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Pédlya urn sequences”
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Abstract

Measure-valued Pdlya urn sequences (MVPS) are a generalization of the observation
processes generated by k-color Pélya urn models, where the space of colors X is a
complete separable metric space and the urn composition is a finite measure on X,
in which case reinforcement reduces to a summation of measures. In this paper, we
prove a representation theorem for the reinforcement measures R of all exchangeable
MVPSs, which leads to a characterization result for their directing random measures
P. In particular, when X is countable or R is dominated by the initial distribution v,
then any exchangeable MVPS is a Dirichlet process mixture model over a family of
probability distributions with disjoint supports. Furthermore, for all exchangeable
MVPSs, the predictive distributions converge on a set of probability one in total
variation to P. Importantly, we do not restrict our analysis to balanced MVPSs, in the
terminology of k-color urns, but rather show that the only non-balanced exchangeable
MVPSs are sequences of i.i.d. random variables.
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1 Introduction

The classical two-color Pélya urn model, which describes the evolution of an urn
reinforced with one ball of the observed color, has a fundamental role in the predictive
construction of prior distributions for Bayesian inference [7]. Suppose we have an urn
that initially contains wg,w; > 0 balls of colors 0 and 1, respectively. Let us denote by
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Characterization of exchangeable MVPS

X, € {0,1} the color of the sampled ball at step n. Then X; = 1 with probability w;ﬁrlwl
and, foreveryn =1,2,...,

w1 + Zn_l Xi
P(X =1Xy,....X,) = ————=—— a.s. 1.1
( n+1 ‘ 1 n) w0+w1+n ) ( )
which is the proportion of 1-balls in the urn at time n. It is well-known that the process
(Xn)n>1 is exchangeable, that is, its law is invariant under finite permutations of the
indices, and satisfies, as n — oo,

1 n
=3 X 5,
ni:l

where p has a Beta distribution with parameters (wp, w1), see, e.g., [16, p.8]; therefore,
by de Finetti representation theorem for exchangeable sequences [1, Theorem 3.1],
given p, the X,, are conditionally independent and identically distributed with probability
of “success” p. The converse is also true — any exchangeable sequence of Bernoulli
random variables with a Beta prior distribution has the predictive structure (1.1).
There has been much interest in generalizing the construction (1.1) to obtain greater
model flexibility and, at the same time, retain tractability of the process dynamics, see
[7, 13, 16] and references therein. Various extensions of the Pdlya urn scheme consider
time-dependent, randomized, or generalized reinforcement mechanisms where colors
other than those observed are added to the urn. More recently, [2, 10, 14] have proposed
an extended class of measure-valued Pélya urn processes that are very general in nature,
yet retain characteristic features of urn processes and contain, as a special case, most
k-color urn models. The idea is to consider the urn composition as a finite measure u
on the space of colors X, in the sense that, for any measurable set B C X, the quantity
wu(B) records the total mass of balls in the urn whose colors lie in B. Reinforcement is
then reduced to a summation of measures, so that the updated urn composition, given
that a ball with color = has been observed, becomes i + R,, where R is a (random)
transition kernel on X, i.e. a map z — R, from X to the space of (random) measures on
X. Assuming p + R, as the new urn composition, the next draw proceeds in the same
way as before, independent of all previous draws. Thus, a sequence of finite measures
(n)n>0 is a measure-valued Pdlya urn process (MVPP) if it is a Markov process with the
aforementioned additive structure for a given finite reinforcement kernel R. In this case,
Theorem 1 in [9] implies the existence of a companion observation process (X,,),>1 such

that X; ~ mftﬁ =: u(, and, foreachn =1,2,...,

= () as.

P(Xni1 €| po, X1, 1, vy Xy i) =

In particular, when the reinforcement R is non-random, the above becomes

po() + 35 Rx, ()

P(Xp41 €| X1,...,Xpn) = 10(X) + S, R, (X) a.s., (1.2)
which corresponds to the normalized urn composition at time n in the urn analogy.
We call such a sequence (X,),>1 a measure-valued Pélya urn sequence (MVPS) to
distinguish it from the process (i, )n>0.

Analysis of MVPPs has been centered around two very distinct cases. In [9, 17], the
authors study the so-called “diagonal” model, where only the observed color is reinforced,
ie. Ry, = w(x)- 0y, with w(z) > 0, for x € X, and ¢, is the unit mass at z. It follows under
certain conditions that there exists a random probability measure P on X such that, as
n — oo, (#) the normalized urn composition p!, converges almost surely (a.s.) in total
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variation to P; and (ii) P is concentrated on a subset of so-called “dominant” colors. On
the other hand, [2, 14, 15] consider MVPPs for which there exists an underlying Markov
chain with kernel R that satisfies some “irreducibility”-type conditions (see [15, Section
1.2] for more details). Then, under additional assumptions, they prove that p/, converges
a.s. weakly to a (deterministic) probability measure on X.

In this work, we consider MVPPs that generate an exchangeable observation sequence
(Xn)n>1 via (1.2). Standard results in exchangeability theory then guarantee that the
predictive distributions of (X,,),>1 converge a.s. weakly to a random probability measure
P on X, called the directing random measure, whose distribution determines the law of
the exchangeable process, see, e.d., [1, Section 3]. Therefore, the only exchangeable
“irreducible” MVPSs are sequences of i.i.d. random variables. Our goal is to characterize
all R for which (X,,),,>1 is exchangeable, and in the process prove some new facts about
P and hence about the distribution of (Xn)n>1. This will help us assess the limitations
of the whole class of exchangeable MVPSs when used as models for Bayesian analysis.
Important to our understanding are the kernel based Dirichlet sequences studied by
Berti et al. [4], which are exchangeable MVPSs whose reinforcement R is a regular
version of the conditional distribution for u{) given some sub-c-algebra G,

R.(-) = po(- | G)(x)  for py-a.e. (1.3)

see Section 2 for a rigorous definition. This assumption greatly simplifies the subsequent
analysis and allows [4] to obtain a complete characterization of the directing random
measure of any kernel based Dirichlet sequence. In [4, p.18], the authors tentatively
raise the conjecture that (1.3) holds true for every exchangeable MVPS such that
R,(X) = 1, not excluding the possibility of counterexamples. Our main theorem states
that a normalized version of condition (1.3) is indeed true for every member of the class
of exchangeable MVPSs, regardless of whether R, (X) = 1. That such a representation
exists is not obvious, and its proof requires the use of techniques that go beyond those
typical of the area and involve intensive use of abstract measure-valued objects. We also
give additional results that do not make use of (1.3). In particular, we prove that when
(Xn)n>1 is not i.i.d., then R,(X) is constant for almost every x, which implies that a
“diagonal” MVPS will be exchangeable only if w(z) is constant, see also Example 2.2. In
addition, we show that, for fixed z, the reinforcement R, is either absolutely continuous
or mutually singular with respect to v. On the other hand, using a refined version of (1.3),
we provide a complete description of all possible exchangeable k-color urn models with
positive time-homogeneous reinforcement, which to our knowledge has not been done
before.

The rest of the paper is structured as follows. In Section 2, we provide notation,
state some general facts about exchangeable sequences, and formally define our model.
Results and examples are given in Section 3, with proofs postponed to Section 4. We
state our representation theorem for general R, in Section 3.1, while in Section 3.2
we study the case when R, is dominated by u{), which includes k-color urns, and in
Section 3.3 the case when R, and p(, are mutually singular. A final section concludes the

paper.

2 The model

2.1 Preliminaries

Let (2, H,P) be a probability space, X a complete separable metric space, and X the
associated Borel o-algebra on X. Standard results imply that X is countably generated.
A transition kernel on X is a function R : X x X — R, that satisfies (i) the map
z — R(z, B) = R,(B) is X-measurable, for all B € X; and (i) B — R,(B) is a measure
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on X, for all x € X. Equivalently, R can be represented as a measurable function from X
to the space of measures on X. In addition, a transition kernel R is said to be finite if
R, (X) < o0, for all z € X, non null if R, (X) > 0, for all z € X, and is called a probability
kernel if R,(X) = 1, for all z € X. A random (probability) measure is a transition
(probability) kernel P : Q x X — R, from Q to X.

