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The extremal process of branching Brownian motion
with absorption*'
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Abstract

In this paper, we study branching Brownian motion with absorption, in which particles
undergo Brownian motions with drift and are killed upon reaching the origin. We
prove that the extremal process of this branching Brownian motion with absorption
converges to a randomly shifted decorated Poisson point process. Furthermore, we
show that the law of the right-most particle converges to the law of a randomly shifted
Gumbel random variable.
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1 Introduction

1.1 Background

A classical branching Brownian motion (BBM) in R can be constructed as follows.
Initially there is a single particle at the origin of the real line and this particle moves
as a 1-dimensional standard Brownian motion B = {B(t),t > 0}. After an independent
exponential time with parameter 1, the initial particle dies and produces L offspring. L is
a positive integer-valued random variable with EL = 2 and EL? < oo. Starting from their
positions of creation, each of these particles evolves independently and according to the
same law as their parent. We denote by N, the collection of particles alive at time ¢. For
any u € N; and s < t, let X,,(s) be the position at time s of particle « or its ancestor alive
at that time. The maximum of the BBM at time ¢ is defined as M; := max{X,(t) : u € N¢}.
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Branching Brownian motion with absorption

McKean [32] established the connection between BBM and the Fisher-Kolmogorov-
Petrovskii-Piskounov (F-KPP) reaction-diffusion equation

2
O o ) . (1.1)
where f(s) = E(s?) and u : Ry x R — [0, 1]. More precisely, it is shown in [32] that, for
any [0, 1]-valued function g on R, u(t,z) = E [[],cy, 9(x + X,(t))] is a solution of (1.1)
with initial condition u(0,z) = g(x). The F-KPP equation has been studied intensively by
both analytic techniques (see, for example, Kolmogorov et al. [24] and Fisher [14]) and
probabilistic methods (see, for instance, McKean [32], Bramson [9, 10], Harris [15] and
Kyprianou [25]).
Define

me =2t — \[logt

Bramson [9] established that

lim P(My; <my+2) = tli)m u(t,m¢ +2) =w(z), z€R,

t—o00

where w solves the ordinary differential equation
1
iw" +V2uw' + f(w) —w = 0.

Define
Zy= ) (Vat— X, (t))eV2Xu=V20), (1.2)

u€E N
then Z; is known as the derivative martingale of the BBM, see Kyprianou [25]. Lalley
and Sellke [26] provided the following representation of w for dyadic BBM

w(z) = E [e*C*E‘ﬁsz , (1.3)

where C, is a positive constant and Z, := lim;_,, Z; P-almost surely. The behavior of
the particles at the tip of BBMs was investigated by Aidékon, Berestycki, Brunet and Shi
[1] as well as Arguin, Bovier and Kistler [3]. They considered the extremal process of
BBM, which is defined by

Z OX, (t)—mes

u€E N
and showed that it converges in law to a randomly shifted decorated Poisson point
process (DPPP). A DPPP & is determined by two components: an intensity measure
4 which is a (random) measure on R, and a decoration process. Conditioned on u,
let 3°, d,, be a Poisson point process with intensity y, and let {3_; d;: } be a family of
J

independent point processes with law D. Then £ =3, . 0 5 Opitdi is a DPPP with intensity
u and decoration D, denoted by DPPP (u, D). Aidékon et al. [1] and Arguin et al. [3]
obtained that

lim > 6x,(1)_m, = DPPP (ﬂC*Zme_ﬁmdx,Dﬂ> in law ,

t—o00
uENy

where C, is the positive constant given by (1.3) and

D\[( = lim P (Z 0x, (t)— M "Mt > ﬁt) . (1.4)

t—o00
u€E N
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In the recent paper [8], Berestycki et al. studied the extremal process of BBM in R¢.
For irreducible multitype branching Brownian motion, we refer the readers to Hou et al.
[19] and for reducible multitype branching Brownian motion, we refer the readers to
Belloum et al. [4] and Ma et al. [29].

In this paper, we consider the extremal process of BBM with absorption. We will
focus on a branching Brownian motion with drift —p, in which particles are absorbed
at the origin. The process can be defined as follows. Starting with a single particle at
x > 0, this particle moves according to a 1-dimensional Brownian motion with drift —p
(p € R) until an independent exponentially distributed time with rate 1. When the initial
particle dies, it produces a random number L > 1 particles at the place of its death.
These offspring particles evolve independently from their birth place, according the
same law as their parent. Assume that L has distribution {py,k > 1} with EL = 2 and
EL? < co. We add an absorbing barrier at the origin, i.e. particles hitting the barrier are
instantly killed without producing offspring. The set N;p denotes the particles of the
BBM with absorption alive at time ¢. For any « € N, ” and s < t, we still use X,(s) to
denote the position of its time s ancestor (which may be itself at time s). Define

Y, = ) dx,),
u€N, *
which is a point process describing the number and positions of individuals alive at time
t. The extinction time of the BBM with absorption is defined as

¢Pi=inf{t >0: N, =0}

Let M, ” := max{X,(t) : u € N, ”} be the right-most position of the particles in N, ”.
The law of the BBM with absorption starting from single particle at x is denoted by P,
and its expectation is denoted by E,.

The asymptotic behavior of branching Brownian motion (BBM) with absorption has
been studied extensively in the literature. Kesten [23] proved that the process dies out
almost surely when p > /2 while there is a positive probability of survival when p < v/2.
Therefore, p = v/2 is the critical drift separating the supercritical case p < v/2 and the
subcritical p > v/2. In the critical case, Kesten [23] obtained upper and lower bounds
on the survival probability, which were improved by Berestycki et al. [6]. Maillard and
Schweinsberg [31] have further improved these results. In the supercritical case, Harris
et al. [17] studied properties of the right-most particle and provided a probabilistic proof
of the classical result on the one-sided F-KPP traveling wave solution of speed —p. For
dyadic branching, they proved that

M 4
lim % =V2—p on{(" =}, P,as. (1.5)

t—o0

and g(z) := P,(("? < c0) is the unique solution to

1
59" —pg +g*—g=0, >0,

g(0+) =1, g(OO) =0.

