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Part 1
Hydrodynamic limit via a two-scale
approach

1 Introduction

The broader context of this work is the derivation of scaling limits for lattice systems.
Typically, such a result shows that under a suitable time-space re-scaling, a random
evolution of a lattice system converges to a macroscopic evolution as the system size goes
to infinity. Two different kinds of limits may be considered. In the hydrodynamic limit
(a dynamical version of the law of large numbers), the limiting macroscopic evolution
is deterministic and describes the typical macroscopic behavior of the system. In
the fluctuation limit (a dynamical version of the central limit theorem), the limiting
macroscopic evolution is random and describes the fluctuations around the hydrodynamic
limit.

This work is devoted to the hydrodynamic limit of the Kawasaki dynamics of one-
dimensional lattice systems of continuous, unbounded spins. The Kawasaki dynamics
is a spin-exchange dynamics preserving the mean spin. In the hydrodynamic limit, it
converges to a non-linear diffusion equation. On a qualitative level, this convergence
was established in [17] using resolvent techniques and in [21] using convergence of
martingales and entropy estimates. Our quantitative approach is closer to the [21]
method in the sense that we use thermodynamically natural quantities like the relative
entropy and its dissipation, and allow for non-convex single site potentials. As an
alternative to the martingale method in [21], Lu and Yau introduced the entropy method
in [26], which is based on a sophisticated Gronwall-type estimate for a relative entropy
functional. This method is more straightforward and gives stronger results, but also
makes stronger assumptions on the initial data (closeness to hydrodynamic behavior in
the sense of relative entropy rather than in the sense of macroscopic observables). All
those results were qualitative, and it is not apparent how to make them quantitative.

In the present work we develop a quantitative theory of the hydrodynamic limit of
the Kawasaki dynamics by establishing convergence rates. The first step toward a quan-
titative theory was made in [19] by introducing the two-scale approach. For a detailed
description of the two-scale approach, we refer to Section 3. In a nutshell, the two-scale
approach introduces an additional mesoscopic scale in-between the microscopic and
macroscopic scales. The hydrodynamic limit is then deduced in two steps, first showing
the closeness of the stochastic microscopic dynamics to a carefully chosen, deterministic
mesoscopic dynamics, and then showing the closeness of that mesoscopic dynamics to
the macroscopic dynamics. In [19], the hydrodynamic limit is still deduced only on a
qualitative level, but the main estimate for the first step is already quantitative, and in
principle the second step could also be made quantitative with some numerical analysis,
which overall would lead to a quantitative result on the hydrodynamic limit.

However, rather than completing the approach of [19], we instead proceed by apply-
ing the two-scale approach with a different choice of the mesoscopic scale. The reason
is that the choice of the mesoscopic scale in [19] would result in error terms with a
worse scaling in the system size compared to ours (for details see Remark 3.16 and
Remark 4.5 below). More precisely, [19] defines the mesoscopic observables by projec-
tion onto piecewise constant functions. Due to the lack of regularity, the mesoscopic
dynamics has to be defined in an unnatural way, and consequently one has to use a
mixed Galerkin procedure, which is not optimal. In the present work, we define the
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mesoscopic observables by projection onto splines. Because the splines are smooth, the
mesoscopic dynamics can be defined more naturally as the Galerkin approximation of
the macroscopic dynamics, leading to better error estimates compared to [19]. On the
other hand, because splines do not have a localized basis, deducing the main ingredients
of the two-scale approach becomes more subtle.

The second motivation behind improving the estimates of [19] is to develop a quanti-
tative theory of the fluctuation limit, which states that the fluctuations of the Kawasaki
dynamics converge to the solution of a stochastic diffusion equation. As with the hydro-
dynamic limit, the fluctuation limit of the Kawasaki dynamics is well understood on a
qualitative level (see for example [38, 40, 8, 11]), but there is no quantitative result. A
possible line of attack would be to use the two-scale approach. The estimates of [19]
for the distance between the microscopic and mesoscopic dynamics are too weak when
using the scaling of the fluctuation limit. Because our error terms scale better, our
estimates are still meaningful under this scaling (cf. Theorem 3.17).

Another interesting question in this setting is the convergence of the microscopic
entropy to the hydrodynamic entropy. Again, this question is well understood from a
qualitative point of view (cf. [24, 14]). With the tools provided here, one could hope to
make the approach of Fathi [14] quantitative.

1.1 Connection to gradient flows

Deducing the hydrodynamic limit is more accessible if both the microscopic and
macroscopic dynamics come from gradient flows, i.e. the evolution of each dynamics
reduces some kind of energy in the fastest possible way via some dissipation mechanism
(see e.g. [3, 36] for more details, examples, and further references). The main idea
is that I'-convergence of the energy functionals, together with the convergence of the
dissipation mechanisms in the proper sense, yields the convergence of the associated
gradient flows (see e.g. [35, 37, 28]). This new perspective was applied, for example, in
the recent works [15, 29].

Hence, finding the appropriate gradient flow structure for the microscopic and
macroscopic dynamics is beneficial. This task is non-trivial because different gradient
flow structures could give rise to the same evolution equation. For example, it was
pointed out in [30] that the porous medium equation may be seen both as a H ~'-gradient
flow of functions and as a Wasserstein gradient flow of number densities. Studying
this question led to the recently highlighted insight that the appropriate gradient flow
structure arises from the large deviation principle of the underlying microscopic process
(see e.g. [1, 2, 13, 16]), as was implicitly known before (see e.g. line (1.5) in [9]).

Let us illustrate the importance of selecting the appropriate gradient flow structure
with two examples. The first example is the hydrodynamic limit for interacting Brownian
particles on the circle (see [39]). The second example is the hydrodynamic limit of the
Kawasaki dynamics on a one-dimensional lattice spin system (see e.g. [21]), which is
studied in the present work. The two examples appear quite similar in that they both
yield a porous medium type equation in the hydrodynamic limit. However, they differ
significantly in terms of the underlying microscopic model: an interacting particle system
in the first example and a spin system in the second one. The differences become even
more apparent when studying the associated gradient flow structures.

The first example, the hydrodynamic limit of the interacting Brownian particles, can
be interpreted as a convergence of gradient flows in the following way.

e In [39], on the microscopic level N Brownian particles interact on a circle S. The
positions X; of the particles are given by a coupled system of SDEs with repulsive
interaction. Because the evolution is reversible, one can interpret the associated
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forward Kolmogorov equation as a gradient flow for the relative entropy functional
w.r.t. to the Gibbs equilibrium measure in the Wasserstein space of probability
measures (see [23]). Here, the inner metric in the Wasserstein distance is given by
the Euclidean distance on S¥.

* Because the Brownian particles are indistinguishable, one considers the empirical
distribution of the particles, which is obtained by “forgetting” the labels of the
particles. The unlabelling of the particles naturally pushes forward the inner metric
(see Section 4 in [30]). For the former, the inner metric as described in the first
bullet point describes the displacement of the particles (Lagrangian description).
For the latter, the inner metric is the discrete Wasserstein distance, i.e. the minimal
displacement of the particles required to transport one empirical distribution
into another (Eulerian description). The microscopic dynamics relevant for the
hydrodynamic limit is then the associated projected evolution of the empirical
distributions of the particles.

¢ As a consequence, one should view the porous medium equation obtained in the
hydrodynamic limit as a Wasserstein gradient flow, namely the gradient flow of
the macroscopic free energy on the Wasserstein space M;(.S) of number densities
on S.

It is worth noting that there are two “levels” of Wasserstein metrics involved here.
The “inner” Wasserstein metric is associated with the “movement mechanism” of the
dynamics itself, i.e. transporting empirical distributions (for the microscopic dynamics) or
transporting number densities (for the macroscopic dynamics). The “outer” Wasserstein
metric is associated with the stochastic fluctuations of the dynamics and becomes
degenerate, as it is the nature of the hydrodynamic limit to be deterministic. The main
takeaway is that the dissipation mechanism for the macroscopic gradient flow is induced
by the underlying “movement mechanism” of the microscopic dynamics (in this case, the
Wasserstein distance on M (5)).

Let us now turn to the second example: the interpretation of the hydrodynamic limit
of the Kawasaki dynamics as a convergence of gradient flows.

* On the microscopic level, the spin system consists of NV real-valued spins located
on the discrete one-dimensional torus {1,..., N}. The associated Hamiltonian for
the spin values only has single-site potentials and no interaction term (see (2.1)
below). The evolution of the spin values is governed via a coupled system of SDEs,
called the Kawasaki dynamics (see (2.4) below). This means that a site can only
change its spin by distributing the difference to its neighbors. This spin-exchange
mechanism is mediated through the matrix A in (2.4). As in the first example,
the associated forward Kolmogorov equation (see equation (2.10) below) has a
gradient flow structure given by the relative entropy w.r.t. to the Gibbs equilibrium
measure in the Wasserstein space of probability measures.

* Because a site can only reduce its energy via spin-exchange, the appropriate choice
for the inner metric is the inner product = - A~!y. Because A is a second-order
difference operator, = - A~y corresponds to a discrete H ! metric. This illustrates
another main difference between both examples. The interaction is not mediated
by the Hamiltonian but by the dissipation mechanism of the dynamics.

* As a consequence, the porous medium equation obtained in the hydrodynamic limit
of the Kawasaki dynamics should be considered as a (now continuum) H ‘1-gradient
flow.

In [19], those insights were applied to study the hydrodynamic limit. However, it was

not completely carried out. Because of technical reasons, the authors of [19] did not
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choose a mesoscopic evolution with the natural H ! — gradient flow structure, leading
to suboptimal estimates. In this work, we capitalize more on the idea of using the
appropriate gradient flow structure and choose a mesoscopic evolution with the natural
H~'— gradient flow structure. While this makes our proof more involved compared
to [19], it leads to estimates with an improved scaling in the systems size V.

1.2 Notations and conventions
* We use the letter C' to denote a universal generic constant 0 < C < oo that is
independent of the dimension /N of the underlying lattice.
* We denote with a < b that a < Cb. We denote a ~bifa < band b < a.
« We denote with a - b and | - | the standard Euclidean inner product and norm on R¥.

* Let X be a Euclidean space and f : X — R. Then we denote with Vf and Hess f
the gradient and Hessian inherited from the Euclidean structure of X.

* We use dzx as a shorthand for the Hausdorff or Lebesgue measure of appropriate
dimension.

. fab denotes an averaged integral over the interval [a, b].

* ||z denotes the homogeneous H' norm.

* [M]:={1,2,..., M}. When indexing over [M], we use the convention 0 = M.
« L*(T) denotes the L? functions on the torus T = [0, 1].

+ L3(T) denotes the L? functions on the torus T = [0, 1] with mean zero.

2 Setting and main result

2.1 Microscopic dynamics

We start with describing the Kawasaki dynamics on the microscopic lattice {1,..., N}.
Definition 2.1 (Microscopic Hamiltonian H). The Hamiltonian H : RN — R of the system
is given by

N
H(z):= Hy(z) = Y _ ¥(zn). (2.1)
n=1

Here 1 : R — R is the single-site potential, assumed to be of the form
1
Y(x) = §x2—|—ax+b+5w(x) (2.2)
for some constants a,b and some function 6¢ that is bounded in C*(R), i.e.

[0 e (ry < C and [|69" || Lo () < C. (2.3)

The function ¥ may be non-convex and it helps to consider the case of a double-well
potential (see Figure 1).

Definition 2.2 (Microscopic dynamics). The Kawasaki dynamics X; is given by the
solution of the SDE

dX, = —AVH(X,)dt + V2AdB,. (2.4)

Here B; denotes a standard N -dimensional Brownian motion and —A denotes the (cen-
tered) second-order difference operator for the periodic rescaled lattice {%, ceey 1}.
More precisely, the operator A is given by the N x N-matrix

Ai’j = N2(—(5i’j,1 + 2§i,j - 67;’j+1). (2.5)

EJP 29 (2024), paper 192. https://www.imstat.org/ejp
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Figure 1: Double-well potential 1.

It follows from the structure of the operator A that the Kawasaki dynamics (2.4)
conserves the mean spin of the system. Hence, after a translation of the single-site
potential 1/, we may restrict the state space R" of the Kawasaki dynamics X, to the
hyperplane of zero mean

N
1
Xy = {xGRN: NZmZ-:O}. (2.6)
=1

We endow the space X with the standard Euclidean inner product inherited from R

N
<x7y>XN =Ty = szyz
=1

Additionally, the operator A is positive definite when restricted to X . Hence:

Definition 2.3 (Euclidean structures on X induced by A). The operator A induces a
dual pair of inner products on the state space Xy, given by

(x,y)a =2 Ay, and (z,y)a-1 =z - A" 'y.

We denote by | - |4 and | - | 4-1 the corresponding norms on Xy .

The A/A~'-Euclidean structures can be seen as a discrete version of the H'/H !
structures. In particular, we have the following well-known discrete analogue of the
Poincaré inequality for functions with zero mean.

Lemma 2.4 (Discrete Poincaré inequality). There exists a constant 0 < C' < oo such that
for all integers N > 1 and all x € Xy,

N-—-1
2> <CN? > (w41 — 23)* < Clzf3. (2.7)

i=1

When the state space Xy is endowed with the A~! inner product, the dynamics (2.4)
can be written in the more suggestive form

dX; = —V 41 H(X})dt + V2dB (2.8)

where V 4-1 := AV denotes the gradient operation w.r.t. to the A~! inner product and
Bg‘rl := V/AB; denotes a Brownian motion on Xy having identity covariance matrix
w.r.t. to the A~! inner product.

As a standard result in the theory of stochastic processes (see for example [33]), the
law of the process X; at time ¢ is characterized via the forward Kolmogorov equation.

EJP 29 (2024), paper 192. https://www.imstat.org/ejp
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Lemma 2.5 (Forward Kolmogorov equation). Assume that the law of initial condition X,
is absolutely continuous w.r.t. the N — 1 dimensional Hausdorff measure LY. Let i1
denote the Gibbs measure on Xy associated to the Hamiltonian H, i.e. the measure j
is absolutely continuous w.r.t. the N — 1-dimensional Hausdorff measure £~ ~! with the
Radon-Nikodym derivative given by

dp 1

dLN—1 ($) - Eexp (7H(‘L)) Toexy- (2.9)

Then for all times ¢t > 0, the law p(t) of the Kawasaki dynamics X; (2.8) is absolutely
continuous w.r.t. the Gibbs measure p, i.e. p(t) = f(t)u for some f(t) € L*(u), and is a
weak solution of the Fokker-Planck equation

8tpt :V~(ptVA_1H+VA_1pt) (210)

in the sense that for any smooth test function £ : Xy — R it holds

G [@mtdn) = [ -VH-Vagptdn) + [ V-V pulda),

In particular, the Gibbs measure p is the unique stationary distribution of the Kawasaki
dynamics (2.8).

As a consequence of the forward Kolmogorov equation, the relative entropy of the
law of X; w.r.t. the Gibbs measure g,

Eut(p(t)|u) i= [ £(t,2)log (t.0)uds).

decreases monotonically over time at the rate

d
GE 0l =~ [ [Vlog f(t.) pi(do). 2.11)
The integral on the right hand side is the Fisher information for the Kawasaki dynamics,
which differs from the standard Fisher information

T,(f()) == / 1V log f(t,2) 2 (t) ()

only in the Euclidean structure being used. Hence, after we use the discrete Poincaré
inequality in Lemma 2.4 to account for the different Euclidean structures on Xy, the
rate of dissipation of the relative entropy is quantified by a log-Sobolev inequality (LSI)
for the Gibbs measure p by a standard Gronwall-type argument. In [19] it was shown
that this rate of dissipation is independent of the system size N:

Proposition 2.6 (Uniform LSI for i1). The Gibbs measure j given by (2.9) satisfies a LSI

with constant & > 0 uniform in the system size N. More precisely, for any nonnegative
test function g : Xy — R that satisfies [ g(x)u(dz) = 1, it holds that

1
Ent <
nt (gulp) < 5

Z,.(9). (2.12)

Remark 2.7 (Gradient flow structure of the microscopic dynamics). The Fokker-Planck
equation (2.10) can be written in the form

oF
Oipt =V - (Pthlép(pt)> ;
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where E(p) is the microscopic free energy of an ensemble p = fp,

E(p) ::/Hdp+/p10gpdﬂc:Ent(plu),

and ‘;—f = H +logp = log f is its first variation. Consequently, on the level of probability
densities on Xy, the Kawasaki dynamics X; may be viewed as an A~!-Wasserstein
gradient flow for the convex energy functional F(-) = Ent(:|x), whose unique minimizer
is the Gibbs measure u. As expected for Wasserstein gradient flows, the energy functional
FE decreases over time at the rate

B =- [ \vwf{f(m

2
dpt.
A—l
We mention in passing the interesting fact that, using a gradient flow interpretation
of the Fokker-Planck equation for the Glauber dynamics, it was shown in [32, Theorem
1] that the log-Sobolev inequality (2.12) implies

Corollary 2.8 (Talagrand’s transportation inequality). Let & be the LSI constant in (2.12)
for the Gibbs measure u. Then for any probability measure p on Xy,

Ent (p|p) = %Wﬁ(p,u)- (2.13)

Remark 2.9. The idea driving the proof of this fact in [32] is that the LSI bounds the
energy functional Ent(p|u) from above by its Wasserstein gradient 7,,(f). By running the
corresponding Wasserstein gradient flow on the initial datum p, this bound in turn implies
the same energy functional is also bounded from below by the squared Wasserstein
distance.