Let v be a probability measure on X, R a transition probability kernel on X, and
G C X a sub-c-algebra on X. Then R is said to be a regular version of the conditional
distribution (r.c.d.) for v given G, which for emphasis we will denote by

R.(-)=v(-|G)(z) forv-ae.z,

if (i) © — R, (B) is G-measurable, for all B € X; and (ii) [, R.(B)v(dx) = v(AN B), for
all A € G and B € X. It follows from the assumptions on (X, X) that a r.c.d. for v under
g exists and is unique up to a v-null set.

Let X be an X-valued random variable with marginal distribution X ~ Px. Depending
on the context, we would work with conditional distributions of the type P(- | X) or
P(- | X = z), which are related by

/ P(B|X)(w)P(dw) = / P(B|X = 2)Px (d),
{XeA} A

forall A€ X and B € H.
Recall that an X-valued sequence of random variables (X,,),,>1 is exchangeable if
d
(X17 s 7X7L) = (XO'(l)7 R XU(n))a

for every n > 2 and all permutations o of;{l, ...,n}. In that case (see [1, Section 3]),
there exists a random probability measure P on X, called the directing random measure
of the sequence, such that, given P, the random variables X, X, ... are conditionally
independent and identically distributed (i.i.d.) with marginal distribution P,

X,|P "K" P
P ~ Q

where @ is the (nonparametric) prior distribution of P. Moreover, for every A € X,
P(X,i1 € A|X1,...,X,) &5 P(A). (2.1)

Since we take a predictive approach to model building, the following result from
[8], which provides necessary and sufficient conditions for the system of predictive
distributions of any stochastic process to be consistent with exchangeability, becomes
our starting point of analysis.

Theorem 2.1 (Theorem 3.1, Proposition 3.2 in [8]). A sequence of random variables
(Xn)n>1 is exchangeable if and only if, for eachn =0,1,2,... and every A, B € X,

P(X,11 € A Xpys € BIX1,..., X,) = P(Xop1 € B, Xop0 € A|Xy,..., X)) as., (2.2)
and
IP(X”+1 €A | Xi=x1,..., X, = xn) = IP(Xn+1 €A ‘ X, = To(1)s - - S Xy = .’L‘g(n)), (2.3)

for all permutations o of {1,...,n} and almost every (z1,...,x,) € X" with respect to
the marginal distribution P x, . x,) of (X1,...,X,) on X", where the case n = 0 should
be understood as an unconditional statement.
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2.2 Exchangeable MVPS

We will call any sequence (X,,),>1 of X-valued random variables on (Q,H,P) a
measure-valued Pélya urn sequence with parameters 6, v and R, denoted MVPS (6,v, R),
if Xy ~vand, foreachn=1,2,...,

ov() + S0, Ry, ()
0+, Ry, (X)

where R is a non null! finite transition kernel on X, called the replacement/reinforcement
kernel of the process, v is a probability measure on X, known as the base measure, and
0 > 0 is a positive constant. We will say that the MVPS is balanced if there is, in addition,
some m > 0 such that R,(X) = m for v-a.e. x, which in the urn analogy means that we
add the same total number of balls each time. Moreover, unlike (1.2), we decompose the
initial urn composition into two parameters, # and v, each one having a separate effect
on the process (see, e.g., the construction in (2.7)).

Consider an exchangeable MVPS (6, v, R) with directing random measure P. It
follows from (2.1) and (2.4) that the reinforcement R directly influences the form of
P. On the other hand, by Theorem 2.1, R itself must satisfy certain conditions that
make it admissible under exchangeability. Note, however, that equation (2.3) is always
true for MVPSs. Hence, information about R can only be retrieved from the invariance
property of the two-step-ahead predictive distributions in (2.2). In fact, [4, Theorem 7]
show in their study of kernel based Dirichlet sequences that, for a balanced MVPS to be
exchangeable, it is sufficient that equation (2.2) holds for n = 0, 1. Remarkably, when the
MVPS is unbalanced, then (2.2) for n = 2 is also needed (see the proof of Theorem 3.2).
Using this information, we show that, when normalized, R must be a r.c.d. for v given
some sub-c-algebra G of X,

Ry (X)
and in the process we prove that exchangeable MVPSs are necessarily balanced unless
i.i.d. It turns out that the representation (2.5) has major consequences for the shape and

distribution of ]5, including the fact that the convergence in (2.1) is in total variation. We
give one important example of an exchangeable MVPS next.

]P(Xn+1 S | Xi,... 7Xn) = a.s., (2.4)

=v(-|G)(z) forv-a.e. z, (2.5)

Example 2.2 (Pélya sequence). Let (X,,),>1 be an MVPS with reinforcement kernel
R, =96, forz € X, (2.6)

i.e., we only reinforce the observed color with one additional ball. This process, also
known as a Pdlya sequence, was first studied by Blackwell and MacQueen [6] as an
extension of the Pélya urn scheme (1.1) to general Polish spaces X. In [6], the authors
prove that (X,,),>1 is exchangeable and its directing random measure P has a Dirichlet
process distribution with parameters (6, v), denoted DP(f, v). We recall that P ~ DP(, v)

if, for every finite partition By, ..., B, € X of X, the random vector (P(B1),..., P(By))
has a Dirichlet distribution with parameters (0v(B1),...,0v(B,)),

(P(B1),...,P(By)) ~ Dir(0v(By), . ..,00(B,)).

An equivalent statement (see, e.g., [12, p.112]) is that Pis equal in law to

P() £ Vidz, (), 2.7)
j=1

! From an application point of view, it may be interesting to see whether exchangeability supports R, (X) = 0
for all x € Z in some Z € X such that 0 < v(Z) < 1, and to characterize R, for z € Z¢. Importantly, by
slightly modifying the proof of Theorem 3.2, we can show in the non-i.i.d. case that R, (X) is constant for v-a.e.
x € Z¢. See Remark 4.1 for more information.
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where V; = W; [/} (1 - W;) and (W});> are i.i.d. with W, ~ Beta(1,6), and (Z;),>, are
ii.d. (v), independent of (V;),>1.
In this case, the reinforcement (2.6) has the anticipated structure (2.5), since

R.(-)=v(- | X)(x) forzeX.

3 Main results
3.1 General case

We begin this section with a simple characterization result for i.i.d. MVPSs.
Proposition 3.1. An MVPS (0,v, R) is i.i.d. if and only if, for v-a.e. z,

Rw()
Ry (X)

— (). (3.1)

The next theorem states that MVPSs that are exchangeable, but not i.i.d. are necessar-
ily balanced. This fact is essential since it implies that the predictive distributions (2.4)
are a linear combination of reinforcement kernels and leads via (2.2) to certain identities
for R.

Theorem 3.2. An unbalanced exchangeable MVPS is necessarily i.i.d.

Remark 3.3. If an MVPS (0, v, R) is balanced, then R,(X) = m for v-a.e. x and some con-
stant m > 0. It then follows from the particular form of the predictive distributions (2.4)
that we can equivalently reformulate the process as an MVPS with parameters (é, v, ]:2)
where 0 = 7% and R, = % with RT(X) = 1, for v-a.e. z. On the other hand, it is not
hard to see that any i.i.d. MVPS (4,v, R) with unbalanced R is also an i.i.d. MVPS
with parameters (6, v,v). Thus, when we consider i.i.d. MVPSs below, we will implicitly
assume that they are balanced. The above remarks are combined in the next corollary.

Corollary 3.4. An exchangeable MVPS (0, v, R) is also an exchangeable MVPS 0,v, R)
for some probability kernel R and constant 6.

We now consider the issue of representing R as in (2.5). For completeness, we first
state the converse result, which is found in [4].
Theorem 3.5 (Theorem 7 in [4]). Any balanced MVPS (0,v, R) whose reinforcement
kernel R is, up to normalization, a r.c.d. for v given some sub-c-algebra G of X, is
exchangeable.
Remark 3.6. Although Berti et al. [4] focus only on the balanced case, it follows from

Theorem 3.2 that no unbalanced MVPS, having replacement kernel as in Theorem 3.5,
can be exchangeable unless G = {(), X}, in which case the observation sequence is i.i.d.

Our main result studies the necessity of such a representation under exchangeability.
In addition, it states that we may take G to be countably generated (c.g.) under v, in the
sense that there exists C' € G such that v(C) =1 and G N C'is c.g. In fact (see [3, p.649]
and [5]), G is c.g. under v if and only if there exists a regular version x of v(- | G) which
is a.e. proper, that is, u satisfies, for some F' € G such that v(F) =1,

pz(A) =6,(A) forall Ae Gandz € F.