Louidor and Saglietti [28] showed that the number of particles inside any fixed set
normalized by the mean population size converges to an explicit limit almost surely. In
the subcritical case, the large time asymptotic behavior for the survival probability was
given by Harris and Harris [16]. For the BBM with absorption in the near-critical case,
Berestycki et al. [5] and Liu [27] are good references.

In this paper, we study the extremal process of one-dimensional branching Brownian
motions with absorption and prove that the limit of this point process converges to a
randomly shifted decorated Poisson point process.
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1.2 Main results
Define

and

3
m;? = (V2 — p)t — ——logt.
¢ ( p) Wk
Our ﬁrstNmain result, which is Theorem 1.1 below, deals with the convergence of the
process Z, ” as t — co.

Theorem 1.1. For any x > 0 a1~1d p < V2, the limit ZO—O" = limy oo Zt_p exists P -almost
surely. Moreover, the events {Z_* > 0} and {(~* = oo} agree up to a P,-null set.

Define the extremal process of the BBM with absorption by

E P = Z 5X“(t)_m;p.

ueN;?

The following theorem gives the convergence of the extremal process. We show that the
limit of £, ” is a Poisson random measure with exponential intensity in which each atom
is decorated by an independent point measure with law DVZ,

Theorem 1.2. For any = > 0 and p < v/2, we have under P,,
lim &7 = DPPP (\@C*Z;"e’ﬂydy,Dﬂ) in law
— 00

where C, is as in (1.3) and DV? is defined by (1.4).

Remark 1.3. Theorem 1.2 is our main result. It states that the logarithmic correction in
the median of M, ” for BBM with absorption is identical to that of classical branching
Brownian motion. Additionally, the decorations are also the same. The only difference
lies in the intensity of the Poisson point process.

It is worth noting that BBM with absorption has a positive probability of extinction
and Zjop has the same probability of being degenerate. Therefore, on the non-extinction
event, the limit of the extremal process is non-degenerate.

Remark 1.4. Kesten [23, Theorem 1] obtained the asymptotic behaviors of the expecta-
tion of the size of ]Vt_p for different values of p. Specifically, when p <0, p=0o0r p > 0,
the asymptotic behaviors are different. For p > 0, there exists a positive constant C' > 0
such that the expectation of the size of N, ¥ is approximately Ct*3/2et*§t as t — oo.
When p = 0 (or p < 0), the expectation of the size of N, is approximately Ct~/2¢! (or
Ce') as t — oo. This suggests that the logarithmic correction of m; ” might be different
depending on whether p > 0 or not. However, Theorem 1.2 shows that the logarithmic

correction of m; ” does not depend on the sign of p.

As a corollary to the above theorem, we can show that the law of ]\Z_p converges to
the law of a randomly shifted Gumbel random variable as ¢t — co.

Corollary 1.5. Suppose = > 0 and p < \/2. For any z € R, we have

lim Py (M, " —m;” < 2) = Ez(e*C*Z;pefﬁz).
t—o0
Now we briefly describe our strategy for proving the main results. First, we introduce
a model equivalent to the BBM with absorption defined above. In this model, the spatial
motion is a standard Brownian motion but the absorbing barrier has a drift. There is a
close connection between the two models, but the calculations are easier for the latter.
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Therefore, in this paper, we will prove the equivalent results for the latter. The key to
the proof is to guess the precise growth rate of M, ”. (1.5) indicates that the asymptotic
speed of the right-most particle in the BBM with absorption is v/2 — p on the survival set.
Therefore, as t — oo, the influence of the absorbing barrier on the right-most particle will
continuously decrease. Based on this analysis, we guess that M, * still has a logarithmic
correction term and the extremal process converges to a decorated Poisson random
measure. Only the intensity of the Poisson point process is different from that of classical
BBM.

In the proof of Theorem 1.1, we adapt some ideas from [17, 25] to prove the con-
vergence of Z{ ? using the method of non-negative supermartingale approximation.
Furthermore, based on the ideas in [17], we show that {ZZ” > 0} and {¢* = co} agree
up to a P,-null set. In the proof of Theorem 1.2, we first define the point process &/
using the idea of truncating the absorption barrier at time s and use £/ to approximate
the extremal process of the BBM with absorption. Then we can use the results on the
extremal process of the classical BBM to obtain the convergence of £;. Next, we use
some ideas from [4, 29] to prove that the difference between the Laplace functional of
&7 and that of the extremal process tends to 0 as t,s — co. In this way, we obtain the
convergence of the extremal process.

The remainder of the paper is structured as follows. In the next section we introduce
a model equivalent to BBM with absorption and state some well-known results on
branching Brownian motions. In Section 3, we prove Theorem 1.1. Section 4 is devoted
to proving Theorem 1.2.

2 Preliminaries

2.1 An equivalent model of BBM with absorption

We consider the following BBM with absorption. Initially there is a single particle
at z > 0. This particle moves as a standard Brownian motion B = {B(¢),t > 0} and is
killed when it hits the line {(y,t) : y = pt} for some p € R. The particle produces L
offspring after an independent exponential time 7 with parameter 1 if it survives up to
this moment. We assume that L has distribution {p,k > 1} with EL = 2 and EL? < co.
Starting from their positions of creation, each of these children evolves independently
and according to the same law as their parent.

