e)?
ar3

n(1+e)20r+1)

[asta)? @z =

+ 10,2.

This integral does not depend on § and tends to 0 when n goes to infinity.
Besides,

/(95(96))29 da < b3’ 4or,

for all n large enough and some ¢; > 0 only depending on ¢p,¢; and 6. In
particular,

/(95(25))29 dr < Cl01(1729/p+2o¢0)/(1+20¢72/p)]\4
< ClMa

when a < 1. We also have supp g5 C [—¢c1 M, ¢; M] when 6 = 0.

We now apply Lemma 12 with suitable values of parameters to get a unimodal
non-negative function ¢ € B  (c2R), compactly supported on [~1, 1], and such
that [(¢(z))2dx > 1, [(¢(x))?* dz < M (up to an increase of R, M). We then
consider s € (0,1) and set

fs = (95 + 5¢)*.

As xg > 1 for n or M large enough,

/fg(x)dx:/(gg(x))zdx—F?sbo/C(x) dx+82/(C(x))2 dz.
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Note that by tends to 0 as n goes to infinity. We may hence find s € (0, 1), not
depending on §, such that this integral is 1.

By putting all these results together, by using Lemma 12 and Proposition 3.1,
we get that f5 is a density lying in % .7} p(c3R,caM) and such that Vs €
B (caR). Its support is included in [—c; M, c; M| when 6 = 0.

Since g5 is unimodal, we have gs(z) € [br41,b0] for all z € [—2pi1, Zry1].
When = & [—241,Zr11], g5(x) = g5 (x) for all 6,’. An elementary inequality
yields by < e3b,,1. We then deduce from Lemma 2.7 of [Tsy08], that for all
0#£06 €9,

K(fs, fy) < b2 / (f5(@) — fir(2))? da
<02, [ (o) = g3 (0))? (95(0) + g (0) + 250(0)° o
<02 / (95(2) — 957 (@))? (95(x) + g ())? da

< 4¢f / (95(x) — g5 (2))? do

8ef -

(1+ 6)262 ;biekwk — Op| /(Co(x) — i (2))? dz

< Cs b%gof%“

< cgar/n,

<

where c5, cg only depend on ¢y, ¢;. We now choose a small enough to ensure
that (4.34) holds true.
Moreover,

W2 (fs, for) = o ibzﬁkm - 5k'|/1(<0(17) —a(x))? dz
€)? =0 0

(1+ —
> C7bg£0€2A((5, (5’),
> es(a/n)A(5,0"),

for some c7,cg > 0.
We may hence apply Lemma 11 with 7 of the order of n~!. This leads to

R(F) > cor/n,
where F = {fs5,0 € 2}. We conclude using the definition of . O

Proof of Lemma 12. The only delicate point is g5 € By (cR) for some c. We
prove this result when p < co. The proof when p = oo is obtained by making
slight modifications. We suppose without loss of generality that ¢ > 2 is the
smallest integer larger than a.
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The ¢'" order difference operator evaluated in gs is defined for A > 0 and
x € R by

Algs(x) = Z (q> (—1)% 7 gs(x + jh).

=0 M

Section 7 in Chapter 2 of [DL93] gives
Afgs(x) = h~! / (Ahgs) ™V (a + th) M (1) at,

where M is a compactly supported density function on [0, — 1] and bounded
by 1. Therefore,

Al gs(x) = h~! / [géq_l)(xwL (t+1)h) — ggq—”(a:+th)] M(t)dt.  (4.39)

We consider k € {0,...,r} and the map ¢ s, defined for x > 0 by

Sk, 0k (Z‘) = [1 + 5§5k((x - mk)/gk)] 1[Ik,$k+1)(x)'

When k =r+ 1, we set

§7‘+1(x) = <o ((JJ - xT-l-l)/(TgO)) ]l[zr+1,00) (l‘)

When z < 0, we put sk, () = k.5, (|z|) and gy11(x) = r41(|z]). These maps
are ¢— 1 times differentiable at all points except at —z, 11, —Tgt1, =Tk, Tk, Tht1,
Zr41. We nevertheless set

—1 —
§1(c(,15k )(—$k+1) = glg?ékl)(_xk)

—1

= gli?ék )(iﬂk)
—1

= é?ak )($k+1)

=0

and ¢\ (2,41) = ' (=2p41) = 0 s0 that
_ jR— B 3
g V(@) = 152 Yo bk’ (@) + bl V@) (4.40)
k=0

holds true on R.
Define now
a=a-(¢g—1)€]0,1).