Theorem 3.7. Let (X,,),>1 be an exchangeable MVPS (6,v,R). Then there exists a
sub-c-algebra G of X such that R is a r.c.d. for v under g,

Rr()
Ry (X)

=v(-|G)(x) forv-a.e. . (3.2)

Moreover, we can find a sub-c-algebra G of X such that (3.2) holds and G is c.g. under v.
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Remark 3.8. If (X,,),>1 is an MVPS with reinforcement R(-) = v(- | G) and thus ex-
changeable by Theorem 3.5, then there exists by Theorem 3.7 a sub-c-algebra G’ which
is c.g. under v and for which v(- | G) = v(- | G').

A major consequence of Theorems 3.2 and 3.7 is that one can now characterize the
directing random measure P of any exchangeable MVPS using results developed in
[4] under the stronger assumptions that R is balanced and of the form (3.2). In that
case, Berti et al. [4, Theorem 10] show that the predictive distributions (2.4) converge
almost surely in total variation to P. By virtue of Theorems 3.2 and 3.7, the following
result, which is based on Theorems 9 and 10 in [4], is now true for the entire class of
exchangeable MVPS.

Theorem 3.9. Let (X,,),,>1 be an exchangeable MVPS (6,v, R) with directing random
measure P. Then, asn — 0o,

sup|IP nt1 € Al X1, .., X)) — P(A)| L2%0.
Aex

Moreover, P is equal in law to

w > RZ
£ Vi
j=1 RZ]
where (V;);>1 and (Z;);>1 are as in (2.7), using as parameters (£, v), and m > 0 is some
constant such that m = R,(X) for v-a.e. x.

3.2 Absolutely continuous case

In this section, we consider MVPSs such that, for v-a.e. z, the replacement R, is
absolutely continuous with respect to the base measure v, denoted R, < v. Special
cases include k-color urn models and MVPSs with discrete v. The next theorem states
that, under the assumption R, < v, the g-algebra G in (3.2) is c.g. under v w.r.t. a
countable partition.

Theorem 3.10. Let (X,,),,>1 be an exchangeable MVPS (0,v, R). Then R, < v for v-a.e.

x if and only if there exists a countable partition D1, D, ... of X in X such that
R]?(% = zk:u(- | D) -1p,(z)  forv-a.e. . (3.3)

Note that the existence of the countable partition in (3.3) does not depend on the
enumerability of the color space X or on the form of the base measure v. The implications
of Theorem 3.10 are illustrated in the next Example 3.11, which describes k-color urn
models with positive time-homogeneous reinforcement.

Example 3.11 (k-color urn). When the space of colors X = {z1,...,z;} is finite, then
v() = Zle pi0z,(-), where p; > 0 represents the initial fraction of balls with color x;
in the urn. Furthermore, it is customary to state R in terms of a reinforcement matrix
[ai;]1<i,j<k, Where a;; > 0 denotes the number of balls of color z; that will be added to
the urn after color z; has been observed.

If the observation process (X,,),>1 is exchangeable, then we have from (2.4) that

k

Op; + a;;
Pi = P(XQ = IL) = ZIP(Xl = x])IP(XQ = .Z’,|X1 = 1‘] ij p 2
j=1 9+Zl 1ajl

thus, if p; = 0 (i.e., there are initially no z; balls in the urn), then a;; = 0 for all j : p; > 0,

so color x; never appears in the urn. The same argument can be repeated for any color
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that is not initially present in the urn, so we may assume p; > 0 for every i, without loss
of generality. In that case, R, < v and (X,,),,>1 satisfies the conditions of Theorem 3.10.

Assuming R,(X) = 1, it follows from the particular form (3.3) of R that the rein-
forcement matrix of an exchangeable urn scheme with a finite number of colors has
a block-diagonal design, i.e. X can be partitioned into subsets of colors D+,..., Dy,
where a color reinforces and is reinforced only by the colors belonging to the same
subset. Furthermore, the rows in each block are identical and equal to the conditional
probability of v given that a color from the same block has been observed. In other
words, each D; can be viewed as representing different nuances of the same color, so
that the reinforcement (4¢) will be identical for, say, light or dark red; and (i¢) will be equal
to the initial number of balls for each nuance of red, normalized by the total number of
red balls.

To illustrate the above points, let X = {z1, 29,23} and suppose that the urn has
initial composition (wy, ws, ws), with wy,ws,ws > 0, so that v() = Zle “i0,,(-) where
w = Z?Zl w;. Put w; = Z#i wj, ¢ = 1,2,3. Then any MVPS (X,,),,>1 on X with initial
composition (w1, ws, ws) is exchangeable if and only if its associated reinforcement matrix
R has one of the following forms, up to some multiplicative constants m, my, ms, msg > 0,

€ T2 3
vy [matd o oy ws Mgy O mg; 0 mg;
Ty Mot ma 2 ma P mu% mg—i 0 0 m 0
r3 [mstg mgtE maR 0 0 m mgt 0 mgt
m 0 0 m 0 0
0 mg—f mg—? 0 m 0
0 mg—f mg—f 0 0 m

Note that the first matrix corresponds to the case of an i.i.d. sequence of random
variables with marginal distribution v, and the last one to the three-color Pdlya urn
model with a Dirichlet prior distribution with parameters (%, %2 %3,

m?’»m?’m
Example 3.12 (Discrete base measure). The previous example can be extended to
MVPSs on more general spaces X when the base measure v is discrete, which is true
especially if X is countable. In this case, v(-) = > cx, P(z)d.(-) for some countable
subset X C X and positive weights p(z) > 0 such that > . p(z) = 1. If (Xp)n>1 is
one such process, then it satisfies, by virtue of (2.4),

0+ R, (X
1= pla)=P(X; €Xo) =P(X1 €X, X2 €Xo) = ) p(fﬂ)tﬁm(og));
ze€Xg ze€Xg z

thus, R,(X§) = 0, and so R, < v for every z e X. Theorem 3.10 then implies the
existence of a countable partition on X such that 7, (X) is ar.c.d for v given the s-algebra
generated by said partition.

The form of the replacement kernel in (3.3) has further implications on the directing
random measure P of the exchangeable process (X,),>1. In particular, it follows
from (2.1) that, for every A € X, on a set of probability one,

P(A) = lim P(X,41 € Al X1,...,Xn)

n—roo

_ Ov(Dy) + > i) Bx,(X) - 1p, (X;)
= nlgrgoz 7 Zil:l in( ) I/(A|Dk)

= lim Y P(Xni1 € DilX1,..., Xo)v(A|Dy) = ZP Dy )v(A|Dy);
EJP 29 (2024), paper 73. https://www.imstat.org/ejp
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thus, as measures, ~ .
P() 2 3" P(D)v(- | D). (3.4)
k

as A is countably generated. The next theorem is a direct consequence of this fact and
the distribution results in Theorem 3.9 (see Example 15 in [4] and Section 4.1.2 in [2]).

Theorem 3.13. Let (Xn)n>1 be an exchangeable MVPS (0, v, R) with directing random
measure P. If R, < v for v-a.e. x, then P has the form (3.4) and, asn — oo,

sup |P(X,41 € A|X1,...X,) — P(A)] “3 0.
Aex

Moreover, for every choice of indices ki, ..., k;,
) o i e e (0 0 0 i pe
(P(D,); . P(Dy,), POV, D)) ~ Dir(—(Di,), . 1Dy, ), —v((1, D} )

using the notation in Example 2.2, where m > 0 is such that R, (X) = m for v-a.e. z.

The directing random measure (3.4) implies that the observations X, Xo,... will
form clusters on the level of the sets Dy, Dy, .... Let P*(:) = 3, P(Dy)dx(-) and v*(-) =
> 1 Y(Dg)0r(-). By Theorem 3.13, any exchangeable MVPS with absolutely continuous
reinforcement is a Dirichlet process mixture model

~ ind.
Xn|fn7P ~ V('|D§n)
.~ 0
P~ DP(—W*)
m

using the notation in Example 2.2, where (§,),>1 is a sequence of exchangeable random
labels such that &, = k if and only if X,, € Dy. We refer to [12, Section 3.4] for more
details on Dirichlet process mixtures.

3.3 Singular case
In general, we have the decomposition of the reinforcement

R, = R+ + R?,

for some finite measures R} and R? on X such that R} and v are mutually singular,
denoted by Rj 1 v, and R? <« v. The next theorem shows that, for fixed =, the
replacement R, of any exchangeable MVPS is either mutually singular or absolutely
continuous with respect to v. In addition, the support of any mutually singular component,
R, does not intersect the support of any absolutely continuous one, R?, implying a
complete separation of the two regimes.