2.2 Hydrodynamic limit

The goal of the present work is to derive quantitative bounds on the hydrodynamic
limit of the Kawasaki dynamics X; € Xy. Hydrodynamic limit means that as N — oo
the random dynamics X; defined on the one-dimensional periodic lattice {1,2,--- , N}
converges to a deterministic dynamics ¢; on the one-dimensional torus T = R/Z. Towards
this end, we embed the spaces X into the space LZ(T) of square-integrable functions
of mean zero, by identifying the vector z € X with its corresponding step function on
the interval [0, 1].

Convention 1. Given x € X, we identify it with the step function

1 g
z(0) = z;j, 0 e {j]\f’J]\/>

Then the space Xy is identified with the space of piecewise constant functions on
T = R/Z with mean 0, i.e.

o 1

Xy =4x:T — R; =z is constant on L;i , j=1,..,N, and /m(O)dH:O .
N 'N 0

(2.14)

With this identification, Xy C L3(T) and inherits the L? inner product, which is related
to the standard Euclidean inner product on X by a rescaling

1
(T,9)2 = ~iY
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It turns out the L2 norm is not well-suited to describe the hydrodynamic limit since it is
too sensitive to local fluctuations. Therefore we endow the embedded space Xy C L3(T)
with the weaker homogeneous H ~'-norm, which is natural in light of the alternative form
of the Kawasaki dynamics in (2.8) and the analogy between A~'-norm and H ~'-norm.

Definition 2.10 (H'-norm). If f : T — R is a locally integrable function with mean
zero, then

1B = /T w(6)2ds, o =, /T w(8)d6 = 0.

We now describe the limiting macroscopic dynamics (;.

Definition 2.11 (Macroscopic free energy). The macroscopic free energy H : L*(T) — R
is given by

where the function ¢ : R — R is the Cramér transform of the single-site potential 1),
given by

geR

o(m) = sup <0m ~log /}R exp (02 — ¥(2)) dz) .

Accordingly, VH(¢) = ¢'({) in the variational sense:

SLHC+e€) = (#(0), €)1 forany € € LA(T) 2.15)

In particular, the macroscopic free energy  is convex. Indeed, the integrand ¢(m) is
defined as the Legendre transform of the smooth function ¢* : R — R given by

V(o) = log/ exp (oz — (2)) dz, (2.16)
R

which is the log partition function associated to the linearly shifted potential (z) —oz. It

turns out that the perturbed quadratic form (2.2) of ¢ implies that ¢* is strongly convex

and bounded in C? (see e.g. Lemma 8.5 below or [19, Lemma 41]). These properties are

then transferred to the conjugate function ¢ by the Legendre transform:

Lemma 2.12. There exists constants 0 < A < A < oo such that
0<A<¢"(0) <A<oo forallfeR. (2.17)

Up to a change in the linear term in the potential ¢, we may assume (¥*)'(0) = 0
and therefore ¢’(0) = 0. Up to a change in the constant term in ), we may also assume
¥*(0) = 0. After applying the Legendre transform, this means we conveniently have that

Assumption 2.13. The function ¢ satisfies p(0) = ©'(0) = 0. Consequently, the macro-
scopic free energy H(¢) is minimized at ¢ = 0 with H(0) = 0.

Definition 2.14 (Macroscopic dynamics). The macroscopic dynamics ((t,-) is the unique
weak solution of the nonlinear heat equation

o o2

5 = a52¢ © (2.18)
with initial condition ¢(0, ) := (y. The precise formulation is deferred to Definition 2.17
at the end of this section.
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Remark 2.15 (Gradient flow structure of the macroscopic dynamics). The nonlinear heat
equation (2.18) can be written in the form

9:¢ = =V y-1H(Q),

where V-1 is the gradient mapping of the first variation % w.r.t. to the H~! inner
product (rather than w.r.t. to the L? inner product as in the formulation of (2.15)).
Consequently, the macroscopic dynamics may be viewed as a H ~!-gradient flow for the
convex energy functional #, which therefore monotonically decreases over time at the

rate

d
TG = = Ve HOW]-1 = =1 (- (2.19)

Now, let us formulate the main result of this work.

Theorem 2.16 (Quantitative hydrodynamic limit for the Kawasaki dynamics). We as-
sume that the single-site potential v satisfies (2.2) and (2.3). Let u denote the Gibbs
measure given by (2.9) and let p(t) = f(t)u denote the law of the Kawasaki dynam-
ics X; (cf. Lemma 2.5). We assume that the initial law p(0) = f(0)u of X, has bounded
microscopic entropy in the sense that for some constant 0 < Cg, < 00,

Ent(p(0)|p) := /f(O,x)log F(0,z)p(dz) < CgnpN. (2.20)

Let (; be the deterministic dynamics described by equation (2.18). Then there is a
constant 0 < C < oo depending only on the constants appearing in (2.3) such that for
anyT >0,

sup B, — Gl < OBIXo — Gl + [T+ o+ G2 +1]. @2D)
0<t<T N3
The statement of Theorem (2.16) is a quantitative version of the hydrodynamic limit.
In [19], only the error from comparing the microscopic scale to a mesoscopic scale was
explicit. That error scaled in [19] like Tlﬁ
We finish this section by giving the precise formulation of equation (2.18) that
describes the limiting macroscopic dynamics.

Definition 2.17. We call {(t,0) a weak solution of (2.18) on [0,T] x T if
¢

CeLF(y),  GrelLithy'), (O eLF(L)

and
<§, g§> =—(£¢' (). foralfec L(T), fora.e.tc[0,T]. (2.22)
H-1

Here, L°(L2) (resp. LZ(H,"') is the set of functions ¢ : [0,7] x T — R such that
Jp¢(t,0)d0 = 0 and ||¢(t,-)||r> (resp. ||C(t,-)||u-1) is essentially bounded in t (resp. in
L*([0,77)).

3 The two-scale approach

We will use the two-scale approach from [19] to deduce Theorem 2.16. The main idea
is to introduce a mesoscopic dynamics on an intermediate scale between the microscopic
dynamics (2.4) and the macroscopic dynamics (2.18). The hydrodynamic limit is then
deduced in two steps:
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* In the first step, one deduces the convergence of the microscopic dynamics to the
mesoscopic dynamics (see Theorem 3.17 from below).

* In the second step, one deduces the convergence of the mesoscopic dynamics to
the macroscopic dynamics (see Theorem 3.18 from below).

The most important ingredient in the two-scale approach is the correct definition of the
mesoscopic dynamics. It emerges from projecting the microscopic observables onto
mesoscopic observables using a coarse-graining operator P. Let us first explain how this
was done in [19]. Recall that an element x € X is identified with a step function on the
torus T = [0, 1] that is piecewise constant with value z,, on the intervals (cf. (2.14))

n—1n

—\ =], n=12,...,N.
In [19], the coarse-graining operator P was chosen to be the projection of X in L?(T)
onto the space of step functions that are piecewise constant on the intervals

m—1 m

_— =1,2,....M
|: M ) M) ) m k) K K
where M € NN is chosen to be smaller than N. More specifically, one decomposes the
lattice {1,2,..., N} into M-many blocks B(m) of size K, i.e. N = MK, and

Bm)={m(K -1)+1,... mK} forl <m < M.

The coarse-graining operator P : Xy — R in [19] is then given by

The main difference of this work compared to [19] is that the operator P is now defined
as the L? projection onto splines of degree 2 instead (see Definition 3.2 from below).
Because spline functions of degree 2 are C'(T), the mesoscopic variables are more
regular compared to [19]. This has two important advantages:

* In the first step of the two-scale approach, namely showing the convergence of the
microscopic dynamics to the mesoscopic dynamics (see Theorem 3.17 below), we
get a better error estimate compared to [19, Theorem 8].

* The second step of the two-scale approach, namely deducing the convergence
of the mesoscopic dynamics to the macroscopic dynamics, becomes significantly
easier (see Theorem 3.18 below). Instead of a mixed method we can apply a direct
Galerkin approximation method.

However, there is a trade-off compared to the argument of [19]. For showing the
convergence of the microscopic dynamics to the mesoscopic dynamics, one needs certain
technical ingredients, among which are the uniform strong convexity of the coarse-
grained Hamiltonian (Theorem 3.9 below) and a uniform logarithmic Sobolev inequality
(LSI) for the conditional Gibbs measures (Theorem 4.11 below). Deducing these results
becomes more complicated compared to [19].

Remark 3.1. Both the uniform LSI and the convexity of the coarse-grained Hamiltonian
were originally provided in Deniz Dizdar’s diploma thesis [12]. The main estimate to
deduce the convergence of the microscopic dynamics to the mesoscopic dynamics (see
Theorem 4.2 from below) was also deduced there.
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3.1 A coarse-grained dynamics

We now build up the notion of the mesoscopic dynamics by coarse-graining the
relevant features of the microscopic dynamics X;.

Definition 3.2 (The coarse-graining operator P). For M € N, letY = Y}, be the space of
spline functions of degree L with mean zero on the torus T = [0, 1] corresponding to the
mesh {7 }mE[M]. That is

1
Yy = {ye CL_l(T)’VmE [M]: y|( polynomial of degree < L, and / y(0)do = 0}.

m—1 m
M M 0

In this work, we choose the degree of the splines in Yy, to be L = 2. We endow Y,
with the inner product inherited from L?(T). We define the coarse-graining operator
P : L*(T) — Yy as the L?-orthogonal projection onto Y.

The following basic facts show that splines serve as good approximations for deducing
the hydrodynamic limit in the ! norm.

Lemma 3.3 (Penalization of fluctuations by a strong norm). For any function ¢ € L3(T),

1 1
‘C_PC‘H—lSMK_PC‘L2§W|C|H17 (3.1)
|PClar S IC e, |PClag— S ICla—1- (3.2)

The proof of Lemma 3.3 is given in Section 6, where we gather and prove facts about
splines. The core idea is a Poincaré inequality on an internal length scale ﬁ

Having embedded the microscopic space Xy into L?(T) as a subspace of step func-
tions (cf. (2.14)), we may apply the coarse-graining operator P : L?(T) — Y, to it. On
the space Xy, P acts by projecting step functions onto splines. We will need to work
with the adjoint of this projection operation.

Definition 3.4 (Adjoint of the operator P). We define P! : Y); — Xy to be the unique
linear operator satisfying

(Pr,y)r2 =x- Py Vo€ Xn,y€Yuy.
Equivalently, NP : Y); — X is the unique linear operator satisfying
(Px,y)p> = (x, NP'y)r>» Va € Xy, y€ Y.

The factor N appears due to different Euclidean structures on X .

Remark 3.5. Since orthogonal projections between two subspaces of a Hilbert space are
adjoints of each other, the L? adjoint N P! of the projection operator P : Xy — Y, is an
L?-orthogonal projection of Y, onto X . Moreover, since Xy consists of step functions
that are piecewise constant on intervals of length 1/N, N P! acts on splines in Y, by
taking their average over these intervals.

Because the spline space Y); € Xy for spline degree L > 1, the back-and-forth
projection PN P! # idy,, in general (cf. assumption (2) in [19]). However, once the block
size K = N/M is large enough, the microscopic space Xy will have enough resolution
to fully describe the splines in Yj;, and PN P! will become close to the identity operator.

Lemma 3.6. It holds that

. M?
PP by, =0 (47 ) @.3)

In particular, if K = % is large enough, then PN P! : Y, — Y\ is invertible.
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The proof of Lemma 3.3 is given in Section 6. From now on, we assume N = KM
for K € IN large enough so that PN P! : Y3; — Yy, is invertible. In particular, this means
the coarse-graining operator P : Xy — Yjs has full range and the orthogonal projection
NP!: Yy — Xy is an embedding. Hence:

Definition 3.7 (Disintegration of the canonical ensemble u). The operator P induces a

decomposition of the Gibbs measure y into a family of conditional measures p(dx|y) :=
u(dx|Pz = y) on the fibers P~'(y) C Xy and a marginal measure [i(dy) on the image

Yy, in the sense that
[ s@utiz) = [ [ s@ntastatay

for any test function g : Xy — R.
More explicitly, the conditional measure u(dz|y) is a probability measure of the form

u(daly) = % L pacyy (@) exp (—H(x)) LY M (dz) 3.4)

where £V M denotes the N — M-dimensional Hausdorff measure on the affine subspace
P~1(y) C Xy. The marginal measure /i is a probability measure of the form

fildy) = 5 exp (~NH(y)) dy

where H is the coarse-grained Hamiltonian given by (3.5) below and dy is the Hausdorff
measure on Y),.

Definition 3.8 (Coarse-grained Hamiltonian H). The coarse-grained Hamiltonian H :
Yy — R is given by

H(y) =~y log | exp (—H(a)) L5~ (da), (3.5)
zeXN:Pr=y}

where LN —M denotes the N — M-dimensional Hausdorff measure.

It follows from a short calculation that the gradient of H is also a coarse-grained
version of the gradient of H:

NPtVH(y) = Eﬂ(dﬂy)VH(I), (36)

which serves as a crucial link between the microscopic and mesoscopic dynamics. The
main advantage of the coarse-grained Hamiltonian H over the original microscopic
Hamiltonian H is a convexification resulting from averaging over large blocks, which is
a well-known phenomenon in statistical mechanics and will be central to our analysis.

Theorem 3.9 (Uniform strong convexity of H). There are constants 0 < A\, A, K* < oo
such that for all K > K*, M and all y € Y, it holds

2\ idy,, < Hess H(y) < 2Aidy,,

in the sense of quadratic forms.

Remark 3.10. Theorem 3.9 will be proven in Section 8. It should be compared to the
similar statement of Lemma 29 in [19]. The situation here is more subtle. In [19],
the mesoscopic observables are also piecewise constant functions and therefore local
functions. In contrast, the mesoscopic observables in our setting are given by continuous
splines which are non-local functions. This introduces additional interactions between
blocks. We work around this obstacle by first deducing the strong convexity for meso-
scopic observables that are piecewise polynomials of degree L, or discontinuous Galerkin
functions in the jargon of numerical analysis, and then transferring the result back to
the spline space Y),.
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Besides the coarse-grained Hamiltonian H, we also need a coarse-grained version of
the second-order difference operator — A.

Definition 3.11 (Coarse-grained operator A). The coarse-grained second-order differ-
ence operator — A is defined by

A:=PANP'.
In particular, the coarse-grained operator A inherits the positive definiteness of the

operator A. Hence:

Definition 3.12 (Euclidean structures on Y3, induced by A). The operator A induces a
dual pair of inner products on the spline space Y),

A—1

(y,2) 1 := (y, Az)> and (y,z)z-1 = (y, A" 12) 2.

We denote by | - | ; and | - | ;-1 the corresponding norms on Y.

The definition of —A as a coarse-graining of the second-order difference operator —A
suggests that it is a discrete version of the second derivative adapted to the spline space
Y (see Lemma 5.4 below for a precise statement). Indeed, it turns out that the A and
A~! norms are equivalent to the H' and H~! norm on Yj;, respectively.