Since gtgz_l) is compactly supported with a continuous derivative on R,

S0~ V@) < elb—al®
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for all a,b € R, o, € {0,1}, and some ¢; only depending on ¢y, 51, @, g. Therefore,
for all a,b > 0,

50 0) — o5 (a)| < ety b — al®. (4.41)

The same result holds true when a,b < 0. Suppose now that a,b have opposite

signs, say a > 0 and b < 0. Then, g,iq 1)(b) =0 if [b|] < x. Otherwise, we use

§,iq5k )(xk) =0 to get

‘gkqakl) ‘ = ‘ kék |b| —% 5k )(afk)
< crel, (|| — zp)*
< crel® (b + )
< ciel @b — al®

A similar reasoning applies to |§,£q6_k 1)(a)|. To sum up, (4.41) holds true for all
a,b € R (to within a multiplication of ¢; by 2). Likewise,

SV 0) — <LV ()| < ea(ro) b —al®
< c3ely® |b—al®

as a > 1.
Consider now € R, h > 0 and t € [0, g — 1]. There can only be one non-zero
term in the sum of (4.40). Therefore,

g (@ + (t+ 1)h) — g7 V(@ + th)| < caboely R
We deduce from (4.39) that |Af gs(x)| satisfies
|ALgs(@)| < csboety *h*.

Moreover, Afgs(-) is compactly supported on [—z,41 — 70y — qh, 11 + o).
Observe that

r
Tpy1 < x0 + ij
=0

<rlo+lo Y (14¢e)¥
j=0

< cgrly.

We hence get when h < 1/,

/ AT gs(2)[P dw < errlo (bosty “h*)”

— 00

< cgRPhOP,
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where the last inequality relies on (4.36). When h > rfy, we bound the LP
(quasi) norm of |Af gs(-)| as follows:

/ AL g5 ()P d < co / l95(2) P da

— 00 — 0o

S C10 |:ng0 + Z bp];gk + bf+11€0T:|
k=0

< co [bg””fo + by lo Z(l + &?)(27”)]C + bgﬁor}
k=0
S Cubngo.
We apply (4.36): -
|AY gs(x)|P dz < c12RPrPLGP.
Since o > 1, r? < r*P and the right-hand side of the last inequality is not larger
than c;o RPh®P.
We may also use (4.37) in place of (4.36) to get ||gs||, < c13R. The conclusion
g5 € B (c14R) then stems from another (equivalent) definition of Besov balls.
See Section 10 in Chapter 2 of [DL93] for more details. O

Proof of Lemma 13. We introduce for all p;,p; > 1 and z € [0, +0),
fpl,pz (J?) = (1 - xpl)p2]l[0,1] (J))

This map is non-increasing on [0,1], p — 1 times differentiable where p =

min{ps, pa}, and such that fy, 5, (0) = 1, Fp, p, (1) = 0, f57a (0) = £ (1) = 0
forall s € {1,...,p—1}. It fulfils the assumptions of Lemma 12 when p > ¢+ 2.
We define the first function ¢p by o = fq+3,4+3-

We then consider ¢ € [0, 1] and set

1= tfq+3,q+2 + (1 - t)fq+2,q+3-

Since fyi2.q43 < fer3.g+3 < fq+3,9+2, the integral of ¢; evolves continuously

from [ fyi12.4+3 t0 [ fot43,4+2 as ¢ varies from 0 to 1. There is therefore some
t € [0,1] such that (4.38) holds true.

