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Abstract

We study the percolation configuration arising from the random current representation
of the near-critical Ising model on the complete graph. We compute the scaling limit of
the cluster size distribution for an arbitrary set of sources in the single and the double
current measures. As a byproduct, we compute the tangling probabilities recently
introduced by Gunaratnam, Panagiotis, Panis, and Severo in [GPPS22]. This provides
a new perspective on the switching lemma for the ¢* model introduced in the same
paper: in the Gaussian limit we recover Wick’s law, while in the Ising limit we recover
the corresponding tool for the Ising model.
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1 Introduction

Forn > 1, consider the complete graph K,, = (V,,, %(V,,)) on n vertices, where % (V},)
is the set of pairs of elements of V,,. Let A € R, and define the inverse temperature

For any o € {£1}"», define the Hamiltonian of the Ising model on the complete graph
K, by

Hor(0) = — Z dn(N)oio;.

{i,j}eQQ(Vn)
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Scaling limit of the cluster size distribution

The associated Ising measure is defined via the expectation values

1
(F(0))nr = 3ZKA)UE;;iWIPTU)eXp(—7ﬁ%A(U»

for F : {1}V — R*, where %, ()\) is the partition function of the model. This model,
which is also known as the near-critical Curie-Weiss model, has been introduced in-
dependently by many people, including [Tem54, Hus54], and since then, it has been
extensively studied. See [FV17, Chapter 2] and references therein.

We are interested in a particular expansion of the partition function of the model
called the random current expansion which provides an interesting geometric represen-
tation of the correlation functions of the model. This expansion was initially introduced
in [GHS70] to prove concavity of the magnetisation with a positive external field, but
the probabilistic picture attached to it was developed in [Aiz82]. We refer to [DC17] for
more information about this expansion.

A current on K, is a function n : P5(V,,) - I :={0,1,...}. For {i,j} € P2(V,) and
n € Q,, we will write n; ; = n(i, j) for the value of n on the edge {i,j}. We denote by {,,
the set of currents on K,,. The set of sources of n, denoted by On, is defined as

on = xewl‘ 3 n,,isodd
yeVi\la}

It is an easy exercise to check that |On| is always even. For a current n on K,,, introduce
the weight
dy, (X))
win) = wasm) =[] =X

L
n !
{6, €P2 (Vi) J

For S an even subset of V,, (i.e. of even cardinality), let Z5()\) := >, _sw(n). When
S =0, welet Z%(\) = Z,()\). It is classical [GHS70, Aiz82] that

and furthermore, if o5 := [[;.5 0,
Zi ()
S =70

To each current n, we can associate a percolation configuration by looking at the
trace of the edges that carry a non-zero weight, i.e. (L[n;; > 0]){ j1ew,(v,). AS is
standard in percolation theory, our interest lies in the connectivity properties of this
percolation configuration. Let us import some standard terminology. If x,y € V,,, we
say that  is connected to y in n and write = <— y, if there exists a sequence of points
To = ,%1,...,Ty =ysuchthatn,, ;. ., >0for0<i<m—1. ForxzeV,, welet6,(n)
be the set of vertices of K,, which are connected to x in n. Note that for any x € V,,,
%.(n) contains an even number of sources.

We naturally define a probability measure ]Pf; » on the set of currents with source set
S by letting

1
Ivam[n] :

= mw(n)]l[@n =9].

The main interest in the current expansion of the Ising model arises from the existence
of a combinatorial tool called the switching lemma, which was initially introduced in
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[GHS70] and used in many subsequent works to capture fine properties of the Ising model
[Aiz82, AG83, AF86, ABF87, DCT16, ADCTW19, Rao20, ADC21, Pan23], see [DC17] for
more information. This tool relates ratios and differences of correlation functions to a
system of two independent currents. This motivates us to also consider, for 51,5, C V,,,
the measure

PYL5 = P @ P2 (1.2)

Applying the switching lemma [DC17, Lemma 4.3], we find that for any event of which
depends on n; + no,

PSuS2 ] — MP&ASN’ d, Fs,], (1.3)
n,A [ ] <0'Sl>n,)\<0'52>n,>\ n,A [ Sz}

where Fg, is the event that there exists a sub-current m < n; + n satisfying 0m = Ss.
Note that if Sy = {4,}, Fs, coincides with the event that i < j. This observation and
Lemma 2.1 (which provides asymptotics as n — co for the ratio of correlation functions
appearing in the right-hand side of (1.3)) reduce the analysis to the case Sy = (.

Let S be an even subset of V,,. Let Peyen(S) be the set of even partitions of S, i.e.
the set made of partitions of S consisting only of even subsets of S. If n is a current on
K,, with sources S, we denote by J3(n) the partition of S in the associated percolation
configuration. Note that for a current n one always has that PB(n) € Peyen (On).

In [GPPS22, Proposition 4.3], the authors proved! that the clusters of the sources
have size of order /n. Our main result strengthens this observation. For simplicity
we focus on the clusters of the sources. Beyond these clusters, there could be several
other clusters of size of order y/n. Their study reduces to the case below as explained in
Remark 3.5.

Theorem 1.1. Let A\ € R and k > 1. Set S = {1,...,2k}. Let ny (resp. ny) be distributed
according to IP;?A (resp. P , ). There exist two random variables X; X,‘j,/\ on (Rxo)% x
Poven(S) such that

6 6
(| ];;gl)|7""| 25/(;1)7$I;(n1)> njo XZ:,A,
| 6
(| 1(n\1/ﬁ+n2)|’m7| 2k(1\1}ﬁ+n2)7m(n1+n2)> n:ZOng

where both convergences are in distribution. Moreover, each of the first 2k coordinates
of Xj, \ (resp. X¢ ) is strictly positive almost surely.

Remark 1.2. In Section 3, we will obtain exact formulas for the density of these random
variables (see Proposition 3.2).

To prove Theorem 1.1, we will first analyse the structure of the clusters of the sources
in the limit n — o0, see Section 2. As it turns out, the clusters have a simple combinatorial
description in terms of a family of mutligraphs we call backbone multigraphs which
in particular carry the information of how the sources are connected together, see
Definition 3.4. Conditionally on this backbone multigraph, the scaling limit of the cluster
size distribution can be computed exactly, see (3.6) and (3.7).

In comparison with our model, for the well-studied (near-)critical? Erd6s-Rényi
model, the size of the largest cluster is of order n2/3. The asymptotic joint distribution of
components sizes after normalising by n~2/3 was obtained by Aldous [Ald97], which lead

1This observation was already made in [Aiz82].
2The critical threshold for the Erdés-Rényi model on K, is % The near-critical regime is given by a

parameter of the form %(1 — r%) with A € R.
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to the continuum limit of Erdés-Rényi components [ABBG12], as well as to results in the
spirit of Theorem 1.1 for several other models, see e.g. [BG]J96, AP00, NP10]. See also
[Hof16] and references therein.

As a corollary of Theorem 1.1 and Proposition 2.6, where we obtain the scaling limit
of the total number of vertices of positive degree, we get the following result. Recall
that a random variable X on R is said to have Gaussian tails if there exists ¢ > 0 such
that forall ¢t > 1,

1
PlIX| > ] < ~e™"",
C

where | - | denotes the Euclidean norm on R<.