Theorem 3.14. Let (X,,),>1 be an exchangeable MVPS (0, v, R). Then there exists a set
S € X such that

R, =R and R(S8°)=0, forv-a.e. zinS,

x

and
R, =R} and R5(S)=0, forv-a.e. x in §°.

Remark 3.15. It follows from Theorem 3.14 that whenever (X,,),>; is not i.i.d., then
for v-a.e. z, the support of R,, say S, € X such that R,(S,) = 1, has a v-measure
strictly smaller than one, v(S,) < 1. Indeed, this is obvious if we have an § € X as in
Theorem 3.14 such that 0 < v(S) < 1. If instead v(S) =0, then R, < v for v-a.e. x and
R, has a “block-diagonal” design by Theorem 3.10 with at least two disjoint blocks. On
the other hand, if v(S) = 1, then R, | v and there exists S, € X such that R,(S,) =1
and v(S,) =0, for v-a.e. z.

EJP 29 (2024), paper 73. https://www.imstat.org/ejp
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The following simple example demonstrates one such case.

Example 3.16. Let v be a diffuse probability measure, i.e. v({z}) = 0, for z € X. Fix
0 = 1. Take S € X such that 0 < v(S) < 1. Let us define, for z € X,

{ 0:(-),x € S;
v(-]8%,x € S°.

Then R, 1 vand R,(S8°) =0, forz € S, and R, < v and R,(S) =0, for z € S°.
Let A, B € X and x € X. It is an easy exercise to check that

/A RZ(B)u(dx):/B R.(A)v(dr) and /A R,(B)R.(dy) = /B R, (A)R,(dy).

Therefore, by [4, Theorem 7], the balanced MVPS (X,,),,>1 with parameters (6, v, R) is
exchangeable.
Define

R.()) :=

G:={AeX:v(AlS°) =0o0rv(A|S)=1}.
Then G is a o-algebra.
Let A€ Gand B € X. If v(A|S°) = 0, then v(ANS®) =0, so v(ANS)v(B|S®) =
v(ANBNS®); else, if v(A|S¢) = 1, then v(ANS®) = v(S°) and v(A°NS°) = 0, from where
v(A°NBNS°) =0, and so v(ANS)v(B|S) =v(BNS®) =v(ANBNS®). As a result,

/A Ry (B)v(dz) = /A a(By(dn) + / V(B|S®)v(dz)

Anse
=v(ANBNS)+v(ANS)w(B|S)=v(ANBNS)+v(ANBNSY) =v(ANB).

On the other hand, for all¢t € [0,1] and B € X, the set {z € X : R,;(B) < t} is equal to
one of B°NS, B°US®, Sorl, allin G. Therefore, x — R, (B) is G-measurable and

R.(-)=v(-|G)(x) forwv-a.e. x.

The decomposition implied in Theorem 3.14 can be used to analyze separately the
singular and the absolutely continuous parts of R. Concentrating on R}, let us assume
that R, L v for all x € X. By Theorem 3.2, such an MVPS is necessarily balanced, say
R,(X) =1 for v-a.e. . Moreover, v has to be diffuse; else, if v({z}) > 0 for some z € X,
then R, ({z}) =0, and using (2.4),

Ov({z}) + R.({z}) 4
= d =
v((:h = [ PO ) = e,
absurd. We show in Proposition 3.17 below that if R, is further discrete, then x is an
atom of R, for v-a.e. z. Examples include the Pdlya sequence from Example 2.2 with
diffuse v, and Example 2 in [4] where the authors consider an MVPS with reinforcement
R, = %(6,; + ¢6_,). In addition, Proposition 3.17 states for discrete R that either R, = R,
or R, L R,, which is reminiscent of the “block-diagonal” design in Section 3.2.
Proposition 3.17. Let (X,,),>1 be an exchangeable MVPS (0,v,R). If R, 1 v and R, is
discrete, then R, ({z}) > 0 for v-a.e. x. Moreover,

forv-a.e. x and y, either R, = R, or R, 1 R,,.

4 Proofs

Proof of Proposition 3.1. Let (X,,),>1 be an ii.d. MVPS (0,v,R). Take A,B € X. It
follows from (2.4) that

0v(B) + R,(B)
P(X, €A, Xs€ B)= P(X; € Bl Xy =2)P(X; €der)= | —————v(dx).
(ieaXseB) = [ B e BIX = oP(Xy cdn) = [ HEL T u(an)

EJP 29 (2024), paper 73. https://www.imstat.org/ejp
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On the other hand,

P(X; €A, X,e B)=P(X; € A)P(X2 € B) =v(A)v(B) = / v(B)v(dz).

A
Since A is arbitrary, then %ﬁ%&gm = v(B) for v-a.e. z, and so E:E% = v(B) for v-a.e.

x. As X is countably generated, we get, as measures, };” (&’)) = v(dy) for v-a.e. z.

Conversely, if R is of the form (3.1), then, for any A € X,

P(Xp i1 € AlX1,. .., Xp) = 9”(’4; - %Z: gi %W‘) —u(4)  as.,

implying that (X,,),>1 is i.i.d. with marginal distribution v. O
Proof of Theorem 3.2. Let (X,,),>1 be an exchangeable MVPS (6, v, R). Define
f(@):=Ry(X), forzeX, and H:={(z,9)eX:f(z)=rf(y)}

and let H, be the x-section of H. It follows from exchangeability and the form of the
predictive distributions (2.4) that, for every A, B € X,

/ MV@{@ =P(X; € A, X, € B)
(x,y)EAXB 0+ f(l') (4 1)

—P(X; € B, X, € A) = / Ov(dz) + R, (dz)

v(dy).
@eaxs 0+ f(y) ()

We proceed by making some important observations from (4.1). Let C € X be such
that v(C) = 0. Applying (4.1) to C' x X, we get v(C) = [ %y(dz), SO ﬁ”f((c;)) =0 for
v-a.e. r, and hence

forany C € X, if v(C) =0, then R,(C) = 0 for v-a.e. z. (4.2)
On the other hand, (4.1) implies the equivalence of the measures

Ov(dy) + R (dy)
0+ f(x)

_ Ov(dz) + Ry(dx)
) = )

v(dy);

thus, v(dz) = fy ex %Wu(dy), and by rearranging the terms,

Ry(dr) . . ) o
/yexe+f<y>”(dy)‘/yexo+f<y> (dy)v(de). 3

Moreover, the following two measures, defined as the indefinite integrals of (6 + f(z))(6 +

f(y)) with respect to %ﬁ%’wy)u(dw) and %Wu(dy), are equal

(0 + f () (0v(dy) + Ro(dy))v(dz) = (0 + f(x)) (0w (dz) + Ry (dz))v(dy),

which after simplification becomes

0f (y)v(da)v(dy) + (0 + f(y)) Re(dy)v(da) = 0.f (x)v(da)v(dy) + (0 + f(x)) Ry (dz)v(dy).

(4.4)

In particular, restricting the above measures to H where f(z) = f(y), we obtain
1a(z,y)Re(dy)v(de) = 1 (x, y)Ry(dx)v(dy). (4.5)
EJP 29 (2024), paper 73. https://www.imstat.org/ejp
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We now consider the implications that the invariance of the two-step-ahead predictive
distributions has on R. Let A, B € X. Since X; ~ v, it follows from (2.2) in Theorem 2.4
that, for v-a.e. z,

/ Ov(dz) + Ry(dz) + R, (dz) Ov(dy) + R (dy)
(y,z)EAXB

= IP(XQ € A,Xg € B‘Xl :1')

0+ F@) 1+ 1) 0+ ()
B R Ov(dy) + R.(dy) + R.(dy) 6v(dz) + R, (dz)
=P e B X e dlh = )‘/@,Z)eAxB 0 F@) + 1) 01 ()

Since X is countably generated, we may combine the non-null sets and get, for v-a.e. z,
the equivalence of the measures

Ov(dz) + Ry (dz) + Ry(dz) )
O+ F(@) + F()0 + Flay) O @) + Feldy))

~ Ov(dy) + R.(dy) + R.(dy) vidz 2
- e (0v(dz) + R, (d2)).