Lemma 3.13. There exists an integer K* such that forall K > K*, M and ally € Yy,

lyla~lylgr and |y|z-1 =~ |yl (3.7)

The proof of Lemma 3.13 is given in Section 6, where we gather and prove facts
about splines. This is where we need the degree of the splines in Y), to be at least L > 1.
We are now ready to introduce the mesoscopic dynamics.

Definition 3.14 (Mesoscopic dynamics). The mesoscopic dynamics 1, on Yy, is given by
a solution of the ordinary differential equation

d o
7= —AVH (). (3.8)

Remark 3.15 (Gradient flow structure of the mesoscopic dynamics). The mesoscopic
dynamics may be viewed as a A~!-gradient flow for the energy functional H,

d ~
—ny = -V i1 H 3.9
prall A-rH(ne), (3.9)
where V ;-. := AV denotes the gradient operation w.r.t. to the A~! inner product.

The strong convexity of the energy functional H then implies the convergence of all
trajectories irrespective of the starting point. More precisely, if n; and 7; are two
solutions of (3.8), then

d1l

£§|77t — ﬁtlifl = —(n — 7it, VH(nt) — VH(7)) 2 (3.10)

—2X [0 — Tt

IN

Before moving on, let us take a closer look how the gradient operation V 5. on Y),
is related to the gradient operation V 4-1 on Xy: for any test function ¢ : Y3y — R, we
have

Va1 (€oP)=AP'A"1(V1..86) 0 P, (3.11)

and for any z,v € Xy,
v-Va-1&(Pz) = (v, ANP' A7V 1.1 £(Px)) 2. (3.12)
EJP 29 (2024), paper 192. https://www.imstat.org/ejp
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It is straightforward to check that the operator norm of AN P*A~! appearing in (3.12)
blows up if one projects onto piecewise constant functions or piecewise linear functions
that are C°(T) (i.e. splines of degree L = 0 or L = 1). However, we do get a good control
if we project onto splines of degree L. = 2 (see Lemma 4.13 below). This observation
was the original motivation to consider the two-scale approach with the coarse-graining
operator P given by Definition 3.2.

Remark 3.16. In [19], the coarse-graining operator P was defined as the L?-orthogonal
projection onto piecewise constant functions and one worked around the problem
that operator ANP*A~! is unbounded by using a less straight-forward definition of A
as A~! := PA-'NP!. That choice led to a sub-optimal error when comparing the
microscopic to the mesoscopic evolution (see also Remark 4.5 below). Choosing splines
of degree L > 2 does not improve the error derived with our method further. For a more
detailed explanation, see Remark 3.19 below.

3.2 Convergence of the dynamics
Now, we state the first ingredient of the two-scale approach.

Theorem 3.17 (Convergence of the microscopic to the mesoscopic dynamics). Under
the same assumption as in Theorem (2.18), let n denote the solution of the mesoscopic
equation (3.8). Then

T 1
sup E|X; — ne|3-1 S E|Xo — nol3-1 + 7+t Cont 1), (3.13)
0<t<T

where Cgyy is given by (2.20).

We prove Theorem 3.17 in Section 4. The error term % on the right hand side

of (3.13) comes from comparing the stochastic microscopic dynamics to the deterministic
mesoscopic dynamics. Its scaling corresponds to what one would expect from the decay
of variance in the weak law of large numbers, if we had chosen to project onto piecewise
constant functions, in which case y would be a vector whose entries are means of K
weakly correlated random variables and 7 would be interpreted as the expectation of
this vector.

Now, let us state the second ingredient in the two-scale approach.

Theorem 3.18 (Convergence of the mesoscopic to the macroscopic dynamics). Let 5
denote the solution of the mesoscopic dynamics (3.8) and let ( denote the solution of the
macroscopic dynamics (2.18). Then

2 g 2 2 T 1 1 2
s o=l + [ 16 = mlads % ko= b+ 2+ (3 + 57 ) ol

We prove Theorem 3.18 in Section 5. For the proof we adapt a standard method
from numerical analysis, in which the mesoscopic evolution (3.8) is interpreted as a
Galerkin approximation of the macroscopic evolution (2.18). The non-standard part of the
argument is that when comparing (3.8) to (2.18) one gets two additional sources of errors.
One source of error comes from approximating the Euclidean structure (-, -) -1 by the
Euclidean structure (-, /_1‘1-> 2. The other source of error comes from approximating
the gradient of the macroscopic free energy H by the gradient of the coarse-grained
Hamiltonian H.

We are now ready to give the proof of Theorem 2.16.

Proof of Theorem 2.16. We choose the initial condition of the mesoscopic dynamics 7
given by (3.8) to be g = P(y. Combining Theorem 3.17 and Theorem 3.18 yields the
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estimate

sup E[X; — G5+ < sup 2B|X, —mul3o + sup 2[m — GlF
0<t<T 0<t<T 0<t<T
S E|Xo - PC()|§J—1 + |¢o — PC{)ﬁ[—l

T 1 1 1 9
+ ? + W(OEM + 1) + <K,2 + W) |C0|L2'

Applying (3.1) and (3.2), and choosing K = M? yields the desired estimate (2.21). O

Remark 3.19. We do not know whether the rate of convergence in Theorem 2.16 is
optimal. What we could say instead is that the rate of convergence derived from the
two-scale approach cannot be improved further by choosing splines of higher order for
the mesoscopic scale. To see this, first notice from comparing the error scaling in K and
M in Theorem 3.17 and Theorem 3.18 that the “bottleneck” of our method is the former,
which compares the microscopic to mesoscopic dynamics. The main ingredient of this
error estimate comes from Theorem 4.2 below:

2T Crnt

N +2C TR

In the constant C above (see Remark 4.4 below), the only place where splines of order 2
are required is a uniform upper bound for the operator norm of ANP!*A~! (see Lemma
4.13 below and also the earlier Remark 3.16). Since it always holds that [[ANP'A~!|| > 1
(simply compare with P(ANP'*A~') = AA~! = 1d), the order of magnitude for this key
estimate is already optimal. Thus, choosing splines of order higher than 2 will not
improve the scaling of error derived in Theorem 4.2. Intuitively, the scaling in K is
from central limit theorem over block of size K, and the scaling in M is from a discrete
Poincaré inequality on length scale 1/M (see Lemma 4.10 below, which is a discrete
analogue of the earlier Lemma 3.3), which we cannot expect to improve further.

E|PXo —no/%-1 +

4 Convergence of microscopic dynamics to mesoscopic dynamics

The proof of Theorem 3.17 is quite complex. Before proceeding to the rigorous argu-
ment let us give some heuristics. Theorem 3.17 states that the stochastic microscopic
evolution given by the Kawasaki dynamics in (2.8), i.e.

dX; = —V 41 H(X,)dt + vV2dB2

is close in the H~!'-norm to the mesoscopic deterministic dynamics given by (3.9), i.e.

d _
i’ﬂ = —VA71H(’I]). (41)

» The first observation needed is that because the H~!-norm is a weak norm (i.e. it
involves integration, see Definition 2.10) one can control the difference between X;
and the projected process PX; in this norm (see Lemma 3.3). Hence, it suffices to
show that the stochastic evolution

dPX, = =PV 41 H(X,)dt + vV2PdB{" (4.2)

is close to the deterministic mesoscopic dynamics (4.1).

* Because the operator P takes averages over blocks of size K, the noise term \/§PdB;‘rl
of the projected Kawasaki dynamics (4.2) should vanish as K — co by the law of
large numbers. It is left to show that the dynamics

d
7 PXi = PV, H(X,) (4.3)

is close to the mesoscopic dynamics (4.1).
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* By the coarse-graining relation (3.6) one sees that the mesoscopic dynamics (4.1)
can be written as

%nt =—PE,[Va-1H(z)| Pr=mn], (4.4)
where the expectation is taken with respect to the canonical ensemble i conditioned
on the mesoscopic profile given by 7;.

* Let us recall that p is also the equilibrium distribution of the Kawasaki dynam-
ics (2.4) (see Lemma 2.5). The nearest-neighbor interaction of the spins mediated
by the matrix A means the Kawasaki dynamics X; equilibrates faster on smaller
spatial scales, so we expect that the dynamics (4.3) and (4.4) are close if the blocks
are much smaller than the overall system size N, in other words % = % — 0.
In the rigorous argument, this fact will be quantified with the help of a uniform
LSI for conditional measures which characterizes the speed of the convergence to
equilibrium (see Theorem 4.11 below).

Let us turn now to the rigorous proof of Theorem 3.17. The first ingredient of the
proof is an estimate of the second moment of X; in L2 norm, which controls the difference
in H~! norm between X, and the projected dynamics PX; by Lemma 3.3.

Proposition 4.1 (Second moment estimate). Under assumption (2.20), the Kawasaki
dynamics satisfies that

2 N
E|Xt\2 <2 (d Ent(p(0)|un) + El,,|x|2) < & (4Cgnt +2). (4.5)

Proof. This was shown as part of Proposition 24 in [19] using the dissipation of relative
entropy for Glauber dynamics, where the authors also mentioned it may be derived
directly from the results of [32]. We give a short proof based on this suggestion. The
first inequality in (4.5) can be restated as

WE(p(0).00) < 2 (2 But(o0)) + W3 0.60) )

where W5 denotes the L?-Wasserstein distance and §; is the Dirac measure supported
at 0 € Xy. To show this, we first apply a triangle inequality for Wasserstein distance,
followed by a Young’s inequality, to see that

W3 (p(t), d0) < 2 (W3 (p(t), 1) + W3 (1, 60)) -

It remains to bound the Wasserstein distance Wa(p(t), ) by the initial entropy Ent(p(0)|u).
This is the main step and is provided by the Talagrand’s inequality (2.13) and the
monotonic decrease of relative entropy in time. The second inequality (4.5) then follows
from the assumption (2.20) on initial entropy and a Poincaré inequality for p applied to
the coordinate functions z;,

N N 1 N 1
EN <ZLE?> = ZV&I‘M(.’Ei> S E ZE;AVX.’E”Q = E(N — 1),
i=1 =1 =1

which is a direct corollary of the LSI (2.12) for pu. O

In light of the equivalence between the H~! norm and A~! norm (Lemma 3.13), it
remains to control the difference between the projected microscopic dynamics PX; and
the mesoscopic dynamics 7, in A~! norm. This is provided by the following estimate,
which constitutes the main part of the proof of Theorem 3.17.
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Theorem 4.2. Under the same assumptions as in Theorem 3.17, there is an integer K*
and )\ > 0 such that for all K > K* and any finite time T > 0 it holds

1 T
= sup E|PX; —ml%. +>\/ E|PX; —ni|72 dt <E[PXo— 10|51 (4.6)
0<t<T 0
2T C'Ent
— +2C )
TrE T M?

Remark 4.3. The estimate (4.6) also shows that the projected Kawasaki dynamics (4.2)
is close to the mesoscopic dynamics (4.1) using a time-integrated strong norm. This
is reminiscent of the well-known phenomenon of parabolic improvement in numerical
analysis.

K2y

Remark 4.4. The universal constant 0 < C' < oo in Theorem 4.2 is given by C = ToTnal’
A

where the constants x, A, v, o, and « are given by:

* k:= | Hess H||, which is bounded independently of N by the assumption (2.1), (2.2)

and (2.3);

2\ the lower bound on Hess H as in Theorem 3.9 from below;

e « is the constant of the logarithmic Sobolev inequality (LSI) from Theorem 4.11
from below;

e ¢ is the constant from Lemma 4.13 from below;

* v the constant from Lemma 4.10 from below.

Remark 4.5. Theorem 4.2 was first derived in Dizdar’s diploma thesis [12]. We present
below a more streamlined derivation that makes clear the underlying gradient flow
structure. Theorem 4.2 should be compared with Theorem 8 in [19]. They arrive at a
similar bound for the deviation from hydrodynamic behavior with an additional term
scaling like M ~'. As mentioned before this additional error term occurs due to their
choice of the coarse-graining operator P as the projection onto piecewise constant
functions and the different definition of A.

Theorem 4.2 will be proven in Section 4.1. We finish this section with a quick
derivation of Theorem 3.17 based on the ingredients above.

Proof of Theorem 3.17. Combining Proposition 4.1 and Theorem 4.2 together with
Lemma 3.3 and Lemma 3.13,

E|IX; — |40 <2E|X, — PX|% 1 4+ 2E|PX; — |3

1
S 5 EIX:|7: + E[PX; —nil%.

11 2 T CEnt
S Wa(CEn‘c + 1)+ E|PXo —no|5-1 + 17 +C Ve
T 1
SEIPXo = molf- + 52 + 35 (Cone + 1),
This verifies the estimate (3.13). O

4.1 Proof of Theorem 4.2

Before we proceed, let us first introduce an conditioning for the Kawasaki dynamics
X; on the level of mesoscopic profiles, analogous to the disintegration of the canonical
ensemble u from Definition 3.7.
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Definition 4.6 (Disintegration of the law p, of the Kawasaki dynamics). The operator
P induces a decomposition of the law p; of the Kawasaki dynamics into a family of
conditional measures p;(dzly) := pi(dz|Pz = y) on the fibers P~'(y) C Xy and a
marginal measure p;(dy) on the image Y), in the sense that

[ s@pmtan) = [ [ g@oldslymay) .7)

for any test function g : Xy — R.

We also need a decomposition of the microscopic observables in Xy into parts
corresponding to mesoscopic profiles and microscopic fluctuations.
Definition 4.7 (Orthogonal decomposition of the state space Xy). The operator P in-
duces an orthogonal decomposition of the state space Xy into a subspace corresponding
to mesoscopic profiles, XJ# := im NP?, and a subspace corresponding to microscopic
fluctuations around these profiles, X]HV = (im NP+ =ker PN Xy, as

XNBJC:xH@ILEX]ll,@Xﬁ.

For a smooth function f : Xy — R, its gradient V| along lel, and its gradient V |
along Xy; are given by V| f = (Vf)jand V. f = (Vf)L

The starting point of the analysis is an equation of time evolution for the difference
between the projected dynamics PX; and the mesoscopic dynamics 7, provided by the
forward Kolmogorov equation (2.10) for the microscopic dynamics X;:

d1
dt2E|PXt 77t|,2§—1
d
:/<dt_v1{() Vit +V-Vu >< 1Pz — 4 >pt(dx)
d
= 7/ <dt77t,Pz > / ), ANP'A=Y(Px — 1)) 12 ps (da)
+/V~(APtA_1(Px—nt))pt(dx) (4.8)

where we used the relations (3.11) and (3.12) between V 4-1 and V ;1.
Let us first look at the last integral in (4.8). This is a purely entropic term coming
—1
from the projected Brownian motion PdBtA (see (4.2)), whose covariance matrix can be

d _
easily calculated to be IWY w.r.t. the A~! inner product. Indeed, the integrand evaluates

to

i i . -
trx (AP'A™'P) = try (PAP' A1) = try <ldy> _ dimy

N N

This is a constant % R % that scales like the variance of the average of K i.i.d. random
variables. It accounts for the discrepancy that the Kawasaki dynamics (2.4) has noise
whereas the mesoscopic dynamics (3.8) is deterministic.