Corollary 1.3 (Scaling limit of the cluster size distribution). Let A € R and k > 1. Set
S ={1,...,2k}. Let n; (resp. ny) be distributed according to IPE,)\ (resp. ]P?“\). Let
Yy \ (resp. ka,/\) be the projection on the first 2k coordinates of X} , (resp. Xg,A). Then,
Y Yk‘,{)\ have Gaussian tails and,

|61 (ny)| |'Gax(n1)] s
( \/ﬁ Y \/ﬁ n—o0o Yk)" (1.4)
|'61(n; + ny)| |'Gax(n1 + ny)| d
( N NG ol Ve (1.5)

where both convergences are in distribution.

One striking property of the near-critical Ising model introduced above is that its
scaling limit is (under appropriate scaling) the ¢* measure, see [SG73] or Appendix A.
This observation plays a central role in [GPPS22] where a switching lemma for the
discrete @4 model (see Section 4 for a definition) is obtained by approximating the latter
model with a well-chosen sequence of Ising models of the above type. As it turns out,
the limiting objects are related to the distribution of 3(n). In the latter paper, even
partitions of S are referred to as tanglings, see Section 4.

In the proof of Theorem 1.1, we will also obtain that the projections of X; , and X,‘j,/\

on Peven(S) give positive probability to any even partition. This yields the following
result which in particular improves on [GPPS22, Lemma 4.7], where the full convergence
of the tangling probabilities is missing.
Corollary 1.4 (Convergence of the tanglings probabilities). Let A € R and k > 1. Set
S ={1,...,2k}. Fix P € Peyen(S). Let ny (resp. ng) be distributed according to ]P;?,/\
(resp. P! ,). Let P§, (resp. Pg,) be the projection on Peven(S) of X3 , (resp. X3 ).
Then,

m(nl) P]:,)\v
n—oo
P(ny +1ny) — Py,
n—oo

where both convergences are in distribution. Moreover, the support of P; , and P,‘i \ is
equal to Poyen(S).

As mentioned above, this last corollary has interesting consequences regarding the
study of the discrete ¢* model. In particular, it will be used to provide a new perspective
on the switching lemma developed in [GPPS22], by showing that this combinatorial tool
interpolates between the corresponding tool for Ising (as A tends to —oc) and Wick’s law
(as )\ tends to +00). See Section 4 for more details.

Notation 1.5. We will use Landau’s formalism: if (uy)n>0, (vn)n>0 € (RL)N, write
u, = O(vy,) (resp. u, = o(v,)) if there exists C > 0 such that for alln > 1, u,, < Cv,
(resp. limy,—s o0 Up /vy, = 0).

EJP 29 (2024), paper 160. https://www.imstat.org/ejp
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2 The random current model on the complete graph
We begin by importing a result from [GPPS22]. For g > 0 and a € R, let p, , be the
probability measure on R defined by

]_ -
dpg.at) = —e " dt,
g,a

where 2z, , = [ e=9"" =t If g > 0 and A € R, let § = (12¢)"/* and choose a = a(g, \)
such that A = 2ag2. We now fix g > 0 for the rest of the paper. Let

e =g 'n3, (2.1)

so that (c,n)? = §~2,/n. The following result is a consequence of [SG73] which states
that the scaling limit of the Ising model under consideration is the ¢* single-site measure.
We reprove this result for sake of completeness.

Lemma 2.1 ([GPPS22, Lemma 3.24]). Letg > 0 and A € R. Forany p € NN,

(cnn)? <H Uj> njgo (2T
J=1 n,A

where (-)o = (-)o,g,a(n) IS the average with respect to the probability measure py q(x)-

Proof. For p = 1, there is nothing to show because both (o), , and (y), are equal to 0,
so let us assume that p > 2.
Applying Proposition A.1 for A = 2a§~2 and doing the change of variables s = §2u we

get that for every k > 0
n k
Cﬁ<<zﬂi> > e (©")o-
=1 n,\

Let n > p. Expanding (}_;_, 0;)” and taking cases according to whether some index
repeats or not we obtain

n p p p
E ag; = E Jij + E Jij .
i=1 nA (ienip)€VE \j=1 [y (ieip)eve \j=1 ],

Vk#L, i F#iyg k<l ip=1y
Note that
p n p p
> (fIe) =o() () =0 (I~
(i1,-ip) VY \j=1 n,A Jj=1 n,A J=1 n,A
VAL, ix iy ’ ’

by the symmetries of the complete graph. Furthermore,

P n p—2
p
< 2 M) E((8n) ) e
(ilv"vip)evf J=1 n,A i=1 n,A

k<L, ip=1y
by choosing 2 indices k, ¢ for which i, = iy, and the element of V,, that they are equal.
Here we have also used that each summand is non-negative by Griffiths’ inequality. O
We now turn to some useful estimates on the geometry of the clusters under the
measures P} | and IPf;:g. Below, we let k > 1 and S = {1, ...,2k}. The constant C' may

depend on A. We let IP denote either IP?;  or ]Pi:w, and we write If for the expectation
with respect to PP.
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Lemma 2.2 (Multiplicity of the edges). There exists C > 0 such that for all n large
enough:

(i) E {Z1gi<j§n]1[ni,j 2 1}} < Cy/n,
(i) B {Zl§i<j§n]l[ni;j 2 2}} <C,
(ii0) B [Cicicjen tnig >3] < 35

n3/2"
Remark 2.3. The above result implies that with high probability: there are at most
O(y/n) open edges, there is a bounded number of edges of weight 2, and there are no
edges of weight at least 3.

IN

Proof. We first show the result for P = ]vax We begin by proving (i). Consider
1 <i < j <n. Let n be a current such that n; ; > 1, and define the current m that
satisfies m; ; = n; ; — 1 and otherwise coincides with n. Then, m has sources SA{i, j}
and w(n) < d,(A\)w(m). Thus,

ZSA{Z'J} (\)
Z3(N)

|S\—\5A{i,j}\w
<‘P‘S|>0

Summing over all ¢ < j, and splitting the sum according to the three possibilities
|S| —|SA{i, 5} € {—2,0,2}, we see by Lemma 2.1 that

Py i > 1] < dn(N) = (1+0(1)) dn(A) (cnn)

Ej | Z In;; > 1]

1<i<j<n

<0 (nZdnu)\}ﬁ) £ O, (N) + Oda (V) = O(VR). (2.2)

We now turn to (ii). As above, let n be a current such that n; ; > 2, and define the
current m that satisfies m; ; = n; ; — 2 and otherwise coincides with n. Then, m has
sources S and w(n) < dy,(A)*w(m). Thus P{ , [n;; > 2] < d,,(X)?, which implies that

ES | D) Ami,; =2 =0(1).

1<i<j<n
Finally, we prove (iii). We have

SA{i,j
7 { J}()\)

[SA{i,5}]
Zs50) (1 + 0(1))dn(\)? (com) S1 715210511 (o )

S o -
PS \ iy >3] < du(N) CEe

Hence, proceeding as above,
ES | Y. Ami,; >3] <On*?).
1<i<j<n

The proof for E = ]Pf::?\ is very similar. For (i), it follows from the proof above together
with the observation that

P > 1] < PS> 1]+ PP [y > 1).
For (ii), we observe that,

P0mi; > 2] <PS gy > 2+ PY [y > 2]+ Py [0 (i, 5) > 1, ma(d, ) > 1].