Arguing as in (4.4), we get for v-a.e. x

(6 + flx) + f(z)) (Gy(dz) + R, (dz) + Ry(dz)) (Hy(dy) + Rm(dy))

(04 F(@) + 1(9) (0v(dy) + Raldy) + Roldy) (00(dz) + Ru(d), 0

which after simplification? becomes

02{ F(2)(dy)v(dz) + Ry (dz)v(dy) |
+ 0{ F(2) R (dy)(d2) + f(2) Ro(d2)v(dy)
+ (f(2) + f(2)) Ry (d2)v(dy) + Ry (d=) R (dy) }
+ {F(2)Ra(dy) Ro(d2) + (F(2) + F(2)) Ry (d2) Ra(dy)}
= 02{ [ (y)v(dy)v(dz) + R.(dy)v(dz)}
+ 0{f () Ra(d2)v(dy) + F(y) R (dy)v(d2)
+ (f@) + Fy)) Ro(dy)v(d2) + Ra(dy)Ra(d2) }
+ {F W) Ro(dy) Ra(d2) + (£(@) + F() Ra(dy) Ra(d2) }.

Using (4.4) w.r.t. (y, z), we may collect 0 f(z)R,(dz)v(dy) and the two terms with 6% on
the left-hand side and cancel them with the sum of 8f(y)R,(dy)v(dy) and the two terms
with 62 on the right-hand side to obtain

0f(2)Ru(dy)v(dz) + 0 f (2) Ry (dz)v(dy) + 0 f(x) Ry (d2)v(dy)
+ f(2)Re(dy) Ry (d2) + (6 + f(x) + f(2)) Ry(dz)R.(dy)
= 0f(y)Ru(dz)v(dy) + 0f(y)Ro(dy)v(dz) + 0 f (z) R (dy)v(dz)
+ f(y)Ra(dy) Ru(d2) + (0 + f(2) + f(y)) R=(dy) R (d2);

2Note that the measures in (4.6), and in the sequel, need not be finite, so extra care should be taken
when cancelling common terms. The measures are, however, o-finite with respect to the product of the sets
Fp, :={z € X:n7! < f(z) < n}, n > 1; hence, if one works with the measures in (4.6) restricted to
(z,y,2) € Fn X F x Fy, all quantities from there on will be finite. The general result then follows from
monotone convergence, letting 1, 11 as n — oo. For exposition reasons, we will omit this procedure and
work as if all quantities were finite to begin with.

(4.7)
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thus, restricting the above measures to H where f(y) = f(2),
Lu(y, 2)0f (2)Ry(d2)v(dy) + La(y, 2) (0 + f(x) + f(y)) Ry(dz) Rs(dy)
= 1n(y, 2)0f (z)R:(dy)v(dz) + 1u(y, 2) (0 + f(2) + f(y)) R(dy) Ra(d2).
By (4.5), we have 1y(y, 2)R,(dz)v(dy) = 1u(y, 2)R.(dy)v(dz), and so, for v-a.e. z,
Lu(y,2) (0 + f(2) + f()) By(d2)Ra(dy) = 1u(y, 2) (0 + f(x) + f(y)) R=(dy) Rz (d2),

which after “dividing” by (9 + flz)+ f (y)) i.e. using again the notion of indefinite
integrals, becomes

Lu(y,2)Ry(dz)Re(dy) = 1u(y, 2) R.(dy) R.(dz). (4.8)
Next, considering equation (2.2) for n = 2, we get that, as measures,
P(X; €dz, Xy € dulXy =2, X0 =y) =P(X;5 € du, X4 € dz| X1 =2, X2 = y), (4.9)

for P x, x,)-a.e. (z,y) in X2. It is an easy observation from (4.1) that (v x v) < Px, x,);
thus, (4.9) holds true for (v x v)-a.e. (x,y) in X2. Equation (4.9) implies the equivalence
of the measures

Ov(du) + Ry (du) + Ry(du) + R.(du) 0v(dz) + R, (dz) + R, (dz)

0+ f(x)+ fly) + f(2) 0+ f(zx)+ fy)
_ Ov(dz) + R,(dz) + Ry(dz) + R, (dz) Ov(du) + R, (du) + R, (du)
- 0+ f(z)+ fy) + f(u) 0+ f(x)+ f(y)

so arguing as in (4.6),
(0+ f(z)+ f(y) + f(u) (Ov(du) + Ry(du) + Ry(du) + R.(du))
X (Hu(dz) + R, (dz) + Ry(dz))
= (0 + flx)+ fly) + f(z)) (Qy(dz) + Ry (dz) + Ry(dz) + Ru(dz))
x (0v(du) + Ry (du) + Ry(du)).
After some simple algebra, we obtain
0%{ f(u (du) + R.(du)v(dz)}
+9{f du)v(dz) + f(u)Ry(du)v(dz) + (f () + f(y) + f(u )) R (du)v(dz)
+f() ( 2)v(du) + f(u)Ry(dz)v(du) + R:(du)Ry(dz) + R.(du)Ry(dz) }
+{f u) Ry (dz) Ry (du) + f(u) Ry (du) Ry (dz) + (f(2) + f(y) + f(u)) R (du) Ry (d2)
(U) ( u) Ry (dz) + f(u) Ry (dz) Ry (du) + (f(2) + f(y) + f(u)) R(du) Ry (dz) }
(2)v(

f92{f (du)+R (dz)v(du)}
+9{f dz)v(du) + f(2)R,(dz)v(du) + (f(z )+f( ) f(2)) Ru(dz)v(du)
+f(Z)Rx(du)V(dZ)+f(Z)R(( u)v(dz) + Ru(dz) Ry )+Ru( z) Ry ( )}
+ {f(2) Ry (dz) Ry (du) + f(2)Ry(d2) Ry (du) + (f(x) + f(y) + f(2)) R ( du)
+ f(2)Ra(dz)Ry(du) + f(2)Ry(dz)Ry(du) + (f(= ) y) + f(2)) Ru( du)},

which after further rearrangement becomes
H{Hf(u)u(dz)v(du) + 0+ f(u)R.(du)v (dz)}
+ {0 () Ry (dz)v(du) + 0 (u) Ry (du)v(dz) + 0.f () R. (du)v(dz)
+ (0 + f(2) + f(u)) Re(du) Ry (d2) + f(u)Ra(dz) Ro(du) }
+{0f (W) Ry (dz)v(du) + 0 f (u) Ry (du)v(dz) + 0 f(y) R:(du)v(dz)
+ (04 f(y) + f(w) Re(du) Ry (d2) + f(u)Ry (dz) Ry (du) }
+ {f(2)R:(du) Ry(dz) + f(u)Ra(dz)Ry(du) + f(y) R (du) Ry (dz)
+ f(u)Re (du) Ry (dz) }
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= 0{0f(2)v(dz)v(du) + (6 + f(z))Ru(dz)v(du)}
+ 10/ (2)Re(du)v(dz) + 0 (2) Ry (d2)v(du) + 0 f
+ (0 + f(2) + f(2)) Ru(dz) R (du
+{0f(2)Ry(du)v(dz) + 9f( ) y(dz)v (du) +0f
+(0+ f(y) + £(2)) Ru(d2) Ry (d
+{f(2)Ru(d2)R, (dU)+f( ) (dU) (d2)+
f(z)Ra(dz) Ry (du) }.
It follows from (4.4) w.rt. (z,u), (4.7) w.rt. (z,z,u), and (4.7) w.r.t. (y,z,u) that we
may cancel the terms in the first, second and third brackets, respectively, to get, for
(v x v)-a.e. (z,y) in X2,
f(@)R.(du)Ry(dz) + f(u)Re(dz) Ry (du) + f(y) R (du) Ry (dz) + f(u) Ry (du) Ry (dz)
= f(@)Ru(d2) Ry (du) + f(2) Re(du)Ry(d2) + f(y) Ru(dz) R (du) + f(2) Ra(d2) Ry (du),

from where?

f(@)R.(du)Ry(dz) + f(y)R.(du)Ry(dz) + (f(u) — f(2)) Ra(dz) Ry (du)
+ (f(u) = f(2)) Re(du) Ry (dz) (4.10)
= f(z)Ry(du)Ry(dz) + f(y)Re(du) Ry, (dz).