We define a BBM associated to the aforementioned BBM with absorption. When
particles hit the line {(y,t) : y = pt}, we suppose that they are not killed and evolve as a
standard BBM. Let N, be the set of particles of the BBM alive at time ¢. For any u € N,
and s <t let X, (s) be the position of the time s ancestor of v (which may be its own
position at time s). Define

N; = {u € Ny : Vs < t, X,(s) > ps}, (2.1)

then Nt is the set of particles of this BBM with absorption alive at time ¢. Define

Yie= > Oxu Yo=Y 0x,00),

u€EN; uEN,

Fi=0(Ys:s <t)and F = U>oF;. Then {Y;,¢t > 0} and {f@,t > 0} are point processes
describing the number and positions, at time ¢, of individuals of BBM and BBM with
absorption respectively. We define IP, as the law of BBM with one initial particle at
x € R, thatis P,(Yy = d,) = 1. We use E, to denote the expectation with respect to
IP,.. For simplicity, Py and IEy will be written as P and E, respectively. Let (2, F,P,) be
the probability space where the branching Brownian motion is defined on. Since f/t isa
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subprocess of Y;, we can still work with the probabilities {IP, : z > 0}. Let
¢:=inf{t >0: N, =0}
be the extinction time of the BBM with absorption and
M, = max{X,(t) :u € Nt}

be the right-most position in the particle system at time ¢{. Now we compare }N/[p and
Y;, that is, the BBM with absorption described in Sections 1 and 2. It follows from the
definition of Y; that the point process Y; shifted by —pt is given by

Yo—pt= 3 ox,)-pt-
ueﬁt

It is easy to show that

{Yi = pt. Po} £ {¥, " Pa).
Define B

Zy= Y (V2 — X, (1)eV2 X0V, (2.2)

uéﬁt
then {Z,,P,} < {Z;”,P,}. Recall that m; := v/2t — % logt and define the extremal
process of {Y; : t > 0} by

5,5 = Z 6Xu(t)fmt'

ue]\~/'t
Based on the above analysis, to prove Theorem 1.1 and 1.2, it is equivalent to show the
following theorems.

Theorem 2.1. For any x > 0 {ind p < V2, the limit Z)o = limy_, oo Zt exists P, -almost
surely. Moreover, the events {Z, > 0} and {¢ = oo} agree up to a P,-null set.

Theorem 2.2. For any z > 0 and p < /2, we have under P,
lim & = DPPP (\/ﬁcjooe*ﬂfdx,pﬁ) in law
— 00

where C, is as in (1.3) and DV2 is defined by (1.4).
In the rest of the paper, we consider the BBM with absorption fft

2.2 Some properties of branching Brownian motion

Throughout this paper we use {By,t > 0; Q. } to denote a standard Brownian motion
starting from x. Expectation with respect to Q, will be denoted by E;Q Qo and EQ)Q will be
written as Q and E?, respectively. Let {F7 : t > 0} be the natural filtration of Brownian
motion. For BBMs, the many-to-one lemma (see [18]) is fundamental. Here we state the
stopping line version, which can be found in [30, §2.3].

For any space-time domain D, define

Tp :=1inf{t > 0: (¢, B;) ¢ D}.
For any u € U;>oN,, let 7p(u) be the stopping time for {X,(¢)}. Define the stopping line
Lp = {(u,t) € (Ui>oN¢) x [0,00) : w € Ny, 7p(u) =1}, (2.3)
and Np = {u € Ui>oN; : (u,t) € Lp for some t}. We refer to [12] for the precise

definition.
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Lemma 2.3 (Many-to-one Lemma). Let F' : C[0,00) — R be a bounded measurable
function such that F (Bs,s < 7p) is ]-'f; -measurable. Then for any t > 0

By | Y F(Xu(s),s <7p(u))| =EL[e™”F (Bs,s < )],

uENp

where C10,00) denotes the space of continuous functions from [0, c0) to R.

Remark 2.4. When 7p = t, the many-to-one formula above reduces to the following
classical many-to-one formula:

E, | Y F(Xu(s),s<t)| =E2[¢'F (B,,s <t)]. (2.4)

uE Ny

Now we introduce some results on the additive and derivative martingales of BBM.

Define the process

W, = Z e\/ﬁXu(t)—Qt’

u€E Ny

then {W;,P,} is called the additive martingale of BBM starting from z. {W;} corresponds
to {W(\)} with A = X in [25]. Similarly, the derivative martingale {Z;} given by (1.2)
corresponds to {OW;(A)} in [25]. By [25, Theorem 1 and 3], we have the following
lemma.
Lemma 2.5. For any y € R, the limits W, := lim;_,o W} and Z., := lim;_,, Z; exist
P,-almost surely. Furthermore, W, = 0 and Z, € (0,0) P, -almost surely.

Note that while Z; can be negative, Kyprianou [25] used a non-negative martingale
{V/#,P} to approximate {Z;,P}. For any z > 0, define

N7 :={ue N, :Vs <t Xu(s) <z+V2s} (2.5)
and
Vim0 (24 V2t — X, (t))eV2 X =v2), (2.6)
ueﬁtz

According to [25, Theorem 13], for any = < z, the limit V2 := tlim V7 exists IP,-almost
— 00

surely and is an L'(IP,)-limit. Define the event
FEV2) = L e Q> 0,Vu € Ny, X, (t) < 2+ V2t (2.7)
By the proof of [25, Corollary 10], we know that on W(zv\/i),
VE =272

and
P(v*V?) 11 as z 1 co. (2.8)

To prove Theorem 1.2, we also need some results about M; and the extremal process of
the classical BBM. The following estimate of the tail probability of M; can be found in [2,
Corollary 10].

Lemma 2.6. Fory > 1 and t > ty, where t, is a large constant,

P (Mt > V2t — ilogt +y> < byefﬁy7%+%ylotgt
> W) <

for some constant b > 0.
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Let 7 be the set of continuous non-negative bounded functions, with support bounded
on the left. For any measurable function f and o-finite measure p on R, we use (f, i)
to denote the integral of f with respect to u. The following result can be found in [7,
Lemma 4.4].

Lemma 2.7. Let (P;, Px) be point processes on R with P ((0,00)) < oo a.s. Let max P,
(t € [0,00]) be the position of the rightmost atom in the point measure P;. Then the
following statements are equivalent:

(i) im¢ o0 Pt = Poo and lim;_, o, max Py = max Po, in law.
(ii) limy— o0 (P, max P;) = (Poo, max Py in law.
(iii) For all ¢ € T, lim;_, o Ele™F0:9)] = Ele™ (Pe:#)].