EJP 29 (2024), paper 160. https://www.imstat.org/ejp
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We handle the sum over 1 < ¢ < j < n of the first two probabilities using the same

method as above. For the last one, notice that
SA{i,5}.{i,5}

5,0 . o Zn (\)

PG ) 2 1 meid) 2 1] < duAV g

520 (0o

2 - i,5 —2<
= (14 0(1))dp(N)2(can)SI-1SALD PED

Finally, we proceed similarly for (iii) by noticing that

P ;> 3] < P55 > 3]+ P [y > 3]+ P80, 5) > 2, ma(i, 5) > 1]

n7

+ P i, 5) > 1, ma(i, ) > 2).
O

For z € V,, and a current n, we let Ay(z) := > n,, be the degree of z in the
multigraph associated with n.

Lemma 2.4 (The degree is either 1,2 or 4). There exists C' > 0 such that for all n large
enough:

(1) E {Zgiqgnﬂ[
forallie S, P[A,(3) >

ni; > 21[An(0) = 3 or An(j) 2 3] < 35,
2

)
(i) n <
(i) B[X ey, 1[An(z) > 4] <C,
() B[Y ey, 1An(z) > 5] < 53

Remark 2.5. The first property above proves that double edges (i.e. of multiplicity at
least two) are isolated with high probability (w.h.p). The second one shows that the
sources have degree one w.h.p., the third one states the tightness of the total number of
vertices of degree 4, and finally, the fourth inequality above rules out w.h.p the existence
of vertices of degree at least 5.

Proof. We prove the result for P = IPg, - The proof for IPig) uses similar arguments as in
the proof of Lemma 2.2.
For (i) we already proved in Lemma 2.2 that there exists C; > 0 such that

C
S 2 1
En,)\ ]l[n’h] > 3] < n3/2‘
1<i<j<n

Hence, it remains to handle E | [ZKKKK” I[n;; =2, n;; > 1]|. We have

SA{j,k
3Zn {J }()\)

Po [y =2, 0y > 1] < dy(N) 7500

hence, taking into account whether j, k belong to .S or not (as in (2.2)),

ES’)\ Z ]l[nm‘ = 2, n; g > 1] < O(ﬂ_l/Q).

1<i<j<k<n
For (i7), we have already showed that
Py iy > 2] < du(V)?,

EJP 29 (2024), paper 160. https://www.imstat.org/ejp
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hence, for a fixed i € S,

Eyy [ 1ni; > 2] =0(1/n).
Jj#i

It remains to estimate E | [ZKKK” In;; > 1, n;; > 1}] Note that

SA{j,k
2Zn {J }(A)

s
Py > 1, ng > 1] <d,(N) ZIEV

which yields,

Eg.)\ Z]l[ni,j >1,n,>1]| < O(n71/2),
i<k

For (iii), we only need to estimate I | {21§i<j<k<€<m§n 1[n;, >1, Vo e {j, k,é,m}]}.

Indeed, if ¢ has an outgoing double edge, then with high probability it has degree 2 by
(). To estimate the latter expectation, note that

ZSA{j,k,Z,m} ()\)

S . 44n
Py [nie > 1, Vo € {4,k £,m}] < dn(N) TS0y
hence, letting r = [{j, k, ¢, m} N S¢| we see that the main contribution comes from when
r = 4, and we get using Lemma 2.1 again

\S\+4>

. 4 {p 0
Ei,x Z I, >1, Vo e {jktm}]| <(1 +0(1))94W- (2.3)
1<i<j<k<t<m<n
Similarly, for (iv), we have
SA{i,j,k.L,m,y}
: Zn (A)
Pi,)\ [ni,x Z 17 vV € {jvkagamvy}] S d”L()\)E) ZS()\)
hence
6
Eg)\ Z 1, >1, Ve e{jkl,muy}]| =0 (dn()\)5 an(cnn)6_2r>
1<i<j<k<tl<m<y<n r=0
=0(n~?).
O

The two above results have the following interesting consequence for the number of
vertices with non-zero degree. For a current n, let # (n) be the number of vertices i € V,,
such that A, (i) > 0. Recall that for g > 0, § = (12¢)/*.

Proposition 2.6. Let A\ € R, g > 0, and k > 0. Set S = {1,...,2k} ifk > 1and S =0
otherwise. Let n be distributed according to IPi A~ Then,

N ~4
(n) — ngI%a
(cnn)? n—oc 2
where the convergence holds in distribution, and Z,, is the random variable with density®
2k
i dPg.a00)-
<(,02k>0 g,a(\)

3Recall that a = a()\) was defined in the beginning of Section 2.
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Proof. By Lemma 2.4, “most vertices” of positive degree have degree 2. As a result, with
high probability we have that €(n) := >, _,_;., 1[n;; > 1] = (1 + o(1))¥ (n). Hence, it
suffices to prove the convergence (in distribution) of €(n)/(c,n)?.

We will first show convergence of all moments. Let r > 0. Recall that by Lemma 2.2,
most open edges are simple (i.e. carry weight 1) with high probability. As a re-
sult, in order to estimate ]Ei N {%] it is sufficient to consider the probabilities
PY [0, =1,Vs€{1,2...,r}] for i1, ji,i2, 2, .., ir, jr € V, not necessarily distinct.
Letting ¢ be the number of distinct edges {is, js} and m = |SA{i1,j1,...,%,jr}| we have

ZZsA{ihjl,m,imjr}()\)[niS,jS =0,Vse {17 2..., T}]
Z5(N)
[ZSA{Zl,le ;Z'mj'r'}()\)
Z5(N)

— o C e p)2k—m ¥

PY g =1, Vse{l,2...,r}] =dn,())

= (1 +0(1)) dn(A)

where we used that,

ZSA{ilajl 11111 iijT}(A) [nis,js = 07 VS S {]-7 2... 77’.}}
SA{Zth ,,,,, 7‘7"]7‘}(}\)

= IP;?A [, ;. =0, Vse{l,2...,r}]
=1-o(1).

Summing these probabilities we see that the main contribution comes from the case
where i1, j1, 12, j2, . - -, i, jrr € Vi, \ S are all distinct. Thus,
2k:+2r>

T n2r
Eg’)\ |:(c:i)2r:| = (1 + 0(1))27dn()\)T(cnn)—4r <80

B §47~ <(p2k+27'>
= (1+o0(1)) 5 W

— (1+0(1)E [924: g] |

0

(©*)0

where 7, is a random variable with density o 2k> dpg.a-

The convergence of all moments implies that the sequence (W (n)/ (cnn)Q)n>1 is tight,

_ar 2k4-2r
and any limiting random variable has r-th moment given by ;T % Since 9 Z?% has

finite exponentlal moments, it follows that there exists a unique distribution w1th r-th

ar (p2kH2r
L %T,%}“. Thus (./\f(n)/(cnn)z)n21 converges to jZk, as desired. O

moment given by £

3 Scaling limit of the cluster size distribution

In this section, we will use the results of Section 2 and Appendix A to prove Theo-
rem 1.1.
We begin with a definition.

Definition 3.1. Letn > 1. Let S be an even subset of V,, and P = {P1,..., P} € Peyen(S).
Leta,b € (R>)" with a; <b; for each 1 < i < r. Define the subset %, (a,b,P) of Q,, as

Fn(a,b,P) :={n e Q,, P(n) =P, a;v/n < [6p,(n)] <bj/nV1<i<r},

where for each 1 < i <r, €p,(n) is the cluster of n containing the elements of P;.