Dividing both sides in (4.10) by (6 + f(x))(6 + f(vy)) and integrating with respect to v(dx)
and v(dy) yields

f(x)
/X/X (ngf(m))(eJrf(y))Rz(dU)Ry(dz)V(dx)y(dy)
fy)
f(w) = f(2)

fw) - f(2)
" /x /x 0T P+ flg)) ey (dz)vide)y(dy)

- f( ) u z)\v\axr)v
_/x/x G5 Fa) O+ Fo) v @ Rulde)v(dz)v(dy)

f)
+/x/ O+ F@)0+ ))Rz(dU)Ru(dz)V(d:c)y(dy).

Now, us1ng the identity in (4.3) w.rt. [y (Z (fdig (dz), [ éi;cd“) (dz), [ fﬂ(c‘z) (dy) and

fx T y; (dy) on, respectively, the second and third terms on the left, the forth term on
the left and the second on the right, the first and forth terms on the left, the third term

on the left and the first on the right of the equation, leads to

f(@)f(y)
Q/X/X 05 7))@+ Fi)) = v (dn)v(dy)v(dz)
f@)f(y)(f(u) = f(2))
+ 2/ / 9+ f 2))( v(dx)v(dy)v(dz)v(du)
(

(z) Ru(d2)v(du)
) + f(2) Ra(dz) Ry (du) }
(y) Ru(d2)v(du)
u) + f(2) Ry (dz) Ry (du) }
f(y)Ru(dz) Ry (du)

0+ f(y))
B J(@) () ) o
=2 [ | T gy @,

3Again we refer to the footnote on p. 12 on how to deal with signed measures like those in (4.10) in order to
avoid indeterminate forms.
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Observe that the terms involving z and « can be pulled out of the integrals; thus, dividing

both sides by 2 [ [ % (dz)v(dy), we get

R.(du)v(dz) + (f(u) — f(2))v(dz)v(du) = Ry, (dz)v(du).

On the other hand, we have R,(dz)v(du) = G5 R.(du)v(dz) + 0L59 0 (dz)v(du)
from (4.4), so substituting above,

0+ f(u)

R (du)v(dz) + (f(u) = f(2))v(dz)v(du) = 0+ f(2)

R, (du)v(dz)+0

from where
(F(u) — F(2)) Raldu)v(dz) = (f(u) — £(2)) F(2)(d=)v(du).
Therefore, working on H¢ where f(z) # f(u), we obtain
Lge(z,u)R,(du)v(dz) = Lye(z,u) f(2)v(dz)v(du). (4.11)

Going back to (4.7), we now focus on the triplets (x,y, z) in X3 for which f(z) = f(y)
and f(x) # f(z), so taking the indefinite integral of the terms in (4.7) with respect to
v(dz), we get that, after some simple algebra,

L (,9) Lo (2, 2){0(f(2) = (@) Rody)v(d=)v(da) +0(F(2) = f(w)) Ra(d2)v(dy)v(da)
+ (f(2) = f(2)) Ro(dy) Ra(d2)v(dz) + 0.f (2) Ry (d2)v (dy)v (da)
(04 S(2) + F(2)) Ry (d2) R (dy)v (do) }
= Lt (2, ) Lre(w, 2){ 0 (@) Ro(dy)v(dz)v(de) + (0 + 2 (x)) R (dy) R (d=)v(de) }.
(4.12)

On the set where f(y) = f(x) # f(z), equation (4.11) implies (i) R,(dz) = f(x)v(dz) for
v-a.e. z; (i1) Ry(dz) = f(y)v(dz) = f(z)v(dz) for v-a.e. y; and (iii) R.(dy) = f(z)v(dy)
for v-a.e. z. Moreover, by (4.2), (ii) implies for v-a.e. z that (iv) R,(dz) = f(z)v(dz) for
R;-a.e. y. Thus,

Ly (z,y) e (2, 2) Re(dz)v(dy)v(de) = 1n (z,y)Lae (2, 2) f (z)v(dz)v(dy)v(dz) Dby (i),
Ly (z,y)Lae(x, 2)R ( y) Ry (dz)v(de) = 1 (x,y)lue (2, 2) f(2) Ro(dy)v (d2)v(dx) by (i),
L1 (2, )L (2, 2) Ry (d2)(dy)w(dz) = L (2,9)Lpre (2, 2) f @) (dw)o(dy)(dz) by (id),
1u(z,y)lhe(x, 2)Ry(dz) Ry (dy)v(dx) = 1y (z,y)Lue (2, 2) f(z) Ra (dy)v(dz)v(dx) by (iv),
1g(z,y)lpge(x, 2)R.(dy)v(dz)v(de) = Lg(x,y)lge (2, 2) f(2)v(dx)v(dy)v(dz) Dby (i),

and, by (i) and (4i%),
Ly (z,y)Lge(x, 2)R.(dy) Ry (d2)v(dz) = 1 (2, y)Lge(z, 2) f(2) f(2)v(dz)v(dy)v(dz).
Substituting for the above terms in (4.12), we obtain
Lp(2,y)Lye(z, 2){9(f(2) — f(2)) R (dy)v(dx)v(dz) + 0f (2)(f(2) — f(z))v(dz)v(dy)v(dz)
+ (@) (f(2) = f(2)) Ro(dy)v(da)v(dz) + 0 f (x)>v(de)v(dy)v(dz)
+ S (@) (0 + F(@) + [(2)) Ra(dy)v(da)v(dz) }
= Ln () Lire (2, 2){ 0 (@) () (da)(dy)u(dz) + F(2) f(2) (0 + 2 (@) (da)(dy)v(dz) },
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which after simplification turns into

Li(2,9) Lre (2, 2){ £(2) (0 + 2f (2)) o (dy)v (do)v(d2) }

= Lur(w,y)Lae (2, 2){ F (@) £(2) (0 + 2f (@) v(dar)(dy)v(dz) }.
(4.13)

Dividing by f(z) (0 + Qf(x)) and integrating z out leaves
Ly (z,y)v(Hy) Re (dy)v(de) = L1 (z,y)v(H;) f(x)v(dz)v(dy). (4.14)
Let us define
D" :={xeX:v(H;) > 0}.

Suppose that v(D*) > 0. Take y € X. If f(y) = f(z) for some = € D*, then H; = Hg,
and v(H) = v(Hg) > 0; otherwise, if f(y) # f(z) for all z € D*, then D* C Hy and
v(Hy) > v(D*) > 0. In either case, y € D*, which implies that v(D*) = 1. As a result, we
can divide both sides of (4.14) by v(H¢) to obtain

1g, (y)Re(dy)v(de) = 1g, (y) f(z)v(dr)v(dy).

Summing this with (4.11), we get that, for v-a.e. z,

R, (dy) = f(x)v(dy),

which implies from Proposition 3.1 that (X,),>1 is i.i.d.
If instead v(D*) = 0, then v(HE) = 0 for v-a.e. z. It follows for some fixed 2’ with
V(HI/) =1 that
f(x) = f(z') forv-ae. z,

implying that the model is balanced. This concludes the proof of the theorem. O

Remark 4.1. The proof of Theorem 3.2 largely remains the same even if we assume
R,(X) =0 for all z in some Z € X such that 0 < v(Z) < 1. The only place of concern is
in “dividing” (4.13) by R, (X), so by restricting (4.13) on Z¢ we get

Ly (z,y)v(Hy N Z°)Re(dy)v(de) = 1 (z,y)v(H; N Z2°) f(z)v(dx)v(dy).
Now, letting
D* :={z e X:v(H;NZ >0},
we obtain under v(D* N Z¢) > 0 that (X,,),>0 is i.i.d., using the same logic as above. If,
on the other hand, v(D* N Z°) = 0, then v((D*)¢) = v(Z¢), since (D*)¢ C Z¢, and so
(vxv)(H N (Z°x Z°) = / v(H; N Z%v(dz) = / v(H; N Z%v(dz) =0,
c (D*)c

thus showing that R, (X) = m > 0 for v-a.e. z in Z¢ and some m > 0, when (X,,),>1 is
not i.i.d.

Proof of Theorem 3.7. If (X,,)p>1 is i.i.d., then Proposition 3.1 implies (3.2) with G =
{0,X}. Suppose that (X,,),>1 is exchangeable, but not i.i.d. It follows from Theorem 3.2
that the model is balanced, so we may assume, without loss of generality, that R, (X) =1,
for x € X; otherwise, we can normalize # and R (see Remark 3.3) and proceed from
there. In this case, (4.5) reduces to

R, (dy)v(dz) = Ry(dx)v(dy), (4.15)
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and (4.8) implies, taking the indefinite integral of the terms with respect to v(dz), that
R, (dz)R.(dy)v(dz) = R.(dy)R;(dz)v(dx). (4.16)
Applying (4.15) and (4.16) repeatedly, we obtain that

R,(dz)R.(dy)v(dz) = R.(dy)R;(dz)v(dz) = R.(dy)R.(dzx)v(dz)
= R.(dx)Ry(dz)v(dy) = Ry(dz)Ry(dx)v(dy) = R(dz)R,(dy)v(dx).