The following lemma gives the convergence of Laplace functionals of the extremal
process for BBM, see, for example, [4, Lemma 3.4].

Lemma 2.8. For all function ¢ € T, it holds that

lim E [ei Puen, @(Xu(t)fmt)}

t—o00

—E {exp {—C*Zoo/ (1 _ E(67<Dﬁ,tp(-+z)>)> ﬁeﬁzdzﬂ 7

where DV? is a random measure distributed according to the law DV2,

Remark 2.9. For simplicity, we put
C(p) = c*/ (1 - E(e’wﬁ’“"('“)))) V2e V4. (2.9)
By Lemma 2.8, a simple calculation using a change of variables yields that

lim Ele~ Zuen, PUFXul=mI] — {exp {fC’(ga)ZooeﬁyH . (2.10)

t—o0

3 Proof of Theorem 1.1

In this section, we fix x > 0 and p < V2. Recall that Nt is the set of particles that are
alive at time ¢ and have not been absorbed by the line {(y, s) : y = ps} up to time ¢. To
prove Theorem 1.1, we first prove the following two lemmas.

Lemma 3.1. Define
W= Y eV2XuO=v20), (3.1)
u€1\7t

then {Wt, P.} is a non-negative supermartingale. Moreover, the limit Woo = limy_y o0 Wt
exists and is equal to zero P -almost surely.

Proof. For any s < t, define

W= Y Y eVAu0-vE,
Ueﬁs u>v,u€Ny

where the notation v > v means that v is a descendant of v. Notice that the set
Ni :={u € N, : Jv € N, s.t. u > v} contains all the particles alive at time ¢, which
do not hit the line segment {(y,7) : y = pr,0 < r < s}. Hence, N, C ]\~ftS C N; and
W, < Wf < W;. Since {W;,P,} is a martingale, we have E,W; = eV for any y € R. By
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the branching property,

I, [/V[v/ﬂ]:s} = e *E, Z eV2Xu(M=V2(t=9)) | 7,
1)61?/‘ u>v,u€E Ny

where given F,, {W;_4(v),v € ]\73} are independent copies of W;_,. Therefore,
Ez |:Wt|fs:| § Em [Wts|fs} = Wsa

which implies that {Wt, P.} is a non-negative supermartingale. Hence the limit Wy =
lim;, o W} exists P -almost surely. Since W; < W, it follows from Lemma 2.5 that
Wy = 0 P,-almost surely. This gives the desired result. O

_ Using a similar proof method to Lemma 3.1, we will now prove the convergence of
Z;. Since Z; can be negative, the proof of Lemma 3.1 is not applicable to Z;. Therefore,
for any z > x, we define the following non-negative process:

Vim Y (24 V2= X (t)eY2(X 0=V, (3.2)
UEﬁtﬂﬁf

Then we will prove the convergence of 17f using the proof method of Lemma 3.1 and
further use V;* to approximate Z;. Now we have the following lemma.

Lemma 3.2. For any z > z, {XN/tZ,]Pz} is a non-negative supermartingale. The limit
VZ = lim; o V}* exists P -almost surely. Moreover, VZ is non-degenerate, that is,
P,.(VZ =0)<1.

Proof. First, we show that {‘N/tz, P, } is a non-negative supermartingale. Recall that ]Vtz is
defined by (2.5). For s < t, define

Vite= Y ST (24 V2 X (t))eVRX 0=V, (3.3)

vEN,NNZ u>v,ueN?

By the branching property, we have

E, F/tz,sm] = > B | Y (24 V2t X, (1)) XV20)

vEN,NN? u>v,ueN?

Fs

= 3 Eo| D0 (a V2 VRt - s) - Xu(n)eV 20TV
’Ueﬁsﬁﬁj u>v,u€f\7,f

= Y e P Ex, (o ViLY* (v),

veNyNN?

where given F,, V;*,V?%(v) is the counterpart of V;*,Y?* for the BBM starting from X, (s).
By [25, Theorem 9], {V,P,} is a martingale and E,V/? = (z — y)eV2¥ for any y < z. So
we have

B TR = Y (4 Vs - X o)V = T

vENNN?Z
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and N N
B, [V7|7] < B [777]7) =

Thus, {Vt ,P,} is a non-negative supermartingale and must converge PP, -almost surely.
Next we will prove that the limit VZ is non-degenerate. Note that Vt < V7, {Vt P}
is a supermartingale and {V;?, P} is a martingale. Define

U =V7— ‘ZZ.
Therefore, _ _
Ew[UtZI}—S] = Ez[v;tz - V;z‘]:s} > V-V =U;.
This implies that {U?,P,} is a non-negative submartingale. Moreover, the limit

lim U7 = lim (V7 — Vi) =Vi -VZ (3.4)
t—o00

exists. Let UZ := lim;_,o, U?. By [25, Theorem 13], VZ is an L!(P,)-limit and hence
E,VZ = E,VF = (z — 2)eV?®. Therefore, to show that VZ is non-degenerate, it is
sufficient to prove that E,UZ < (z — x)e Var, By definitions (2.6) and (3.2), we obtain
that

E. U = E, > (z+V2t— X, (t))eY2Xu®=v20)

ueﬁf, ug N,

For any a,b € R, we define the following two stopping times with respect to Brownian
motion:

70 = inf{s > 0: B, > a + bs},
Z :=inf{s > 0: By < a+ bs}. (3.5)

Bl

!