EJP 29 (2024), paper 160. https://www.imstat.org/ejp
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As we will see, it is sufficient to study the above events to obtain Theorem 1.1. In
fact, the latter will be a consequence of the following result.

Proposition 3.2. Let A € R and k > 1. Set S := {1,...,2k} and consider P =
{P1,...,P.} € Peyen(S). Let a,b € RY, with a; < b; for each 1 < i < r. Then, the
following limits exist

lim Py ,[J,(a,b,P)],  lim P[5 (a, b, P)].

n—oo

Moreover, both limits are continuous as functions of a and b.

We now show how to obtain our main result using Proposition 3.2.

Proof of Theorem 1.1. We give the proof for the case of ]Pi/\, with the proof for the
double current measure being similar. The main observation we need to make is
that with high probability the clusters of the sources always remain of order at most
(¢,n)? < y/n. This fact follows immediately from the results of Section 2. Indeed, using
Lemma 2.2 (i) and Markov’s inequality, we get the existence of C' > 0 such that, for any
A>0,

limsup P} \ [Ur<i<or{|Gi(m)| > Av/n}] < %

n—oo

In particular, this proves that the sequence of random variables

(l%\l/(;”,...,'%%n)', (n)>n21

is tight on (R>()?* X Peven(S) (equipped with the standard product o-algebra). Proposi-
tion 3.2 then fully characterises the limit which yields the desired convergence. The fact
that the first 2k coordinates of the limiting random variables X , and X ;3 y are strictly
positive almost surely is a consequence of the second part of Proposition 3.2, since the
event .%,(a, b, P) is empty if one of the b;’s is 0. O

It remains to prove Proposition 3.2. Below, we fix ¢ > 0, A € R and k > 1. We recall
that S = {1,...,2k}. We work on the complete graph K,, with inverse temperature d,,(\)
and study the measures IPfM and IP;?’_(?\.

Let P={P,..., P} € Poyen(5). Leta,b € RZ, with a; < b; foreach 1 <i <r. We
begin by analysing the typical form of a current n which belongs to J.(a,b,P). The
results of Section 2 motivate the introduction of the following event.

Definition 3.3 (Good event). For A > 0, let €4 be the event that the current n satisfies
the following properties: for every 1 < i < 2k the cluster 6;(n) has only simple edges
(i.e. edges e withn, = 1) and A, (i) = 1, there are no vertices of degree 5 or larger, and
the number of vertices of degree 4 is at most A.

Recall that the elements of S¢ always have even degree. This means that if n € G4,
vertices in S¢ have degree 0, 2 or 4 in n. Lemmas 2.2 and 2.4 imply that there exists
C > 0 such that foralln > 1,

P} \[64] >1-8- ¢ P [%a) >1-9_ ¢ (3.1)

A n’ A n
As a result, we can restrict our attention to currents n satisfying n € .%,(a,b,P)N%4. Let
n be such a current. Denote by B(n) the set of vertices of degree 4 in U]_,;6p,(n). Then,
each cluster Bp,(n) consists of a union of self-avoiding walks whose internal (meaning
not the endpoints) vertices have degree 2 in n, together with a collection of cycles of
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length at least 3 which contain exactly one element of B(n) N 6p, (n). Note that these
self-avoiding walks begin and end at either an element of B(n) or at a source. See
Figure 1.

This observation motivates the following definition.

Definition 3.4 (Backbone multigraph). Let n € €4 satisfy B(n) = P. Let G = (V, E) be a
multigraph (i.e. we allow multiple edges with the same endpoints and loops attached to a
vertex) such that V = {1,2,...,v} for some 2k < v < n, all vertices in {1,2,...,2k} have
degree 1, and all vertices in {2k + 1,...,v} have degree 4, where we use the standard
convention that loops contribute twice to the degree of a vertex. We say that G is a
backbone multigraph of n if there exists an automorphism 7 of K,, which fixes each
element of S such that: w(V') consists of the union of the source set S with the set of
vertices of degree 4 lying in one of the clusters €p,(n); the set w(E) is obtained by
contracting each self-avoiding walk or cycle in the above description of U]_,6p, (n).

We call G; the connected component of G which contains P;, and we write %(G)
for the event that G is a backbone multigraph of n. Moreover, we define I'(k, A,P) as
the set of isomorphism classes of backbone multigraphs for the currents n € §,4 such
that B(n) = P, where we identify two backbone multigraphs G and G’ if there is an
isomorphism from G to G’ which fixes each element of S.

b, b A
3’@6‘6 j 3._8_5_‘6

Figure 1: Left: the multigraph associated with a typical sample n of IPi y with § =
{1,...,8}. Right: the backbone multigraph associated to n. The sources are represented
in red, the set B(n) of vertices of degree 4 is represented in blue, and the vertices of
degree 2 in black. The edges of multiplicity 2 do not appear in the backbone graph since
they do not contribute to the cluster of the sources with high probability.

We are now equipped to prove Proposition 3.2. We will use the above observations
to show that, under the measures of interest, the probabilities of events of the type
Fn(a,b,P)NE€4NAB(G) for a fixed admissible (i.e. compatible with the event .%,(a, b, P)N
€ 4) backbone multigraph G converge as n — oco. Proposition 3.2 will then follow from
summing the above quantities among the (finite) set of admissible backbone multigraphs.

Proof of Proposition 3.2. We start with the simpler case of a single random current. As
we will see, the case of double random currents can be handled similarly, with only a
few modifications. We work on the complete graph K,, and consider the random current
measure P , with inverse temperature d,, (). Recall that S := {1,...,2k} and that we
fixed P={P1,...,P.} € Peven(S) and a < b € (R>g)".

With the above definitions in hands we have,

Py \[Fa(a,b,P), 6al= > P \[Iu(ab,P), G4, B(G)],
[GleT (k,A,P)
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where G is an arbitrary representative of the corresponding isomorphism class.

It remains to estimate the probability leL’ A[Fn(a, b, P), €4, B(G)]. To this end, let
us write m; for the number of vertices of degree 2 in €p,(n), and m for the number
of vertices of degree 2 in U/_,6p,(n). Note that m = Y_;_, m,;. We also let ¢; be the
number of edges of G;, so that ¢ := > !_ ¢, is the number of edges in G. Define,
#.(a,b, A, G, (m;)1<i<r) to be the set of currents n which satisfy: n € %,(a,b,P) N €4 N
%(G), and Bp,(n) contains m, vertices of degree 2.