Having disposed of the noise term, we now use the definition of the dynamics 7; and
apply disintegration of measure (4.7) to rewrite the time evolution equation as

d1 M—-1 _
G EIPX =i = St [V EG).y - w)e il

- /<Ept(dx|y)VH(ff)a ANP' A~ (y —me)) 2 pe(dy).
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Notice that the inner product inside the first integrand is almost in the form (3.10),
except missing the counterpart

<VH(y)ay*77t>L2-

Remarkably, the missing mesoscopic energy gradient may be supplied by the average
microscopic energy gradient, when the microscopic fluctuations of the dynamics X,
around the mesoscopic profile y has reached stochastic equilibrium. Namely, the coarse-
graining relation (3.6) between VH and V H implies that

VH(y) = A™'PA Byyae)y) VH (2). (4.9)

Moreover, the operator A~'PA : Xy — Y in (4.9) is exactly the L? adjoint of the
operator ANP*A~! : Y); — Xy in (3.11). These observations lead to the rearranged
equation

d1
75 E|IPX; — 5. =

M-1 _ _
- ]E<VH(PXt) - VH(T]t),PXt — T}t>L2

- /(Ept(dm\y)VH(x) - Eu(dx\y)VH(x)’ ANPtA_l(y - 77t)>L2 ﬁt(dy)'
(4.10)

The first expectation can now be estimated by the uniform convexity of H from Theo-
rem 3.9:
—E(VH(PX;)—VH(n),PX: —n)p2 < 2AE|PX; — 77t|%2. (4.11)

It remains to estimate the second integral on the right hand side of (4.10). After taking
the operator norm of AN PtA~! into account (see Lemma 4.13 below), this integral
quantifies how far away the conditional measure p;(dz|y) is from the conditional Gibbs
measure p(dz|y) through the mean difference

Ep, (daly) VH (%) = Epaz)y) VH (2).

This quantity turns out to be controlled by a bound on the operator norm of Hess H and
a logarithmic Sobolev inequality (LSI) of the conditional Gibbs measure u(dz|y).

Proposition 4.8 (Mean difference estimate). Let  := || Hess H||. Suppose u(dx|y) given
by (2.9) satisfies a LSI with constant o > 0 in the sense of (4.14) below. Then we have:

/@2

where V|| is the gradient along the subspace of fluctuations defined in Definition 4.7.

Remark 4.9. This is a well-known result, e.g. contained in Lemma 22 in [19] in the
form of a covariance estimate. The proof given there starts with using the Kantorovich-
Rubinstein duality to bound the mean difference by the Wasserstein distance. By
Theorem 1 in [32], the Wasserstein distance is bounded by the relative entropy (i.e. a
Talagrand’s inequality holds) provided a log-Sobolev inequality holds, which in turn
bounds the relative entropy by the Fisher information.

Moreover, the following discrete analogue of (3.1) allows us to pass from the Fisher in-
formation involving VH in (4.12) to the full Fisher information for the Kawasaki dynamics
in (2.11).

Lemma 4.10 (Penalization of fluctuations by spin-exchange). There exists constant v > 0
such that forx € Xy 5

|x|‘\2:|x—xl|2 < WlﬂAm, (4.13)
where x|,z denote the fluctuation and mesoscopic parts of x, respectively, as defined
in Definition 4.7.
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The proof of Lemma 4.10 is given in Section 6, where we gather and prove facts
about splines. It remains to establish a uniform log Sobolev inequality:

Theorem 4.11 (Uniform LSI for u(dz|y)). The conditional measure p(dz|y) given by (3.4)
satisfies a LSI with constant o > 0 uniform in the system size N and the mesoscopic
profile y. More precjsely, this means that for any nonnegative test function g : Xy — R
that satisfies [ g(z)u(dz|y) = 1, it holds that

Vig(z)|?
g9(z)

where V|| is the gradient along the subspace of fluctuations defined in Definition 4.7.

Ent (gu(dly)utdely) < 5 [ u(dzly), (4.14)

Remark 4.12. Theorem 4.11 should be compared to [19, Theorem 14], where a similar
statement was deduced for the case L = 0 using the two-scale criterion for LSI (see
Lemma 10.7 below). As with the proof of Theorem 3.9, because blocks are not indepen-
dent for splines in Y);, we cannot directly apply the two-scale criterion and have to take
a detour through the space of discontinuous Galerkin functions.

The proof of Theorem 4.11 is given in Section 8. To get an overall estimate for the
integral involving the mean difference, we also need to control the operator norm of
AN P'A~!, which measures the compatibility of projecting and taking second differences.

Lemma 4.13 (Interchanging second-order difference with coarse-graining). There exists
a universal constant 0 > 0 and an integer K* such that forall K > K*, M and ally € Yy,
it holds

|JANP'A™ |2 < |y|L2- (4.15)

The proof of Lemma 4.13 is given in Section 6, where we gather and prove facts
about splines. We are now ready to prove Theorem 4.2.

Proof of Theorem 4.2. Applying the convexity estimate (4.11) to the evolution equation
(4.10) and using Lemma 4.13 and Cauchy-Schwarz on the last integral yields that

1
75 EIPX: =50 + 20 E|PX, — m[7,
< —+/ 1y — |2 B, daty) VH () = Epaay) VH (2)] o pr(dy), (4.16)

where we accounted for different Euclidean structures on X . By Lemma 4.8, Lemma
4.10 and the observation (2.11), we have

_ d
[ Bty VHE) = Epaay VH @2 puldy) <~ 1 2 Bt (o)

Applying Young’s inequality and using this estimate, the integral on the right hand side
of (4.16) is bounded by

1 11 d
L Bt (). (4.17)

ABIPX: —mli: — 5 53 7R N @

Putting the upper bound (4.17) back into (4.16) and integrating over the time inter-
val [0, T'] yields the desired estimate (4.6). O
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5 Convergence of mesoscopic dynamics to macroscopic dynamics

In this section we state the proof of Theorem 3.18. We need to show that the
mesoscopic evolution (3.8)

d _ o
= —V g-1H(n) = —AVH ()

converges to the macroscopic evolution (2.18)
2

0 0
&Ct = -V H(() = @W’(Q)-

Formally, this means that one has to exchange the coarse-grained operator —A with the

2 —
second derivative operator aaﬁ and the gradient of the coarse-grained Hamiltonian VH
with the gradient of the macroscopic free energy VH = ¢'.

+ The first exchange is plausible because —A is a coarse-grained version of the
second-order difference operator —A.

* The second exchange represents a passage from microscopic free energy to macro-
scopic free energy, which makes sense from a thermodynamic perspective. It is
essentially the consequence of a (local) Cramér theorem: H is a coarse-graining of
the microscopic Hamiltonian H with single-site potential ¢/, while ¢ is the Cramér
transform of the same .

The proof of Theorem 3.18 is inspired by the Galerkin approximation scheme, a well-
known method in numerical analysis. First, we need to show the macroscopic dynamics
¢; is close to the projected dynamics P¢;. Because the H ! norm is a weak norm, this
difference is controlled by the spline estimates in Lemma 3.3 together with the following
a priori energy estimates.

Lemma 5.1. Let (; denote the macroscopic dynamics given by (2.22). Then it holds that

2 A 2 o 2 A 2
sup |Gtz < ~|Colz2 and |Ge| 7 dt < p|<0|L2'
0<t<T 0

Proof. The convexity and C? estimates of ¢ in Lemma 2.12 yields

M2 <HEC) <AICZ: and Al¢]m < ¢’ (Ol < Al¢|mr-

With the help of these estimates, we integrate the dissipation (2.19) of the macroscopic
free energy H w.r.t. the H~! gradient flow structure to find that

1 1 A
sup \Ct|%2 < sup XH(Q) = XH(CO) < X\C{)Ez?
0<t<T 0<t<T

e 1 > 1 A
|6t < 55 [ 18R < M) < 1k 0
0 0

Remark 5.2. Lemma 5.1 may be compared with Proposition 4.1. The proofs for both are
ultimately based on how the gradient flow structure of an underlying dynamics dissipates
its associated energy functional.

It remains to show that the mesoscopic dynamics 7, is close to the projected dynamics
P(;. Because of Lemma 3.13, it is more convenient to work with the A~! norm instead of
the H~! norm. Differentiating in time and using the definition of the dynamics, we have

d1 d d
- _P 2*—1 — _ P _P
dt2‘m Gel% <dtnt 7 Cer i Ct>A_l
_ o2
= (Va1 Hm) = P9 (C)ne — PG ;
a6 .
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where we used that % PG = d%, i.e. we may interchange time derivative and projection

onto splines. This resembles the form of (3.10), leading to the rearranged equation

d1

dtz‘ —PGli =

H(nt) +VA 1H(PCt) PCt>A—1
(Gt) = VA H(PG),ne — PG) g

<
2
< Paegw — A" (C),me — PG o
= —(VH(n) = VH(PG),ne — P) e
+ (' (Gt) = VH(PG),m — P¢y) 2
(@'(C), (—5 A" —id )(mcht»Lz. (5.1)

=(-V
+
+

The first term in (5.1) is now in the same form of (3.10) and can be estimated by the
uniform strong convexity of H (see Theorem 3.9):

(VH(PG) — VH(ne),m — P&z < =X — PGl (5.2)

The second term in (5.1) is small because the gradient of the coarse-grained Hamiltonian
H is a good approximation of the gradient of the macroscopic free energy H.

Theorem 5.3 (Closeness of VH and V). There is an integer K* such that if K > K*
then it holds for all ¢ € L(T)

|VH(P¢) = VH(C)|,» S (; M) Kl (5.3)

where the gradient VH is taken in L3(T).

We prove Theorem 5.3 in Section 9. The last term in (5.1) is controlled by the
following error estimates for exchanging the coarse-grained second-order difference
operator —A and the second derivative 9j.

Lemma 5.4 (Discrepancy between —Aand 83). There exists an integer K* such that for
all K > K*, M and all y,y € Yy,

| — 05 A Yyl < lylee, (5.4)
L ) 1 ~
(=05 Ay, 9y e — (v, §) 12| < ?|y|H*1|y|H1~ (5.5)

The proof of Lemma 5.4 is given in Section 6, where we gather and prove facts about
splines. The error estimate (5.4) is closely related to the error estimate (4.15). We are
now ready to prove Theorem 3.18.

Proof of Theorem 3.18. We first bound P(; — (;. By Lemma 3.3 and Lemma 5.1,

1 A
sup P — Gl S bup Gtlz2 S Colz2;
0 | t t‘H M2| t|L2 M2 )\‘ 0|L2

’ 1 A
|P<t Ct L2dt < M2 ‘<t|H1dt ~ M2 )\2 |<O|L2

We now bound 7, — P(;. By Theorem 5.3, the second term in (5.1) is estimated as

(96 = VAPG. 1~ PG 5 ( (¢ + 57 )16l + 25 ) Ine = Plaa 59
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By Lemma 5.4 and Lemma 3.3, the last term in (5.1) is estimated as
(#'(Co), (=05 A™1 —id) (1 — PGt)) 12
= (@' (¢) = PY'(G1), =03 A (e — PG)) 2 + (P! (Gr), (=05 A —id) (e — PCy)) 12
! ! ]‘
Se'(G) = Po' (Gl |me — PGl + ?|P<P/(Ct)|H1|77t — PGl

1 1
S M\@’(Q)Imlm — PG> + §|<P/(Ct)|H1|77t — Pq|p2. (5.7)

Combining the estimates (5.2), (5.6), and (5.7) for equation (5.1) and applying Young’s
inequality yields that

d1 A 1 1 1

%QW — PG5+ §|77t — PGl3. < 7 + <K2 + M2> (1G] 7 + 19" ()| Fn) -
Integrating in time from 0 to 7, applying the energy estimates in Lemma 5.1, and
exchanging A~! norm with #~! norm (see Lemma 3.13), we get

1 ) e 2 T 1 1 )
OiltlgT§|77t*PCt|H—1+§ ; |77t*PCt\L2dtN?+ ﬁJFW |Col72-
Combining the estimates for 7, — P(; and P(; — (; yields Theorem 3.18. O

6 Properties of spline approximations

In this section we prove the facts about splines y € Yj, used in the two-scale approach
in this work. We begin with the observation that since Y}, is a finite-dimensional space,
different norms on Y,; are equivalent for each M. More quantitatively:

Lemma 6.1 (Inverse Sobolev inequality on Yy,). For ally € Yi,,
lylee S Mlyla S M|yl (6.1)

The factors M and M? comes from a scaling argument, i.e. ﬁ is the only internal
length scale. We omit the proof of this fact, which consists of a simple dimensional
analysis. This leads to a quick proof of Lemma 3.6.

Proof of Lemma 3.6. Recall that the adjoint operator NP? : Y;; — Xy is an L2-orthogonal

projection onto piecewise constant functions on the intervals ["I;l, +). Therefore, for

any y € Yy,

((ild—PNP"y,y)r2 = |y3. — [INP'y|3-
= |y — NP'yl3,

1 (6.1) pf2
Sm@\%l S WW\%%

where the equality in the second line is by Pythagorean theorem, and we then used a
Poincaré inequality for each interval ["T_l, +] followed by the inverse Sobolev inequality.

This verifies estimate (3.3) through the variational characterization

(Tw,v)

2 9

T = sup
v#£0 |v]

for the self-adjoint operator T = id — PN P?. O
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1+ Bm,—l Bm Bm+1

0 m—3 m—2 m—1
M M M

<z
<fi
4

Figure 2: B-spline functions B,,.

6.1 Penalization of fluctuations around spline profiles

In this subsection we prove those auxiliary results that show fluctuations around
spline profiles are penalized when measured in a weak norm, namely Lemma 3.3 and
Lemma 4.10. For this purpose, we introduce a nice basis for the spline functions that
forms a “partition of unity” on the torus T.

Definition 6.2 (B-spline functions). The B-spline functions are given by

2 — m m
M( —72)2 i f0r9€[777)7
B..(6) = 3 M2 — m2)2 for g g [mol m) 6.2)
m - MZQ_LH2 for O ¢ [m 7+1 .
5 ( ) or (37> )s
0 else.

Remark 6.3. The B-spline functions B,, have the following nice properties:

* 0<B,<1,
* B, is supported on [%=2, 41 and

This means the functions B,, have small overlap. More precisely,

1

(Bj,Bi)r2 = Mleﬁ (6.3)

where B is the symmetric matrix

11 13 1
Bjr = 550i=k + o 0li—ki=1 T 1550li-kl=2-

Proof of Lemma 3.3. The proof of (3.1) is based on the following spline interpolation:
for ¢ € HY(T), we define I( € Y), as

Zc( 1/2) Bou(6),

where B,, € Y}, is the B-spline basis defined in (6.2). We claim that

1
€= Pelze 16— TClgs S 7 Il 6.4)

which establishes the second estimate of (3.1), from which the rest follows by duality.
To verify (6.4), note the first inequality is simply due to the fact that P( is the best L?
approximation of ¢ in Y3;. The second estimate of (6.4) is well known in the literature
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on B-splines (see for example [10]). For the convenience of the reader we give a short

proof of this fact. Using the fact that the B,, are supported on the intervals [mj\—f, m7+1]
and sum to 1, we obtain for § € (%, 2):
1 .
(6.2) m+j—1/2
0~ 1602 Y (c0) - ¢ ("2 ) B0 6.5)
j=—1

Using the Fundamental Theorem of Calculus and the Cauchy-Schwarz inequality, we get

/ o) - rc@p as < /m?’ ) (C(‘))‘C<W))23m”(9)2de o

M M j=—1
bd LI mide
(1290 2
<[ 3% 5 ( /m @) de> Bys5(6)? do
M j=—1 M
6 | 5
2 NI2.99
<3m 2B ( // ()] cw).
j=1 Loo M

Summing over m = 1, ..., M yields the second estimate of (6.4).
To verify (3.2), again by duality it suffices to show the first inequality only, which
follows at once from the next two estimates

I¢ = I¢lm S ¢l and  [PC—IC|m S I¢]mn (6.7)

The first estimate of (6.7) can be deduced by differentiating the equation (6.5) and
performing similar estimates as in (6.6). We omit the details of these calculations. The
second estimate of (6.7) follows from the inverse Sobolev inequality 6.1 and combining
the two estimates of (6.4). O

Proof of Lemma 4.10. The argument will be a discrete analogue of the previous proof.
First, notice that for any y € Yj,,

|x—xJ_|2 < |z — NPy,

since im N P* = ker P*. Consider the L?-orthogonal projection onto X of the B-spline
function B,, given by (6.2),
3™ .— NP'B,,.