As X is countably generated, there exists Cy € X such that v(Cy) =1 and, for all z € Cy,
R, (dz)R,(dy) = R.(dz)R.(dy). (4.17)

Define Cy :={z € Cy : R,(Cy) = 1} and C,, :={z € Cp,_1 : R,(C,—1) = 1} for every
n > 2. As R, (X) = 1, we get from (4.15) that

1= R, (X)v(dx) :/ R, (Co)v(dx)
Co X

- / (1= Ry(Co))(da) =1 — / (1= Ry (Co))w(da).
X ce

But R, (Cy) < 1 for z € Cf, so v(Cf) = 0, otherwise the term on the right-hand side of
the equation becomes strictly less than 1. Proceeding by induction, we get v(C,,) = 1 for
all n > 1; thus, letting C* = (2, C,,, it holds v(C*) = 1 and R,(C,) =1, for all z € C*
and n > 1. As a result, for every x € C*, we have that R,(C*) = 1 and, since C* C Cj,
from (4.17),

R,(dz) = Ry(dz)  for R,-a.e. y. (4.18)

Let us define
G:={AeX:R,(A) =0,(A) forall x € C*}.

It is not hard to see that G is a o-algebra. Next, fix t € [0,1] and B € X. Denote
E,p={x€X:R,(B) <t}

Letx € C*. If z € E, g, then R, (B) = R;(B) <t for R,-a.e. y by (4.18), so R,(E; g) = 1.
If instead = € Ef p, then again R,(B) = R.(B) > t for R,-a.e. y by (4.18), and so
R, (E;g) = 0. As a result, R,(E; ) = 0,(E ), which implies that E; g € G; thus,
x +— R;(B) is G-measurable.

Let A € G and B € X. It follows from (4.15) and v(C*) = 1 that

/ R,(B)w(dr) = / R, (A)v(dz) = / R, (A)v(dz) = / 5.(A)v(dz) = v(AN B).
A B BNC* B
Therefore, R is a regular version of v(- | G). Moreover, by construction,
R,(A)=6,(A) forall AecGandzxeC*
thus, R is a.e. proper and G is c.g. under v (see [3, p.649] and [5, Theorem 1]). O

Proof of Theorem 3.10. If (X,),>1 isii.d., then Proposition 3.1 implies (3.3) with respect
to the partition {X, ()}, and vice versa. Suppose that (X,,), >0 is exchangeable, but not
ii.d. Assume, without loss of generality, that R,(X) = 1 for all z € X. If R, is of the
form (3.3), then it is obvious that R, < v for v-a.e. .

Conversely, suppose that R, < v for v-a.e. . Then R,(dy)v(dz) < v(dz)v(dy), so
there exists a jointly measurable function r : X? — R, such that

R.(dy)v(dz) = r(z,y)v(dz)v(dy),
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and, since X’ is countably generated, as measures,
R.(dy) = r(z,y)v(dy)  forwv-a.e. x. (4.19)

Denote by
D = {(z,y) € X*:r(z,y) > 0},

and, letting D, be the z-section of D for z € X, define
G:={zeX:v(D,) >0}

Then R, ( =Jp. v(dy) = 1 for v-a.e. . Moreover,

1:/R v(dz) // x,y)v(dy)v(dx) + /C/ r(z,y)v(dy)v(de) = v(G).

On the other hand, by (4.15), (4.16) and (4.17), we have the following identities

r(z,y)v(dz)v(dy) = r(y, 2)v(dz)v(dy), (4.20)
r(z,y)r(y, 2)v(dy)v(dz)) = r(z, 2)r(z,y)v(dy)v(dz)  for v-a.e. z, (4.21)
(z,y)r(y, 2)v(dx)v(dy)v(dz)) = r(x, y)r(z, 2)v(dx)v(dy)v(dz). (4.22)
In particular, equations (4.20) and (4.21) imply that
1p, (9)1p, (2)r(x.y)v(de)u(dy)v(dz) 2 1p, (9)1p, (2)1p, (2)r(x.y)v(de)v(dy)v(dz)
— Lo, ()10, ()L, () S vy
= 10 ()L, ()L, (G)r(e. ) S v(dwlay)o(d)
= 1p, (y)1p,(2)1p,(2)r(z, 2)v(dz)v(dy)v(dz)
© 1p, () 1p, (2)r(z, z)v(dx)v(dy)v(dz), (4.23)

where (a) and (b) follow from the fact that, for (v x v x v)-a.e. (x,y,2) in X3, ify € D,
and z € D,, then r(z,y)r(x, z) > 0, and so r(z, y)r(y, z) > 0 by (4.22), which implies that
7(y,z) > 0 and, as aresult, 1p,(y)1p,(2) = 1p,(y)1p,(2)1p,(2).

Let A, B € X. Since v(G) =1,

[ ratBwtdn) = [ [ 156 ptdias)
1
= [ 6@ ([ 1.0 ey ([ 1. vty )otan) ot
@ 1 2)-r(z, 2)v(dz) v v(dz
2 [ 160 [ b0 [ 1021 vl 2wla)ota) )
1
— [ 16@)( [ s to- 0wt via)
- / v(B| D )(dz), (4.24)
A
where (a) follows from (4.23).
Given (4.24), the proof of Theorem 3.10 would be complete if we can find a countable

partition among the sets D,. As we demonstrate next, this is possible, provided we
intersect each D, with some a.s. sets.
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First, observe that

1= [ [ reomapman = [ [ i / ) ) iy )
_ /X /D ( /D . (g, 2)(d2) ), ) dy)u(dr), - (4.25)

where the last equality follows, similarly to (4.23), from the fact that 1p, (y)1p,(2) =
1p,(y)1p,(2)lp,(2) for (v x v xv)-a.e. (z,y,z) in X?. Since [, r(z,y)v(dy) = 1 for v-a.e.
x, the integrand in (4.25) w.r.t. v(dx) is smaller or equal to 1, so that

/ r(z,y) (/DmDy r(y,z)u(dz))u(dx) =1 forv-ae. z,

x

which itself implies that, for v-a.e. y in D,,

/ r(y, z)v(dz) = 1.
D.ND,

But [, r(y,z)v(dz) =1, thus v(D{ N D,) = 0 for v-a.e. y in D,.
On the other hand,

0= /X/Dl (/m r(y,z)u(dz))r(m,y)u(dy)u(da:)
@ /X / ( /D ; (e, 2)w(d2) ) (i, ) (dy)v ()

® /X/Dz (/Dwmpg 7’(x,z)u(dz))r(x,y)lj(dy)y(dgp)7 (4.26)

where (a) comes from (4.22), and (b) since r(z,z) = 0 for z € DS. Applying the same
reasoning as in (4.25) to (4.26), we can show that, for v-a.e. z, it holds v(D, N D;) =0
for v-a.e. yin D,.

It follows from both results that, for some E € X : v(F) = 1 and every x € E, there
exists a further set £, € X such that v(E,) =1 and, forall y € E, N D,, it holds

v(D;NDy) =0 and v(D,NDy) =0,

implying that
v(Dy) = v(Dy N Dy) = v(Dy). (4.27)

Recall that G = {x € X : v(D,) > 0} and v(G) = 1. Let us define, for z € E,

D,:=E,ND, and Xo:=GNEN{zeX:R,(dy)=r(z,y)v(dy)}.

Then v(D,) = v(D,) > 0 for all z € Xy, and v(X,) = 1. We will now show that the sets
D, and D,, for different z,y € X, are either disjoint or their difference has v-measure
zero, which will allow us to create the aforementioned partition on X.