Let 6s(n) = U?*,%6;(n). A current n € #,,(a,b, 4,G, (m;)1<,<,) can be written as:

n=m;(n)+ ms(n),

where m; = m;(n) has source set S and is supported on P (6s(n)), and m; = my(n) is
sourceless and is supported on P2 (Bg(n)°). Moreover, one has that w(n) = w(m; )w(ms)
with w(m;) = d,(\)™*. Indeed, by definition m,(n) only contains edges of multiplicity
one. Hence, its weight is exactly d,,(\)/{&™1(€)>0} "and |{e, m;(e) > 0}| is nothing but
the number of open edges in €5(n). By the handshake lemma applied to G we get that
2¢ = 2k +4(v —2k). Now, applying the handshake lemma to €5(n) we get that its number
of edges is equal to k + m + 2(v — 2k) = m + £.* Hence, for each possible value m that
m; (n) may take,

> w(n) = d,(\)™+ x > Wy A (My). (3.2)

ne#, (a,b,A,G,(mi)1<i<r), mi(n)=m me€Qy_y—m, Oma=0)

Let z = m/\/n. Notice that,

)= (1 - jﬁ) R (1 _a *0(1”\/%) ,

where the o(1) term goes to 0 uniformly over x in a bounded interval. Thus, one obtains
that

> waa(mz) = 20, [(A+2)(1+ o(1))]. (3.3)

mo€Q oy m, Omy=0

Since the right-hand side of (3.2) does not depend on the value of m; (n), it remains to
count the number of values m; (n) may take for n € #,,(a,b, A, G). We claim that the
number of possibilities for m; (n) is equal to

122r20l(a1|) bf bf (Z:;Z)(U—Qk)!c;”)

mi=ai1y/n my=ar\/n
mil——— =
miy..., My (fz—l)'

i=1

g by r £;—1
1—|—70(1) n—2k B N A omp T
] > > (v-%)(” 2k).< . )mH R

mi=ai1/n my=ar\/n i=1

where L is the number of loops of G, and 2 is the set of automorphisms of G which fix

each element of S. To see this, note that we have ("‘2’“) ways to choose the vertices of

v—2k
degree 4 in Bg(n), and (v|;12ckl)! ways to associate each of these vertices to a vertex of G

in a unique way, see Figure 2.

4An alternative way to see this is to observe that every self-avoiding walk and every cycle that corresponds
to an edge or a loop of G contains one more edge than vertices of degree 2.
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Figure 2: A backbone multigraph G with two automorphisms in 2.

Moreover, there are (";L”) ways to choose the m vertices of degree 2. Next, we split
these m vertices into ordered sets of size m1, mo, ..., m,, corresponding to the vertices
of degree 2 in each 6p,(n), for which there are (mll’imr) possibilities. Then, we split
each of these m; vertices into ¢; sets corresponding to the ¢; edges of GG;, and order
them within the sets. These ordered sets may be empty except for those corresponding
to the cycles of €5(n) that are attached to a vertex of degree 4. Thus, the number of

possibilities to split them into ¢; ordered sets is sandwiched between® mi!(mff’il_l) —
£;—1 )

£; —1
Ll (™557%) = (14 0(1)) mi! gy and m! (™47 = (1 + o(1)) mi! ;. Finally, the
term 2~ accounts for the cyclic ordering of the vertices in the cycles corresponding to
the loops of G.
Gathering (3.2), (3.3), and (3.4) yields that IPE’/\[J,,L(a,b, P), €4, B(G)] is equal to

1+ 0(1) bf brz“:ﬁ A YR
ZS(N)2E 2G| v—2k)"" '
mi=ai\/n Mmye=a,\/n

( m )m! [1 Gy ™ 2o [0+ 20 (D)) @5)

We now proceed with the asymptotic analysis of each of these terms. Note that for
x; = m;/y/n we have

(Z - §Z> (v =2k)! = (L+o(1))n" ">, du(N)™ = (L+o(1)) n~" e,

mfﬁl _ xfﬁln(zﬁn/z.
Then, by the asymptotic estimate of the partition function obtained in Proposition A.2,
nl/4

) Vame Ju

where the o(1) term on the right-hand side is uniform in 2 thanks to the monotonicity of
Z%(u) in u. Moreover, we have

1=

1 4 Atz 2
e 12° 772 ° (s,

Z) A+ 2)(140(1)] = (1+0(1)

hence,

m

5Here the term m;! (m’j_rEgQ) upper bounds the number of possibilities in which a particular set corre-

sponding to one of the looﬁs is empty, and we recall that L is the number of loops.
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Multiplying all these together, and recalling that 2¢ = 4(v — 2k) + 2k, we see that the
exponent of n is equal to

Vo2 ((—1)/2— 0+ 1) =v—2k— 02— (r/2 —1/4) = —k/2 — (r/2 — 1/4).

Thus, using Riemann approximation, we obtain that (3.5) is equal to

pok/21/4 b paly 2 rooghitl 14 Atz 2
(1+0(1)) o~ /2=2e 27/ o st g
V2me2k|Ag| nr/? ml;ﬂﬁ - —;ﬁ }:[1 ;i —1)! Jr

—k/2+1/4 by by r l;i—1 T

n X, 1.2 1 .4 Atz 2

=(1+o<1>)7%/ / /Hiz emdet o' =225 [T dayds.
27T62L|ng| a1 ar ]Rizl (61 - 1)' iy

By Proposition A.2, Z5(\) = (1 + o(1)) Kg()\) n~*/2+1/4 for some constant Kg()\) > 0,
hence ]Pn y[In(a,b,P), 64, B(G)] is asymptotically equal to

1+0 \/b1 / / 12 yp_ Ll g4_Afw 2 r
2% TATTI3S z ° dz;ds. (3.6)
Ks(X\) \/27re2LQlG € —1 131

This completes the proof in the case of a single random current, and now we proceed
with the proof in the case of the measure IPS’@ Introduce the event %, that A,(i) =0

for every ¢ € S, and recall that Lemma 2.4 (u) implies that ]Pn F] =1-001/yn).

Thus, it suffices to estimate the probability IPn,/\[nl +n; € F,(a,b,P), n1 +ny € G4, ny €
Fn, B(G)]. Using the same notations as above, we see that the weight of m; (n; + n»)
is again equal to d,,(A\)™*¢, and the main differences in the estimates come from the
number of possibilities for m; (n; + ny).

Given a realisation of the clusters 6p,(n; + ny) there are several ways to assign
each open edge of these clusters to either n; or n,. Observe that if u € Gp,(n; + ny)
is a vertex of degree 2 with neighbours z and w, then either n;(u, z) = n;(u,w) = 1 or
ny(u, z) = ny(u, w) = 1. As a consequence, 6p,(n; + ny) consists of self-avoiding walks
and cycles which are open either in n; or in ny. This implies that the number of ways
to assign each open edge of 6s(n; + ny) to either n; or n; is equal to number of ways
to colour the edges G red and blue in such a way that the edges incident to S are all
coloured red, and the graph consisting of red edges has even degree for every u € V' \ S,
where we recall that loops contribute twice. We denote this number Cz. We can now
conclude that the number of possibilities for m;(n) is equal to

bivn brv/n r 0. —1
(14 0(1))Cq n — 2k n—uv my’
25| _z:f —z:f v 2k R m mg(&_l)!

Using once again Proposition A.2,

’I’L1/2 1.4 Az 2 2
200+ )1+ o()] = (14 0(1)) 5 — (/Re—ws g, ds) |

Arguing as above, we find that Piig[nl +ns € F(a,b,P), ny + ny € €4, np € F,, B(G)]
is equal to

(1—|—0 NCe2™ L /b1 / (/ $4_Atw 2 )2 gl 1.2y r
z 9 d — T2 TAT dz; (3.7
AV 2me|Aq| ’ g(&—l)!e Zl;[l 7 B7)

for some constant Kg(\) > 0. O
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We now turn to the proofs of Corollaries 1.3 and 1.4.