Denote ™ = (67", 55",---,B%). The properties of B,, in Remark 6.3 then imply the
similar for g

0SBy <1,
* B # 0 only forn € ((m —2)K, (m+ 1)K], and

M
DI
m=1
For each z € X}, define a projected spline interpolation
(m+1)K

M 1 .
I(LI,‘) = Z 37K Z L B B
j=1

i=(m—2)K+1

Zm
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where I, is the mean spin over the 3K -site block ((m—2) K, (m+1)K]. Using the fact that
the ™ are supported on these blocks and sum to 1, we obtain for n € ((m — 1)K, mK],

2
1 1

(0 — I(2))* = Z (Tn = Zmt) By < Z (n — inm+j)2v

j=—1 j=—1

where we used the Cauchy-Schwarz inequality. Summing over n and rearranging leads
to

N m+1
Z(m" - < Z Z (xn - CE'm)2
n=1 m=1n=(m—-2)K+1

(m+1)K

Z C( 3K Z (xn — Tp_1)?

n=(m—2)K+1

(2 7)

K2
< 33C Kzz n— Tn_1 2(§)330mx Az,

where, in the second line, we used the discrete Poincaré inequality from Lemma 2.7 on
the 3K -site block ((m — 2)K, (m + 1)K]. Thus (4.13) holds with v = 33C, where C is the
constant in (2.7). O

6.2 Spline approximations involving the operator A

In this section we prove those auxiliary results which make precise the idea that the
coarse-grained operator — A is like a discrete version of the second derivative adapted
to the spline space Y);, namely Lemma 3.13, Lemma 4.13, and Lemma 5.4. We begin
with showing that the H' inner product on Y), is close to the inner product induced by
the positive definite operator A.

Lemma 6.4. There exists an integer K* such that for all K > K*, M and all y,y € Yy

. N 1, .
K7, Ay 2 — (G, )| S N (U9 a 1yl e + |92 |y ) (6.8)
M
S w19l e (6.9)

This result leads to a quick proof of Lemma 3.13: the equivalence of A and H' norms
is a direct consequence of the estimate (6.9), from which the equivalence of A~1 and
H~' norms follows by a duality argument with the help of estimate (3.2) that bounds the
projection P in H! norm.

To prove Lemma 6.4, we need to do some computations involving finite differences.
Let

» () be the L?-orthogonal projection onto Xy (cf. (2.14)),
* D be the rescaled N x N forward difference matrix, satisfying that

(Dz); = N(xiy1 — zi),

« O} be the difference quotient

0+h
ohy(0) = M = %/e y'(s)ds, (6.10)

which is also a moving average of the derivative.
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Lemma 6.5. It holds that Q = NP! onYy;, D'D = A, and
DQ =Qay, D'Q=-Qo, ™. (6.11)
We omit the proof of Lemma 6.5, which can be checked by a straightforward calculation.

Proof of Lemma 6.4. We will prove the estimate (6.8), and then the estimate (6.9) follows
from (6.8) by an inverse Sobolev inequality (6.1). For 4,y € Y}y,

(§, Ay) 12 = (NP'§, A(NP'y)) 2
— (Q§, D'DQy) > “2V (07 5, Q0 ) 1.

Thus, we can decompose

@, Ay) 2 — (G, 9) = (0 9, QO y) > — (', y) 12
=070 —7,Q0) Y2+ (7, QO y —y )2+ (7, QY — ) 2.

This yields estimate (6.8) once we establish the following estimates:

2|~

1 1 1 1
107 yle < 1y'|e2, 105y —y[Le < N|y”|L27 QY — /|12 S le”\m-

The last estimate follows from Poincaré inequality on the sub-intervals (5, %), since
the projection @ takes average over these sub-intervals. The second estimate is similar,
1

as d;'y is a moving average of dyy over length 1/N. The estimate then says taking
moving average reduces the L? norm, which is a consequence of the Cauchy-Schwarz
inequality. O

Now, we turn to the verification of Lemma 4.13.
Proof of Lemma 4.13. The statement is equivalent to
|PANPty\Lz > U|ANPty|L2. (6.12)

Given y € Yy, let z = AN P'y. Assume 2z # 0. We want to show |Pz|z2 > o|z|p2. For this
purpose, it suffices to construct a spline approximation I(z) # 0 in Y, satisfying

(2,1(2))2 > olz|p2|I(2)|L2, (6.13)
since we always have
|Pz|p2|1(2)|p2 > (Pz,1(2))p2 = (2,1(2)) e,

and the desired conclusion follows. Let us begin by computing z = AN P'y. Applying
Lemma 6.5,

1 T
z=D'DQy=D'Qo)fy=—-Q0, Y} y.

Denote z = (21,22, -+ ,2n). Using (6.10) and the definition of ), we compute that
1

aﬁy(é’) = 7[ y'(0 + s) ds,
0

2=

1 1 0
0, ¥ O y(0) = ][ Y0+t +s)dsdt,
—X Jo

N

3

- _][ Y0+t + 5)dsdt do, (6.14)

—1 1
N — 0

2|

2|
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where f is the symbol for average of an integral. Since Y}, consists of quadratic splines,
y'(0) = am (6.15)

for some a,, € R on the interval (57, 4%). Evaluating the integral (6.14) then gives

Zn = —Q, forn=(m—- 1)K +2,...mK — 1, (6.16)
1 1
Zm—1)K+1 = —Qm — 6(am71 - O[m), ZmK = —Qmp — 6(am+1 - am)~ (617)

In particular, 2 = AN P!y is almost piecewise constant on the K-site blocks ((m —
1)K, mK]. This motivates us to choose I(z) as the B-spline interpolation

M
I(z) =Y  —apBn. (6.18)

m=1
It remains to verify (6.13) for this choice of I(z). Denote a := (a3, a2, -+ , ;) € R™. It

follows from (6.16) and (6.17) that
M
1 K 1
e = o < 7 2 o = gl
Using the property of B-spline functions in (6.3), we compute

M
1 1
|I(z)|%2 (6;8) Z ajak<Bj, Bk>L2 = M oa-Ba < M‘(ﬂz,
J,k=1
where the last inequality is because the operator norm || B| < 1. Finally, we compute

M

<Z7I(Z)>L2 = —Om <Z;Bm>L2
m=1
M & M [ESENEY
M 1 M TN
= Z amak/ B,,(0)df + Z — (g1 —ak)/ B,,(6)do
k=1 6 k=1
m,k=1 M m,k=1 M
Vi ko
1 M
+ gam(ak-i-l - ak)/ B,,(0)do.
m,k=1 %_%

Evaluating this expression yields

1 1
(2,1(2))12 = s- - Ba+0 (N> ol = —lal?,

where F is the symmetric matrix

2 1
Emk: = gdmzk + 65\m—k|:1
and the last inequality follows from the strict diagonal dominance of F, once K is large
enough, for some universal constant ¢ > 0. Putting everything together, we arrive at
(6.13):
(z,1(2))32 - c? N
z12. [I(2)|3. — M2 CK C°

Using the results developed in this section, we can now quickly verify Lemma 5.4.
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Proof of Lemma 5.4. Argument for (5.4): It follows from (6.15) - (6.17) that

11 11

|(_892y) - ANVPtyFL2 = mZ::l NGQ (O‘m—l - Olm)2 + N@(O‘m-ﬂ - am)z
M
1 1
5 mz::l N|o‘m|2 = E‘ - 833/‘%2

Consequently,
2 -1 t ©12 t
|—80y|L2§(1—|—O(K 2))\ANP'y|L2 < |PANPly|;-.

Argument for (5.5): applying Lemma 6.4 to A~'y, § yields

|<gvy>L2 - <ga *89214712/>L2| = |<57A(A71y)>112 - <gaA71y>H1‘
(6.8) 1 - B (3.7) 1 B
S AT lmlglm S 2 lyla-11glm. O

Part 11
Thermodynamical ingredients for the
two-scale approach

The remainder of this paper is devoted to the derivation of the main technical ingredients
used in Part I, namely Theorem 3.9, Theorem 4.11, and Theorem 5.3. Towards this end,
we will from now on drop the zero-mean constraint imposed in Part I:

+ We replace the hyperplane X in (2.6) by the full microscopic space R".
* We replace the zero-mean spline space Y}, in Definition 3.2 by the full spline space

m—1 m
M M

Yy = {y € C’Ll('IF)’Vm € [M]: y\( ) polynomial of degree < L} .
and the coarse-graining operator P : L?(T) — Y, is now the L?-orthogonal
projection onto the full spline space Yj,.

 We replace the subspace LZ(T) of functions of mean zero by the full space L?(T).

With these changes in place, we now define the coarse-grained Hamiltonian H (y) on the
full spline space Y, as

1

H(y) := —Nlog/G]RN.P _ exp(—HN(g;))ngM(dx)

and the conditional Gibbs measure for arbitrary spline profile y as

pldzly) = 2 1 gsenv.pomyy(z) exp (~H(x) LY M (da).

These definitions extend the definitions of H in (3.5) and p(dz|y) in (3.4), i.e. they
agree for spline profiles y of mean zero. In this case, Px = y implies x has mean zero,
i.e. x € Xy, because P is now defined to be the projection onto the full spline space
Yy, that includes all constant functions. Therefore {z € RY : Px = y} appearing in the
integrals above coincides with {# € X : Pz = y}, and the Lebesgue measure is taken
over the same Euclidean space as in (3.5) an (3.4).

As a result, Theorem 3.9, Theorem 4.11, and Theorem 5.3 readily follow from their
respective versions in the present setting of unrestricted mean:
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+ In Theorem 3.9, an upper/lower bound for Hess H as a quadratic form on the
full spline space clearly implies the same upper/lower bound on the subspace of
zero-mean splines.

* In Theorem 4.11, uniform LSI for u(dx|y) over all spline profiles y clearly implies
the same over spline profiles y of mean zero.

+ In Theorem 5.3, an upper bound for |VH — V#| with gradient taken along the full
spline space and the full space L?(T) clearly implies the same upper bound when
gradients are taken along the subspace of zero-mean splines and the subspace
L3(T), because the gradient on a subspace is an orthogonal projection of the
gradient on the full space.

7 An auxiliary mesoscopic space

As mentioned in Remark 3.10, because the spline functions in Y}, are non-local,
we will instead work with a larger mesoscopic space YA?G consisting of discontinuous
Galerkin functions and transfer results back to the spline space Y}, afterwards.

Definition 7.1 (The coarse-graining operator Q,;). For M € N, let Y]@’G be the space of
discontinuous Galerkin functions of degree L € N on the torus T = [0, 1] corresponding
to the mesh {%}me[M]. That is

Ve = {y e 22m)| v e M)y

M M

(B ﬂ> polynomial of degree < L} . (7.1)

We endow Y ;¢ with the inner product inherited from L?(T). We define the coarse-
graining operator Qs : L?(T) — Y7 as the L?-orthogonal projection onto Y;7¢.

Remark 7.2. Since splines are piecewise polynomials satisfying additional constraint,
Y is a subspace of Y;7¢.

Now, we define an adjoint operator Q¥ : Y7¢ — RY by
(Quz,y)re =2 Qyy Vo eRY, ye ¥y

It follows that NQY, : Y79 — RY is the L2-orthogonal projection of Y;7¢ onto RY,
where we identify R" as a space of step functions on T in the same fashion as in (2.14)
(but without the mean zero constraint).

Lemma 7.3. It holds that
. M?
1QuNQh —idyge || £ - (7.2)
We omit the proof of Lemma 7.3, which is analogous to the proof of Lemma 3.6 in
Section 6. Let us record an easy corollary of this estimate for later use.
Corollary 7.4. For all y € Y2,

M2
INQYyylis = <1 +0 <NQ>> Y7, (7.3)
and for all x € im NQ°,,
M2

Proof of Corollary 7.4. Estimate (7.3) follows from

(7.2 M?
INQYy2: = (QuNQhyy,y)re = (1 +0 <J\72)> |72

Estimate (7.4) then similarly follows after making the substitution z = NQ¥,y. O
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From now on, we assume N = KM for K € N large enough so that Q,NQ¥, :
YBY — Y{¢ is invertible. In particular, this means the coarse-graining operator
Qur : RN — Y2 has full range and the orthogonal projection NQY, : Y7¢ — R" is an
embedding.

Definition 7.5 (The coarse-grained Hamiltonian Hyﬁc). The coarse-grained Hamiltonian
Hype : Y] — R associated to Qu is given by

_ 1
Hype(y) i= —— log/ exp (—Hpy(x)) du. (7.5)
M N {zeRN:Qnmz=y}

where H (z) is the microscopic Hamiltonian defined in (2.1).
Let us now relate HYAE;G back to H. Since Y); C Y;7¢, the (restricted) orthogonal
projection P : YJ{/DIG — Y\ yields the orthogonal decomposition

YR =YuoVYy, Yi={yecY % Py=o0}.
In particular, for any x € R”, the decomposition above gives
Qur=Prdz
for some (unique) z € Y;;, which means
Pr=y < Quz—y€cYj.

This relation allows us to view H as a coarse-grained version of f{yﬁc with the help of
the coarea formula applied to the affine transformation = — Qyz — y:

NH(y):—log/ v exp(—Hy(z)) dz
z€RN:Pr=y

=— log/ (/ exp(—Hn(z)) dx) »76131 LEM(dz)
ZEYAJ/; zeRN:Qpr—y==2

=- log/ exp(—NI:IyAz;c (y + 2))LEM (dz) +log T, (7.6)
zEYﬁ

where Jg,, := /det Q QY is the constant factor accounting for the volume change,
and LM is the dimension of Y;.

7.1 Reduction to one block

The advantage of working with discontinuous Galerkin functions is that everything
can now be decomposed in a block-by-block manner. Let us first set up some notation.

+ Given a € Y;2%, denote by a(™ € Y;”¢ the function obtained from restricting « to

the subinterval [Z2=L ) je.
—1 1

e Given z € RY, for 1 < m < M, denote

x(m) = (x(m—l)K—i-l» ey CUmK) € RK
+ Denote by ¢ := HPC the coarse-grained Hamiltonian for one block, i.e. for
B € YPC,
1
VY (B) = e log / exp(—Hg(v)) dz.
{zeRK:Q 2=}
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e Let /LN denote the Gibbs measure on RY associated to the Hamiltonian H,

N
O () = L exp (~Hn(x).

Lemma 7.6 (Block-by-block decomposition). The space Y7 decomposes as

G _ é YlDG

m=1

via the identification

M

a:@a(m), (a,B)ype = — ! Z (o™ g0m) )ype.

m=1 m=1

i

Consequently, we have the decompositions
M
Quz = P Q=™
m=1

M
M (dz|Quz = ) = Q) p (da™]Quat™ = a™), (7.8)

m=1

(m)

Ms

HyDG =

m=1

8 Convexification of the coarse-grained Hamiltonian

This section is devoted to the proof of Theorem 3.9 that says H is uniformly strongly
convex. The starting point of the proof is the coarse-graining relation (7.6) that says H
is a coarse-grained version of HyDG This allows us to transfer convexity of HyDG to H,
because log-concavity of measures is preserved by marginalization. More pre01sely we
will invoke the following quantitative version of this well-known fact.

Lemma 8.1. Let W & Z be an orthogonal decomposition of a finite dimensional Euclidean
space. Suppose F : W & Z — R is a C? function such that fW@Z exp(—F) < co. Let
F(z) := —log [}, exp(—F(w, z)) dw. For any ¢ > 0, it holds that

Hesswaz F > cidwgz = Hessy F > cidy, (8.1)
Hesswgz F < cidwgz = Hessy F < cidy .

Remark 8.2. In [7], it was shown in a very neat way that statement (8.1) is simple
consequence of the well-known Brascamp-Lieb inequality. For completeness, we provide
a short proof of this fact in Appendix A using the Prékopa-Leindler inequality from convex
geometry.

Applying Lemma 8.1 with Z = Yy;, W = Y};, and F = NH ypa, proving Theorem 3.9
reduces to showing the uniform strong convexity of }_Iyﬁc stated below.
Theorem 8.3 (Uniform strong convexity of HngG). There are constants 0 < A, A, K* < oo
such that for all K > K*, M and ally € Y7 it holds

2\ idyﬁc < HeSSYIEG E’yﬁc (y) <2A idy}gc

in the sense of quadratic forms.
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In turn, by the block-by-block decomposition from Lemma 7.6, proving Theorem 8.3
reduces to proving the case of just one block.

Theorem 8.4. There are constants 0 < M\, A, J* < oo such that for all J > J*, and
all 8 € Y{P¢ it holds

2A idleG < HeSSYlDG Yy(8) < 2A idYIDG,

in the sense of quadratic forms.