We conclude by noticing that ¢; satisfies the assumptions of Lemma 12 and
cannot coincide almost everywhere with ¢y because they are polynomials of
different degrees on [0, 1]. O

4.8. Proof of the claims of Section 2./
We introduce the linear estimators

J
f= Z ao,kflgo,kJrZ Z Bj,k&j,ka

keK_y j=0 keK;

J
f= Z Qo kPo.k + Z Z Bj,k‘/;j,k

kEZ =0 keZ
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where

1y X, dA,_ln,X,

Qo k= n Z;¢O,k( i) an Bjk = n ;¢j,k( i)
We define f(x) and f'(z) for 2z € R by f(z) = E[f(x)], f(z) = E[f'(z)]. All
the statements concerning the results for the L! loss can be deduced from the
lemma below:

Lemma 14. If f € B . ,(R) N Ty2(M) with a € (0,7), R>0, M > 1,

max {dl(fv f_)a dl(f7 .f/)} S C1 [R27']Oé
+RY/(2a+1) pr2a/(2a+l) ) —a/(2a+1)

+ Mn*W] (4.42)
max {E [di(f, f)] ,E [di(f', f))]} < ecaM27/?n71/2, (4.43)

where c1,co only depend on o and the wavelets.

Proof of Lemma 14. We have,

J
max {di(f, f),da(f, ')} < l 7 daor(DI+D2772 3 1Bk
j=0

kgK_ 1 kZK;

+ > 27y 1B

j=J+1 keZ
The condition f € Bf . (R) ensures
Y 2792 1S < eaR277C
j=J+1 ez
Now, 279728, x(f)| < c3fjx where f; is defined by (4.3). Set
Zj,={kez 27" < fn <27},
and observe that |Zj7r| < ¢y M27/221/2 We deduce,

27j/2 Z |ﬂ],k(f)| < cs Z M27T/22j/2 < CGM2j/2n71/2.
kZK; 2T >n

A similar reasoning applies for the father wavelet coefficients. Now,
J _ J _ _
Z 9—3/2 Z 1Bix(f)] < e Zmin {RQ*]Q’ M23/2n71/2}

=0 kZK; J=0
< cgRY/(at1) pr2a/(2a+1)p—a/(2a+1)
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This shows (4.42). As to (4.43), we merely note

J
max {E [di (£, )] E[di (], )]} S eo | DS540 D00 [n '

keZ j=0 k€Z
J .
< CIOM 14+ Z 2]/2 ’I’L_1/2

=0
< ¢y  M27/2n71/2, 0

The result concerning the bias term d3(y/f,V) comes from the following
lemma:

Lemma 15. If /f € BS . (R) and f € T1)2(M), fora € (0,7), R>0, M > 1,

d3 (\/?, V) <c [RQQ_Q‘M —i—en} ,

where ¢ only depends on o and the wavelets.

Proof of Lemma 15. We have,

J

B(VEV) e | 3 (sl +D0 Y BinVD)’

kZK 1 Jj=0 kZK;

+ i S BiVh)

j=J+1 kez

The smoothness condition ensures

> (B;x(VF))? < R?27 %,

keZ

Besides, we have (ﬂj,k(\/f))Q < cafjr where f; is defined in (4.3). By doing
as in the previous proof,

Z (Oé(),k(\/?))z S C3M7’I,71/2 and Z (Bj,k(\/?))Z S C4M7’l71/22j/2,
kK1 kEK;
Therefore,

J

Z (ﬁJvk(\/?))2 < Cs Zmln {Mn_l/zzj/Q’R22—2ja} ’

J
J=0 kZK; 7=0

hence the result. O
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As to the L2 loss, the statements ensue from the following inequalities.

Lemma 16. If f € BS (R) with o € (0,7), R >0,

s (B, ) BT} < or [RP2200 4 2/ 2e/ ok
+n7!] (4.44)
wmax {E [B(F, )] .E [B(F, )]} < a2/, (4.45)
where c1,co only depend on o and the wavelet basis.

Proof of Lemma 16. We have,

+ D D B’

j=J+1keZ

The last term can be bounded using f € BY . (R). For the second last, we note
(Ej,k(f))2 < 27 f?, and do as in the proof of Lemma 14 by noticing that
|Z;,| <c32" as f is a density:

S Bl e S 2772 < es2in
kZK; 2r>n

The reasoning is similar for the first term. Now,

J J
SN Bin())? < ey min{2n~!, R?27W}
=0

j=0 kZK;
< C7R2/(2a+1)n—2a/(2a+1) ]

We put everything together to get (4.44). We now show (4.45):

J
max {E [d3(f, /)] .E [&3(F", /)] } <es | D forw+D 2 fin [0

keZ j=0  kez

< 092‘]n_1. O
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