Proof of Corollary 1.3. The convergence in distribution is a direct consequence of Theo-
rem 1.1. The existence of Gaussian tails for the limiting measures follows from Propo-
sition 2.6. Indeed, looking at the case of a single current (the double current case is

similar), one has
|61 (1) | B2r (1) N(ny)
‘( Voo U7 y/n )‘OOS N (38)

where W (n;) was defined in Proposition 2.6 and where | - |, is the /*° norm on R%. Now,

by Proposition 2.6, the sequence of random variables (N\(/"ﬁl) )n>1 converges in law to a

multiple of Z,f, where Z;, has quartic tails, and hence has Gaussian tails. O

Proof of Corollary 1.4. Again, Theorem 1.1 gives convergence in law of ((n)),>1. The
second part of the statement follows from the explicit formula for the limit obtained in
the proof of Proposition 3.2. O

Remark 3.5 (Study of the clusters of points which are not sources). The above analysis
does not exclude the possibility of existence of clusters of size of order /n which contain
no sources. It is possible to study these clusters via the following observation. Notice
that removing an edge of weight 1 creates at most two new sources. More precisely,
if i, j € V,,, we can asymptotically relate the measure P’ ,[- | n; ; = 1] to the measure

Piﬁ{i7'j}. This allows to study the scaling limit of the cluster size distribution of i (or j)
under the measure IPiA[- In;; =1].

4 Consequences for the ©* model

The goal of this section is to give a new perspective on the switching lemma for the *
model obtained in [GPPS22], and recalled below. We begin with some useful definitions.

Let A = (V, E) be a finite graph. Let g > 0 and a € R. The ferromagnetic ¢* model
on A with parameters (g, a) at inverse temperature 8 > 0 is defined by the finite volume
Gibbs equilibrium state: for F : RY — R,

1
ZA.g,a,8

(PO gas = [ Feresp (=) T] dpalion)

zeV

where Z, 4 4,3 is the partition function and

Z PzPy-

{z,y}€E

Choosing a > 0, it is clear that the limit of p, , as g goes to 0 is the Gaussian law p, given
by

1
dp,(t) = e,
We will denote by (-)¢ , the average with respect to p,. Hence, if we additionally require
that a > 4dp, the corresponding ¢* measure on A converges (as g goes to 0) to the
rescaled massive discrete Gaussian free field (GFF) of mass m = a — 4d/3, defined via the
expectation values

1
(F)a.s = are / _F(p)exp (=AHA@)) [] dpalpa), (4.1)
Aa,B JoER Jopie
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where Z§'T ; is the partition function.

Moreover, choosing a = —2¢ and taking the limit as g — oo,
0_1+ 01 . 1

= lim
2 970 Zg,—29

e—g(saz—l)?-s-gd%

the corresponding ¢* measure on A converges to the Ising model on A defined via the
expectation values

: 1
<F>'As'fbg = Z F(o)exp (—BHA(0)). 4.2)
AB oe{£1}V

The above observations suggest that the ¢* model interpolates between the discrete
GFF and the Ising model. Interestingly, Theorem 1.1 allows to extend this observation at
the level of the switching lemma for ¢*: under the appropriate limits mentioned above,
one recovers Wick’s law (on the GFF side), or the switching lemma (on the Ising model
side). More precisely, the proof will reduce to showing that the random variable P,i N
converges in distribution to either: the uniform measure over pairings in the GFF limit,
or the Dirac measure d; .. o} in the Ising limit.

This gives an interpretation® of the switching lemma for ©* as a type of Wick’s law
for the non-Gaussian (* field.

4.1 Switching lemma for ©* and full description of the tangling probabilities

We recall the switching lemma for (* in its simplest case and import some terminology
from [GPPS22].

Let A = (V,E) be a finite graph. Write 2, := IN® for the space of currents on A.
Given n € Qy, let Ay (2) := 3, oy nyy be the n-degree of z. We define

JM(A) = {A eNV, Z A, is even}

zeV

to be the set of admissible moments on A, and write A := {z € V : A, is odd}. We will
write A =0 if A, =0forall z € A. Given A, B € Ml(A), define A+ B € Jl(A) by

(A+ B), := A, + B,

forallz € V.

Fix A,B € JM(A). Let n;,ny, € Q satisfy dn; = JA and dn, = 9B. For each
z € V, we define the block %.(n;, A) as follows: for each y € V, it contains n,,
points labelled (zy(k))1<k<n,(z,y), @nd A, points labelled (ya(k))1<r<4,. We also define
%, (ng, B) similarly. To define a notion of tangled currents for n = n; + ny, we define
B:(n, A, B) in the following way: for every y € A, it contains n,, points labelled
(zy(k))1<k<n, ,, Az points labelled (za(k))1<r<4,, and B, points labelled (zb(k))1<r<B, -
There is a natural injection of %,(n, A) and %, (ny, B) in B, (n, A, B). We write I, 4 p(z)
for the set of even partitions of the set %,(n, A, B) whose restriction to %,(n;, A) and
B (ng, B) is also an even partition, i.e. for every P = {Py, P,,..., P.} € 9 4 (), both
|P; N By (n1, A)| and |P; N B, (ny, B)| are even numbers. The elements of I, 4, 5(x) are
called admissible partitions. We also define

In,AB = ® In,4,B(x)
zeV

6This property can already be seen at the level of the formulas obtained for the tangling probabilities —
see (3.6) and (3.7), which are expressed as a sum over backbone multigraphs, similarly to Gaussian correlations
being expressed as a sum over pairings.
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Figure 3: An example of a tangled current (n,t) with a moment function A satisfying
A; =1,A; =1, and A; = 2. On the left picture, the circles represent the blocks %(n, 4);
the small ellipses inside represent the elements of the partitions ¢. Notice that i, j are
sources of n, and the red vertices correspond to the vertices associated with A. On the
right picture, the multigraph # (n, £, A) is obtained by identifying vertices in the same
ellipses.

to be the set of admissible tanglings. For any admissible A and B and any current
n = n; +ny with dn; = JA and dny = IB, we let #(n, A, B) be the graph with vertex set

U %.(n, 4,B),

zeV

and edge set

U {zyk),ye(k)}, 1<k <ngp}.

{z,y}€E

Given any tangling ¢ € I, 4 g, the graph #(n, A, B) naturally projects to a multigraph
7 (n, 1, A, B) where for each block %, (n, A, B), vertices in the same partition class given
by ¢, are identified as one. See Figure 3.

We define Q7 to be the set of tangled currents on A. Fix 3 > 0. Before recalling the
switching lemma for ¢*, we need a definition.

Definition 4.1. Let B € Jl(A). Define 3 to be the subset of Q7 consisting of all tangled
currents (n, t) for which every connected component intersects {xb(k) : € A, 1 <k <
B.} an even number of times. In words, 5 consists of all tangled currents that pair the
elements of B in its associated multigraph. The set ¥5 is measurable with respect to the
natural o-algebra on QY .

We let

wA,B(n) = H i Ty'

<¢An<x)+Az> ) (4.3)
{zyteE Y

0,9,a

Theorem 4.2 (Switching lemma for ¢*, [GPPS22, Theorem 3.111). Let A, B € J{l(A). For
every ny,ny € Q, satisfying On; = JA and dny, = 0B and for every z € A, there are
np,ng np,na

probability measures p_';" = p_'A'p , . 00 In a,5(2) such that the following holds. For
any measurable and bounded F : Q7 — R,

> wasm)ws sng)ph 5 [F(n +ng,t)]

on;=0A
81’12:63
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= ) warnsm)wys(n)p i [Fnn +na, 1) 1g],
On1=0(A+B)
Ona=0

where

ni,ny  __ ni,nz n;,nz ni,nz
PaB = ®PZ,A,Bv and ParBo = ®PZ,A+B,®»
z€EA zZEN

are measures on I, 4 p and 9, a4 p,g respectively, and 9}3 is the event defined above.

n,n

In [GPPS22], the probability measures p, ') ;, were obtained by taking subsequential
limits of certain measures defined below. Our main result implies full convergence of
these measures. We will need the following definitions.