The proof of Theorem 8.4 closely follows the proof of [19, Proposition 31]: a local
Cramér theorem through a local central limit theorem (CLT). The main difference here is
that the local Cramér theorem has to be extended to canonical ensembles with multiple
constraints, which means that we will have to use a multivariate CLT.

Before entering into the details, we sketch an outline of the argument. The strategy
is to prove 1; converges to a strongly convex function ¢ in the uniform C2-topology as
J — co. Namely:

» Using Cramér’s trick of exponential shift of measure, we construct for each g €
Y;P¢ a product measure v,z on R’ such that

- the law of each spin is an “exponential shift” of the single-site measure,
- the expectation of Q1= under v, g is equal to 3, i.e. the conditioning Q 1z = 8

is a “typical” event.

We refer to the product measure vz as the modified grand canonical ensemble for
B. The required shifts of spins can be parameterized by a variable /3’ that is dual to
B.

* Due to the form of the single-site potential 1, it follows that once J is large enough,
the specific free energy sz of v 5 is a strongly convex function of B with bounded
Hessian. Consequently, the same is true for its Legendre transform 1/_) J-

* Moreover, the difference v ;(3)—1 () can be interpreted as the difference between
the specific free energies of v; 4 and its restriction to the hyperplane determined
by Q:x = 8 (which is the “typical event”). Hence, we expect that this difference
goes to zero as J grows large.

To verify that this difference indeed converges to zero in the uniform C?-topology:

» Using a Cramér-type representation formula (equation (8.15) below), we relate this
difference to the density at 0 of the law of the random variable J 3 (Qix — B) under
vj.B (dl‘)

* By establishing a uniform C? local central limit theorem, we ensure this density at
0 is bounded from above and from below uniformly in # and that moreover, it is
bounded in the uniform C? norm as a function of 3. These estimates are stated in
Proposition 8.10 below and constitute the core of our proof.

8.1 Construction of the modified grand canonical ensembles v; 3

We begin by introducing a family of “exponential shifts” of the law of a single spin.
Let ¥* be the log partition function of the single site potential i) that was defined in
(2.16). For m € R, let u,, be the probability measure on R with Lebesgue density

At _ exp(—v* (o) + 0z — ¥(2)), (8.2)

where o is the exponential shift required for ., to have mean m, i.e. (¢*) (o) = m. We
will need the following estimates of the 2nd and 3rd derivatives of ¢*.
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Lemma 8.5. [19, Lemma 41] There are constants 0 < ¢ < C < oo such that it holds that:

0<ec< inf Var(um) < (¢*)"(0) < sup Var(um,) < C < oo, (8.3)
me mG]R
|(¥)"(0)] < sup /(z —m)2pm(dz)| < C < oo. (8.4)
meR

where Var(u,,) denotes the variance of ji,.

To construct the product measure v; 5 on R/, we will find a suitable dual variable
B € Y;P¢ and exponentially shift the law of the .J spins according to the .J entries of the
vector 2 = JQ! ,8 The right choice will be found from the following functions that are to
be interpreted as the (specific) free energies of the ensemble v 3:

+ We associate each # € R’ with a free energy

Here the variable & should be viewed as “dual” to the spin configuration z € R”.

« Using the projection operator JQ! : Y% — R”, we then associate each 3 € Y,°C
with a specific free energy

F3(B) = T3(IQA) = Z (i) (8.5)

Here the variable B should be viewed as “dual” to a variable 3 € Y;”“. The specific
free energy as a function of the variable f is then given by the Legendre transform,

bs(8):= sw ((8,8) — ¥3(8)). (8.6)

BeleG

After dealing with the approximation error, the uniform convexity and O{bounds
(8.3) transfer to the function ¢%(5) and, consequently, its Legendre transform ;(53):

Lemma 8.6. There is J; € IN such that for all J > J; and 3, 3 € Y{2C:

|| Hess 45 (B)|| ~ 1, (8.7)
|| Hess v,(8)|| ~ 1. (8.8)
Proof. For any i’,f e R/,
2 J 8.3
€ - Hoss v5(2) € = Z ) 1617 =€

where the derivatives are taken w.r.t. the Euclidean structure of R’. After accounting
for the different Euclidean structure on Y;?¢ C L?(T), we obtain that for 5 € Y%,

~ Tk A\ A ~ * A ~ ~ (7.3)
(), Hess 45(8) ) = (JQin, Hess ¢5(JQ1B) JQiN) 2 ~ [JQ1A|7. = <1 + > |77z
This establishes (8.7), which in turn yields (8.8) by a standard calculation. O
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Let Bm“(ﬂ) be the unique maximizer of (8.6), which exists by the convexity of 1/_13 It
satisfies

B = V3(Am) " QuVes(IQi BT, (8.9)
The vector 3** serves to construct vyg. Set
m(B) = JQIE™, i (B) = (m(B));, (8.10)
m(p) :== Vi3 (m(B)), m;(B) = (m(B));, (8.11)
and define a product measure on R’ with Lebesgue density
dvyg, . dum7 ) 62 .
T (@) = H exp(—v" (ri; (B)) + 1y (B)z; — ()

j=1

= eXp(—wJ(m(ﬁ)) +m(p) -z — H(x)). (8.12)
Then v; 3 has mean m(5) = Vi (m(3)) and the expected value of Q;x under v; g(dx) is

8.9)

Vs ((8)) C2” Qv (JQL BT

This completes the construction of the modified grand canonical ensemble v; 3.

8.2 Uniform C? convergence of {; — ¢; to zero

For a given 3, the specific free energy of the modified grand canonical ensemble v g
is just
Tk ( Amaz (8 6) max n
Pr(B™) (8,87%) = $4(8). (8.13)
On the other hand, the specific free energy of the canonical ensemble associated with
the restriction of v s to the hyperplane {z | Q:z = S}, where it is highly concentrated
anyway for large J by the usual law of large numbers, is given by

%log /le , exp(m(B) - x — Hy(z))H(dz)

(8é0)§ log/ exp(J(Q1z, 3mar> — Hjy(x))H(dx)
R Qrz=p
= (B,8™*) —¥s(B). (8.14)

Consequently, 1;(3) — ;(3) measures the difference in free energies and hence we
expect it to converge to zero in some sense as J — co. By Lemma 8.6, the function v,
is strongly convex with bounded Hessian. Therefore, proving Theorem 8.4 reduces to
showing the difference v ;(3) — 1 ;(3) converges to zero in the uniform C? topology:

Proposition 8.7. There exists J, such that for J > J, and for all § € YlDG,

|0 (B) —
[Ve(8) — Vi (B)]]
| Hess v7(3) — Hess¢;(B)||

&
=
=
N

N

A
Al R

As we indicated above, the proof of Proposition 8.7 begins with a Cramér-type
representation formula for the density at 0 of the law of Jz (Q,2 — () under vyg(dx),
which is a centered (L+1)-dimensional vector of “suitably weighted” sums of independent
random variables (cf. [19, equation (125)]). From now on, we identify Y;”?¢ with RZ+1,
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Lemma 8.8. Denote by g; 5 the law of the R¥*!-valued random variable Jz (Qrz — B)
where r is the configuration of J spins under v, 5. The density of g; 5 at 0 € RE+! with
respect to Lebesgue measure can be expressed as

025(0) = 918 (0) = (FQ)" exp 7 ($s(8) ~ (5], (8.15)

where JQ = (det Q4 JQﬁ)% is the Jacobian of the (linear) transformation x +— J 2 (Qrx —
B).

Proof. The level set for Jz (Qiz — B) = u is the hyperplane Q1z = 5 + J~2u. Dis-
integrating measure along these hyperplanes and accounting for volume change, we
have

_ -1 dvyp J—(L+1)
915(u) = (JQ) /{Qﬂ_wéu} 02 () 1) ).

For u = 0, we compute

o -1 dl/J7B
w0 =@ [

P (TQ) " exp(—45(1h(8))) / exp(i(B) - @ — Hy(w)) H(dx)
Qirz=p

0 (FQ) ™ exp(— T3 (B™)) expl I (8, 87°) — 0,(8))
@.13) (TQ) texplJ(¥s(B) —.1(8))],

where we used that

() H(dx)

s (oA (8.10) Amazy 8:5) 1 Tk Amaz
Pi(m(B)) =y (JQIB™T) =T TP (M. O
Using formula (8.15), Proposition 8.7 basically reduces to the following estimates on
the Jacobian JQ = det(Q: JQ{)% (appearing on the right hand side of (8.15)) and the
density g;,3(0) (appearing on left hand side of (8.15)).

Lemma 8.9. There exists a constant C' < oo and a positive integer Js € IN such that for
J > Js:

é < det(Q1JQY)* < C. (8.16)

This follows from the fact that Q;JQ! is close to the identity operator for large J,
which is the case M =1, N = J of Lemma 7.3.

Proposition 8.10. There exist a constant C' < oo and a positive integer J, such that for
all J > J, and all B € RE*1:

1

o S9280) = C (8.17)

IVsg5,80)| < C, (8.18)
|Hessg g,5(0)| < C. (8.19)

This result was proven in [19] for the case L = 0 (cf. equation (126) in [19]). In the
general case considered here, establishing the estimates becomes somewhat more subtle.
In particular, a uniform control on the magnitude of the projected spins (JQ!); enters
as a new ingredient (see Lemma B.3 below). The proof also shares some similarities to
the proof of the local Cramér theorem in [27]. As the proof as a whole becomes quite
long we postpone it to Appendix B at the end of this article. We conclude with a quick
derivation of Proposition 8.7 from these results.
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Proof of Proposition 8.7. Rewrite formula (8.15) as:

$3(8) ~bs() = 5 0B (7Q) + o5 0.5(0)].

For J > max{Js, J4}, the estimates (8.16) - (8.19) thus yield

45(8) — vs(B)] < EETIEC

2

_ 1 _ C
IV$(8) = Vs (B)ll = 5 (92,5(0)) Y[ Vsgs500)] < N
|| Hess 15 () — Hess ¢ (B)]| < %(fuﬁ(o))*l [Hesss g.7,5(0)]|
1 _
+3 (92.6(0) 2 |1 V59,5(0) ® Vg5,500) |
C? ct
<+ O

9 Convergence of the coarse-grained Hamiltonian to the macro-
scopic free energy
This section is devoted to the proof of Theorem 5.3, i.e. the convergence of VH to
VH. As in the proof of Theorem 3.9, the argument will go through the intermediate
space Y,; DG defined in (7.1). The main ingredient is the local Cramér theorem already
estabhshed in Proposition 8.7, which says ¢ := HyDG converges in C? to the free

energy ¢'x defined in (8.6). By the block-by-block decomposition in Lemma 7.6, this
result immediately extends to say that HyDG converges in C? to a free energy HyDG

Definition 9.1 (Mesoscopic free energies on Y;?“). Define Hy pa : Y79 — R by

N
Hypo(z) = % >k (z),

m=1

where 2™ € Y;P¢ are defined in (7.7). Equivalently, Hype is the Legendre transform of
the function ¢% : Y{7¢ — R defined by

M
Z P (2), 9.1)

where 1} is the function defined in (8.5).
Corollary 9.2. There exists K* such that for K > K* and for all M and z € Y]@’G,

24\

o) = Hge(2) E
et -] 5
|| Hess HYISG (z) — Hess ’Hypc( N < ?

The rest of the proof essentially consists of passing from H to HngG and passing
from to HYAI;G to H. Before going into full detail, we give a summary of the main steps:

e To go from H to ﬂyﬁc, we use the coarse-graining relation (7.6),

H(y)=—— log/ exp(— NHyDG (y + z))ELM(dz) — 1og JOum- (9.3)
z€Y
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For large K, the strong convexity of HYI\?G means the integral on the right hand
side above would concentrate around the minimum of .H—YZSG,
_ e _
Hype(y+27) = Zggé Hypa(y + 2), (9.4)
where z* € Yj; is the unique minimizer.
* In parallel to the above, we consider the minimization
HYIQG (y+2%) = Zg;fﬁ ’HYAE;G (y + 2), (9.5)
where z* € Y i is the unique minimizer, which exists by the strong convexity of
Hypc (see Corollary 9.3 below). The closeness of HYA?G and Hypc in C? then
imply that the minimizers z* and z* are also close.
¢ On the other hand, we observe that HYAPIG is the Legendre transform of the function
- It follows from basic properties of the Legendre transform that the variational
problem (9.5) can be reformulated as

,HYZQG (y + Z*) =Hyy (y), (9.6)

where Hy,, : Yir — R is defined to be the Legendre transform of the same function
¢y with domain restricted to Y)y.

 To go from Hy,, to H, we observe that # is the Legendre transform of the function
¢*: L*(T) — R defined by

() = /0  (§(0))do, 9.7)

while the restricted function ¢% : Y3 — R, whose Legendre transform is Hy,,, can
also be expressed as

(91) 1 Zw (][ 3( 3)d3> = p*(NP'3),

where the adjoint operator NP! : Y); —+ R" acts as an L? orthogonal projection,
i.e. it takes average over blocks of size K = N/M.

- As the block size K = N/M — oo, the function ¢} should converge to the
function ¢* with domain restricted to Y,;. To track this effect we define an-
other free energy Hy,, : Yar — R as the Legendre transform of the restricted

function ¢* — R.
- As the number of blocks M — oo, the spline space Y); approximates the full

space L%(T), so Hy,, would approximate H.

To facilitate these approximation arguments, we need the following convexity es-
timates of the various free energies/coarse-grained Hamiltonians involved. They are
direct consequences of the convexity/convexification results of the previous sections.

Corollary 9.3. Let F' denote any one of the following functions:
ﬁyﬁ@,%yﬁc,tp?v : Y]\?G — R,
H,HYM,’HYM Yy — R
H,¢* : L*(T) — R.

Then there exists K such that for all K > K, F' is uniformly strongly convex with
uniformly bounded Hessian. Consequently, for all z, w in the domain of F

|z —w]?s ~ (VF(2) — VF(w),z — w) 2
~ |VF(z) — VF(w)|32. (9.8)
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9.1 Closeness of VH and VHy o

Let z* € Yﬁ be the minimizer of (9.4). From this variational characterization, it
follows that VHYA?G (y + z*) € Yp;. Moreover:

Lemma 9.4. There exists K* such that for all K > K* and for all y € Yy,

_ _ . 1
IVH(y) = VHype(y +2")[12 S T (9.9)
Proof of Lemma 9.4. Taking gradient in (9.3) yields that
VH(y)= | PVHypa(y+2)v(dzly),

Yig
where v(dz|y) is the conditional Gibbs measure for the Hamiltonian N ﬁy]\[;@. Therefore

VH(y) - Viygoly+ ) = [

L
YIW

(Pvﬁyﬁc (y+2) — VHype(y + z*)) v(dzly). (9.10)

Using the convexity estimates of Lemma 9.3,

2 (9.8

PVEYAL;G (y+2z)— VE’YIQG (y+2z") < (z—7z7, Vﬁy]&)c (y+2z)— VHYIQG (y+2z")) e

L2
=(z—Zz", VHYZSG (y+ 2)) L2,

where we also used the fact that VHy pe (y + z*) € Y. After applying Cauchy-Schwarz,
using this estimate on (9.10) and integration by parts for the Gibbs measure v(dz|y),

_ _ _ _ 2
|VH(y)—VHY]3c(y+2*)|2L2 < / ‘PVHyﬁc(y—i—z) —VHylgc(y-i-Z*) Zy(dz\y),
Yis L

< / (2 — 2, VHypo (y + 2)) 12 v(dzly)
YL

M

1
=~ V- (z = 2%) v(dzly)
N Yﬁ
_ dim Y LM
N N’
which implies the desired estimate (9.9). O

9.2 Closeness of V/ypc and VHy po

Let z* € Y]VLI be the minimizer of (9.5). From this variational characterization, it
follows that VHy pe (y + 2*) € Y. Moreover:

Lemma 9.5. There exists K* such that for all K > K* and for all y € Yy,

—_

75— 2|2 < =, 9.11
|Z z |L2 S K ( )
_ 1
Proof. The first estimate follows from
9 (9.8) _ _
7"~ 232 S (VHype(y+2") — VEype(y+27),2" — ")
_ 9.2) 1
= (VHype(y+2") = VHypo(y+2"),2" = 2")2 < 174 Z5 — 2%|pe,
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where we used the fact that VHYX;G (y +2z"),VHypa(y + 27) € Y in the second step.
The second estimate then follows from combining the estimates

_ _ (9.8) (©.11) 1
VAypa(y+5) — VAypely+2) S 127 =" 5 =,
_ . L 02
‘VHYA?G(y+Z )—V’Hyﬁc(y+z Nez < & O
9.3 Closeness of Ve and VHy,,
We now verify (9.6) as well as the relation
VHy,, (y) = V’Hngc(y +2%). (9.13)

As observed before, Hypc and Hy,, are Legendre transforms of the same function ¢y
with different domains:

HYA?G (y+2%)= sup (y+2",2)2 —on(2)
zey ¢

> sup <ya2> @N( ) %Yj\l( )
2eYnm

By basic properties of Legendre transform, the maximization problem in the first line has
the unique solution 2 = VHy pc (y + 2*) and the maximization problem in the second line
has the unique solution 2 = VHy,, (y). But since VHypc (y + 2*) € Yy, it must also solve
the maximization problem in the second line. This establishes both (9.6) and (9.13).