Then by the many-to-one formula (2.4), we have
E,U; = ¢'Eg {(Z + V2t — By)eV2(Pm ft)ll{?ﬁ»z{ift}]

=EQV2 (2 + V2t = B)eV™ 1 ryaey oy (3.6)

where the last equality follows from Girsanov’s theorem, {B;, Q;@} is a Brownian motion
with drift /2 starting from z and ]E;Q\/i is expectation with respect to Q;/i . Let B, =
V2t — (B, — ), then {B;, QY?2} is a standard Brownian motion starting from 0. We write
P and I for Qf and IE;:Q‘/5 respectively, so that {Et :t > 0} is a standard Brownian
motion starting from 0 under IP. We now define

<x -z},

> (V2 —p)s +a}.

Tlower := Inf{s > 0: E
Tupper = inf{s > 0: E
We see that ?;/5 = Tower and zg = Tyupper- It follows from (3.6) that

VIR = B [(2 =2+ Bt ety = B [(2 = @+ Binner) Lt et}
10 [(Z —x+ Emﬁower)} -B [(Z —r+ ét/\ﬁower)]l{ﬁoweét}}

D

|:(Z -z + Et)]]'{ﬁower/\%upper>t}:| ° (3'7)
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By the optional stopping theorem,
D {(z —z+ Et/\-f-lower)} =z—z. (3.8)
Moreover, since t A Tlower = Tlower ON the event {7iower < t}, we have
1D [(Z -+ Et/\ﬁower)ﬂ{ﬁowergt}} - [(Z — &+ Bagye) L {nguuzty | = 0. 3.9)

Now observe that X; := e7!(z — 2 + Eezt_l) is a standard Ornstein-Uhlenbeck process
(O-U process) started at z — x. We define

¥ i=inf{s > 0: X, <0},
Tlf;per =inf{s > 0: X, > e *[(V2 - p)(e* — 1) + 2]}.
It follows that
{'f-lower A 7A_upper > t} = {Téx A Tﬁ)[()per > t}'

Since the principal right eigenfunction for the O-U process killed at 0 is h(z) = x, with
eigenvalue —1. The Doob’s transform is therefore given by

h(X:) 4
= 1 .
o(Xs:8<t) h(y) € (">t}

dp,
dp

This implies that under If’y, {X; :t >0} is an O-U process conditioned never to hit 0 and
it is a positive recurrent process. Then we see that

L {(Z —z+ ét)]l{ﬁowemﬂppeot}} =B {eth(Xt)]l{Tgmx >t}}

upper
= h(z — 2)P._y (T3 per > 1).

We have that there exists ¢, € (0,1) such that

tlgglo P, (Tlfl()per >t)=P,_, (Tu)gper = 00) = ¢4,

which yields that

lim B [(2 = 2+ B)L gy | = (2 = @).

t—o0

By (3.7), (3.8), (3.9) and Fatou’s lemma, we obtain that

E,UZ < liminf E,U7 = e/>" (1 - ¢.)(z — o).
— 00

This, combined with (3.4), gives that ]EIIN/OZO =E,VZ - E,UZ > 0. Since XN/OZO is non-
negative, we know that V2 is non-degenerate. This completes the proof. O

Recall that Z, fy(zvﬁ), Wt and XZZ are defined by (2.2), (2.7), (3.1) and (3.2), respec-
tively. Next, we will give the proof of Theorem 1.1. Based on the argument in Section 2,
it is equivalent to proving Theorem 2.1.

Proof of Theorem 1.1. Notice that on v(*V?, N, = N7 for any ¢ > 0. Hence, we have on
~(2:V2) that
VF =W, + Z,.

EJP 29 (2024), paper 147. https://www.imstat.org/ejp
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Letting ¢ — oo, it yields that on ~(* V2) the limit limy 00 (2W; + Z;) exists and is equal to
VZ It follows from Lemma 3.1 that lim;_, Wt = 0 IP,-almost surely. Therefore, we get
that on v(*v2),
lim Z, = VZ. (3.10)
t—o0
Since P(y(*¥?)) 1 1 as z 1 oo, we know that lim,_,. Z; exists P,-almost surely and we
use Zoo to denote this limit.
Next we will prove that ZX, is non-degenerate, that is, IPI(ZOO = 0) < 1. Notice that
for z; < 2o, ]\Affl - JV? so we have that

V= S (o VB = X (1)) B0 VED

ueﬁtﬁﬁtzl

STz + V2t - X (1)eV2EOVO P
ueﬁmﬁtz?

IN

Letting ¢ — oo, this implies Vz1 < VZ2 P;-almost surely. Combining this with (3.10)
and ’y("‘l V2 ’y('z?"[) we get that VZ < Z for any z > 0. By Lemma 3.2, we have

(VZ =0) < 1 for z > z and hence Zo is noON- degenerate. It remains to prove that
{Z. >0} and {¢ = oo} are equivalent up to a P,-null set. Define the function

g(z) :=P,(¢ < o0).

It follows from [17, Theorem 13] that ¢ is the unique solution to the following ordinary
differential equation
11 !
-9 — + —g=0, >0,
59 —rg +flg)—yg (3.11)
9(0+) =1, g(o0) =0.

Note that [17] assumed a dyadic branching mechanism. However, [17, Theorem 13] holds
true under our assumptions regarding the branching mechanism. The only difference in
the proof lies in the spine decomposition, as discussed in [17, Section 2]. In our case,
the particle along the spine produces a random number of particles, which has the law
{Pr := kpr/2} (for BBM, refer to works such as [11, 25]). Importantly, this modification
does not impact the validity of [17, Theorems 9, 11 and 13]. Therefore, [17, Theorem
13] remains applicable in the general case.

According to the definition of Z,, it is easy to verify that {¢ < co} C {Zs = 0}. Thus,

IP.T(ZOO =0)=P,(¢ < ) +IP17(200 =0;¢ = 00).