Let z,y € X, be such that D, N D,, # (. Pick z € D, N D,. Then z € E, and z € E,,
sov(D, N Dg) =0and v(D; N D) = 0 from (4.27), which implies that

v(Dy) = v(Dy) = v(Dy N Dy) + v(Dy N DS N D) + v(Dy N DS N DY)

and, similarly, )
v(Dy) = v(Dy N Dy) = v(Dy). (4.28)
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If there exists, in addition, y’ € X, such that D, N D, # 0, then v(D,/) = v(D, N D,/)
from (4.28) and

v(Dy N Dy) =v(D,ND,ND,)
=v(D,ND,NDy)+v(D;ND,NDy)=v(D,NDy)=uv(Dy)>0;

thus, D, N Dy/ # (). Therefore, we can partition Xq into equivalent classes according
to whether D, N Dy # () or not, and we can pick one element from each class to create
a family of subsets {D,},cy, for some Y C X, such that D, N D, = 0, for z # y, and
v(D,) >0, forall z € Y. In fact, Y is at most countable as v is finite.

If 2 € Xy, then R, < v, and thus R,(D,) = R.(D,) = 1; hence we get from (4.28)

that, for every z,y € X,

R.(D,) = R,(D,ND,) =R,(D,)=1, if

]l

and
R.(Dy) =R, (D;ND,)=0, ifD,ND,=0.

The two equations together imply that Zz’EY Rm(Dm,) = 1 for each z € X, so us-
ing (4.26) and the fact that {D,}, <y are disjoint,

(U Do)=Y vba)= Y /X Ry(D)w(dr) = /X S° Ro(Dyr)(de) = v(Xo) = 1.

' €Y z’' €Y €Y z’' €Y

Let A, B € X. Then

/A Ra(B)v(dz) = /A o ReBa2)
_ % /A g, T BIE)
@ m% /A g, BIDa )
g )y / o, PEID ) = / X ABID) 1o, (w)v(de),

where (a) follows from (4.24) with A replaced by A N Xy N D,/, and (b) from (4.27)
since v(D N Dy) = 0 = v(D, N DS,) whenever = € D,y N X,. Therefore, R,(B) =
> wey V(B|Dy) - 1p  (z) for v-a.e. x and, as X' is countably generated, as measures,

Ry()=>_ v(-|Dw) 1p (z) forrv-ae. z.

O

Proof of Theorem 3.14. If (X,,),>1 is i.i.d., then Proposition 3.1 implies that R, = RS,
for v-a.e. z. Suppose that (X,,),>0 is exchangeable, but not i.i.d. Assume, without loss of
generality, that R, (X) = 1 for z € X. By Lebesgue decomposition (Theorem 1 in [11]),

R, = R 4+ R%,

for some finite transition kernels R+ and R® on X such that R} | v for some S, € X
with v(S,) = 0 = R-(S¢), and R? < v, for x € X. Moreover,

RE(X) = R:(S,) = R.(S:) and  R%(X)= R%(S%) = R,(S°). (4.29)
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Arguing as in (4.19), there exists some measurable function r : X2 - R such that
R (dy) = r(z,y)v(dy)  forwv-a.e. x. (4.30)
In addition, we have from (4.15) that
R (dy)v(dx) + R%(dy)v(dz) = R;(dx)u(dy) + Ry (dx)v(dy), (4.31)
and, from (4.16), for v-a.e. z,

Ry (dz) Ry (dy) + Ry (dz)R; (dy) + Ry (d2)Ri(dy) + Ry (dz)Rg (dy)

4.32
= R; (dy)R; (dz) + R2(dy) Ry (dz) + R; (dy) R (dz) + R2(dy) R§ (d). )

Fix one such z. Since v(5,) = 0, then Ry(S;) =0 for all y € X, and integrating (4.32) on
z €5, and y € X, we get

/RL S.)RE(dy) + /R +)R(dy)
(4.33)
- / RE(X)RE(d2) + / RE(X)RE(dz) = RE(X),

where we have used in the last equality that Rj(S;) = 0. On the other hand, from (4.30),

| RisoR ) = [ RYSIR)

/y . / L (d2)v(dy)
(@ /zes, /yESC z,y) Ry (dy)v(dz) —s—/zes /yesc z,y) R (dy)v(dz)

/y . / (2, y) R (d2)v(dy)

where (a) follows from (4.31), and for (b) we have used again that v(S,;) = 0 and
RZ(SI) =0 forally € X.
Plugging this into (4.33), we get [ Ry (S.) Ry (dy) = Ry (X) for v-a.e. x, and thus

@,

R;(S;)=1 for Ry-a.e.y. (4.34)

Moreover, 1 = Ry (S,) < R (X) = Ry(S,), so R}(X) = 0, by (4.29), and R (dz) Ry (dy) =
0 for v-a.e. x, which implies the splitting of the measures

R, (d2)Ro(dy)v(dz) = R(d2)R} (dy)v(de) + R, (dz) Ra(dy)v(dz).
On the other hand, using the identity in (4.18), we obtain
R, (d2) Ra(dy)v(de) = R, (d2)Ro(dy)v(de) = Ru(dz)R; (dy)v(de) + R, (dz)Re(dy)v(dz).
Combining the two result, we get, for v-a.e. z,
RY(d2)RE(dy) + R, (d2)Re(dy) = Ry (dz) R (dy) + Ra(dz)R2(dy).
But R:(dy) L R%(dy) w.rt. S, and R (S,) = 1, so it must be

Ry (dz)Ry (dy) = 1s, (y) Ry (dz) Ry (dy) = 1s, (y) R (dz) Ry (dy) = Re(dz) Ry (dy).
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It follows from this result, (4.29) and (4.34) that, for v-a.e. z,

Ru(S,) = RE(S,) = /S R(S,) R (dy)

— [ [ RA@IRN@) = [ RASIRE) = Ra(S.)Ra(S):
Sp /S, S

thus, R;(S;) € {0,1} for v-a.e. x.
Let us define
S:={reX:RX)=1},

which is X-measurable since Rj is a transition kernel. By (4.29), we have R, (S.) =
RE:(X) =1, for » € S. Therefore, using that R,(S,) € {0, 1} for v-a.e. z, we get for v-a.e.
x that: if z € S, then R, = Rwl; if x € §¢, then R, = R%. Moreover, (4.29) and (4.34)
imply for v-a.e. z thaty € S for Rl-a.e. y; in other words, R (S¢) = 0 for v-a.e. x.
Finally, using (4.15) and the fact that R? = 0 for v-a.e. x € S and R = 0 for v-a.e.
x € 8¢ we get

c

_ /S Ro(S%)w(dar) = /S RE(S)w(dx) + /S RS ) = /X RE(S)w(dz) = 0,

/X R (S)w(dx) = /S R (S)v(de) + /S RI(S)wldr) = / Ro(S)v(da)

and so R%(S) = 0 for v-a.e. x. O

Proof of Proposition 3.17. Since R, 1 v, then (X,,),>1 is noti.i.d., and hence not unbal-
anced by Theorem 3.2, so from Corollary 3.4 we may assume that R, (X) = 1, without
loss of generality.

Let us define, for z € X,

Dy ={yeX:R,({y}) >0} and D:={zeX:z€D,}.

Then R, () = ZyeDw pz(y)dy(-) for some p,(y) > 0 such that ZyeDw p(y) = 1.
It follows from (4.18) and the form of R, that there exists C' € X such that v(C) =1
and, forall z € C,
R,(dz) = Ry(dz) fory € Dy;

thus, D, = D, for all y € D,, which implies that y € D,, i.e. y € D. Therefore, by (4.15),

(D) = /X R, (D)v(dz) = /C (y; pI(y)ay(D))u(dx): /C (y; pm(y)>1/(dx):1.

For the second part, let z,y € C'N D be such that y ¢ D,. Assume D, N D, # ). Take
z € Dy ND,. It follows from above that D, = D, = D,. Buty € D,soy € Dy = D,,
absurd. As a result, for v-a.e. x and y, either D, = D, or D, N D, = 0. O

5 Discussion

The results in this paper allow us to state some universal facts about exchangeable
MVPSs that were previously unknown: 1) all models are necessarily balanced; 2) the
normalized reinforcement kernels are a.e. proper regular conditional distributions; 3)
the prior distributions have the stick-breaking construction of a Dirichlet process. When
X is countable or the reinforcement is dominated by v, then every MVPS is a Dirichlet
process mixture model over a family of probability distributions with disjoint supports
derived from v. Relaxing parts of this structure while retaining exchangeability would
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lead to a very different sampling scheme from the one that (1.2) entails. On the other
hand, the fact that, for fixed z, R, is either absolutely continuous or mutually singular
with respect to v, though surprising at first, seems very natural under exchangeability.
Therefore, we expect that R can be further decomposed along other lines, e.g., R;- might
be discrete only for some z and diffuse for the rest.
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