9.4 Closeness of VHy, and VH

Recall that we define 7:lyM : Yar — R to be the Legendre transform of the function ¢*
defined in (9.7) with domain restricted to Y, i.e.

Hyy (y) = Sup (v, 9) 2 — ©*(9)) -

We need to show the gradients of Hy,, and 7:£YM are close for large K. This will follow
from an analogous estimate for the functions ¢}, and ¢*.

Lemma 9.6. There exists K* such that forall K > K* and all§ € Y
1.
|VYM§0N< ) VYMQO ( )|L2 S ?|?J‘L2~ (9.14)
Here Vy,, indicates the gradient is restricted to Y),.
Proof. Using the formulation (9.1) of ¢}, we find
Va0 (9) = Vyva on (9)[12 = [PV (§) — PV* (NP'g)| 72

N PtlﬂL?
(61) M?
~ N2|y|H1 ~ N2 |y|L2a

where we used a Poincaré inequality on an interval of length % and then the inverse
Sobolev inequality (6.1) on Y}, from Section 6 (cf. proof of Lemma 3.6 given in that
section). O

Corollary 9.7. There exists K* such that forall K > K* and ally € Yy,

~ 1
|VHY1\/I (y) - VHYJM (y)|L2 S ?|y|L2~ (9.15)
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Proof. Denote §y = VHy,, (y) and § = VHy,, (y). We have the duality relations

y=Vyy, on(N) = Vyu ©* (1)
The preceding lemma then leads to the estimate

. 9.8 . o
|yN _y|L2 = |VYM§0 (yN) - VYJVISO (y)‘Lz

. o ©14) 1
= |VYM§0 (yN) _VYMSON(yN”Lz 5 ?|3}N|L2- (9.16)

Using the fact that Vo3, (0) = (¢*)'(0) = 0 (cf. Assumption 2.13), we find

. (9.8) .
NIz = [V, on(n)|z = |y|re.
Combining this with (9.16) yields the desired estimate. O

The last auxiliary result we need is that v/}:[YI\/I and VH are close for large M.
Lemma 9.8. It holds that for any z € L?(T)

- 1
[VHyy (P2) = VH(2)|12 S 3712l (9.17)

Proof of Lemma 9.8. Denote §j = V#Hy,,(Pz) and 2 = V?#(z). We have the duality
relations
Pz =PVy*(j) and z = Ve*(2).

In particular, Vo* () — Vy*(2) € Yj;. Since §, P2 € Yy, we have the estimate

~ 12 ©.8) * [~ *[(a\ A~ 2

9= 2|2 < (Ve (§) = Vo' (2),0 — £)r»

(9.8)
= (Vo*(9) = Vo™ (2),Pz — 2)12 < |§ — 2|2| P2 — 2| 2. (9.18)

The spline estimate from Lemma 3.3 (proven in Section 6) then yields

(EEPIE]
|9 — 22 S|P2— 2|2 S M‘2|H1-

~

Finally, using the uniform bound on ¢” from Lemma 2.12,

(2.17)
2l = [VH()ar = 9" (2)lar = 19" (2)06z[2 S 1092]12 = [2]m1-

Combined with (9.18), this gives the desired estimate. O

9.5 Proof of Theorem 5.3

Using the auxiliary results that were provided in Sections 9.1 - 9.4, Theorem 5.3 is
straightforward to prove.

Proof of Theorem 5.3. For any ¢ € L?(T) and y = P(,

[VH(P¢) = VH(()|r2 < [VH(y) — VHype(y + 27)|12
+|VHype(y+2°) = VHypa(y + 2°) 12
+[VHype(y + 2") = VHy,, (y)|r2
+ Vi, (y) = Yy, (9)]12
+[VHy,, (y) = VH(O) 2

The first term on the right hand side is estimated by (9.9). The second term is estimated
by (9.12). The third term vanishes by (9.13). The fourth term is estimated by (9.15). The
fifth term is estimated by (9.17). Summing up yields the desired estimate (5.3). O
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10 A uniform log-Sobolev inequality for conditional measures

This section is devoted to the proof of Theorem 4.11, which states that the conditional
measures pu(dz|Pz = y) satisfies a uniform logarithmic Sobolev inequality (LSI). In
Section 10.1, we recall four principles for establishing LSI:

the tensorization principle;
the Holley-Stroock perturbation principle;
the Bakry—Emery criterion; and

W N -

the two-scale criterion of Otto and Reznikoff.

The first three of these are standard results that have been long known and proven useful
for deducing LSI in many cases. The fourth principle is a more specialized criterion that
has been successfully applied for deducing LSI for spin systems. It will guide our main
strategy of proof, while the rest are needed to verify its assumptions. After presenting
these principles, we explain in Section 10.2 how they are applied to deduce a uniform
LSI for the conditional measures p(dx|Px = y) needed in this work.

10.1 Basic principles for the LSI

We begin with formulating the LSI in the generic setting of an Euclidean space X.
We write T, X for the tangent space of X at z € X and denote by | - |, (-,-), and V the
norm, inner product, and gradient derived from the Euclidean structure of X. We also
write P(X) for the space of Borel probability measures on X.
Definition 10.1 (LSI). Let ®(z) := z logz. We say that a measure v € P(X) satisfies
a logarithmic Sobolev inequality (LSI) with constant p > 0 if for all test functions
h: X — ]R+,

Ent(hv|y) = /(b(h) V(dz) — B (/hz/(da:)) < 2%/ 'V:P v(dz).

In this case, we also use the notation LSI(v) > p.

Remark 10.2. The logarithmic Sobolev inequality was first discovered by Gross [18]. It
characterizes the speed of convergence to equilibrium of the natural associated drift
diffusion process. For more facts about the LSI, we refer to the books [34, 5] and the
survey article [25].

The following tensorization principle has been known ever since the notion of LSI
came up (see [18]). It is the basic reason for why LSI is well-suited for high-dimensional
systems.

Lemma 10.3 (Tensorization principle). If measures vy, vs, - -+ ,vn € P(X) satisfy LSI(v,,) >

pn forn=1,2,--- /N, then
N
LSI (® l/n> > min py,.

n=1
We next recall two fundamental criteria for proving logarithmic Sobolev inequalities.
The first one is a simple perturbation result due to Holley and Stroock [22].

Lemma 10.4 (Holley-Stroock). We assume that v € P(X) satisfies LSI(v) > p. For a
bounded function 01 : X — R, define a measure v € P(X) that is absolutely continuous
with respect to v via

dv 1

T @) = 5 expl-0p ().

Then LSI(V) > p exp [—20sc(dy)]. Here osc(d) = supy 0¢ — infx §1p stands for the total
oscillation of the perturbation 0.
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The second criterion is due to Bakry and Emery [4]. It says that strong convexity of
the Hamiltonian yields LSI.

Lemma 10.5 (Bakry-Emery). Let v € P(X) be absolutely continuous with respect to
the Hausdorff measure H on X and given by a Hamiltonian H, i.e.

dv _ 1 _h@
If H is C? and satisfies
(v,Hess H(x)v) > A|v]?, Vz€ X, veT,X,

then LSI(v) > A.

Proofs of the facts mentioned so far can be found e.g. in [20] or in [25]. As pointed out
above, we will also need the two-scale criterion that was presented in [31] and which is
also contained, in a slightly different formulation, in [19]. We first define a disintegration
of measure analogous to Definition 3.7 in the setting of a product space.

Definition 10.6. Let v € P(X; x X») be a measure with smooth positive density
w.r.t. to the Hausdorff measure. We decompose v into a family of conditional measures
{v(dzi|x2)}rrex, C P(X1) and a marginal measure v € P(Xs). This decomposition is
such that for all measurable h : X1 x X5 — R:

/ hdv :/ / h(z1,x2) v(dry|zs) U(dzs).
X1 XX Xa J X,

The two-scale criterion reads as follows.

Lemma 10.7 (Two-scale criterion for LSl). Let v € P(X; x X») be a measure whose
Hamiltonian H is C?. Assume that there exist constants p1, p» > 0 such that

LSI(V(d$1|$2)) > p1 for all x5 € XQ, (10.1)
LSI(z?) > pa. (10.2)
Moreover, assume that
11
— — sup |Vx,Vx,H(z)]> = k < o0. (10.3)

P1 P2 X1 xXo

Here

IVx,Vx,H(x)| = sup {(HessH(x) U, v)

u€TpXy,veT, X, |ul=v| = 1}
is finite if Hess H is bounded. Then

LSI(v) = % (Pl +(1L+r)p2 = V(o + (1 +K)p2)? — 4/?1/)2) :

Lemma 10.7 says that LSI for the conditional and marginal measures may be com-
bined to yield a LSI for the full measure, under the coupling assumption (10.3). A proof
of the two-scale criterion can be found in [31] where it is stated as Theorem 2.

10.2 Uniform LSI for conditional measures

In this section we explain how the basic principles of Section 10.1 are used to deduce
Theorem 4.11. The proof adapts the strategy in [19], which covered the case for L =0,
when Y}, is the space of piecewise constant functions. However, for L > 1, due to the
non-locality of the spline functions in Y3;, we need to modify the strategy in [19] by
introducing an additional step. Namely, we first deduce a uniform LSI on the level of
Y](/? @, the space of piecewise polynomials of degree < L introduced in Definition 7.1, and
then apply two-scale criterion to get back a uniform LSI on the level of Yj,.
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Theorem 10.8. The measures u™ (dz|Qyx = y) satisfy LSI(opc) with a constant opg >
0 uniform in N, M and y € Y;7¢.

Proof of Theorem 10.8. Since the measures MN(d:c\QMx = y) factor (cf. equation (7.8)),
by the tensorization principle (cf. Lemma 10.3) it suffices to show that the measures

u (de) = p" (d2] Qi = )

satisfy a uniform LSI for K large enough. The strategy is to apply the same block
decomposition, from which we obtained M blocks of size K from N = M K sites, to the
K sites in each block. Namely, we assume K = RJ and divide the K sites into R many
sub-blocks of size J, where J € IN is large but fixed. By the adjoint relation between
Qr: RE - YP% and KQ% : YP¢ — RE, we have the orthogonal decomposition

RY = ker Qr & im KQ¥. (10.4)

The key observation here is that ker Qr C ker ; because a polynomial in Y;P¢ is also a
piecewise polynomial in Y}?G. Thus, the decomposition (10.4) induces a decomposition
on the state space of u* (dz|Q 1z = a):
{z eRF :Qiz=a} = {7 ekerQp} ® {z, € IMKQYL: Q1z = a}.
=V =Wy

The strategy now is to apply the two-scale criterion (cf. Lemma 10.7) with X; =V, X, =
W,.

* Uniform LSI (10.1) for conditional measures 1% (dz|z1): let 8 = Qrx 1, then

R
pX (day|zr) = p"(dz|Qra = B) = Q) p! (daD|Qr2") = ).
r=1

By the tensorization principle, it suffices to show uniform LSI for the conditional
measure p” (dz("|Q.2(") = (")), whose Hamiltonian is just a restriction of the
Hamiltonian H; of the full measure u'] . From the explicit form of H; in (2.1), a
combination of Holley-Stroock (cf. Lemma 10.4) and Bakry-Emery (cf. Lemma 10.5)
yields
LSI (u‘](dx(r)@lx(r) = B(T))> > exp (—2J osc(dy)) =: p1 > 0.
+ LSI (10.2) for the marginal measure X (dz,): observe that the Hamiltonian of

the marginal measure i (dz ), which we denote Hy,, is closely related to the
coarse-grained Hamiltonian HYRDG defined in equation (7.5):

HWW (:Cl) = 710g/ eXp(fHK(IH + :ZJL)) dl’H = KHYlfc (QRIL)~ (10.5)
1%
By Theorem 8.3, nylgc is uniformly strongly convex for large enough J. This
property is transferred to ﬁwa via the relation (10.5): for u € T,,, W, ~ im KQ%, C
RK
u - Hessf]wa (IL) u = K<QRU, Hess Hyéjc (QRxL) QRU>L2

> 2K\ Qrul2.

CD2KA (140 (J72)) |uf2e =20 (1+ 0 (J72)) [ul?,
where we accounted for different Euclidean structures on R¥. This yields the
uniform strong convexity of Hyy. , and the Bakry-Emery criterion (cf. Lemma 10.5)
implies (10.2) with constant ps = A.
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+ Coupling condition (10.3): this follows from the uniform C? bound of H.

Overall, we may hence apply Lemma 10.7 which yields that for large enough J:

LSIuE) > poc =5 (o1 + (L4 mA = Vo T (LFRA2 — dpid),

which is bounded from below uniformly in K. O

With Theorem 10.8 at hand, the proof of Theorem 4.11 consists of another application
of the two-scale criterion (see Lemma 10.7), which is very similar to the one in proof
of Theorem 10.8: there we introduced an intermediate level by prescribing a global
polynomial as the constraint, here we will introduce an intermediate level by prescribing
a spline on the same mesh as the constraint.

Proof of Theorem 4.11. Since ker Qs C ker P (as a spline in Y); is also a piecewise
polynomial in Y}%), the orthogonal decomposition

RY =kerQy ®im NQ?,
induces a decomposition on the state space of u(dz|y) = p (dz|Px = y):

{z eRY : Pr=y} = {7 ekerQu} ®{zL €imNQ, : Pz, =y}.

=V =W,

We now apply the two-scale criterion (cf. Lemma 10.7) with X; =V, Xy = W,,.

* Uniform LSI (10.1) for conditional measures p¥ (dz|z ): this is directly provided
by Theorem 10.8 since /LN(dLEH |IL) = [LN(d.CU|QMI = QJV[IL)-

* LSI (10.2) for the marginal measure i’V (dz | |[Pr, = y): the same argument used
in the proof of Theorem 10.8 applies to show that the uniform strong convexity
of Hngc transfers to the Hamiltonian A w, of the measure i (dz, [Pz, =y), and

Bakry-Emery criterion then yields an LSI constant of \.
¢ Coupling condition (10.3): this follows from the uniform C? bound of Hy.

Overall, Lemma 10.7 then yields that for large enough K:

LSK(u(dely)) > p= 5 (ppa + (148X — /(oo + (L4 MV — dppa) )

which is uniformly bounded from below in V. O

A Preservation of convexity under coarse-graining

In this section, we verify Lemma 8.1 which gives a quantitative statement on the
preservation of convexity under coarse-graining. For ¢ > 0, consider the function
Fo-WaeZ—-1R

Fo(w,2) := F(w,z) — g|z|2,

and the coarse-grained function . : 7 — R

F.(z) == —log /W exp(—Fo(w,2)) dw = F(z)

c

El
2
It follows immediately that

Hesswez F > cidwgz = F.isconvexon W & Z

Hessywgz F < cidwgz = F. is concave on Z.
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and

F, is convex = Hessyz F > cidy,
F, is concave = Hessyz I' < cidy .
Thus, we need to show that

F.isconvexon W @& Z = is convex, (A.1)

F.
F. is concave on Z = F. is concave. (A.2)

Argument for (A.1): this is a simple consequence of the Prékopa-Leindler inequality
(see e.g. [6, Theorem 4.24]). Given A € (0,1), 21,20 € Z, consider functions h, f,g: W —
R

h(w) := exp(—Fe(w, (1 — A)z1 + Az2)), (A.3)
f(w) = exp(—F.(w, 21)),
g(w) = exp(—F.(w, 23)).