So it suffices to show that P, (Z., = 0) = P, (¢ < o). Define h(z) := P,(Z, = 0). Hence,
h(z) satisfies the boundary condition lim,_,o+ h(z) = 1. Since

7, Z Z (\/it—Xu(t)) o V2(Xu(t)—V2)

VENs uEN,u>v
= Z eV2(Xu(s)—V2s) Z (V2(t — 8) — (Xo(t) — Xo(s)))eV2(Xul)=Xu(9))=V2(i=5))

UGIVS u>v,u6]\7t
+ Z eV2(Xu(5)=V2s) Z (\/58+XU(s))e\/ﬁ((Xu(t)—X,U(s))—ﬂ(t—s))
UENS u>v7u€ﬁt
LN VEXLIVE (Z, (0, X, () = ps) + (V25 + Kol)Was (0, Xo(5) = p5) )
ueﬁs
EJP 29 (2024), paper 147. https://www.imstat.org/ejp
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where given ]{‘;A,/{(Zt_s(v,Xv(s) - ps),Wt_s(v,XU(s) — ps)),v € N,} are independent
copies of (Z;_, W;_) starting from X, (s)—ps. By Lemma 2.5, we know that lim;_, .o W;_;
= 0 almost surely. Letting ¢ — oo, it follows that

Zoo £ Y P VEIZ (0, X, (s) = ps),
1}6]\7S

where given F,, {Z)C(v, X,(s) — ps),v € 1\75} are independent copies of {Z)o, Px, (s)=ps}-
Therefore,

h(@) =Py | Y Zoo(v, Xu(s) —ps) =0 | =B, | [ h(Xu(s) - ps)
veN, veN,

It follows from [17, Proof of Theorem 4] that

1
St =o'+ f(h) —h=0.

By (3.2) and (3.10), it is easy to show that h(z) is non-increasing in z. For fixed time
s > 0, by the definition (2.1), we have

h(:l:) = Ea: ( H [h(Xv(S) — ps)]]l{V7‘<s:Xru(r)>m‘}>

vEN,
=E ( H [h(z + X, (s) — ps)]]l{v”‘<“'+xv<f>>/”}) (3.12)
vEN,

For any v € N, 1{yr<s:atx,(r)>pr} — 1 @s x tends to infinity. Letting x — co on the both
side of (3.12) and by the bounded convergence theorem, we have

h(c0) =& < H h(oo)) .

vEN,

Hence h(co) = 0 or 1. Since Zs, is non-degenerate, we have h(co) = 0. Therefore,
h(z) satisfies the equation (3.11) and by the uniqueness of solutions to (3.11), we have

P,(Zs =0) =P, (¢ < ). This completes the proof. O

4 Proof of Theorem 1.2

For any 0 < s < t, define

Sf = Z Z 6Xu(t)fmt~ (4.1)

UENS u>v,u€ Ny
The point process &; will play an important role in the proof of the convergence of &;.

Define B
Zy =3 D (V2t— X, (1)eVPX 0=V,

vEN, U>V,uEN:

Recall that B _
N, ={ue N, :3ve N, s.t. u> v},

then we also have another representation for Zf:

Zy = Y (V2t — X, (t)eY2Xu=v20,
ueﬁf

EJP 29 (2024), paper 147. https://www.imstat.org/ejp
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For t < s, define Zf = Z. In the following lemma, we will show that the limit of Zf as
t — oo exists P -almost surely and is related to the limit of the Laplace functionals of
&;. Recall that 7 is the set of continuous non-negative bounded functions, with support
bounded on the left.

Lemma 4.1. Suppose = > 0, p < v/2 and Nt is given by (2.1). For any s > 0,

Z5 = lim Z}
t—o0
exists P,-almost surely. Furthermore, for any non-negative function ¢ € T,
lim E,e (%) = |, {eXp {—C*Z‘; / (1 — ]E(e_<Dﬁ’¢('+z)>)) \/ie_ﬁzdz}} , (4.2)

t—o00

where DV? is a random measure distributed according to the law DV2,

Proof. The proof of the existence of Z‘jo is similar to that of Z,. Recall the definition of
V;® given in (3.3). Using the similar argument in the proof of Theorem 1.1, we can see
that if the limit of V,*® exists as ¢ — oo, then on ’y(z’ﬁ),

lim Z7 = Jlim VRS (4.3)
—00

t—o0

For s < t; < t9, notice that
Vat= D Y (Eh VR = Xy (hy))e PR,

veEN NN7 u>v,ueN;,

By the branching property and E,V? = (z — y)eV2Y, we get that

B[Vt Fu] = 3 Be| XD (a4 VAL - X)) M

veNy NNZ u>v,ueNz,

Fi,

= Y TR Y VR~ h) - Xy (t)eV BN VR0 | F

veﬁflﬂﬁtzl u>v,u€1vtz2
= Y MExVER 0= 3 e Vo - Xy(m)e P
veN; NNE, veNy NNZ
:‘7;?87
22t Z+V2t

where given F,, V.Y " (v) is the counterpart of V; for the BBM starting from
X, (t1). Hence {V;"°,t > s, P, } is a non-negative martingale and must converge to some
limit, say VZ°. By (2.8) and (4.3), we obtain that Z5 = lim; ,. Z; exists P -almost
surely.

Now we will prove (4.2). By (4.1) and the branching property and Markov property,

E, [e‘<5:’@>|fs} = H Ex, (s {e_ Z“GNH“’(X“(t_s)_"“)} .
UENS

2—11

Notice that

3 t
Xo(t—5) —my = Xo(t — ) — my_s — V25 + ——1
(t—s)—my (t—s) —my \[8—5—2\/5 0g

and lim;_, o % log 7= = 0, so by (2.10) we get that given the starting point X, (s)

lim EXv(s) e 2uen,_, ¢(Xu(t—3)_mt):| - E [exp {—C(@)Zoo(v)eﬁ(x“(s)_ﬁs)} |XU(S)} 7

t—o0
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where given F,, {Z(v),v € N,} are independent copies of {Z.,P}. By the bounded
convergence theorem, we have

lim Bye™ (&9 = B lim I [ Zesvmen o060 7m0 | 7 ]
t—o00 z z + t—o0 s
LvEN
— B, | I] B o {00 Zuw)e X020 1x, )]
_veﬁs