If S1, S, are two even and disjoint subsets of V,,, we let [)5_1/{52 be the measure ]Pi ,1/{52
quotiented by the relation: /

n~m <= P(n) = P(m).
~S1,55

In words, p,';”* is the law of J(n) for n sampled according to IPij/’\S 2, Note that the
measure ﬁijj\sz is supported on the set Poyen(S1,.52) which consists of even partitions
P={Pi,..., P} of S; US, which are compatible’ with both S; and S, in the sense that:
forall1 <i<r,|P;NSi| and |P; NS, are even.

For x € V, the measure p, ;"% is defined in [GPPS22] as a subsequential limit of the

sequence of measures (pilfz)nzl where |S1| = Ay + An, (z) and |S2| = By + Ap, (z) (and
S1, 59, are disjoint).
As mentioned in (1.2), the switching lemma (for the Ising model), gives a connection

between ﬁf;jisz and ﬁi_l/'\"sz’@. Indeed, notice that the event Fg, defined below (1.2)
satisfies {n, P(n) = P} C Fg, for any P € Peyen(S1,.52). As a result, for any such P,
~7€71,i52[P} _ <051|—|52>HJ ~;‘?:71)%ng,®[|3]. (4.4)

(051)n,2 (055 )n,\

Proposition 4.3. Let A € R. Forany S1, S even and disjoint subsets of V,,. The sequence
of measures ([)51/{32)”21 converges in the sense of distribution.

Proof. Since the sequence of measures (ﬁijs *)n>1 lives on the finite space Peyen (S1, S2)

we just need to prove the convergence for P € Poyen(S1,52) of (ﬁi}iSQ[P])nzl. Using

Corollary 1.4, Lemma 2.1, and (4.4), we find that

[S1]+]S2]
. <51, _ {p )o d
nh—>ngo pn)\ [P] - <§0|Sl‘>0<¢‘s2|>O]P[Pk7)\ - P]7
where (-)o = (-)0,9,0(») Was defined in Lemma 2.1, and k = (|S1| + |S2])/2. O

As mentioned in [GPPS22], we can also give a probabilistic interpretation of Theo-
rem 4.2. We begin by defining the natural probability measures on the set of tangled
currents.

Definition 4.4. Let A, B € Jl(A). We define a measure P‘:’faﬂ on the set of tangled
currents on A with source set A+ B as follows: for (n,t) € Qg

Zanlzgg wa,p(M1)wp,a(M2)In, tn=npa' 5y 0 [(0, )]

PP sl 8)] = Tonp(asn) —222= (4.5)
g a B neoAEs) > oni=04 Wa,5(M1)wp 5(n02)
61’12:3
We write Ej\‘, 3 for the expectation with respect to the measure Pi 5
"Note also that Peven (S1,0) = Peven (S1).
EJP 29 (2024), paper 160. https://www.imstat.org/ejp
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Corollary 4.5 (Probabilistic version of the switching lemma). Let A, B € Ml(A). For any
measurable and bounded F': 0y g — R,

<<'0A>A797ﬂ75 <¢B>A,g,a,B A,B A+B,0
<@A+B>A,g,a,ﬂ EA’ﬂ [F(n7t)] - EA:.‘%a;ﬁ[F(n’{)]lgg]?

where for S € M(A), (¢s)a.g.a.8 = ([Toen ©57)A,9,0,8-

4.2 An alternative proof of Wick’s law

Let U;';"; be the uniform measure on pairings in I 4,5(z).

ni,nz

Proposition 4.6. Leta > 0andxz € V. Asg tendsto0, p,') 1 , , converges in distribution
to U375

Proof. Fix 51,5, even and disjoint subsets of V,, of size A, + Ay, (z) and B, + Ay, (z),

n,nz

respectively. Let 41,")  be any limiting measure as g tends to 0. Due to the invariance

of ]P;jlisz with respect to permuting the elements of S; and the elements of Sy, u;'}"%

also has this property, and the desired result will follow once we prove that u;‘g“g is
supported on (admissible) pairings. o

To this end, note that if there are no vertices of degree 4 (or more) under IPilA’S 2,
then PB(n) consists of pairs, see the discussion above Definition 3.4. Let us estimate the
probability of having a vertex of degree at least 4. By (4.4), it is sufficient to study this
question for the measure Pil/\usz’m. Let §:= 51 USs.

By Lemma 2.4 (i1), all sources have degree 1 with high probability, and it remains
to consider the degree of the vertices in V,, \ S. Let i € V,, \ S. If A, (¢) > 4 then one of
the following occurs: (i) Ay, (i) > 4 or Ay, (i) > 4, (i1) Ap, (i) > 2 and Ay, (¢) > 2. The
contribution coming from case (¢) is handled by (2.3). The contribution coming from (i7)
is handled by noticing that for j, k ¢ S,

1S1+2y (2
S0 [y (i) 2 1o k) 2 1] € (1-+0(1))dn(N)(eqn) £ 10080 Sé@f;f L

o 3@ 2)0(p?)
= (1+o(1)g*n %

which implies that

|S|+2 2
ES? D 1[An, (1) 22, Ap, (i) > 2]| < (14 mmg‘*w (4.6)
1 : @)
i¢s
Hence, one can find C' > 0 (which does not depend on g) such that,
|S|+2 2 |S|+4
. . . ~ ' >0,g,a<90 >0,g,a <‘P >0,g,a 4
hmsupIEi’@{zeV,,Anz 24]§C’4<< + + ol -
e A |{ ] ( ) }‘ g <§0‘S|>07g7a <@‘S‘>O,g,a <§0 >0,97

If p >0, as g tends to 0, (p?P)¢ 4., tends to (¢?P)y .. As a consequence, using Markov’s
inequality,

lim lim sup IP:?\ [FieV,, An(i) > 4] =0.

90 nsoo

The desired result follows. O

Combining Theorem 4.2 with the above result yields a new proof of Wick’s law for
the GFF.

EJP 29 (2024), paper 160. https://www.imstat.org/ejp
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Corollary 4.7 (Wick's law). Let A = (V, E) be a finite graph. Let a > 0 and 8 > 0 be such
that a > 4df3. Consider the Gaussian free field at parameter a and inverse temperature 3
on A. Then for any p > 1, for any (ix)1<k<2p € V2k one has,

iFaFﬁ [H ‘sz} = Z H E/G\FIIFB Pir(2r— 1)"0%(%)]

T k=1
where the sum is over pairings = of {1, ..., 2p}.

Proof. For z € A, set A, := |[{k, ix, = x}|. This defines an A € M (A). Fix u € A such that
A, > 0. If v € A satisfies A, > 0, define C =C,, =1, + 1, and B =B, , := A — Cy .