Convexity of F. on W @& Z means that for any wy,ws € W
A((1 = Nwy + Aws) > f(w1)' P g(ws)*.

By the Prékopa-Leindler inequality, this implies

[ o= ([ g dw)H (/f ot dw)ﬁ

E((l — /\)2’1 + /\22)) < (1 — )\)E(Zj) + )\E(ZQ)

which yields

Argument for (A.2): this is a simple consequence of the Holder inequality. Given
A€ (0,1), z1,22 € Z, let h, f, g be defined as in (A.3). Concavity of F, on Z means that
foranyw e W,

h(w) < fw)'*g(w)*.

By the Holder inequality, this implies

| hwyau < ( | 5w dw)“ ( | atw) dw)k,

Fo((1 = N21 4+ A20)) > (1 - NFi(z1) + AFilza).

which yields

B A multivariate local central limit theorem

We now begin with the long and technical proof of Proposition 8.10. We recommend
the interested reader to compare with the proof of Proposition 31 in [19]. As in the usual
proof of the (local) central limit theorem, we start by using independence and the Fourier
transform to obtain an explicit formula for g 5(0). To clear up notation, we denote

(€] == JQ1E,  [€]; == (JQ1E);

for the J projected spins of ¢ € Y;P¢.
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Lemma B.1. For each m € R, denote by

h(m,z) = /eiz(””_m) L (d)
R

for the characteristic function of the centered version of the single-site measure i,
defined in (8.2). We have

91,(0) = (%)LH /RM 1;[h m;(8), (€], dé, (B.1)

Proof of Lemma B.1. By Fourier inversion,

s = () [ ([ vt womsan) e

Since g 3 is the law of the random variable

JE(Quz — B) = J2Q1(z — m(B))

under vy g(dz) = H;.Izl tm,(3)(dr;), the inner integral equals to
/R L expi€ JEQu (@ = m(B))) v5(de) = /R exp(i ]~ (JQIE) - (v = m(B))) vs5(de)

J
_H / exp(i =2 E]; (5 — m (B))) (o) (),

which yields the right hand side of (B.1). O

The strategy for the rest of the proof is to split the integral on the right hand side of
(B.1) into an inner and an outer part. We will show that for small enough ¢ and for large
enough J (depending on §)

2 7 )| dg =0 B.2
]LH;C’ {lel>026} 52 H| m;(8),J~2[€];)| d¢ =0, (B.2)
h j 7‘]_% )| d < C, B.3
/{ggm}JHl' (my(3), I el de ©.3)
J 1 .
h(m;(B), J=2[¢];) d€| = =, B.4
/{|£|<J55} =1 (ma0) 72 ) de| = (B.4)
J
I Vel .
Jm | Hesss /{lwé} IT o971 a | =0 .5
J

H j) d C. 6
essg /{|§|<J25 1:[ [5]]) 1l < (B.6)

The bounds for g‘]’ﬁ’(o) in (8.17) follow from (B.2) - (B.4). The bounds for the Hessian
in (8.19) follow from (B.5) and (B.6). The bounds for the gradient in (8.18) are then
immediate from interpolation. To establish these estimates, we will need some auxiliary
results stated and verified in Section B.1 below. We then establish bounds (B.2) - (B.4))
in Section B.2 and bounds (B.5) - (B.6) in Section B.3, which completes the proof of
Proposition 8.10.
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B.1 Auxiliary results
The first ingredient we need is a collection of elementary properties of the function h.

Lemma B.2. We have the following bounds and decay properties for h and its derivatives:

e Forallm,z€ R
|[h(m, z)|] < 1. (B.7)

* Given e > 0, there exists c¢. > 0 such that form € R, |z| > ¢

1
< — B.8
.9 < ©.8)
e Forallm,z € R
oh < 2 < 5
a—m(m,z) S 14z, W(m,z) <1+ 27 (B.9)

Moreover, there exists §y > 0 such that for z € [—dy, dp], m € R, we can express h as
h(m, z) = exp(—2% hy(m, 2)), (B.10)
for some function hs : R X [—dg,d9] — C. The function h, satisfies that

* Forallme R )
ha(m,0) = §Var(,um). (B.11)

* There exists constants 0 < cp,, Ch, < oo such that for allm € R, z € [—do, Jo]

Re ha(m, z) > cp,, ‘a;;(m,z) < Ch,. (B.12)

* Forallm € R,z € [—do, do)

ohy

(m, ) 02hs
am v ?

17 ‘8m2 (mﬂz) S

1. (B.13)

~

The estimates of Lemma (B.2) should not be surprising as h(m, ) is just the Fourier
transform of p,,, which belongs to the exponential family of a perturbed standard Gaus-
sian measure. For the proofs, we refer the reader to [19, Lemma 39, 40].

The second ingredient for the proof of Proposition 8.10 is a uniform control on the
magnitude of the projected spins [¢]; := (JQ!¢); which enters into the second argument
of h (after rescaling). This is new compared to [19].

Lemma B.3. There exists constant 1 < C,,,,, < oo such that for J > 1,

| < > DG, .
1?;2%”5]]' < Crmaz €12, VEEY] (B.14)

Given 0 < a < 1, define
In(§) ={1<j < J:|[¢];] > of¢]ze}
for £ € Y/PY. Then there exists constants J,, and 0 < k() < 1 such that for J > J,,

11.(&)| > k() J, VEe€YPC. (B.15)
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Proof of Lemma B.3. Since the projected spin [¢]; = (JQY); is just the average of &(t)
over the subinterval [}, 2], we have

J
< < Cmaz B.16
Jmax [[€]5] < Jnax 1E@)] < €] 2 (B.16)

for some constant 1 < (). < oo because norms on the finite-dimensional space YlDG
are equivalent. This establishes (B.14). Moreover, the uniform upper bound (B.16) on
&(t) also forces it to be bounded below on a significant portion of the interval [0, 1], e.g.

1—a?
o2

max

Leb ({t € [0,1] : [€(t)] > al¢]12}) > : (B.17)

where Leb denotes the Lebesgue measure on R. Estimate (B.17) may be seen as a
continuous version of (B.15) and implies that for all J > 1,

. 1—a?
1<j<J: max [E@)| > al€|pz p | > Yoo J.
te[J ’] mazx

It only remains to verify that [¢]; approximates £(¢) uniformly well for J large enough.

By scaling, it suffices to show that as J — oo,

28, [m;axi] |[€]; = €@ =0

uniformly over the unit sphere
$:={eYPC ¢ =1}

But this is an immediate consequence of the equicontinuity of $ as a family of continuous
functions on [0, 1], which holds true by Arzela-Ascoli because $ is compact (in the uniform
topology), being a closed and bounded set in a finite-dimensional space. O

The last ingredient we need is the following uniform C? estimates for the mean spins
m;(B).
Lemma B.4. For all J > 1 and 3 € Y;"Y, it holds uniformly in 1 < j < J that

[Vm; (B)I] S 1, (B.18)
| Hessm;(B)]| < 1. (B.19)

In order to prove Lemma B.4, we need a 3rd derivative bound on 1 ;:
Lemma B.5. Forall J > 1 and 3, € Y{P¢:

| D395 (3) || <1, (B.20)
| D*ps(B) | <1 (B.21)

Proof of Lemma B.5. Using (8.4) from Lemma 8.5 with similar calculations in the proof
of Proposition 8.6, we have that for any 2, ¢ € R’

J
| D343 (2)( Z )" (@) 1€;° < max (&) €%,

~i<i<J

and consequently, for any 7 € Y;P¢

§| D*5(1B)) ([, [, [A) |

o ([ FlE2 < Conaalil (140 (7)) [l

| D35(8) (9,7, 1) |

A
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where we used both the uniform upper bound (B.14) and the estimate (7.3) in the last
step. This establishes (B.20). Together with the 2nd derivative estimates of Proposition
8.6, this in turn yields (B.21) by a standard calculation. O

Proof of Lemma B.4. We recall that
my(8) = | = exp(=0" iy (8) + 1y (8)z = v(2)) d.

Standard calculation yields

Vm; ®LD Var (i, ) Ving,

Hessm; = Var(u,,;) Hessm; + (/ (2 = m;)° fim, (dz)> Vi; @ V.

By the uniform estimates on Var(y,,) and [ (z — m)? ju,, (dz) in (8.3) and (8.4), it remains
to bound Vm; and Hess ;. By equation (8.10) and (8.9),

m; = (JQIViy); = [Vl

For n € Y%, let 0, denote the 7-directional derivative. Then by the uniform bound
(B.14),

(Ving,n) = Oy1n; = [0y V1]j < Cinaa|0y V| < Craal| Hess s [,
<Hess mj : na77> = 81? mj = [8727va]] S Cmaw‘aflv'(/)Jl S CmawHDg'(/}J'Hn'z

Since the Hessian and 3rd derivative of ¢; are uniformly bounded (cf. Lemma 8.6
and Lemma B.5), this concludes the proof of (B.18) and (B.19). O

B.2 Proof of bounds (B.2) - (B.4)

From now on, we fix some o € (0,1) and assume from now on J > J,, so that
|75 (€)| > k(a)J (cf. Lemma B.3). We establish the bounds (B.2) - (B.4) by estimating the
integrand

J
| A

in the two regions |¢| > J2§ and |¢] < J24.

B.2.1 The region [¢| > J2§

In this region, observe that for j € I,,(&),
[T72[e];] 2 aJ"2[¢] = as.

Hence choosing ¢ = ad in the decay property (B.8) gives

1 1 1
h(m;, J 2[&]5)] < < .
s THE < e S e
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Consequently, using the global bound (B.7) on h to deal with j ¢ I,(£), we have
J 1 1 [ (€)]
H (my, 2N < | ———=
=1 14 ccaJ2[¢]

1 Lo ()| —(L+2) 1 L+42
< - -
- <1+c55> <1+c€aJ%§|>

— esp[-O(L. @D 0 (He)

—exp[-0()] 0 (Jg[~H+2)) . (B.22)

Integrating over the region {|¢| > Jéé}, this yields (B.2) because the function |¢|~(4+2)
is integrable away from zero.

B.2.2 The region [¢| < .J 35 (upper bound)

Thus, we may use the representation of & via hy in Lemma B.2 to compute that

J J .
H (my, J = Z h2(mJ7J 2 [¢])

j=1 =1

<.

J
= oxp |~ D217 halmy, T [E)) | =exp (<56 T ), B23)

j=1

where we denote
J
1
£,2): =5 Z 2 hy (mj, ;)

for ¢ € YP% 2z € R’. Observe that

J
12 €2, 2 (1+0(J72) g2 (B.24)

Jj=1

Thus, applying the lower bound Re ho > ¢, in (B.12) to equation (B.23) gives
) J
exp (—S(§7 J 2 [5])) <exp | —cph,— Z =exp (—cp, (L+O(J 7)) €%).  (B.25)

Integrating over the region {|{| < J%é}, this yields the upper bound (B.3).

B.2.3 The region [¢| < J 35 (lower bound)

Let us now deduce the lower bound (B.4) from equation (B.23). Set z = J—3 [¢]. Our
strategy is to split the integrand as

exp (=5(£,2)) = exp (=5(£,0)) + [exp (=5(¢, 2)) — exp (=5(¢,0))]
= exp (=5(£,0)) + exp (=5(,0)) (exp [S(€, 2) — S(§,0)] = 1) (B.26)

and deal with the two terms separately:

EJP 29 (2024), paper 192. https://www.imstat.org/ejp
Page 53/57


https://doi.org/10.1214/24-EJP1248
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A quantitative hydrodynamic limit

* Using the fact (B.11) that ha(m;,0) = %Var(umj) and the uniform bound (8.3) on
Var(pm,,; ), we have

| Q

N o
o N

where ¢, C are constants in (8.3). Together with observation (B.24), it follows that

(1+0(I72) € < 5(¢,0) <

% (1+0(J72)) |¢*.

N o

Thus, the first term in (B.26) is positive real-valued and

exp (—C1/¢]?) < exp (—S(£,0)) < exp (—Cal¢]?) .

for some universal constants C7,Cy > 0. In particular, its integral over the region
{|¢| < J246} is uniformly bounded from below.

¢ Thus, it remains to show the second term in (B.26) has a smaller contribution in
the integral. Using first order Taylor approximation, we have

oh
|ha(my, zj) — ha(m;,0)] < sup 72 |21
2€[—80,80] | OF
(B.12) ,

<" Chl I F (€] < ChaCinas I "3 1€] < CiyCrmas 6.
Together with observation (B.24), it follows that
|S(€,2) = S(€,0)| < ChyCinas 6 (L +0(J72)) [€].
Thus, by the elementary inequality |e* — 1| < el*l — 1, we have
| (exp[S(&,2) = S(§,0)] = 1) | < exp (C36[¢%) —1
for some universal constant C3 > 0.

In conclusion, we have shown that the integral in (B.4) is bounded below by
| e (-CugP)de— [ exp (<Calé) (e (CadleP) — 1) e
{lg|<T 258} RE+1

As § — 0, the second integral vanishes (independently of J). Thus, by choosing § small
enough (and then J large enough), the first integral dominates the second integral and
yields the uniform lower bound (B.4) for all large enough J.

B.3 Proof of bounds (B.5) - (B.6)
Let us now turn to the terms that involve derivatives with respect to 8. Interchanging
differentiation and integration, we need to estimate

J

Hesss [[ h(m;(B8), 7~2[€),) (B.27)

j=1

in the two regions of integration |¢| > J2§ and |¢| < J24. To clear up notation, let us
denote
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We compute the integrand in (B.27) as

J J
oh
Vi H h(u;) = Z 87(“]) Vm; H h(uy),

i=1 i=1 n#j

d L[ oh

Hessg H h(u;) = Z < 52 (u;) Vm; ® Vm; + %(uj) Hessmj) H h(uy,)
Jj=1 Jj=1 n#j
J
oh oh
F 22 5y (99) gy () Vg @ Ve [ o).
J=1k#j n#j,k

Using the uniform C? bounds (B.18) and (B.19) on m;(3), we arrive at the pointwise
estimate

J J 9
Hessg 1:[1 h(u;)| < Zl (‘37:2(“9) + ’g:;(uj) > 1;[ |h(uy,)]
J
2.0 %(uj) ‘;Z(uk) IT 1n)-
J=L kA n#jk

B.3.1 The regime |¢| > J2§

By essentially the same calculation as in (B.22), we can estimate the product of & as:
[T irtal < TT In(ua)l = o0 (jg-E).
n#j n#j,k

Then, applying the bounds (B.9) on the derivatives of h gives that

J

J J
Hess J] Alw)| < | D001+ 12P) + 30 31+ 12D+ [a4l) | €700 (je=0+)

j=1 j=1 =1 k#j

< J2(1 + |£‘2) e—@(J)O (|£|—(L+4)) — e—@(J)O (|€|—(L+2))
where, in the second step, we collected like terms after using the uniform upper bound
(B.14) on the projected spins [{];. Integrating over the region {|{| > J%cS} yields (B.5).
B.3.2 The regime [¢| < J3§

For the inner integral of (B.6), we again use the representation via hs from (B.10). In
this case, the derivatives of h can be represented as

9%h 0%h oh ?
o (m, z) = <—z2 8m22 (m,2) + 2* (ar)j(m, z)) > h(m, z).

Together with the uniform bounds (B.13) on the derivatives of hs,

J J J J
Hessg [] hw)| < [ D (2P + 121" + DD Izl | T 1h(wn)]
j=1 j=1 =1 k#j n=1
S (€ + [€1Y) exp (—en, (1+0(T72)) [€7)
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where we applied the estimate (B.23) for the product of A (cf. (B.25)) and collected like
terms after using the uniform upper bound (B.14) on the projected spins [¢];. Integrating
over the region {|¢| < J24§} yields (B.6). This completes the proof of Proposition 8.10.
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