=B, exp § ~C(0) Y Zuo(v)e?? X072
'UENS

Since

Zts _ Z eV2(Xu(s)—V2s) Z (\fgs_|_XU(5))6\@(()%(t)*Xv(S))*\/i(t*S))

veN, u>v,uEN;
+ Z V2(t = 8) — (X (t) — Xo(s)))eV2((Xuld) =X () =V2(t=s))
u>v,u€ Ny
L3 VARV (V25 4 X, ()W o(0) + Z-s(0))
’L)Gj\'[s

where given Fs, {(Z;—s(v), Wi—s(v)),v € NS} are independent copies of (Z;_s, W;_,) for
BBM starting from 0. Letting ¢ — oo, it follows from Lemma 2.5 that

Z“; 4 Z eﬁ(x’”(s)_‘/ﬁs)Zm(v).
v61\~/'s
Therefore, ~
lim E e~ ‘€% = |, {efcwz;} ,

t—o00

This completes the proof. O

_ In the following lemma, we show that the limit of Zﬁo as s — oo exists and is equal to
Lo

Lemma 4.2. qupose x>0andp < V2. The limit limg_, o Zﬁo exists P, -almost surely
and is equal to Z

Proof. By (3.10) and (4.3), we know that on 4(*V?), Z5 = V2% and Z,, = VZ almost
surely. Therefore, it suffices to show that limg_, VZ S VZ By Lemma 3.2 and the proof
of Lemma 4.1, {V/7,t > 0,P,} isa supermartingale and {XZ’Z’S, t > s,IP,} is a non-negative
martingale. Combining this with V,* > V/*, we obtain that {V,"* — V¢t > s,P,} is a

non-negative submartingale and converges to VZ° — 17020. For any u € IV, define

7(u) == 7f(u) = inf{s € [0,¢] : X, (s) < ps},

where inf () is defined by +oo. By Fatou’s lemma and (2.4), we have

E,[VZ® — Vi) < liminf E, [Vt . Vf}

= liminf E, Z (z + V2t — Xu(t))eﬁ(X“(t)_ﬁt)]l{z(u)e(syt)}

t— o0 ~
ueEN?

Tt tQ _ V2(Br—/2t)
= htrgloglfe E; [(z + V2t — By)e ]1{?;/5>t,1§€(s,t)}} .
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Using a similar argument and notation to the proof of Lemma 3.2, we get that

1%, 7z s V2zx V2
B [V2" = V2] < liminf eV ESV2 [z + V3t = By cociony]-

t—o00

Recall that B, = v/2t — (B, — z) and {B;, QY?} is a standard Brownian motion starting
from 0. For any a,b € R, define the following two stopping times with respect to B

50 :=inf{s > 0: B, > a+ bs},
gg :=inf{s >0: ES < a+ bs}.
Then define
dQ(fﬂ’z) _z—z+ By
0P g T Ew e

where ]—"t’§ is the natural filtration of Brownian motion {ét, Qf}. According to [20],

{z—2x+ Et, 5@”} is a standard Bessel-3 process starting from z — z. We use E;Q’(ﬁ’z)

to denote the expectation with respect to Q&ﬁ’z). It follows that

t—o00

IEx[VOZO’S - Vozo] < liminf eﬁxE;?ﬂ |:(Z -+ Bt)]l{agz>t,a;/§pe(s,t)}:|

= liminf(z — x)@ﬁﬂ?Eg,(\/ﬁ,z) []l

00 {aﬁ—f’e(s,t)}}

— (s — 2)eV2PREQ(V2,2) [ }
= (z —x)eVE; ]l{ﬂ/g,pe(s’oo)} ,
where 7Y27? = inf{s > 0: z — x4 B, > z + (v/2 — p)s}. Therefore, it follows from the
bounded convergence theorem that
: Vs _ 17z : o V2epQ,(vV2,2) [ } _
< = 0.

Jim B [Ve™ = V] < Jim (2 = 2)eV ™ E; Lovrresoon] =0

Since for any s; < sy < t, XN/tZ’sl > ‘N/t“j P,-almost surely, it holds that 17;;51 > 17;;52

P.-almost surely. So the limit lim;_, VZ?* exists P,-almost surely. By the monotone
convergence theorem, we get that

E,[lim V2° — VZ] = lim E,[V2* — V2] = 0.

5— 00 55— 00

Since lim XN/;;S — \7020 > 0, we have lim \7;;3 = ‘7;0 PP,-almost surely. Hence we have
§—00 5§—00

lim Zgo = Zoo on 7(27‘/5). By (2.8), we get the desired result. O

§—00

In the following lemma, we prove that the probability that any particle hits the line
{(y, s) : y = ps} at a large time s and has descendants above m; at time ¢ > s converges
to zero as t goes to infinity followed by s going to infinity.

Lemma 4.3. For any A > 0, it holds that

lim limsupP,(Ju € Ny : s < z(u) <t,X,(t) >m; —A) =0. (4.4)

5—00  t00

Proof. Letp € (0,1) and

I:=P,(Fue Ny :7(u) € (pt, t], Xy (t) > my — A),
IT :=P,(3u e N, : 1(u) € [s,pt], X, (t) > my — A),

EJP 29 (2024), paper 147. https://www.imstat.org/ejp
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then P, (Ju € Ny : 7(u) € [s,t], Xyu(t) > my — A) = I + 1. Notice that

I<T,

> ]1{r<u)e<pt,t],xu<t)>mtA}] :
ueN;

According to Lemma 2.3 and the strong Markov property, we get that
I < BIe" N frrept, Bimi—ay)
= E? {etﬂ{zge(pt,ﬂ}E?[ﬂ{Bemf,—A}|fzg}]
=E2 {et]l{zge(pt,t]}QBlg [B_rp > my — A}} ,

where Ig is defined by (3.5). Since Blg = ng, we have the following estimate

t

I< e Qx(lg S dr)Qpr(Bt—r > my — A)
pt
t

= et thC(zg € dr)Q(Bt_T >V2(t—r)+ (V2= p)r — %logt —A)~

For any y € R, an application of Markov’s inequality shows that
QB > V2At— 1) +y) < eV,