By Corollary 4.5 applied to F = 1: forall 1 < j < A, (except if u = v in which case®
we require j # 1),

(eB)STE 5S4 A0 e AD KAL)
CEF = PA,a,g[g"c] = PAﬂ’ﬁ[ua(l) <57 va(j)], 4.7)
<§0A>A a,pB
where Pf\"’g’ 5 o= limgo Pf\l,’g,a, - In particular, by Proposition 4.6 this measure is defined

similarly as in (4.5) replacing the measures pfjgza by U “2’}; Now, since U “11;‘“@2 is
supported on pairings, almost surely under E?fs}, all vertices in # (n, £, A, ) have degree
2 except for the sources that have degree 1. This implies that ua(k) is connected to only
one element of 8, := {wva(t), 1 <t < A,, v € A\ {u}}U{ua(t),2 <t < A,}in#(n,t,A0).
Thus,

'?7( n,t,A,0
ST P ua(n) TS g = 1, (4.8)
SESy

As a result, summing (4.7) over va(j) € S, and using (4.8) yields

SOA ?\F;B = Z Z <PBM gF;,ﬁ@Cu U>A ,a,f3°
VEA =145, (v)

which implies the result by induction. O

4.3 Recovering the switching lemma for the Ising model
Below, we call ECT (for “Everybody Connected Together”) the event that B(n) = {Jdn}.

n,n

Proposition 4.8. Let a = —2g. Then, as g tends to oo, p,'} ; converges in distribution
to the Dirac measure dgcT.

Proof. First, observe that if p > 0, as g tends to oo, (¢?P) 4. _2, tends to 1. Fix Sy, S2 even
and disjoint subsets of V,, of size A, + Ay, (z) and B, + Ay, (), respectively. Using (4.4)
and the observation above, we see that for any P € Peyen (51, S2),

. ni,no T . S,0 _

glinolo px,A,B,g,—Qg[P] - gli{lgo nh_{l;.lo ]PI,L,A(Q) [m(nl + 1’12) - P]a
where S = S; U S5 and A(g) is such that a(A(g)) = —2¢. We can always assume that
S ={1,...,]|S|}. Clearly, if P # {S}, there exists 1 < i < j < |S| such that ¢ is not
connected to j in n; + ns. As a result, for such a P,

RIS B +ma) =P < > (1P 6 ).

1<i<j<|S|

8For this case to occur, one must have A, > 2.

EJP 29 (2024), paper 160. https://www.imstat.org/ejp
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Using the switching lemma for the Ising model (1.3) and Lemma 2.1, we get that

151-2) (¥?)
L SR e G {p 0.9.-29{#")0,9.,~29
)| J={+o(1) (151)0,9,~29

This readily implies that for P # {S},
lim lim P%Y [B(n; +n3) =P} =0

g—00 n—00 n,A(9)

and the result follows. O

The above result immediately implies that one can recover the switching lemma for
the Ising model when taking the Ising limit in the identity of Theorem 4.2. Indeed, the
measures p,')';; converge to dgct which has as a consequence that the vertex set of the
multigraph #(n,{, A, B) coincides with V, hence we can identify # (n, ¢, A, B) with the

current n.

A Explicit Griffiths-Simon approximation for ¢*

In this appendix, we obtain asymptotic estimates for the partition functions of the
Ising and random current models on the complete graph. Along the way, we reprove the
main result of [SG73].

Proposition A.1. Let A € R. Let (04, ...,0,) be distributed as spins of the Ising model
on the complete graph K, with inverse temperature d,,(\). Then, one has

01+...+Jn 1 eiﬁ‘#*%Sst
n3/4 n—00 z()\) ’

where the convergence is in distribution and z(\) := f]R e~ ~3ds is a renormalising
factor. Moreover, for the partition function of the Ising model on K, we have

2nn1/4
e
V2me Jr

Proof. We assume that n is even, the other case is similar. We denote by P, ) the
measure of the Ising model on K,, with inverse temperature d, (\). Note that

n 2
2 Z 0,05 = (ZO}) —n,
i=1

1<i<j<n

1 422
—et o3 g,

Zn(A) = (1 40(1))

so that, for any m € [0,n/2] we have,

] - s ) o (1 ) S

where f,(m) := (n/2”+m) exp (2d,(A\)m?). We have

Pn,)\

fo(m) . n/2—m+41 B n4m—2
OB F =) % aprm TV
:log1132§z+(1—)\/\/ﬁ)?+0<;).

Expanding in powers of m/n and using that log (1 — 2t)—log (1 + 2t) = —4t—16t3/3+O0(¢%),
we observe that the first order term cancels and we get

fn(m) 16m? 4m md 1
1 - )\ mo 2.
& fa(m—=1) 3n3 ny/n +0 nd *
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By telescoping, we obtain that
" 4 4 2 2 6
1 fu(m) m*  2m O<m5+m>.

= A
BTF0) T 3d Cndn

By symmetry, the above holds also for negative m up to an error term O <n, + |m‘)

Letting g(z) = exp (—32* — 2Az?), for any a,b € R with a < b we have

)5 m
(A)) A0 2. Q(W)

2n3/4<m<bn3/4

exp(—dn(

P, an/* < Zai <3| = (1+0(1))

i=1

e~ 1/2f, ) 2
= (1 o) S [ gy an

6_1/2f (0) 3 b 1422
= I 3/4 —135 %8
(I1+0(1)) SEMEN n /a e ds.

It remains to estimate £, (\), and for that we need to handle the case where m is
much larger than n*/%. Since all terms in the Taylor expansion of log (1 — 2t) — log (1 + 2t)
are non-positive it follows that

o 16m3 4 1
g )< B0ty o (1),
n n

fn(m — ].) - 3n3
Thus, there exists C' > 0 such that
m
fa(m) < Cf,(0)g (W) , (A.1)

from which we can conclude by arguing as above that

~1/2 1
Z,(A) = (1+0(1)) effn(()) n3/4/ o dsi—3st g
R

Sending n to infinity we get the desired convergence in distribution.
Furthermore, (A.1) and the fact that Z,,()\) > exp(—d,()\) %) f.(0) imply the Gaussian
upper bound

n

Z; - 2m] < Cexp (dn()\)g) g (%) — Cexp (; (1 - 2)) g (%) ,

1=

Pn,)\

The latter inequality together with the convergence in distribution imply the convergence
of all moments.
Finally, we have f,(0) = (1 + o(1)) 2"/4/7n/2 by Stirling’s approximation, hence
2"711/4 1.4 2.2
F,(A)=(1+4+0(1) — [ e 12° 72° ds,
() =1+ (1)

as desired. O
Recall that for g > 0 and A € R, the measure (-)o is the average with respect to pg q(x)
with a(\) = ’\g .

Proposition A.2 (Estimate of the partition function of the current). Let A € R, g > 0, and
k>1.SetS=1{1,...,2k}. Then,

2k
2500 = (14 o1))? o i / Bt 39 g,
2me R

Moreover, for everyn > 1, Z3()\) is decreasing as a function of A € (—o0, /7.
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Proof. Recall that by Lemma 2.1

) (o8)un = (Lt 0(1)) (eam) ™ ().

and as mentioned in (1.1), Z,(\) = 27"%,(\). Thus, by Proposition A.1, and since

(Cnn)Q = g_z\/ﬁ'

2k
Z5(\) = (1+o(1)) (Cnn)—%M n1/4/ T
R

2re
~ok <<P2k>o 1/4—k/2 —LlgtoAg?
=(1+01)g""—=n e 12° 72% (s.
2me R

The second part of the statement follows from the monotonicity of d,,(\) as a function of

A O
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