It follows from [22, Section 3.5.C] that

o o (- pr)?
Qu(rh e dr) = Wore exp{ o }

Therefore,

TSt V273
t €T t% 2 2 z2
— 736—(@—1) r ﬁ+$/)+\/§AdT
pt V2T T2
t
1 /o _1\2
<C | —e (H-D7gy
pt P2
C [ _(e_q1y2
< = e~ ETVTEr 50, ast — oo,
P2 Jpt

where C' is a positive constant only depending on z, p, A and we used p < v/2 here.
For any a,b € R, define the space-time domain

Db = {(t,x):t > 0,2 > a+ bt}.
Recall that the definition of stopping line (2.3). Since
IT =P, (3ue N :z(u) € [s,pt], Xy (t) > my — A)
=P, (Hv € Npe : 7(v) € [s,pt], Fu > v,u € Ny, Xo(t) = me — A)

and this probability is less than or equal to the expectation of the number of v € N, D?
which satisfies 7(v) € [s,pt] and Ju > v,u € N, X,,(t) > m; — A, we have the following
estimate

11 <E, l: Z ]l{z(v)e[s,pt], E|u>v,u€Nt7Xu(t)>mtA}:| .

UENQS
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By the strong Markov branching property (see Jagers [21, Theorem 4.14], also see
Dynkin [13, Theorem 1.5] for the corresponding property for superprocesses, where this
property is called the special Markov property),

11 < Ea: Ez( Z ]l{'r(v)e[s,pt],3u>v,u€Nt,Xu(t)>mtA}|f78>]
UENQS
=B | D LirwepspyPx, ) (Miorw)(v) = my — A) |,
’UENQS

where ]:13 be the natural filtration generated by the spatial paths and the number
of offspring of the individuals before hitting the stopping line Lp, and M; ;) (v) =
maxy,>y ueN, Xu(t). By Lemma 2.3, we get that

pt
II < / e"Qq(1h € dr)Ppp (M (v) > my — A)

pt 3
= /S e"Q,(rh € dr)P <Mt_r(v) > my_p +V2r — 2\7@ log

Lety = (\/ﬁ—p)r—%logﬁ—A. Since v2—p > 0and t/(t—r) < 1/(1 —p), for s large
enough, it holds that y > 1 for any r € [s, pt]. By Lemma 2.6, we have

t
— —A- .
t—r pr)

Dt y2 : o —r
1< / oLy VR ey
s V2mr3
pt X (a:—pr)2
< e’ em Tz bye VL,
/s V23
where the last inequality follows from
2 J—
Y n 3 ylog(t T) <1
2t —r)  2v27 t—r
for all ¢ — r large enough. Therefore,
pt x (z—pr)? 3 p
171 < C/ e’ Q—Tre—(2—\/§p)r+§log = dr
s V2ms
< C/pt T —(—VEot - g+ S log 7 g .
N s V2mr3
pt rr t 3 (z—(vV2—p)r)?
< C/ _ Eeifdr
N s \/2777"3((1 —p)t)

< OB "1 s )

where the positive constant C' is changed line by line and only depends on z, p, A. By

[22, Exercise 3.5.10], a direct calculation shows that E [155_" |= #_p. Therefore, by
the dominated convergence theorem,
. Va—
Jim ERrgL apy y] = 0.

Thus,

lim limsup P, (Ju € Ny : 7(u) € [s,pt], Xy(t) > my — A) =

$§0 t oo
This completes the proof. O
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Based on the above lemmas, we now present the proof of Theorem 1.2.

Proof of Theorem 1.2. It is equivalent to prove Theorem 2.2. Recall that 7 is the set
of continuous non-negative bounded functions, with support bounded on the left. For
any ¢ € T, let A be chosen such that supp(p) C [-A4, o). Note that only on the event
{3u € Ny : (u) > s,X,(t) > m; — A} are the point processes &£ and & not equal on
supp(). Therefore,

|E, (e 020 — B, (e 09| <P, (Fu € Ny : 7(u) > s, X, (t) > my — A). (4.5)
By Lemma 4.2 and the bounded convergence theorem, it holds that

lim E,(e~C@)%%) = B, (e C(¥)Zx), (4.6)

S5— 00

where C(yp) is given by (2.9). By (4.2), (4.4), (4.5) and (4.6), we get that

lim sup|IE, (e~ (€6#)) — Em(e_c(“’)z”"ﬂ < lim limsup [E, (e~ %)) — E, (e~ €09))]
t—o0 §TO t—oo

+ lim sup |E, (e~ €59)) — Ex(efc(‘p)Z;N + lim |Ex(efc(“’)2;) —E, (e C¥)Z=)|
t—o0 S$—00

=0.

By the definition of C(y) and Campbell formula for Poisson random measure, a direct
calculation shows that the Laplace functionals of DPPP (ﬂC*Zooe—ﬂf”dx,D‘/é> is

Ex(e*C(W)ZW). By Lemma 2.7, the proof is complete. O

We now provide a proof of Corollary 1.5 by combining the convergence of the extremal
process and the property of DV2,

Proof of Corollary 1.5. Define
£ .= DPPP (\/iC*Z;pe_ﬁzdz,Dﬁ> ,

and let Q~* be the Poisson point process with intensity v/2C, Zjope*ﬁzdz. According to
Theorem 1.2 and Lemma 2.7

lim max &, ” = max&~” inlaw .
t—o0

Since decoration DV?2 has no effect on the maximum of the limit of extremal process, it
follows that

tliglo P, (M;p —m; "’ < z) =P, (£7"(z,00) =0)
=P, (Q*p(z, o0) = 0)
=B, [B, [o 72020 7 0|
=E, [efc*e_ﬁﬁ;p}
The proof is complete. O
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